BV-BFV APPROACH TO GENERAL RELATIVITY:
PALATINI-CARTAN-HOLST ACTION

A. S. CATTANEO AND M. SCHIAVINA

ABsTRACT. We show that the Palatini—Cartan—Holst formulation of General
Relativity in tetrad variables must be complemented with additional require-
ments on the fields when boundaries are taken into account for the associated
BV theory to induce a compatible BE'V theory on the boundary.
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INTRODUCTION

This paper deals with the BV-BFV approach to General Relativity (GR), initi-
ated in [CS15] and [Schi]. It is devoted to the Palatini-Cartan—Holst formulation
of GR, following the classical analysis of [CS17].

Elaborating on the ideas of Batalin, Fradkin and Vilkovisky (B(F)V) [BV&I
BER3| BVT7T], Cattaneo, Mnév and Reshetikhin (CMR) [CMR14, [CMRT5, [CMRQ)]
suggested that in order to make sense of perturbative quantisation for a gauge
theory on a manifold with boundary, suitable compatibility conditions should hold
between a Lagrangian theory in the bulk manifold M and its relative Hamiltonian
description on the boundary oM.

At the quantum level, the mentioned compatibility is required to ensure that the
state associated with the quantisation of the bulk be physical (i.e. gauge invariant),
and this is formalised by requiring that it be a cocycle in a suitable complex induced
by the boundary structure. At the semi-classical level, instead, one requires that
the bulk action fail to be the Hamiltonian function of the BV-operator, by a term
controlled by the boundary Noether one-form. One then goes on by assuming that
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the differential of such a boundary form be pre-symplectic (i.e. its kernel must be
a subbundle), and that symplectic reduction is smooth.

When this holds, some cohomological data (a BFV-manifold) is induced on the
boundary from the BV-data in the bulk, and both the algebra of constraints in the
geometrical sense of Kijowski and Tulezyjew [KT] and the residual gauge symmetry
on the boundary are recovered from the induced boundary action (the BFV oper-
ator). More precisely, what happens is that the Chevalley—Eilenberg-Koszul-Tate
resolution of (on-shell) gauge-equivalent classes of fields, represented by the BV-
data in the bulk [BE83, [BVT77] (see also [Sta96]), gets surjectively mapped to the
resolution of the (reduced) coisotropic submanifold of canonical constraints on the
boundary (the BFV data [Scha09l [Schal0l [Sta97]). This produces a cohomological
resolution of the canonical constraints, with the crucial property of being compat-
ible with the original theory in the bulk. In most cases, this requires no further
input than the BV-data one assigns to the bulk.

To this aim, the symplectic analysis of [KT| has the great advantage, with respect
to the widely employed Dirac analysis of constraints [Dirl, [HT], of being clean and of
yielding a direct access to geometric or canonical quantisation and to the BV-BFV
construction.

This approach also goes in the direction of the axiomatisation of quantum field
theory [Atil [Seg|: the BV-BFV formalism admits a natural cutting-gluing procedure
that might allow one to understand the quantum theory on elementary building
blocks, to be then glued together to obtain the quantisation of a more complex
space—time manifold.

After having analysed the Einstein-Hilbert formulation of General Relativity
[CS15], and having shown that it does indeed satisfy the (classical) BV-BFV axioms,
we now turn to another classically equivalent formulation of GR.

In Palatini-Cartan—Holst theory (PCH) the basic fields are a tetrad (a co-frame
field) and a connection in an SO(3,1) bundleﬂ The equivalence between EH and
PCH theories is well established for closed manifolds, and its extension to the
boundary is discussed in [CS17].

In Section [3] we implement diffeomorphisms as gauge symmetries in the BV
setting, for all theories of differential forms valued in g-modules, and we use it to
define the BV-structure associated to PCH theory.

We find that this (natural) extension of PCH theory to the BV setting does not
satisfy the BV-BFV axioms, as it does not induce a bulk-compatible BFV structure
on the boundary, unless non-trivial strong requirements are imposed on the fields.
We stress that this is a remarkable deviation from the Einstein—Hilbert case.

Recently, it has been shown [CSS| [CaSc| that the analogous theory in (2 +
1)-dimensions does not encounter such an obstruction, when inducing BFV data
associated to the boundary, which then appears to be a phenomenon peculiar to
dimension 4 (and possibly higher).

We plan to investigate possible solutions to this issue, e.g., by correcting the
BV-form by a boundary term, a strategy that turned out successful in a similar,
yet much simpler situation, when dealing with one dimensional gravity coupled to
matter [CS16].

However, we argue that the usual notion of classical equivalence of field theories
is insufficient to grasp differences that might arise where higher codimension data
(e.g. boundaries) are taken into account. In the mentioned case of a one dimensional
gravity model, a theory that is classically equivalent to the Jacobi formulation of
classical mechanics is shown to enjoy a much better boundary structure than the

n the Euclidean case one uses SO(4).
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latter, which induces a BV-BFV structure only with a careful choice of a boundary
term for the BV-form [CS16].

Another possibility is presented in Section [5} where we will replace the natural
assignment of symmetries in favour of vector fields which preserve the boundary
submanifold. This choice (tantamount to requiring that the vector fields have zero
transverse component on the boundary) will turn out to have a great impact in the
regularity of the theory. Theorems [32] and [33| will state the existence of a BV-BFV
correspondence when the new BV input is considered.

This strategy is also related to what happens in the one-dimensional examples
of [CS16]. In this case, though, the BFV data we obtain by considering boundary-
preserving diffeomorphism will be the resolution of a coisotropic submanifold, larger
than the one that defines GR.

This result poses an important question about what variational principles that
describe the same Euler-Lagrange equations should be considered truly equivalent
in the presence of boundary. The BV-BFV axioms might then be used as a criterion
to determine whether a given variational principle has better chances than others
to yield a sensible quantisation theory, if we believe that whatever quantisation
eventually turns out to be, it should essentially be represented by a functorial
association of a suitable category of linear objects, to the category of space-time
cobordisms with structure.

In other words, the naturality of the requirement of a bulk theory to be com-
patible with its boundary data, makes it hard to think that a correct notion of
quantisation can be developed without taking this requirement into account.

1. CrassicAL BV AND BFV FORMALISMS

In this section we recall the general formalism for gravity theories, as in section
2 of [CS15).

Consider a space of fields, i.e., a (possibly infinite dimensional) Z-graded sym-
plectic manifold F with a symplectic form Q of degree |2] = k together with a
local, degree k+ 1 functional S of the fields and a finite number of their derivatives.

