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Abstract

In this paper, we will introduce composite finite elements for solving
elliptic boundary value problems with discontinuous coefficients. The
focus is on problems where the geometry of the interfaces between the
smooth regions of the coefficients is very complicated.

On the other hand, efficient numerical methods such as, e. g., multi-
grid methods, wavelets, extrapolation, are based on a multi-scale dis-
cretization of the problem. In standard finite element methods, the
grids have to resolve the structure of the discontinuous coefficients.
Thus, straightforward coarse scale discretizations of problems with
complicated coefficient jumps are not obvious.

In this paper, we define composite finite elements for problems with
discontinuous coefficients. These finite elements allow the coarsening
of finite element spaces independently of the structure of the discontin-
uous coefficients. Thus, the multigrid method can be applied to solve
the linear system on the fine scale.

We focus on the construction of the composite finite elements and
the efficient, hierarchical realization of the intergrid transfer operators.
Finally, we present some numerical results for the multigrid method
based on the composite finite elements (CFE-MG).

1 Introduction

In many practical applications, partial differential equations with discontin-
uous coefficients have to be solved numerically. These coefficients represent
the properties of the materials which may change discontinuously, e.g., in
composite materials, by orders of magnitude.

Such problems are usually discretized via the finite element method. In
standard finite element methods, the grid has to resolve the structure of
the discontinuous coefficients. This condition links the minimal dimension
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of the finite element spaces directly to the number of discontinuities in the
coefficients. On the other hand, the efficiency of many fast solution tech-
niques as, e. g., multigrid methods, extrapolation, wavelets etc. depends on
a multi-scale discretization of the problem.

In [9], [10], [11] and [18], composite finite elements are developed for
the approximation of PDEs on complicated domains (see also [19] and [6]).
These finite elements allow coarse scale discretizations with the minimal
number of unknowns not depending on the shape of the domain.

In this paper, we generalize the concept of composite finite elements to
problems with discontinuous coefficients. As before, these finite elements can
be used for coarsening finite element spaces and the coarse space dimension is
independent of the structure of the discontinuous coefficients. In the context
of the multigrid method, the coarse scale discretizations are employed to
solve the linear system on the fine scale.

We compose the shape functions of a finite element on the coarse grids
locally of piecewise polynomials on the elements of the finest grid. They are
determined by solving locally the homogeneous PDE with suitable boundary
conditions.

The concept of adapting the finite elements or, more generally, the ansatz
functions to a given PDE is the basis for many discretization techniques
(see, e.g., [14], [12]). In [15], a multigrid algorithm is developed for periodic
coeflicients using homogenization techniques.

Our goal is to construct finite elements for unstructured discontinuous
coeflicients. This construction will be hierarchical. Thus, it can efficiently
be used in a multigrid algorithm. Since the finite element functions on the
coarser grids are combinations of the ones on the finer grids we call these
finite elements composite finite elements. In the following, we denote the
multigrid method based on these composite finite elements by CFE-MG.

In this paper, we concentrate on the construction of the composite finite
elements and the efficient realization of the CFE-MG. In [20], we prove an
approximation result for these finite elements in one dimension and, based on
that, the convergence of the CFE-MG. The convergence rate is independent
of the discontinuous coefficient. Thus, the total complexity of the multigrid
method is linear in the degrees of freedom on the finest grid.

The paper is organized as followed. In Section 2, we formulate the model
problem and its discretization, followed by a brief review to the multigrid
method in Section 3. In Section 4, we define the composite finite elements for
the one-dimensional problem and discuss its hierarchical realization. Section
5 is devoted to the two-dimensional problem. There, we will present a
hierarchical construction of the composite finite elements. Additionally, we
describe the efficient computation of these finite elements in the context of
the multigrid method. Finally, in Section 6, we show some numerical results.



2 Model problem and discretization

Throughout this paper, we consider the problem

—div(agradu) = f in Q
u=20 on 0f)

as a model problem for elliptic boundary value problems. We assume that
the coefficient a is discontinuous. The precise meaning of this problem with
a discontinuous coefficient is given later in this section. We consider this
problem on a bounded domain Q C R? with a polygonal Lipschitz boundary
o for d € {1,2}. However, the definitions and algorithms for the two-
dimensional problem can be transferred to three dimensions in a straight-
forward manner.

We presume that the coefficient a is piecewise constant. More precisely,
let g € Nand P = {w; C Q: 1 < i < ¢} be a finite set of disjoint subdomains
with polygonal Lipschitz boundaries dw; such that

Uw=2.
weP

Let a € L*(Q) such that there is a family of real numbers {a,} cp With
al, = ay, for all w € P and amin := min{a, : w € P} > 0. Therewith, we
define the bilinear form

b: H Q) x HYQ) = R; (u,v) — / a (grad u, grad v) dz . (1)
)

Obviously, b is symmetric, bounded and coercive by the Friedrichs inequality
since we assume ap,i, > 0. The variational formulation of the model problem
reads as follows.

Problem 2.1. Let f € H}(Q) be given. Find u € H}(Q) such that

b(u,v) = f(v)
holds for all v € H} ().

The existence and uniqueness of Problem 2.1 is ensured by the Lax-
Milgram theorem.
We denote the internal boundary, the so called interfaces, by

yzzﬁﬂu&u (2)

weP

and the jump of a function u in = € v by [u](z).

In [2], sufficient conditions on the regularity of the interfaces  are given
such that the variational Problem 2.1 is equivalent to a strong formulation
with interface conditions.



We approximate the solution of Problem 2.1 by the solution of a dis-
crete, finite dimensional problem which is obtained by Galerkin discretiza-
tion. Therefore, we replace the infinite dimensional space H}(€2) in Problem
2.1 by a finite dimensional subspace S C H&(Q) This subspace is given by
finite elements. Then, the discrete problem reads as follows.

