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ABSTRACT. This note gives an overview
of the BV formalism in its various in-
carnations and applications.
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1. INTRODUCTION

In [7, 8] Batalin and Vilkovisky proposed a
method of quantization of Lagrangian gauge sys-
tems generalizing the BRST [10, [55] approach to
the case of open gauge symmetry algebra, i.e., to
the case when the commutator of infinitesimal
gauge transformations is a gauge transformation
only on-shell (see, e.g., [33]).

Since the original papers, the BV formalism
turned out to be very useful in the study of su-
persymmetric and topological field theories, see,
e.g., [2 15 [30].
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There are surprising cases of BV structure
emerging in settings distant from quantum field
theory, e.g., in Chas and Sullivan’s string topol-
ogy [21].

The BV formalism is intimately tied with the
geometry of odd-symplectic manifolds, the struc-
ture of integral forms and integration of half-
densities over Lagrangian submanifolds, and it
is ultimately an application of the theory of (ex-
act) Gerstenhaber algebras [39].

In this entry, we begin with a historical over-
view of the formalism to outline the motivation,
followed by a description of its geometric and
algebraic foundations, in finite dimensions. We
conclude by providing a glimpse into several dif-
ferent ways one can extend the finite-dimensional
insights to the actual scenario of field theory,
showcasing a number of different current research
directions.

2. BV QUANTIZATION: THE IDEA

In this section we sketch the original Batalin—
Vilkovisky construction [7].

Input. Asinput, consider a Lagrangian gauge
system defined by the classical action functional
Se1(¢p)—a function of classical fields ¢* (local co-
ordinates on the manifold of classical fields X,
assumed here to be finite-dimensional), with in-
finitesimal gauge transformations given by vector
fields v, = % ((b)(%i on X preserving S,. Note
that the vector fields v, are automatically tan-
gent to the critical locus of Sg; (i.e., the locus of
fields satisfying the Euler-Lagrange equations).

Step 1. Extend S¢;(¢) to a function S(®, dT)
(the master action or BV action) satisfying the
classical master equation (CME)

(1) (S,8)=0.
Here:

o & stands for classical fields ¢° and an-
ticommuting ghost fields c* associated
with gauge symmetries. For each field
®! one has an associated antifield @}'
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of opposite parity (i.e., an anti-classical
field (;5:'_ or an antighost ¢J). One assigns
a Z-grading (called ghost number) as fol-
lows: gh(¢’) = 0, gh(c®) = 1, gh(®}) =
—1 — gh(®7).

e In , the symbol ( , ) is the antibmckeiﬂ
defined by

(fr9) =D (~1)=h®)

I
= = = =
(o3 537
o0l 907 oaf 0al )
e The master action S is even with ghost
number equal to 0 and is related to the

classical gauge system (S, {v*}) as fol-
lows:

S((I)’ (I)+) = Scl((b)
FOFB) + S S (@)t

+)@f - f Sh T (®)

k>2

(2)

for some structure functions fg.(¢) and
some functions St 1x (P).

For further details on this construction, see
32].

Remark 2.1. There is a different approach where
the input is just the function S.; on X (and sym-
metries v, are not part of the input). Then
the aim is to construct an extension of S, to
a solution S of CME on the extended space X
satisfying a “properness” (or “maximal nonde-
generacy”) axiom: for (®,®T) a critical point
of S, the kernel of the Hessian ker §S(®,®™)
is a Lagrangian subspace of the tangent space
Te o+ X E| The extended space X and the func-
tion S are constructed from the Koszul-Tate res-
olution of the algebra of functions on the critical

lor “BV bracket,” or “odd Poisson bracket,” or “Ger-
stenhaber bracket.”

2As a consequence of CME, the kernel of the Hes-
sian is automatically coisotropic. = “Lagrangian” and

“coisotropic” here refers to the odd symplectic structure
w =30l AsDT.

locus of Sg. See [28] for details and existence-
uniqueness theorem in this setup. Note that in
this approach symmetries v, are recovered from
the Koszul-Tate differential.