The dynamical content of the theory is encoded in the Euler-Lagrange variational
problem for the functional S. The Z-grading is called ghost number, but it will be
often replaced by the computationally friendly total degree, which takes into account
the sum of different gradings when the fields belong to some graded vector space
themselves (e.g. differential forms).

The symmetries are encoded by an odd vector field Q € T'(T[1]F) such that
[Q,Q] =0. A vector field with such a property is said to be cohomological.

Among these pieces of data some compatibility conditions are required. We give
the following definitions for different values of k. According to the convention that
we adopt, ordinary symplectic manifolds are called (0)-symplectic in the graded
setting. Our model for a bulk theory will be given by

Definition 1. A BV-manifold is the collection of data (F,S,Q,Q) with (F,Q) a
Z-graded (—1)-symplectic manifold, and S and Q respectively a degree 0 function
and a degree 1 vector field on F such that

(1) 1o2 =48, i.e. S is the Hamiltonian function of Q
(2) [Q,Q] =0, i.e. Q is cohomological.

Remark 2. The symplectic structure ) defines an odd-Poisson bracket (,) on F
and the above conditions together imply

(5,5)=0 (1)
the Classical Master Equation (CME).
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Definition 3. Whenever the data (F, S, Q,Q) satisfies only (2) but not (1) we say
that the BV-manifold is brokerﬂ

On the other hand, the model for a boundary theory, induced in some sense to
be explained, will be given by

Definition 4. A BFV-manifold is the collection of data (F2,89,Q% w%) with
(F2,w?) a Z-graded 0-symplectic manifold, and S° and Q° respectively a degree
1 function and a degree 1 vector field on F° such that

(1) tgow? =689, i.e. S? is the Hamiltonian function of Q°

(2) 1Q2,Q%] =0, i.e. Q7 is cohomological.

This implies that SO satisfies the CME. If w® is exact, we will say that the BFV-
manifold is exact.

These definitions abstract from the following prototype. Usually one starts from
a classical theory, that is, for each manifold M of a fixed dimension, the assignment
of a local action functional S9,; on some space of classical fields Fiy and a distri-
bution in the bulk D C TF)ys encoding the symmetries, i.e. Lx(S9,) = 0 for all
X €TI'(D). The only requirement on D for the formalism to make sense is that D
be involutive on the critical locus of S%,;. Notice that D can be the distribution
induced by a Lie algebra (group) action, in which case it is involutive on the whole
space of fields. When this is the case we will talk of BRST formalism, even though
the setting will be slightly different from the original one (for another account on
the relationship between the BV and BRST formalism see, e.g. [Mu]).

To construct a BV-manifold on a closed manifold M starting from classical data
we must first extend the space of fields to accommodate the symmetries: Fp; ~
Fu = T*[—1]D[1]. Symmetries are considered with a degree shift of +1, whereas
the dualisation introduces a different class of fields (called anti-fields) with opposite
parity to their conjugate fields, owing to the —1 shift in the cotangent functor. This
yields a (—1)-symplectic manifold, which is a good candidate to be the space of fields
we want to work wit

The classical action has to be extended as well to a new local functional on
Fur, and if we want this to satisfy the axioms of the BV-manifold we must impose
the CME on the extended action. This process of extension goes through co-
homological perturbation theory [BV8Il [Sta96l [Sta97, [FK., [CMRI5| and it will
ensure us to end up with a BV-manifold. However, for a theory which is BRST-
like, the extension is determined by the following straightforward result [BV8I]:

Theorem 5. If D comes from a Lie algebra action, the functional Spy = S, +
(®F, Q®) on the space of fields Fyr = T*[—1]D[1] satisfies the CME, where ® is
a multiplet of fields in D[1], ® denotes the corresponding multiplet of conjugate
(anti-)fields and Q is the degree 1 vector field encoding the symmetries of D.

Far is then a (—1)-symplectic manifold and, together with Sy and Qpv satisfy-
NG LQ 5y §2 = 65, with §) the standard symplectic structure on cotangent bundles, it
yields a BV-manifold corresponding to a (minimal) extension of the classical theory.

1.1. BV-BFV formalism for gauge theories. We will explain here in which
sense Definition [4] is a boundary model for Definition

2Sometimes one requires that 2 be only closed, allowing it to be degenerate. In this case one
speaks of (F,$,S,Q) as a relazed BV-manifold.
Here we assume for simplicity that D can also be described in terms of local data. In more
general situations, one may have to resolve D into a complex described in terms of local data
(ghost for ghosts).
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Definition 6. An exact BV-BFYV pair is the quintuple (F,§,S,Q;m) given by a
broken BV-manifold, together with the exact BFV-manifold (F°,w® = §a?,59,Q9)
and a surjective submersion w: F — F? such that the BV-BFV formula:

1oQ =88 + 1*a? (2)
is satisfied. Such a pair will be denoted by (F, FO),

In field theory there are natural examples of BV-BFV pairs as in the following
prototypical construction. Say that we start from the data defining a BV-manifold,
but this time we allow M to have a boundary OM: the requirement that g2 = 65
is (in general) no longer true. What will happen is that the integration by parts
one usually has to take into account when computing 45 will leave some non zero
terms on the boundary. More precisely, consider the map

%M Fyv — Fom (3)
that takes all fields and their jets to their restrictions to the boundary (it is a
surjective submersion). We can interpret the boundary terms as the pullback of a
one form & on F, namely

1ol =05+ Ty (4)
We will call a the pre-boundary one form. In full generality « is a connection on
a line bundle, yet when S is a function on the space of fields, & is a globally well
defined 1-form.

Notice that if we are given this data, we can interpret this as a broken BV-
manifold, with some relation to the boundary. We can in fact consider the pre-
boundary two form @ = da and if it is pre-symplectic (i.e. its kernel is a subbundle)
then we can define the true space of boundary fields F3,, to be the symplectic
reduction of the space of pre-boundary fields, namely:

Fon = J‘EaM/ker(E)) (5)

with projection to the quotient denoted by w : .7?3M — ng. If all of the above
assumptions are satisfied and the quotient F, g v 1S smooth, the map my; == woT is
a surjective submersion, the reduced two form w? := @ is a O-symplectic form, and
the key result is

Proposition 7 ([CMRII1]). The cohomological vector field Q projects to a coho-
mological vector field QP on the space of boundary fields FgM. Moreover Q9 is
Hamiltonian for a function S?, the boundary action.

When this construction goes through, it associates to a manifold with boundary
(M,0M) a BV-BFV pair that depends on the manifold data. We will say that

Definition 8. A d-dimensional BV-BFV theory is an association of a BV-BFV
pair (Far, Foyy ) to a d-dimensional manifold with boundary (M,0M).