Problem 2.2. Let f € H}(Q) be given. Find us € S such that
b(us,v) = f(v)
holds for allv € S.

3 Multigrid method

Let {¢2},co be a basis of S for some index set ©. Then, we define the
system matriz Agy = b(ypy, @) and the right hand side F, := f(y,) for all
z,y € ©. Thus, Problem 2.2 is equivalent to: Find U € R® such that

AU =F. (3)

The solution U of (3) and us of Problem 2.2 are linked via

uS:ZUygpy.

YyeO

Using, e.g., the linear hat functions as the basis {¢;}, o on a grid G
with the set of interior nodes © yields a sparse system matrix A of, typically,
very large dimension. Thus, iterative solvers have to be employed for solving
the linear system. In this paper, we use the multigrid method as an efficient
iterative method to solve large sparse systems as in (3).

Under mild conditions, each iteration step of the multigrid method has a
complexity which is linear in the number of unknowns. If, additionally, the
convergence rate is bounded below away from 1, the system can be solved
with linear complexity up to a given precision.

The key ingredients of the multigrid method are:

e a hierarchy of discretizations (given, e.g., by finite elements on a hi-
erarchy of grids),

e prolongation and restriction operators PllJrl, Rf 41 which interfere be-
tween the discretizations, and

e smoothing operators S; for the discretizations.



Typically, the hierarchy of discretizations is obtained via a nested hier-
archy of grids {gl}fzo and the finite element basis functions {gplm}x o,
the grids G;. The prolongation and restriction operators are defined by

on

PllJrl ‘RO — ]Rel“'
Pl+1U = Z apy forall =€ 0,4 (4)

yeO

and
Ry, = (PIHI)T : RO — R
(RfHU)x = Z wé(y) Uy, forall =€ ©;. (5)

YEO 11

We simply replace the hat basis {¢;},co by the composite finite element
basis for the definition of the prolongation and restriction operators in the

CFE-MG.

Finally, the multigrid method requires smoothing operators
S RO — RO 0<I<L,

on the grid hierarchy. For simplicity, we consider here only classical iteration
methods as the damped Jacobi iteration or the (symmetric) GauB-Seidel
iteration.

Multigrid Algorithm 3.1. Let vq,v2 € Ny be the number of pre- respec-
tively post-smoothing steps, let € {1,2} and 0 <1 < L. Let U° € R® be
a starting guess, e.g., U? = 0 or determined by a nested iteration.

Let i € N and assume that U~! is given. If [ = 0 set U’ := AalF.
Otherwise, compute U? by an iteration of the multigrid method, i.e.,

1. perform vy pre-smoothing steps W := S} Uit
2. compute the restriction of the residuum D := Rffl (AZW — F),

3. perform p iterations of this algorithm with [ —1 instead of [, D instead
of F and the initial vector V9 = 0. The result is denoted by V#,

4. set W :=U"1 — PLIV“ and
5. perform vy post-smoothing steps U’ := S;PW.

Since the system matrix A; is sparse, the complexity of a multiplication
with A; is of order O(#©;). Thus, the complexity of the damped Jacobi
iteration or the (symmetric) Gauf-Seidel iteration is of order O(#0;) as
well. Typically, in particular for the prolongation and restriction in (4)



respectively (5), the complexity of Algorithm 3.1 (2) and (4) is of order
O(#0,) each.

If max{ #9L_ . <l < L} < 1 and A7'F is solved with constant
#0111 0

complexity, then, the complexity of one iteration of Algorithm 3.1 is of
order O((v1 + v2) #0y). For a proof, see [7].

4 Composite finite elements in one dimension

Due to the lack of regularity, standard finite elements are not suited for the
approximation of Problem 2.1, see [3]. Our goal is to adapt the shape of the
finite elements to the solution of Problem 2.1.

More precisely, we solve the homogeneous problem, i.e., Problem 2.1
with f = 0, on local neighborhoods about the elements T' of the grid G
and compose these solutions with suitable boundary conditions to globally
continuous finite elements. These finite elements are a generalization of the
linear finite elements in the sense that they reduce to linear elements for
constant coefficients.

Let G be a grid for Q = (o, 3) C R and let © be the set of nodes of G.
We emphasize that the interface v may not be resolved by the nodes ©. We
assume, that the elements T' € G are open such that © N T consists of the
endpoints of T and v N T of the inner interfaces with respect to T

Throughout the paper, we use the following notation. For a grid G with
nodes ©, {¢;},co denotes the standard “hat” functions while the basis of
the composite finite elements will be denoted by {1} cq-

The finite element function ., x € ©, restricted to T' € G, will be the
unique solution of the local and homogeneous PDE

—a; Yl =0 inwNT forallwe P withwnNT #0,
layy] = [¥z] =0 onyNT, (6)
Ve (y) = Oay forallye©NnT.

It turns out that, for the generalization of this definition to the two-
dimensional case, it is preferable to reformulate (6) in a variational way.

Definition 4.1. For allz € © and all T € G, let up € HE(T) be the
solution of

b(u$,T7 U) = —b(@x’ U) (7)
for allv € H(T). Then, the basis functions are given by
wm‘T = Ug,T + (Px‘T

and the space of composite finite elements by

SCYE .= span{1, : z € ©} ¢ HY(Q).
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Figure 1: Ilustration of a basis function t,,. The grid G = {T1,...,T,}
does not resolve the interfacial points of the coefficient a.

We call this finite elements composite finite elements as they are a linear
combination of linear finite elements on the mesh which is induced by the
set of nodes ©®U~. In the hierarchical representation of these finite elements,
the elements on the coarser grids are a linear combination of elements on the
finer grids. Thus, they are hierarchically composed of elements with respect
to the set of nodes © U ~.