Remark 2.2. If the gauge transformations v* are
closed under Lie bracket, one does not need qua-
dratic and higher terms in ®* in —this is the
case of gauge theories that can be treated us-
ing the BRST formalism. However, for an open
gauge symmetry algebra, i.e., in the situation
when [vg,vp] = S (P)ve + -+ with --- a term
vanishing only on-shell (i.e., on the critical locus
of S.1), one needs k > 2 terms in . These are
the cases when the BV construction is necessary
for quantization, while BRST is insufficient.

Remark 2.3. The classical master equation im-
plies that the odd derivation

Q= (S’_)

squares to zeroﬂ Q@ is known as the (classical)
BRST operator.

Step II (quantization). Extend S by adding
corrections in powers of i to get a solution Sy =
S+ hSW + h2S®2) 4 ... of the quantum master
equation (QME)

Ae#Sn = 0,
or, equivalently,

1
i(Sﬁ“ Sp) —ihASy =0,
where the operator
A= 782
- 09100}
is the so-called BV Laplacian. The QME is equiv-
alent to a sequence of equations
(5,8) =0, (S,8M) —iAS =0,
1
(5,53 + 5(5(1)75(1)) —iASM =0,

Remark 2.4. Given a solution S of the CME,
one can construct corrections S(=1) one-by-one,
solving the chain of equations above, provided
that certain obstructions in the first cohomology

30ther traditional notations for it are s and 6.
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of @ vanish (if this extension is not possible, the
theory has gauge anomalies; see [22] for a discus-
sion).

The partition function of the quantum system
is then defined as

3) Z:/

where the odd (gh = —1) function ¥(®) is the
so-called gauge-fixing fermion. The main obser-
vation underlying the Batalin—Vilkovisky formal-
ism is that the integral is invariant under de-
formations of ¥ (as a consequence of the QME
for Sh)

The integral is called a BV integral and
defines the gauge-fixed functional integral for the
original gauge system. For ¥ satisfying a certain
nondegeneracy conditionﬁ one can express the
stationary phase asymptotics of this integral as
a sum over Feynman diagrams.

i

eh

I pt_ ow
Sn(®°,27=277) HD(I)I
I

Remark 2.5. The fields ®/ = ¢, c® so far were
nonnegatively graded, so it is unclear how to con-
struct a gauge-fixing fermion ¥(®) with gh =
—1. The idea is to extend the fields ¥ by auz-
iliary fields b, and A\, (with gh = —1,0, respec-
tively)ﬂ satisfying Qb, = A,. One then has the
corresponding antifields bt and A*®, and one
adds the term A\, to S. With this amendment
(sometimes called nonminimal BV formalism),
one can consider gauge-fixing fermions (for in-
stance) of the form ¥ = b, F*(¢). With this par-
ticular choice, the gauge-fixing for the physical
fields is given by the set of equations F(¢) = 0.

Observables. Assuming Z # 0, one is also
interested in computing expectation values of func-
tions O via

_ 1 +Sh I
(0) .—E/eﬁ . 01:[17@

4The exponent in should have nondegenerate crit-
ical points.

5The field b, is also denoted ¢, and is known as the
“second Faddeev—Popov ghost” or as the “antighost.”
When one chooses the latter terminology, one then calls
¢t the “ghost antifield.”

with the assignment <I>}r = aaqg’,. To apply the

BV theorem and make sure that (O) is invari-
ant under deformations of ¥, we have to assume

A(e#5r©O) = 0 in addition to the QME. This is
equivalent to

(S, ©) — ihAO = 0.

A function O satisfying this equation is called
a BV observable. If O satisfies (S,0) = 0, it
is called a classical BV observable. A classical
BV observable depending only on the fields, but
not on the antifields, formally satisfies AOQ = 0,
so it is a BV observable as well, assuming that

Sp =S

Example 2.6. For Yang—Mills theory on a (pseudo—

)Riemannian n-manifold M with structure Lie
group G with Lie algebra g equipped with invari-
ant nondegenerate inner product (,), the master
action is

S =S = /M <§<FA N F)
+ (AT, dae) + %<c+, le,d]) + ()\,b+>>.