To summarise the construction and rephrase Proposition[7] we have the following

Theorem 9 ([CMRI14|). Whenever the space ng of Equation 18 smooth, we
are given the BV-BFV pair (Far, ng)mw- The construction of a BV-manifold for
a local field theory on a closed manifold M extends to a (possibly exact) BV-BFV
theory on the manifold with boundary (M,0M).

Remark 10. Notice that in Definition[]) it is possible to relaz the requirement that
the BFV 2-form w be nondegenerate and introduce the notion of pre-BFV mani-
folds. When that is the case we may define pre-BV-BFV pairs to be modeled over
these more general pre-BFV-manifolds. Observe that a pre-BV-BFV pair (F, f);;
such that the form ker(®) is a subbundle gives naturally rise to a BV-BFV pair
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on the symplectic reduction FO = ]T'/ker(o?), if smooth, by composing T with the
symplectic reduction map.

Some compatibility between bulk and boundary can always be achieved in terms
of the space of pre-boundary fields, on which the differential of the Noether 1-form is
degenerate. The crucial assumption is that the symplectic reduction of this 2-form
should be smooth.

The advantage of such a point of view is at least twofold. First of all, as we just
saw, the formalism is large enough to be able to describe consistently what happens
both in the bulk and in the boundary. On the other hand it is flexible enough to
allow for symmetries that are more general than a Lie group action. For instance it
is possible to accomodate symmetries that close only on shell (e.g. Poisson sigma
model) or symmetries whose local generators are not linearly independent, where
higher relations among the relations are required (e.g. BF theory or other theories
involving (d > 1)-differential forms.

Also notice that, even if we started with a Lie group action on the space of bulk
fields, the BFV symmetries on the boundary may be of a more general type. This
is actually the case in GR.

The BV-manifold that we have constructed in Theorem [5| when a gauge theory
of the BRST-kind was given is sometimes called the minimal BV-extension of the
gauge theory. When a non trivial boundary is allowed, we will use this minimal
extension as the starting point for the BV-BFV analysis.

Note that the pre BV-BFV structure constructed above is not invariant under
the extension to manifold with boundary of local BV diffeomorphisms. In addition,
one may change the structure by changing the BV-form by a boundary contribution
(which sometimes may be absorbed by a BV symplectomorphism). The different
pre boundary 2-forms may have different kernels [CS16]. In this paper we focus
on the natural description of PCH theory and show that the kernel does not have
constant rank; the possibility that modifications as above might solve the problem
remains open.

In what follows we will check the BV-BFV axioms for the Palatini-Cartan—Holst
theory of gravity and we will see that when diffeomorphisms are considered, the
condition on @ does indeed become an obstruction. In [CS15] we proved that this
step works in the Einstein—Hibert formulation of GR, in the ADM decomposition
near the boundary.

Throughout the paper we will assume that M is an oriented manifold that admits
a Lorentzian structure.

2. GENERAL RELATIVITY IN THE PALATINI-CARTAN-HOLST FORMALISM

It is possible to cast General Relativity as a theory of connections on a principal
bundle, independent of the metric field. The definitions that follow are based on
[CS1T].

Let V — M be the Minkowski bundle over a 4-dimensional manifold M, with
fibre the Minkowski space (V, ), and let P — M the associated principal SO(3,1)
bundle.

Definition 11. Let F,, be the curvature of a connection w € Ap, regarded as a
N’V -valued two-form under the identification so(3,1) ~ A’V , and lete: TM — V
be a bundle isomorphism covering the identity, i.e. e € QL ,(M,V), where nd stands
for nondegenerate.

The Palatini-Cartan—Holst theory is the assignment of the pair (]—'IODC 0 S?DC )M
to every 4 dimensional manifold M such that

]:IODCH = Q}Ld(M, V) x Ap; (6)
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.1 A
S%CH:/T7 |:2€/\8/\Fw+4€4 , (7)
M

where the map

T,: N’V o N’V—R (8)
acts as T(oz ® B) = Tr[(1 +*)a A (], with x the hodge operator defined by n, and
the constants v, A € R are respectively called Barbero—Immirzi parameter and cos-
mological constant.

The PCH theory depends on the Barbero—Immirzi parameter v and the cosmo-
logical constant A. The role of the parameter v has been debated at length. We
shall retain it for the sake of generality, as it will have no tangible effect in what
follows, although it generates ambiguities in quantisation (see [RT] and references
therein).

We have constructed a field theory whose basic fields are a tetrad e and an
independent s0(3, 1) connection w. To recover the standard Einstein—Hilbert metric
formulation of GR one pulls back 1 to g := e*n and w to A := e*w, and using the
field equations imposes that w = w(e) is the (unique) connection satisfying d,e = 0,
which is equivalent to V49 = 0 and A is the Levi—Civita connection.

Remark 12. Notice that tetrads have more local degrees of freedom than metrics
(16 local against 10), but we have the gauge freedom to rotate a tetrad with a local
Lorentz transformation without changing the action and the equations of motion.
In addition to the usual space—time diffeomorphisms, we will take into account an
internal SO(3,1)-symmetry as well.

The Einstein—Hilbert and Palatini—-Cartan—Holst theories are then equivalent
on-shell, that is they describe the same Euler—Lagrange locus, modulo symme-
tries. This is the content of the classical equivalence of field theories with vanishing
boundary conditions.

2.1. Classical boundary structure. Let us summarise some of the results of the
classical analysis of the boundary structure of PCH gravity presented in [CS17].

The adjective classical, here and anywhere else in this paper, just means degree-
0. The basic procedure is equivalent to the one outlined in section [1.1} without
BV-extension.

Denote V? := *V the induced vector bundle on the boundary, ¢: 9M — M,
we also denote by Q1 ,(OM, V?) the space of V?-valued 1-forms that span a 3-
dimensional subspace W C V and by P? = *P the induced principal bundle on
the boundary. The space of restrictions of fields to the boundary projects to the
(reduced) space of boundary fields, obtained as the quotient by the kernel of the
map

W2 ot aM, A*V?) — Q2(0M, A\*V?)
v eAv

which acts on the affine space Apa, the natural space of restrictions of connections
to the boundary and is surjective. More precisely, we have:

Lemma 13 (JCS17]). The map

k k+1
WPR) QP <8M, /\v9> — Qptt <8M, A v"’)

defined by ng’k)(X) = X Ae, where e is the restiction of the tetrad to the boundary
t: OM — M, is injective for p = k = 1 and it is surjective when (p,k) = (1,2) or
(pa k) = (2’ 1)'
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This is used to prove

Theorem 14 ([CS17]). The classical space of boundary fields for the Palatini—
Cartan—Holst theory is the symplectic manifold given by the fibre bundle:

Fitm — Qha(0M,V?) ~ T*Q) ,(0M, V?) 9)
with fibre over e € QL ,(OM, V) given by the reduction A;;’g = Apo /N with respect

to the equivalence relation w ~ W <= w—w € Ker(Wél’Q)) and the symplectic
form reads

oy = / T, [e A de A dw] = / Tr [fedt.] . (10)
aM oM
with w denoting an equivalence class in A;ﬁ;j, and t, =e AT, [w].