In Figure 1, a basis function 1), is depicted for a characteristic example.

Lemma 4.2. For all x € © and all T € G, 1|7 solves (6) uniquely.

Remark 4.3. 1. For all z € O, it holds

Supp ¥, = Supp . :U{T:Te G with x GT}.

2. For all z € © and all T' € G, the product (a4 |r) is constant.
3. In the case of a constant coefficient a, it holds ¢, = ¢, for all z € ©.
4. {92} ,ce is a partition of unity on €.

The construction of the composite finite elements allows to define a hier-
archy of discretizations for Problem 2.1. The dimension of the coarsest one
is very small and independent of the number and structure of the interfaces
~. In order to use them in a multigrid algorithm it is essential to define, in
addition, local intergrid operators which will be done next.

Let L € N and let {G;}}, be a hierarchy of grids on . The index L
corresponds to the finest and the index 0 to the coarsest grid. Let ©; be the
set of nodes of grid G;.



We assume that this hierarchy of grids is nested, i.e., for 0 <[ < L, it
holds
@l - @l+1 . (8)

The set of successors of an element 7' € G is given by
sons(T') := {Tlel €G T ¢ Tl} C Giq1 -

By Lemma 4.2, the basis functions {z/)i}xe@l (cf. Definition 4.1) satisfy
(6) for all T' € G;. The basis functions 1/1;“ on the next finer grid satisfy (6)
with T = T € sons(T") for all y € ©;,;NT'. This leads to the hierarchical

ansatz
Yh= Y agyl. 9)

yEeL-HﬂTl

Relation (9) is a local hierarchical ansatz and it remains to determine
the coefficients a, such that 1 satisfies (6) at the nodes y € ©;41 N T! as
well.

This leads to uniquely solvable linear systems with dimension #(®l+1 N
Tl). In particular, the dimension is very small and independent of the
coefficient a (cf. (12)).

Definition 4.1 is equivalent to the following recursion.

Lemma 4.4. Let 0 <[ < L. Then, for all z € ©; and oll T € G, it holds

Yilr = upp + 9 e (10)
where ufmT € Sﬁ_FlE N HY(T) is the solution of
oz, ) = =b(es™, ¥y (11)

forallye © 1 NT.

Proof. We denote the function defined by (10) and (11) by & |7 = u;’T +

Y and show &L|p = ¢l|r, i.e. €. satisfies (7). The interpolation onto
the space SCFP is defined by

T°E . gl (Q) — SO 4 Zu(m)wm
z€O

which is well defined on H(£2) in one dimension by Sobolev’s theorem. Let
v €0, TG and vr € H(T). For all t € sons(T) C Gy41, set

Up 1= (’UT — ISE;E’UT)’t S Hé(t) .

We extend the functions vy and u; by 0 to Q. It follows

CFE
r=T v+ >

tesons(T)



and consequently

b, vr) = > vr@bE v+ > b€ w).
y€O;1NT tesons(T)
Equation (11) implies b(&L, é“) = 0 for all y € ©;,1 NT and the first
sum vanishes. Furthermore, it holds 555 € SCFE

+1
by the functions Wy“ which satisfy Definition 4.1. Choosing v in Definition

and we can represent 5;

4.1 as ug leads to b(€L,u;) = 0 for all ¢ € sons(T') and also the second sum
vanishes. O

The essential difference of Lemma 4.4 and Definition 4.1 is that the
ansatz and test spaces in (11) are not H}(T) but only SEHF|r N H(T).
Thus, (11) is equivalent to a system of linear equations with a dimension
that does not depend on a.

The coefficients o,y in (9) can be computed as follows. In the end points
x,y of an element T' = (x,y) € G; it holds ay, = 1 and a,y = 0. For an
inner point z € ©;41 NT, ay, is determined by the linear system in (11).
The coefficients b(y5H z/)lyH) = (Aj41)ya of these equations are given by the
elements of the system matrix A;y1 corresponding to the grid G, .

Usually, the one-dimensional grid hierarchy for the multigrid method
arises from recursive bisections of the elements. Thus, the linear system in

(11) has dimension one and the solution is given by

[ b( :lv+17 §/+1)
Qzy = Py (y) = EEYNS ST (12)
(y" s hy™)

Since we have 1/)§C|T = u; T —|—1/)§C+1|T € SSFFIE the composite finite element
spaces are nested, i.e.,
CFE CFE
SO ¢ SERE, (13)

5 Composite finite elements in two dimensions

Analogously to the one-dimensional problem, we solve the homogeneous
PDE locally for the construction of the composite finite element basis func-
tions in two dimensions. In contrast to the one-dimensional problems, these
local problems along with the Lagrange property for the nodal basis do not
define the functions uniquely since no boundary values are described in the
open interior of the boundary edges of the elements.

Therefore, we impose artificial boundary conditions on the boundary
of an element neighborhood which we call “security zone”. Similarly to
PUFEM (partition of unity finite element method), see [16], we localize the
solutions of these boundary value problems and utilize them for the finite
elements. This gives us a hierarchical construction of the finite elements
which can efficiently be combined with the multigrid method.



Figure 2: An element T for which the two connectivity components of T\
can be subdivided into 5 successors such that v NT is resolved

In Subsection 5.1, the construction of a hierarchy of finite elements is
presented, followed by some basic properties for these finite elements in
Subsection 5.2. In Subsection 5.4, the efficient realization of the CFE-MG
will be described.

5.1 Construction of composite finite elements

Let L € N and let {gl}zL:o be a hierarchy of grids of 2 (see Section 2) such
that Gy, is the finest and Gy the coarsest grid. Let ©; be the set of nodes
of grid G;. We use the notation {gplm}m@l for the basis of the linear finite
elements on the grid G; and {1/1;}36 co, for the composite finite element basis.

Assumption 5.1. The finest grid G;, resolves the geometry of the internal
boundary v, 1. e.,

v C U oT .

TegGr

The grid hierarchy is nested, i.e., for all 0 < [ < L and all T € G, there
exists a set sons(T") C Gj41 such that

T= |J ¢t (14)
tesons(T)

By (14), the sets of nodes ©; are nested, i.e.,
O,_1 C 6.

We say, a grid G “almost resolves” the polygonal interfaces v if the el-
ements 7' € G can be subdivided into O(1) successors sons(7") such that
the refined grid resolves v (see Figure 2). A grid hierarchy satisfying As-
sumption 5.1 can, for instance, be obtained by the following algorithm. A
starting grid Gy is refined by congruent refinement (connecting midpoints of

10



edges) until it almost resolves v yielding the grid Gr—;. Finally, Gy, is the
subdivision of G;_1 such that ~ is resolved.

The construction of the composite finite element basis functions is hier-
archical and starts from the finest grid of the hierarchy. By Assumption 5.1,
Gr, resolves . Thus, we set

SSPE =8, ={veC(Q):VT €Gr vy € P1}.

If we assume that SESE is already defined we can, analogously to (9), make
the ansatz for the coarser basis functions for each element 7" € G;:
l I+1
Yol = Z Ay %Jr |7t - (15)
yeO 1 NTY

We will construct these finite elements such that the following properties
hold:

a. On the elements T € G, they solve the local homogeneous equation
related to the bilinear form b(,-) as in (1).

b. They form a Lagrange basis.

c. They have a local support supp wi cy {T :T € G with x € T}.
The coefficients o, are determined in three steps:

1. Setting up local problems (security zones and boundary condition),
2. Solving these local problems,

3. Composing the local solutions to globally continuous basis functions.

5.1.1 Setting up local problems (Step 1)

In one dimension, the boundary values (values at the interval endpoints) of
the local problems on the elements are canonically given by the Lagrange
property of the finite elements. In the two-dimensional case, we have to
impose artificial boundary values at the interior of the element edges. Since
these artificial boundary conditions, in general, do not reflect the possibly
oscillating behavior of the solutions, we reduce their influence by imposing
them at the boundary of the security zones at a proper distance from 7.
For w C €, let
G = {w}

and, for all k € N, we define “triangle layers” about w by (see Figure 3)

G = {Te G 35 e gt Tn?;«é@} ca.

11



Figure 3: The subgrids QlT’l and ng,z for T € G

Finally, we denote the domain of Qlw’k by

dom(glw’k) = int <U {T :T e gf”“}) .

The construction of the finite elements is recursive starting on the finest

grid. We assume that the basis {1/)?‘1 +€0141 is defined. In the following,

we will construct the basis {z/)lm}x co,’ The interpolation IESE onto Sl(—jFF1E is
given by
IZ(EE :C(Q) — SEFFlE; U Z u(z) YLt (16)
2€O041
Let k € Ng. For the security zone of the element T' € G;, we use
Uz = dom(G;"%). (17)

In order to obtain three linearly independent shape functions on each el-
ement T, we choose three linearly independent functions on dUrp. For a
vertex x of T', let p%T € P; be the (unique) affine extension of the standard
shape function ¢ |7 to a function on R? and

9o = (T Par) |, (18)

the interpolation in SSEE’UT- In particular, gfmT interpolates pfmT in the
vertices of T'.
This leads to the following local boundary value problem. For each vertex

x of T, find ufv,T € SEEE N HY (Ur) such that
b(uic,Ta ’U) = _b(gi:,T’ U) (19)

12



holds for all v € SESE N HY(Ur).

5.1.2 Solving (Step 2)

Let 07 denote the set of vertices of a triangle 7. The problem (19) has
a unique solution ! 1 € Si CFE N HY(Ur) for all 2 € Op. Therefore, the
functions

§;;;T = u:vT +ng € S oy (20)

solve the homogeneous equations associated with the bilinear form b and
have the boundary values {lm = glm o on OUr.

However, these Solutions; in genéral, are not a Lagrange basis on 7T, i. e.,
they do not interpolate (0zy)ycs, With the Kronecker delta ¢,,. Because the
boundary values gé’T|3UT are linearly independent, the Lagrange property
can be satisfied by a simple normalization: There exists coefficients ﬁlmy eR
for the vertices x,y € O such that the functions

Calc,T Z 5£:y fyT SN (21)
yeobT
fulfill the equations CLT(y) = 0yy for all z,y € Op. Thus, (CLT\T)%GT is a

local Lagrange basis on 7.

5.1.3 Composing (Step 3)

In this last step, we restrict the functions Ci 7 to the elements 7" and compose
the global basis functions. In general, however, the functions on neighboring
elements do not coincide along common edges such that

> Crlr

Teg)!

does not give a continuous basis function for z € ©;. In order to obtain
conforming finite element functions we average the functions on the element
edges. More precisely, the values of the coarsened finite element function v,
at the fine grid nodes y will be linear combinations of the (discontinuous)
values of the functions CLT in these nodes and we employ the general ansatz

Z Oélx,TyC:B,T (y) .

Tegy!

Once, the coefficients 1% (y) have been fixed, the composite finite element
basis functions are determined by formula (15) with the choice ay,, == %% ().

In the following, we will define the averaging coefficients afvmy.