Remark 15. The global Darboux chart requires choice of a reference connection
and follows from the surjectivity of W£1’2). If we denote by W = ker(ng’z)) we
can choose a complement in

QL OM AV =wacC

and split w = W + v, with v € W. Fields in Apa are then equivalence classes of
P?-connections, modulo V.

The algebra of constraints has the following structure
Theorem 16 ([CS17]). In the symplectic manifold
Foen — Qa(OM, V)
with symplectic form wgCH as in Fq. , the vanishing locus Cpopg of the func-
tions:
L, = /Tv[a/\e/\dwe]; J,. = /fiY [uAenF,]+ Tr [ApAe?] (11)
oM oM

with 1€ QO(OM, V?) and o € QO(M, N> V?) is coisotropic. We have the algebraic
structure:

{La, Lo} = Liar qf (12a)
{JM‘]#’} = Lyuw (12b)
{LOUJ/,L} == J[a’#] +LHMQ (120)

where X" and H™® are functions of the fields e,w and depend on a choice of a
complement of Ker(Wél’Q)).

Corollary 1. The vanishing locus of the functions {La;J. e}, where £ is a vec-
tor field tangent to OM, defines a coisotropic submanifold Cgp O Cpcoy. The
subalgebra structure is given by

{Jf,Jé/} :J[§,§'] +LL§L5/F¢‘;W (13&)
{Je,Lat = —Jja,ce) (13Db)

while the Hamiltonian vector field J,.e reads
(Je)e = —L¢e; (Ig)w = —teli (14)

Remark 17. We will recover the resolution of the submanifold Cpp in the BFV
formalism in section[J It is important to observe that Cgp does not describe the
correct structure of General Relativity, for we eliminated one of the constraints,
whereas Cpog does, as was shown in [CS17|. The resulting reduced phase space
has 8 local degrees of freedom, instead of 2.



BV-BFV GR: PALATINI-CARTAN-HOLST ACTION 9

3. COVARIANT BV THEORY

In this section we would like to promote Palatini—-Cartan—Holst theory as pre-
sented in Definition [I1] to the data of a BV-manifold. The PCH description of
gravity is a BRST-like gauge theory, and it admits a BV extension, similarly to the
Einstein—Hilbert version [CS15]. Differently from the EH case, however, here we
have to deal with an an internal so0(3,1) gauge freedom in addition to space—time
diffeomorphisms.

We define a covariant BV operator that represents the action of (infinitesimal)
diffeomorphisms for all theories of G-connections and sections of G-associated bun-
dles, and use it to define a solution of the Classical Master Equation for PCH
gravity.

For the results in this section we will need the following:

Lemma 18. Let P — M be a principal G-bundle and let A € Ap be a connection
on it. Let & € X[1](M) be a degree-1 vector field on M, and V an associated vector
bundle with typical fibre the g module Vy. For any differential form ® € Q°*(M,V)
define the covariant Lie derivative to be

LE® = [1g,da]® (15)

with da being the covariant derivative induced by the connection A. We have the
formula:
Lig.g® = [Lg, LE1® + [1e1eFa, @] = 0 (16)

Proof. The proof is just a straightforward computation:
Ligg® = [Lg', LE)® = Lig g ® — [Le, Le]® + tje g [A, @] + [4, 1 ]
- L&d[L&A, @] — L [A, L?‘m + dLg[LEA, (I)] + [A, L&L?(I)] =
= 2L§db§ [A7 (I)] — Lngd[A, P — dLgLE [A7 CD] + [A, 2L§dL§(I) — LgLEd(I)]
— 2uedie[A, @) + 1ed[A, 1eP] — 1A, 1ed® — 1e[A, [t A, D]
+ Le [A, dbgq)] + d[LgA, Lg‘p] + [A, tete® + [LgA, Lg(I)] — Lgdbg‘b] =0

as it can be carefully checked by expanding all terms. We used the odd version
of the well known identity Li¢ g® — [Lg¢, Le]® = 0 (§ has degree 1), of which this
Lemma is some covariant generalisation. v

Lemma 19. Under the same assumptions of Lemma[I8, we have that
e ® = (L el ® = e g ® (17)
i.e. such a combination does not depend on the connection A.
Proof. First, one shows that
B :=2u[A, te®] — tete[A, D) — [A, 1ete®] =0

since ¢¢ is a derivation of degree 0 on (Lie algebra valued) differential forms. So we
can write, adding B =0

L[&g]q) = 2L§dL§(I)7L§L§d©7dLEL§(I3+B = 2L§dAL§FA7L§L§dAFA7dALEL§FA = Lé,f]q)
proving the statement. v
Moreover, we have

Lemma 20. Let A be a connection on a principal bundle P — M and F5 its
curvature form. Let & € X[1](M) be a degree-1 vector field. Then we have

eLfieFa =0 (18)



10 A. S. CATTANEO AND M. SCHIAVINA

Proof. Observe that the contraction w.r.t. an odd vector field £ is an even operator,
therefore

Ue.g)le = Lelic ) (19)
Using Lemma which tells us that [L?7L5] = [Le¢,te), and since (1¢)>Fa = 0,
together with the Bianchi identities d4F4 = 0, applying to F4 we infer

2L§dAL§L§FA — LngdALgFA = 2L£L£dAL§FA — LgdALngFA
leading to
LEdALngFA = LngdAbgFA
which proves statement. v

This will be used to prove the following

Theorem 21. Let P — M be a principal G bundle and let A € Ap be a connection
on it. Consider any degree 1 vector field & on M, and any associated vector bundle
V with typical fibre the g module Vy. Denote by p the representation on Vy. Let
c € Q°[1](M,adP) be a degree 1 function with adP the adjoint bundle to P, and
define a vector field Q on the graded manifold

Fu = Ap x Q*(M, V) x X[1](M) x Q°[1)(M, adP)
through the assignment:
QA= 1Fy—d,c Qe =L{e —p(c)®
(20)
Qc= 3teteFa— 3c,d Q¢ =3(¢.¢
Then Q is cohomological, i.e. [Q,Q] = 0.