13



O : nodes in 6f

Figure 4: The set 0f

The internal boundary = is part of the Lipschitz boundaries of the in-
clusions €2;, i € N, and, by Assumption 5.1, part of the edges of G;. Hence,
there exists a piecewise constant, oriented normal vector field

v:y— Sl cR?

almost everywhere on . For all T' € G; and its vertices x, we define the
weights [alLT] by the jumps which are averaged over a triangle according

[a?ﬂ = ‘/yﬂT[a] [&z(ij} da‘ . (22)

At the end of this section, we motivate the choice of the weights in
the case of laminar interfaces. The factor [a] excludes “artificial” interfaces
where the coefficient a crosses continuously.

For all 0 <! < L and all x € Oy, set (see Figure 4)

07,1 == {2} U ((Or41 \ ©1) N dom(G;™)) .

We define the basis functions 9. at y € 0F,, by the weighted averages of
the functions C;f:,T of the elements T € gl 1 In case of [O‘fc,T] = 0 (which
happens, e. g., for a constant coefficient a), we return to unweighted averages
which is reflected in the definition

’ {1 for ‘ZTegly,l [O‘fc,T]‘ < tol,

« =
x7T7y l .
[a z,T] otherwise,

14



for z € ©;, y € 07" | and some tolerance tol > 0 to avoid numerical instabil-
ities. With this, we set the coefficients

-1
= (Y abr,) D abr,Gr®). (23)
Tegh! Teg!

This determines the coefficients in (15) and, finally, we arrive at (with the
coefficients 9% (y) as in (23))

W= > dhy) et (24)
S
5.2 Properties of composite finite elements

The construction of the previous sections lead to the definition of the com-
posite finite element spaces for problems with jumping coefficients.

Definition 5.2. Let Assumption 5.1 be satisfied.

o [ = L: On the finest grid Gr,, the linear finite element Lagrange basis
s given by {¢£}JB€®L and the corresponding composite finite element
space equals the standard one

SCFE.— S, c HY(Q).

e l=L—-1L-2,...
The basis functions {wé}weel are given as in (23), (24) and the space

of composite finite elements SZCFE is given by

SCFE .= span{y! : z € ©;} ¢ H(Q).

Next, we rewrite the steps for computing the finite element basis func-
tions {wé}meel for 0 <! < L in an algorithmic way.

Algorithm 5.3. Let Assumption 5.1 be satisfied and let {1/)%
{gpﬁ}m@L and SgFE =81 Let keNy. Forl=L—-1,...,0do

}:BEQL T

1. for all T' € G; with vertices 67 compute for all x € 61

(a) i the boundary values gé’T by (18),
ii. the solutions ulLT € SESE N HY(Ur) of (19) and
iii. the functions 555 7= ué o+ gﬁc - in Ur,

(b) the functions ¢! , by (21) and

(c) the weights [QQT] by (22),

15



2. for all € ©;, compute ., by (24).

Remark 5.4. For the assembling of the linear system, step (2) in Algorithm
5.3 is not required but only the weights [a; T] have to be computed. Such
constructions via “mask coefficients” are quite common in wavelet methods.

With (24), it holds ¢!, € SEFFlE for all x € ©; leading to the nestedness
of the spaces:
S c SR
Lemma 5.5. Let Assumption 5.1 be satisfied and let 0 <[ < L.

1. {1%}16@[ forms a Lagrange basis.

2. For all x € ©y, it holds suppl C supp L.

Proof. Both assertions hold for linear finite elements, thus, for the composite
finite elements {er}xeeL on the finest grid Gy. Let 0 <[ < L and assume
that the assertions hold for [ 4+ 1. Let z € ©;. 1. Inductively, we know that
{wlrﬂ}xeelﬂ is a Lagrange basis and conclude ¢!*!(y) = 0 for all y € 6,
and for all z € ©;4; \ ©;. Therefore, from
O0f1 C{x} U (O141\ O1)
and (24), it follows for the coefficient ! (y) that
) = D i) vt (y) = ¢h(@) i (y) =0
z€07,

for all z # y € ©;. Since (; 7(x) = 1, we obtain

= (X an) X obnyGr®) vl @)

yeO 1 Tegh! Teg)!
_ ! -1 ! _q
- O T O T Caﬁ,T(x) -+
TegH" TegH"

2. The induction assumption and Assumption 5.1 imply

I+1

I+1
y  C supp @y

supp C supp ¢,

for all y € 6, and, consequently,
suppyl C | J suppy}™ C suppl,.
yeor,

O

Lemma 5.6. Let Assumption 5.1 be satisfied and let the coefficient a be
constant, i.e., a(x) = ag € Rsq for all x € Q.
Then, it holds . = ¢! for 0 <1< L and z € ©.

The proof is elementary and, hence, skipped.
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T3 Ty

x1 x2

Figure 5: The domain €2 with the interface v and the elements 77 and T5

5.3 Laminar Interfaces

The choice of the weights [alLT] in (22) can be motivated for laminar inter-
faces, e.g., a(n1,n2) = a(n1). In this case, tensorized finite elements which
consist of linear elements tangential to the internal boundary + and the
one-dimensional composite finite elements (as in Section 4) in normal direc-
tion to « are well suited for discretizations. Therefore, the two-dimensional
composite finite elements with the weights [a?ﬂ should approximate these
tensorized finite elements.

Let  := (0,1)% and let z1 := (0,0), z2 := (1,0), z3 := (0,1), z4 := (1,1)
the nodes of Q (see Figure 5). Let T; be the element with vertices x1, x2, x3
and Ty the one with zg, x4, z3. For ag € Rsg and for z = (n1,12) € R?, we

consider
1 f <1
a(z) == o= 27
ag form > 3.
Let u € HY(Q) with a0yu,0ou € H'(Q) such that u(z1) = u(xr3) = 1 and
u(z2) = u(xq) = 0. The interpolation of u by the described tensorized finite
elements is given by

2aq 1
- m+1 for n1 €10, 5],
T Pu(x) = I uln, n2) = { e > [1 4
" 1+ag 771+ T+ao or 1 € (5?1]5
which, for y = (%, %), implies

1
1+ag

IS Eu(y) = —0 for ap — oo. (25)
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The functions (13, 1 <@ < 2, as in (21) are discontinuous across T>73.
Easy calculations yield

st,T1 (x) =1
for x € Ty, and, for = € T,
Cug, 12 () = TG Pu(z).
A basis function 1;363 computed by an average of these two functions in y
with weights % from both sides satisfies
1/1 1 > 1

7/113(3/)25(5%-1_’_@0 — 1 for ag — .

This differs from the limit in (25). Thus, we require a weighted average that
rates (py 1, Prior to (uy . Since [0,y 1] = [01Cas,1] = 0, it follows

o] = | L 100Gy n] do] =0,

and [0, 1] # 0. Let ZOFF be the interpolation as in (16). Then, the weights
[O@J“] preserve the requested limiting behavior. The weighted average in
(23) gives

1
= I Fu(y).

ICFEu(y) = %g(y) = [aaﬁa,TQ] 1+ ag =1ixy U

[O‘l‘a 7T2]

5.4 Efficient realization

Analogously to (4), we define the prolongation via the composite finite el-
ements. The restriction is given by the transposed of the prolongation.
Although the composite finite elements have a complicated structure on the
coarser grids, the prolongation is a local operation and can be realized by
local, purely algebraic transformations. Thus, one multigrid iteration has a
complexity of order O(#0p,).

We compute these matrices in an initialization step before the multigrid
algorithm is performed. The complexity of this initialization step is of order
O(#061) as well.

For all 0 <[ < L, we introduce the set of inner grid points

e) :=0,NN
which are associated to the degrees of freedom. Then, {z/)lm}m cou 18 @ basis
l

of SICFE N HE(Q). We identify this space with the space R®! via this basis.
In analogy to (4) respectively (5), we define the prolongation P/ by

Pll+1 CRO! RG?H;
(B0, = Y W)U, foral ze6f, (26)

0
ISCh

18



and the restriction Rf 41 by

Ry = (Pll+1)T RO — R,
(Ri,U), = > wl@)U, forall zeof. (27)

0
yE@Hl

Let b be the bilinear form as in (1). Then, the system matrices A;,
0 <1< L, are given by
(Al)m,y = b(%ﬂﬁi«) (28)

for all z,y € @?. Equivalently, the matrices on the coarser grids G;, 0 <1 <
L, can be represented by the Galerkin products

Api=Ri A P (29)

which is more appropriate for the actual computation of these matrices than
(28).

The matrix A;y; can conveniently be used for the computation of the
finite elements {1#;}16@?, i.e., the computation of the prolongation PIHI.

Therefore, we link the computation of the prolongation with the products
from (29).

The following integrals are used for the computation of the weights
[O‘é,T]' For x € ©; and the edges e of the grids G;, set

1= [l [o0t] do (30)

and, for T € G, set
IQIQT = / [a] [&,Q/)i] do . (31)
T

Let Assumption 5.1 be satisfied. Then, the composite finite elements
{1/)3% }x coo On the finest grid G, are linear finite elements. Thus, the system
L

matrix Az, as well as the integrals in (30) and (31) can easily be computed.

Let 0 < < L and assume that the system matrix A;,1 and the integrals
If’rel and Ii*'j} for x € ©;11, T € G171 and the edges e of the grid G are
given. Furthermore, we require the values (A;11)zy = b(?,!)ly+1,¢£3+1) for all
x,y € O41 because these additional values in the nodes 01 \ @?H on the
boundary 0f) are needed for the computation of the functions §fv7T in (20).

Let T € G, x € ©;NT and let & be the set of (open) edges of G, that
lie in T'. Then, the initialization consists of the following steps:

1. Let ng,T be as in (18). Then,
l
{ngT(y)}y€@l+lﬂUT (32)
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is the solution of a system of linear equations with coefficients Ay ., =
b( LH, 1) with z € ©;,.; N Up. Note that, for all y € ©,,1 N dUr,

z

the values flLT(y) are prescribed by glLT(y).
2. The weights [ $T] are given by

> daw( X ey )

YyEO 41 nT Sesons(T) ecEr

. (33)

3. Let e be an edge of the grid G; and let &, be the set of edges of G 11

such that B
U e =e.
e'ee
Then, it holds
1 l 1
I, = > W(z) > IEL (34)
zE@Hlﬂdom(glI’l) e1+1€E
as well as
te= ¥ we( ¥ meXar). o
zE@Hlﬂdom(glI’ ) Sesons(T) ecér

The different steps of this initialization are summarized below.

Algorithm 5.7. Let Assumption 5.1 be satisfied.

1. Compute Ay, as in (28).

2. For x € © and the edges e of the grid G, compute the integrals [:f,e
as in (30) and set I:f’T =0 for all T € Gr.

3. Fori=L-1,...,0, compute

(a) for x € ©; and y € ©;;; the values 1! (y) (cf. (24)) (with the
auxiliary functions flmT from (20) and C:f:,T from (21) and with
the weights [a xT] from (22)),

(b) the prolongation PllJrl and the restriction Rfﬂ (cf. (26)) respec-
tively (27) including their local versions,

(c) the system matrix A; = Rfﬂ Apq PllH, and

(d) the integrals Ii,e and ILT as in (34) respectively (35) for z € ©,
the edges e of the grid G; and T € G;.

4. restrict all matrices to @lo C 6.
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Note that all steps in 3. can be realized by local operators and all arising
matrices are sparse.

In order to estimate the computational work of this initialization, we
have to restrict the number of successor and neighbors of the elements.