Proof. We report the main steps of the various computations:
1 1 1
QQC :§L[§75] LgFA — §dA(L§FA — dAC) — §[L5L5FA, C]
1 1
=L§dAL§L5FA — ibgbgdALg — LgbgdALgFA + iLng[FA, C] — [LngFA, C]
= — LgL?LgFA =0
where we used Lemma 20} Using Lemma [I§] for the field ®, we have
1
Q% ® :ngg]@ — L{LE® + L e, ) + te[te Fa — dac, @]
1
7[L§FA —dac, Lg(I)] + [Cv L?(I)] - [Ca [Cv (I)H + 5[[03 C]a (I)] -
14 AT A 1
whereas for the connection A we use the Bianchi identity d4F4 = 0:
1 1
Q*A = §L[£7§]FA —teda (LeFa —dac) + §d,4 (teteFa — e, c]) — [teFa — dac,
1 1 1
= —ibgbngA —lg [A, LgFA] + 5 [A, LngFA] = —§L§L§dAFA =0
We are left with Q?¢ = 0, which follows from the Jacobi identity in (X(M),[,]). v

This result tells us how to implement diffeomorphisms as gauge symmetries for
different theories involving differential forms with values in some representation of
the internal Lie algebra g. As we shall see below this is the case of the Palatini
formulation of General Relativity.
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Remark 22. Notice that Theorem [21] applies in the case of spin bundles as well,
and we can take @ to be a section of the associated spin bundle, thus extending the
action of the diffeomorphisms in the tetrad formalism to spinors. This requires the
replacement of SO(3,1) with its universal cover, Spin(3,1).

3.1. BV-extension of Palatini—Cartan—Holst theory. In the literature, Piguet
- Moritsch, Schweda and Sorella - and Baulieu and Bellon [BB] all suggested a BRST
operator for the PCH theory of gravity that can be summarised by the following:

Proposition 23 ([Piguet| IMSS| BB|). The assignment
se' =Lge +[0,¢€]
sw' = Lew' + dy 0

1
s¢' = 5[¢.€) @)
s = L§/9/ + %[9/,9/}

defines a cohomological vector field over

Fpp = QL (M, V) x QY (M, A\*V) x X[1](M) x Q°[1](M, adP)
—_—— N——

e’ w’ I Il

with € a vector field with ghost number gh(§) = 1 and 0 a function with values in
A2V and ghost number gh(0) = 1. The cotangent lift 5 of s to F = T*[-1]Fpp
is also cohomological vector field and, together with the BV-extension Spp of the
Palatini—Cartan—Holst action by s, defines the BV-manifold (Fpp,Qpp,Spp,$).

Remark 24. Observe that, in order to make sense of the formulas in Proposition[23
we have to consider W' as a global vector-valued one-form, instead of a connection.
Moreover, the Lie derivatives are not covariant. We show that there exists a version
of this involving covariant expressions, which is close enough, in the following sense.
Theorem 25. The j-tuple (Fpcn = T*[—1]Fmin, Vpop: @, Spoy) defines a BV-
manifold where Fpin is defined as

Fin = Fpon x X[1|(M) x Q°[1](M,adP) > (e,w,&,¢), (22)

Q 1is the Hamiltonian vector field of S}hqyy, namely toQh oy = 0Shoy, where
. [1 A
Shoy = /T’y [26’ NeANF, + 264 + (ke Fy — dye) wh — ([te, dole — [c,e]) el

1 =
+ §/Tﬂ, [(Lgbng —[e, c])cT] + / §L[§,§]§T,
M M
F,, being the curvature of w, L¢ = [te, dy] the covariant Lie derivative along & with
connection w, and the standard (—1)-symplectic form Qo is

Qbey = / T, [owldw + defde + dcfoc] + iseoch. (24)
M
The BV operator for the PCH formalism is then given by:
Quw = teF,, —dyc Qe:L‘gef[c,e]

(25)

Qc=SwteFy—3le,d Q&= 3[6€]
Finally, there is a canonical transformation between the BV-manifold just de-

scribed and (Fpp,Qpp, Spp, §) (cf. Proposition , 1€

¢: Fpca — Fpp, (26)
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whose generating function is given by
Glch, et el wh e/ ' ¢, 0] = / Tr [CT(ng’ —0') 1T —ele! — wTw’] . (27
M

Remark 26 (Graded canonical transformations). Observe that in the graded setting
the generating function of a canonical trasformation might incur in some nontrivial
stgn. conventions.

Denote by (p,q) and (P, Q) two Darbouz charts of an odd symplectic manifold,
e.g. Q= 0pdq and |p| = |q| + 1. Now, a generating function of type I is a function
F(q,Q) such that

oF
pdqg = PoQ + 6F(q,Q) = P5Q—|—5q— +(5Q—Q
and since q6p = (—1)19416g p we have the equations
oF oF
— _(—1)ld—. P = (—1)lel—— 2
L S L (29)

Alternatively, we may consider the class of generating functions of type II, i.e
functions G(q, P) that satisfy (we use the convention § = 5q% + 6P%)

pdq = P6Q + 6 ((—1)|P‘+1PQ + G) (-D)/PHsPQ + 4 %G + 5P§]GD

and the associated equations become

oF oF

— (1l IPIZ=

p=—(-1) 5q" 5P

In particular, in this class we have the generating function for the identity map,
which can be easily shown to be

Gia = (-1)!"IPg. (30)

Q=(-1) (29)

Observe that one might get rid of (some of ) the signs by means of derivation from
the right and by using them to define the operator §. Hereinafter we will assume
that § = Z¢ 5(;5% and we will consider its total degree to be 1.

Proof of Theorem[25 Q encodes the symmetries of the classical PCH action, indeed
QSpey =0:

1 ~
QS%ey = 3 /TW [2[ee, du]eeF, — 2[c, eleF,, — eed,(teF, — dyc))

— 2dyeteely, — 2d,eercFy, — 2d,ueeel, — eedy e by,

+ ee[F,,, c] — 2[c, e]leF,, + 2ed,teeF, + eiced, F, — 2deete F,

— 2d,1ceeF, + 2d,eevc F, — (ee,ad F,,) — (adc(ee), Fi,) | =0

On the other hand, @ is cohomological because of Theorem where /\2 V ~
g = 50(3,1), A = w and (V,n) clearly bears a representation of g. Since the
symmetries are BRST-like we can use Theorem [5|to construct SBY,;, which solves
the Classical Master Equation w.r.t. Q.

Now, let us turn to the generating function

G = / Tr [cf (tew’ — ) + 1€ — ele’ —wiw'],
M
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from which we can deduce the following map (cf. Remark where we set ¢ =
(CT7£’ e7wT)’ P: (eT/7w/7§Tl70/))

e =e el’ = ef

_ ot ot

W =w w wh — ec (31)
£ =¢ £ = ¢l + cl,

0 =rew—c ot = —ct

where cfw, denotes a top-form valued one-form (so contractions act as tx (cfw,) =
cTLXw). We can pullback Spp along ¢g as:

|1 A
$Srr = [ Ty 3¢+ e 4 e (Lo +0,1) +

M

1 1
T+l (Lew' + d0') + gt (2[9’, o' + Lg@') + ib[g',g']{“ =

1 A
ieer + 164 +ef (Lee + [tew, €] — [e,€]) + w! (Lew + dytew — dyc) +

:/m

M

1
+ sueat’ =

1 1 1
+cf <L5L5w + tedytew — i[wa’ Lew) — i[c, c] — tedrew + 2L[57£]w>

A 1 A 1 1
- /Tv [Qeer + 164 +ef ( fe— e, e]) +of (teFoy — dyc) + §CT (tete Fuy — e, c])] —1—5%75]&“1‘

And the last line coincides with Spcy. We used the fact that Lew + dytew =
tedw + [w, Lew] = e F,, as well as (observe the difference between d,, and d)

1 1 1
teLew + tedytew — i[bgw, tew] — tedrew + SUegw = §L§L§Fw
to conclude the argument. v

Remark 27. Observe that one can map ¢ — —c and promote this to a canonical
transformation by replacing, in the gemerating function of the identity, the sign
reversal term F = cte.

For the sake of clarity we summarise the nature of the fields, anti-fields, ghosts
and anti-ghosts in Fpog = T*[—1]Fmin in the following table:

Field | Q*(M) | A*V | Ghost | Total Degree

w 1 2 0 3

e 1 1 0 2

c 0 2 1 3

13 n.a. | n.a. 1 1 (33)
w' 3 2 -1 4

ef 3 3 -1 5

cf 4 2 —2 4

et 1®4 | na. | —2 3

The ghost field £ is a vector field on M, and its dual anti-ghost is a one form with
values in top forms, i.e. with x € Q'(M)[—2] and v a top form:

¢ =xv. (34)

(32)
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4. BV-BFV APPROACH TO PALATINI-CARTAN-HOLST THEORY

We are now ready to establish whether the BV theory obtained by minimally
extending the Palatini-Cartan Holst action does satisfy the BV-BFV axioms or not.

Theorem 28. The BV data (Fpcu,Spcu,Q,Q%y) on a (3 + 1)-dimensional
pseudo-Riemannian manifold M with boundary OM does not yield a BV-BE'V the-
ory for any value of 7y, including the limiting case v — oo, which yields the usual
Palatini—Cartan formulation of gravity.

Proof. The variation of Spcoy reads as follows:

- 1
6SBY, = / T, [—2eeéw + dw(tew') + dew' + Se(ieel) + (L5§€)€T:|

oM ) (35)
+ / T, [—(Lgée)eJr - 2(5w(L5/,€CT):| + /(ngx)Lgv—&—/Bulk Terms
oM oM M
In fact, the variation of the &-ghost part is computed as:
1 1 1
5/54[5,515 =/5 (Lsdts - 265@) € = Sueqde!
M M
1
= / tog (dreg" — 1edeT) — tedrace’ = Sue o€
M
1
=—/L55L5 (X”)+§L[§,§]5§T+ / LoEXLEY (36)

M oM

If we denote by £" the transversal part of & with respect to the boundary, and
with v? a volume form on the boundary, we may rewrite Lev = VvIEn = —£m9,
since dim(0OM) = 3.

To obtain the pre-boundary one form & we must consider the restriction of the
fields to the boundary and their possible residual transversal components. With an
abuse of notation, the restriction of the fields to the boundary will be denoted by
the same symbol, whereas an apex ™ will be assigned to the transversal components.
For instance, we will write L5¢|6M = Lgo &0 + " = te® + ¢ ™ by renaming the
restrictions to the boundary ¢? = ¢ where ¢ is any field, and £2 = £. We obtain

. 1
a= / T, [—Qeeéw + 0w (tew) + dwwle™ + dew' — deel €7 — de(ieel)

oM

(37)

+ / T7 [—(S(enfn)eT — (S(Lge)eJr —dw (Lgcl)fn] — f”L(;nga
oM

and we may compute the pre-boundary 2-form @ = da to be (p =1,2,3,n)

%:/T7

oM

— Jeedw — 6w (w!6EP) + dwdw! P + dedw! + ded(ef,€™)

+ 3(enf™)del + 8(eqet)0E™ + dw € M el — Sw EMisect — dw EM1edcl |+

+ (E786"xn — 0E"OE X0 — GE"Xa0E + 70X 0E) v
(38)
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The kernel of @ is defined by the equations:

(Xut)=0 (39a)
(Xe) = 1e(Xo) (39b)
(Xer)ep +(Xe, )E" =0 (39¢)

together with
(Xu)Ne=Q (40)
(X)Ne=E (41)

where

Q= [(Xen)el + (X)€" + o] (42)

£ = [(Xwi/)gn (Xeo)wh + (Xen)tech — tixoych€” Lg(Xc;)gn} (43)
with Q € Q?(0M, A*V) and E € Q?(0M, A\?V). In addition we have

T, [(Xe)el, — (Xo)wh = (Xet)en + (Xo)eha€?] + (44)
— (2(Xen)xn + (X, )E" + (Xea)xa) v? = 0
T [(Xe)el = (Xo)wl — (Xu)eha€™ — (Xt )ea] + (45)

— (Xen)xa + (Xy, )M 07 =0
where the latter is valid for all a = 1,2,3. Finally, forall p=1...4

(Xu)§" =0 (46a)
(Xe)§" =0 (46b)
tg(Xu)E" =0 (46¢)
(Xe)Pe" =0 (46d)

Equation is singular. As a matter of fact, counting the number of unknowns
(the (X.)! are 12, independent fields) against the number of equations (the 6w
are 18 independent variations) it is easy to gather that the system admits solutions
only when relations among the & coeflicients are imposed. On the other hand,
such relations are singular for they involve polynomial expressions of odd fields
only.