Assumption 5.8. There exists a number 6 € N such that, for all0 <[ < L
and all T € G, 1t holds
#sons(T) < 9.

For all0 <1< L and all x € Oy, it holds
#G <6 (36)
There exists a constant n € (0,1) such that, for all0 <1< L,

#O; < n #6141 .

This assumption guarantees that the number of elements in the zones
Ur is bounded independently of the refinement level [ of G;. Of course,
the complexity depends strongly on the number of “layers” k which are
employed for determining the size of the security zones. More precisely, it
holds #QlT’k = O(6%) by Assumption 5.8 with § from (36). This implies that
the dimension of the linear systems in (32) is also bounded independently of
[. In general, it is not very large as we choose k € {1,2,3}. Therefore, these
systems can be solved by LU-factorization or, in the case of our symmetric
model problem, by the Cholesky factorization.

The product Rf 1 A PllJrl can be computed efficiently by the multipli-
cation with unit vectors. In an implementation of this algorithm, we require
therefore “local” versions of the matrix-vector-multiplications for the three
matrices.

Lemma 5.9. Let Assumptions 5.1 and 5.8 be satisfied and let k € Ny be the
number of “layers” in the security zones (cf. (17)).

Then, the complexity of the initialization in Algorithm 5.7 is of order
O (6% 1L #O1).

Proof. The following numbering corresponds to the numbering of Algorithm
5.7. 1. and 2. The computation of A;, and the integrals I, f . has a complexity
of order O(0#0p). 3. Let 0 <[ < L. a) There are three linear systems
to solve for each element T € G; to obtain the values ElLT(y) in (32). The
dimension of these systems is of order O(6¥*1). Using LU- or Cholesky
factorization, this has a complexity of order 0(53k+3). Summarizing, the
complexity is of order 0(53k+3 #@l)- The complexity to compute the sums
in (33) is of order O(6% #6;). Finally, the coefficients .. (y) are computed by
(24) which sums up to a complexity of order O(6¥T! #0;). ¢) We compute
the columns of A; by evaluating the product Rf 11 A PllJrl for all unit
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vectors U!. By (26), there are O(6%) components of the vector Pll“\IJQ that
do not vanish. In each row of A; 1, there are at most § + 1 components not
vanishing and in each row of Rf 41, there are three by (27) and by Lemma
5.5 (2). Thus, the complexity to compute A; is of order O(6% #6;). d) The
computation of the integrals I l, . and I! o in (34) respectively (35) has a
complexity of order O(6%2#0;). For fixed I, the complexity of Step 3 is of

order 0(53k+3 #@l)- Since #0; < 1 #0;,1, it follows #0; < n'~ ' #0,.
This implies

L—-1 L—-1 0o
> #ersoL T n < houd o = oLl

O

Typically, we choose k € {1,2,3}. If #G is of order O(1) and congruent
refinement is used recursively for the refinement of the grids then ¢ is of
order O(1) and n is about i. Hence, the complexity of the initialization is

of order O(#07p).

6 Numerical results

We have implemented the CFE-MG from Section 5 for Problem 2.1 in two
dimensions. This implementation allows us to study the dependence of the
multigrid method on the coefficient a. We consider an example with periodic
coefficients which allows to perform various parameter tests. However, the
periodic structure is not at all required for the composite finite elements and
is just for the purpose of systematic parameter studies.

In this section, we consider the domain € := (0,1)? and the right hand
side f = 1. We employ the following hierarchy of grids on this domain. The
coarsest grid Gy consists of the two triangles with vertices (0,0), (1,0), (0,1)
respectively (1,0),(1,1),(0,1) (see Figure 6). For I € N, the grids G; are
given by recursive congruent refinement of the grid Gy. Then, it holds h; =
21/2—l‘

We set

= int (comy {(1, 2, (3. 1), 4, i) <% SNERINCEENY
(see Figure 7). For ag > 0 and =

€ [0,1]?
{ forr € w,

otherwise

and extend a(-) periodically with period 1 onto R2. For ¢ € (0,1] and for
x € R?, set

a®(x) = a(z/e).

22



,,,,,,,,,,,,,,,,,,,,,,,,

(0,0) ) (1,0)

Figure 6: The grids Gy and G; on the domain € = (0, 1)?

0oy (L0

Figure 7: The unit cell with the domain w
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Figure 8: The basis functions 12 and 2 on the grid Gg with ag = 50 and

1
€=3

We always use the security zones Ur = dom(ng’Q), i.e., two “layers” of
elements. Let uf € SF¥E N HE(Q) be the solution of the discrete Problem
2.2 corresponding to the coefficient a®. For i € Ny, let &; := 27*. Then, the
coeflicient a® is resolved by the grid G; for [ > i + 2.

In Figure 8, two basis functions at the node x = (%, %) are displayed on
different grids. We have chosen ap = 50 and ¢ = %. The left function is 93
on Gg and the right one is the function 2. Figure 9 shows the solution ug
of the associated problems on the grid Gg. Again, we have chosen ¢ = %.
The left solution corresponds to ag = % and the right one to ag = 50.

In the following, we study the dependence of the multigrid convergence
rate on the coefficient a. For the iteration, we use the initial function u‘lgi’o =
0. We denote the resulting function after n iteration steps by uf'n Then,
the convergence rate r;; 4, is given by the mean value of the quotients

[ Avuy ™ = fll2

A" = fllreq)

All computations are done with two pre- and two post-smoothing steps
with the symmetric Gauf-Seidel iteration and with the V-cycle. The itera-
tion is stopped if the L?-norm of the residuum HAlu;’;l’n — fllz2(q) is smaller
than 10719,

In Tables 1 — 4, the convergence rates 7;; 4, of the multigrid method are
given with [ =i+ ¢, 2 < ¢ < 5, for different ag each. In order to study the
dependence on ¢, the tables are ordered by e; respectively 1/e; = 2¢. The

(37)
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Figure 9: The solutions ug on the grid Gg with ag = % respectively ag = 50,
with ¢ = % each

grid level [ can be determined by

l=i+q=q—logy(ei).