A more direct way to see this is by using the sphttlng w = w + v of Remark
l Where veW= kerW(1 2 Then, equation splits into an invertible part
(the coefficient of &), and a singular part (the coefﬁment of év). In fact, from the
splitting

U= OMNYV)=WacC
we induce the dual splitting * = W* ®W?, with W° the annihilator of W and the
identification W0 ~ imW®1) ~ eAQ'(OM, V). We can then project E onto C*, and
solve for (Xz). Observe that (Xz) is proportional to £"™. However, the equation
coming from the vanishing of the coefficient of v enforces a singular relation in the
E’s.

Moreover, consider equations (46a) 6a d (46¢|), and use again the splitting. Since
(X&) o £™ the respective parts 0 and are automatically satisfied, while
(Xp)E™ and 1¢(X,)€" are singular, for (X,) is a free parameter.

Thus, the kernel of @ does not deﬁne a sub-bundle of the tangent space to the
space of fields, and symplectic reduction cannot be performed. v

Remark 29. This result is hinting at the fact that, for the BV-extended theory to
be compatible with the boundary, we would need to require some conditions on the
fields (e.g. v =0, that is w’aM eC).
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There are examples of classically equivalent theories that fail to be equivalent at
the BV level when boundaries are included, see for instance [CS16]. This is another
nontrivial example of a similar phenomenon.

Remark 30. Observe that the choice of BV extension we make here is natural.
As a matter of fact, looking at the three-dimensional analogue of Palatini—Cartan
theorgﬁ one can show not only that it is strongly equivalent to BF theory [CSS|, but
that the same general BV extension we present in Theorem |21 and Theorem
extends to boundaries, corners and vertices [CaSc]|.

To overcome the problem encountered with Theorem [28] one could try to look
at a different BV input, following Corollary [T in the spirit of what was done for
the reparametrisation invariant Jacobi theory. This is done in section

Remark 31. Another option might be to find a correction of the BV-form by a
boundary term that changes the kernel of the pre-boundary two-form. Note that
one problem are equations , , which put extra, singular constraints on
the kernel of @ in the omega directions, whereas from the classical analysis [CS17]
we expect X, to be the kernel of the map eN. One might look for a boundary term
for the BV-form that removes precisely these extra constraints.

5. BOUNDARY-PRESERVING BV-DATA

In this section we will adopt a different point of view when looking at the symme-
try distribution for the Palatini—-Holst formulation of GR. Differently from what we
have done in the previous section, and in the case of GR in the Einstein—Hilbert for-
malism [CS15], we will now consider the symmetry distribution given by the action
of all the spacetime diffeomorphism of the manifold with boundary M that preserve
the boundary submanifold M. At the infinitesimal level this means considering
all vector fields in M that are tangent at the boundary. In other words, we will
assume that rf"‘BM = 0. Let us denote by X(M, dM) the space of such vector fields,
the new space of fields we will consider is simply given by Fpope = T*[—1]Fpp
where

Fpp = (M, V) x Ap x X[1](M,0M) x Q°[1](M, ad P) (47)
—_—
e w 3 c

Using the same BV-extended action we analysed in sectionwe can consider
the BV-manifold obtained by choosing the boundary-preserving space of fields .
We obtain the following

Theorem 32. The BV-manifold defined by the data (Fpcpo, Spcu, @, Q) sat-
isfies the CMR axioms and yields an exact BV-BFV theory.

Proof. Since we required £”| aar = 0 the space of pre-boundary fields will only con-
tain the restrictions of fields to the boundary, without the residual normal directions
coming from the contractions with the ghost vector field, i.e.

(L§6)|6M = (ea" + 6"§n)|aM = (eaga)|aM

Starting from the expression for the pre-boundary one-form found in Theorem [2§]
and omitting the components of the fields along the normal direction we obtain:

A1
a= / T, {Zeeéw — tgdww’ 4 Sew' — 15eeel (48)
oM

4The Holst term does not apply in dimension three, but this fact has no bearing on the
argument we are making here.
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and
w = / Tw [5665(.0 - L(;g(swa — Lgéw&uT + dcdwt + L(;E(SEGT + ngeéef] (49)
oM
Collecting the various terms along the field directions we get the following equations
Sel: (Xe)%eq =0 (50)
dc: (X1)=0 (51)

Solving we obtain that (X¢) = 0, which together with will simplify the
remaining kernel equations to yield:

de: T, [(X,)le=0 (52)
dw: (Xc)e=0 (53)
0€": (Xet)ea = (Xe)el + (Xo)aw! (54)
dwh: (Xe) = 1e(Xo) (55)

Equations and are the statement that T,,[(X.)] € kerW ") and (Xe) €

kerW'"? | while the remaining equations and are determined by the values
of (X.) and (X,,).
Recalling Lemma [T3] and using the splitting defined in Remark [I5] we have that

(X.)=0; (X,)ecC. (56)

It is possible to see that some of the components of (X,+) are free: expand the
left hand side of equation in the basis {e,} to get the simplification

(Xelf)#ypeueuepea = (Xe‘r )"Cbenecebea

The components (X,+)2¢, for a total of 3 functions, do not appear anywhere in the
kernel equations and are therefore free. The residual condition on the (X,.i) reads
then Ve =1,2,3

(Xet)"Pepeqaerec = (X)) wife ene e, (57)

We define a new field by g:fl = eqel = e ef™Ce, epe., which can be thought of as
el =e®@el € Q1OM) @ Q°P(OM, \* V), and the equation reads
(Xet)a = (Xw)awT

The kernel of the pre-boundary 2-form w is then generated by the vector fields:

)

Ei— :(Xefabc)m (583)
ST (X o - 1e(X) 2 (X 2 (58b)
A (ST,Y[U] Lt ic w)at 562’

where we used the splitting T, [(X.,)] = T, [(Xz)+(X,)], with 7, [(X,)] in Ker(W"),
and it is then a smooth subbundle of T'F. It is a matter of an easy check to show

tgta=1t a=0
and prove that « is basic. v

We can push our understanding of the boundary structure a little bit further
and obtain the explicit expressions of the BFV data.
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Theorem 33. The BV-BFV pair (Fpcuo, Focio)r e
boundary fields ]:gCHf’ is the exact symplectic manifold

Fomo = Febu x T* (X[1](0M) x Q°(OM,*adP)) , (59)

the surjective submersion Tpcgo Teads

5 18 such that the space of

E:—%e/\e—kbguﬂ

£=¢

T =t

wlh=w

TpCH? - (60)
C=C— gV

el=e@el —vauw'

Ww=w-—-V

where T, [v] € ker(W?)), and w € Ared = .AL*P/Ker(Wém)) is a connection on
the boundary. In this chart, the boundary 2-form reads

w? = / Tr [(Eéw + dcdw’ + 15¢del] (61)
oM
and the boundary action:

1 1
59 = / Tr [cdwE +1e(F, —AE)E + 3 (tgteFo — [c,c]) wi — ib[&g]eT (62)
oM
Proof. The proof goes through by finding an explicit expression for the map 7pcgo
through the flows of the vertical vector fields . We can use ET to set ef®e, epe,
to zero, and T [ ] to set T,,[v] = 0.
We get:
(Xe) = te(X) = ¢ = —1ev(0) = ¢(t) = ¢(0) — tev(0)t

since w(t) = w(0) + (X,,)t can be fixed at time ¢ = 1 to w(1) = @, implying that
(X,) = v(0). Similarly

(Xet) = te( X )l = ef = —v(0)wh = ef () = e (0) — v(0)w't

from which we can set at time ¢ = 1 the transformations of the fields: &' = ef(1) =
e®@el —vew' and ¢ = ¢(1) = c—1¢v. Notice that v € T, Ap,,, is a global one-form.

The field T, [w] is transformed as in the classical case [CS17|, while { and e are
projected wverbatim. Pre-composing with the obvious restriction map Fpopo —
F pcHe yields the temporary expression

s,

=<

ot = o

Wl =w

TPCH?' \ ~ (63)
C=cC— 1V

ET:6®6T—V®WT

W=w-—vV

Mmoo

and in the dynamical basis {e,} we have & € C(;,2). The correct ansatz for the
boundary one-form in this coordinate chart reads
o0 = / T, |28 + 67" — 005" — 12| (64)
M

as we can easily check that mpoyo*a® = @ We can then introduce new fields

redefinitions through a symplectomorphism ¢ : fgc o — ]:gc o s
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E:f%’ev/\'é+L§~a~uJr w=w
c=¢ wh =af (65)
£€=¢ ef =2
With a simple computation, using that w = w + v, it is possible to check that
the boundary one form

a? = / Tr [Edw + dew’ — 15¢ce] (66)
oM
satisfies
& = mhogod? (67)

where TpCcH? = Qﬁ OTpCcH-
To compute the boundary action we adopt the same procedure that was shown

in [CS15], following Roytenberg [Roy|, namely we will compute the pre-boundary
action first, by computing S = ot 5@, where the pre-boundary graded Euler vector

field E read

~ ) 5 ) .6
— el Y P SR

E_/Cdc+§5§ W T 5 (68)
oM

This yields the explicit expression

~ . [1 1 1 1 1
S = / T, {Qde(ee) + iwag(ee) + tedycwt — 5[0, duw’ — §L§L5quﬁ - 2L[§7§]6T]

oM

and it can be checked that L@% = §5. Then, using the ansatz

. 1 1
59 = / T, [—cdwE + e FLE + 3 (tgteFo — [c,c]) wi — 2%75]@}
oM

we compute

. |1 1 1
ThogoS® = / T, §Cd566*il,gvd@(ee)7(C*L§V)dg(L£wT)*L§F§, (266 — ngT)

oM

1 1 1 1 1
+ §L§L§F§ - 5[0, Jw + [, teviwt — §[L5V, tevjw! — §L[€7§]QT + 2L[§’§]VWT‘| . (69)

We then use that (omitting 7)

1 1
/ LgvdngwT = — / Lgdngva = — / iL[g’g]VwT + §L5L£dQVWT
oM oM oM

together with

/ —cdgrew’ + e, teviw! = / Ledzew’ + [e, tev]w! = / Ledy,cw!

oM oM oM
and
1 4 1 +
§(L5L§dgv + [tev, tev] + tetedgw)w’ = §L£L5Fww
to conclude that 75,0 59 =3 , concluding the proof. v

50Observe that we only consider the ghost number, and not the grading in 2*(M) or A®* V.
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Observe that the Hamiltonian vector field of S? is given by the following:

Q°E = —[c,E] — duwteE + %dengwT Q%w = teFy, —duc
Q% = %(bgbng —le,c]) Q%' = —d E — [c,wl]
Q% = %[575] Q%] = —(Fuu)oE — tg(Fo)aw’ + Lee],

(70)
The general Theorems presented in [CMR14] ensure us that [Q?, Q%] = 0, but it is
worth the while unpacking these expressions.
Since e A e = tgw’ — E we can easily compute:

1
eQ% :§L[€75]wT + LgQawT - Q°E

1 1
:Lgdwbng — §L£L£dwa — idwbgbgwu— o
T L@
tg (—dwE — [c,w']) + [c,E] — du, ¢ E + §de§L§w
1 w 1 w
:§L£ (ene)— i[c,e/\e} =c(Lfe—[ce])

showing that the action of @ on the (non-Darboux) field e is essentially the action
of diffeomorphism twisted by the so(3,1) action, as we expect.
Moreover, with a simple computation we get

1
Qa(QaE) = 5 {deELEJLEwT + [Fw, LELEngw + [LEFw, LELE(.UT]} . (72)
One can easily prove the following useful identity on differential forms:
— dengbg — Lngdegdw + Lgdegbgdw + [LngFw, Ls] + [Lng, Lng] =
1
= —digLete — tgtgdigd + 2ugdigred = Suiieg1e) = 0,
the application of which to the top-form w' yields:
fdeELE’ngT + [tete Fuo, tew'] + [te o, tetew'] = 0

Considering now that Fi, A ngT is a 4-form and therefore vanishes on the boundary,
using all of the above we conclude

0 = tetelFo, LE(.UT] = [teteFl, LEWT] +2[e F,, LngwT] + [F., LELEngT] = Qa(QaE).

Remark 34. The BFV-manifold obtained in Theorem [33 is the resolution of the
coisotropic submanifold Cpp of Theorem defined by the equations (compare with
[CS15] [CS17] )-

C.: Q%wl| . =dyene=0 73
gh=0
Co: Q%] =Fonere=0 (74)

As a matter of fact, observe that the degree 0 part of the action of Q° on E
coincides with the Hamiltonian vector field of the constraint J, e, namely (cf. with

Eq. (4)
1
e (Jice)e = (Jice)ere = ydwtc(e Ne) = QB[ _,
and similarly for the action on w. However, this is inequivalent to the Einstein—

Hilbert phase space for, as we mentioned, the Hamiltonian constraint is not taken
wnto account.
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