In Table 1, the values, for instance, correspond to the grid levels I = 3, ..., 9.

The computations show that the convergence rates are larger than for
the Poisson problem (ay = 1), but, more importantly, they are still small
and show clearly that they are bounded by approximately 0.3 for all test
cases independently of the various parameters, in particular independent of
€.

The computations are done on a SunFire 6800 with 16 CPUs (Ultra-
Sparc ITT with 900MHz) and 16GByte shared memory. The given run times
are always “user” times, i.e., the total run time of all CPUs. The main part
of the initialization step consists of the solution of local problems leading to
small linear systems. In order to solve them, we use the Cholesky factor-
ization of Lapack. The systems are independent of each other and can be
solved in parallel.

The complexity of both the initialization step (cf. Subsection 5.4) as well
as the multigrid method is linear in the degrees of freedom on the finest grid.
The run times of our program are given in Table 5 (“user” times in seconds)
on different grids G;. There, TlI nit refers to the run time of the initialization
step, TM GM corresponds to the run time of ten multigrid iterations and TlA”
is the total run time of the program. The computations are done with the
parameters [ = i + 2 and ag = 1 which have no influence on the run times
per iteration step.
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) /e,
Miit2,a0 T4 [ 8 | 16 | 32 | 64 | 128
1 [0.07]009]009]0.10]0.10]0.10]0.10
10 3] 0.08 [ 0.12 | 0.14 | 0.15 | 0.16 | 0.16 | 0.16
ap | 107 [ 0.08 [ 0.12 [ 0.14 | 0.15 | 0.16 | 0.16 | 0.16
10° [/ 018 [ 0.17 [ 0.15 [ 0.13 [ 0.13 [ 0.13 [ 0.13
10° [0.19 [ 0.18 [ 0.16 | 0.13 [ 0.13 | 0.13 [ 0.13
Table 1: Convergence rates for grid levels [ = 2 — log,(g;) = 3, . ..
R 1/51‘
Liits,ao 779 1 8 | 16 | 32 | 64 | 128
1 [0.09]0.09]0.09]0.10]0.10]0.10[0.10
103 0.13]0.16 | 0.19 | 0.20 | 0.21 | 0.21 | 0.21
ap | 107° [ 0.13 [ 0.16 | 0.19 | 0.20 | 0.21 | 0.21 | 0.21
10° | 026 | 0.24 [ 0.21 | 0.19 | 0.18 | 0.17 | 0.17
10° [ 0.26 [0.25]0.230.19 [ 0.18 | 0.17 | 0.17

Table 2: Convergence rates for grid levels [ = 3 —logy(g;) =4, ...

g 1/e;
Miitdao 5T T8 | 16 | 32 | 64 | 128
1 010010010010 | 0.10 | 0.10 | 0.10
103 || 0.16 | 0.18 | 0.21 | 0.22 | 0.23 | 0.23 | 0.23
ap [ 10 0.16 | 0.18 | 0.21 [ 0.22 | 0.23 | 0.23 | 0.23
10° | 028 [0.26 | 0.23 | 0.21 | 0.19 | 0.19 | 0.20
10° [ 0.29 | 0.28 | 0.26 | 0.22 | 0.20 | 0.20 | 0.20

Table 3: Convergence rates for grid levels [ = 4 —logy(g;) =5, ...

The quotients of the run times match the quotients of the degrees of
freedom very well. This shows that the complexity of our implementation
confirms the theoretically predicted linear complexity.

The quite large quotients for the multigrid method for middle-sized grids
might issue from data outgrowing the cache. The quotients for the larger
grids are again consistent with the linear complexity.

Acknowledgment. The second author was partially supported by the Eu-
ropean Research Training Network “Homogenization and Multiple Scales”

(HMS2000).
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. 1/ei
bortoao [T T 8 [ 16 | 32 | 64 | 128
1 0.10 | 0.10 | 0.10 | 0.10 | 0.10 | 0.10 | 0.10
1073 [ 0.17]0.19 [ 0.22 | 0.23 [ 0.23 | 0.24 | 0.24
ag | 107 [ 0.17 [ 0.19 [ 0.22 | 0.23 | 0.23 | 0.24 | 0.24
103 [ 0.29 1 0.26 | 0.24 | 0.21 | 0.21 | 0.21 | 0.21
10° [/ 0.31 [ 0.29 | 0.25 [ 0.22 [ 0.22 | 0.22 | 0.22
Table 4: Convergence rates for grid levels [ = 5 —logy(e;) = 6,...,12
Level | | DoFy | p2EL | 1fmit/s | T | TMOY s | Thacr | T/s | o
4 225 - 1.47 - 0.01 - 1.49 -
) 961 | 4.27 2.74 | 1.86 0.04 | 4.00 2.80 | 1.88
6 3969 | 4.13 9.87 | 3.60 0.16 | 4.00 10.19 | 3.64
7 16129 | 4.06 42.98 | 4.35 0.92 | 5.75 44.63 | 4.38
8 65025 | 4.03 168.85 | 3.93 8.67 | 9.42 180.94 | 4.05
9| 261121 4.02 679.70 | 4.03 46.03 | 5.31 740.22 | 4.09
10 | 1046529 | 4.01 2756.36 | 4.06 219.37 | 4.7 3033.97 | 4.10
11 | 4190209 | 4.00 11071.75 | 4.02 866.82 | 3.95 | 12172.24 | 4.01

Table 5: Run times (in seconds) of the program on different grids g,
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