Here A € QY(M,g) is the gauge field (connec-
tion in a trivial G-bundle over M, with curva-
ture Fq = dA + [A, A]), ¢ € Q°(M, g); is the
ghost[] AT € Q"~1(M, g)_; is the antifield, c* €
O™"(M, g)_2 is the antighost; b € Q" (M, g)_1, A €
O"(M, g)o are the auxiliary fields and

bt € Q°(M, g)o, A\t € Q°(M,g)_; are their cor-
responding antifields. Then imposing, e.g., the
Lorenz gauge d*A = 0 corresponds to choosing
¥ = [,,(b,d*A). The exponent in (3) becomes

/M <;<FA NxFy) 4 (X, d*A) + (b, d*dAc>>

and coincides with the Faddeev—Popov gauge-
fixed action for Yang—Mills theory. The inte-
gral then gives rise to the standard Feynman

601‘, more generally, assuming that h2! terms in Sj
do not depend on the antifields.
"The subscript stands for the ghost number.
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diagrams for Yang-Mills theory [27]. A gauge-
invariant functional O of the gauge field A is then
an example of BV observable.

Remark 2.7. The construction outlined in this
section also applies to the case when there are
linear dependencies between gauge symmetries
v® (i.e., to the case of reducible gauge symme-
try), [8]. In this case one needs to adjoin higher
ghosts (with gh = 2) to the fields ® (and the
corresponding antifields to ®1). Likewise, one
might have a tower of reducibility (correspond-
ing to a homological resolution of gauge symme-
try by “free” objectsEI)7 necessitating the intro-
duction of a tower of higher ghosts of increasing
ghost number.
Example: p-form electrodynamics,

Se = / ldA(p)/\*dA(p),
M 2

with ¢ = A® a p-form. One has gauge sym-
metry A® — A® 4 dACP—D with generators
A®P=1 and A®=1D 1 dA®P=2) acting by the same
transformation. Ultimately, one has a tower

Q) Lot S-S art(an) S e ()
and the corresponding tower of higher ghosts.

2.1. Zinn-Justin’s effective action. One in-
teresting application of the BV formalism, which
actually predates its full definition, is the con-
struction by Zinn-Justin [58] of an effective ac-
tion that satisfies the classical master equation
(CME). This is the starting point of one of the
renormalization techniques in field theory. We
follow the presentation in [5], where this con-
struction is presented in full generality.

The central idea consists in introducing sources
Jr for the fields ® and sources K;r for the BRST
variations Q®. Namely, one defines

Z(J7K+) = /e%(5h+J1<I>I+KI+Q®I)HD(I)I
I

8Spaces of sections of vector bundles over the space-
time manifold, in the context of local field theory.

with <I>}r = gg’l One writes Z = ex" and

defines the effective action I'(K, K1) as the Le-
gendre transform of W (J, K) with respect to J.
It then follows that, if S satisfies the QME, then
I' satisfies the CME with respect to the fields K
and antifields K.

If the integral is computed perturbatively by
the saddle-point approximation, it then happens
that I' is the generating function of 1PI Feynman
diagrams. Moreover, I'(K,Kt) = S(K,K™') +
O(h). This is quite useful in field theory. One
chooses a regularization to perform the integrals
and modifies the action S by adding countert-
erms. The so obtained action is now of the form
¥ =32 A"EM with £ = S. One assumes
by induction that, up to order A", one has been
able to find the counterterms that, up to order
R™, i) make the effective action T finite and 7)
make ¥ satisfy the QME. It then turns out that
divergent terms in I" at order A"*! are local and
@-closed. One can then reabsorb them by chang-
ing ("1 via 4) a redefinition of the coupling
constants and i) a BV canonical transformation,
completing the inductionm One also sees that
the possible counterterms are classified by the
local Q—cohomologyﬂ [29].

w

3. GEOMETRIC INTERPRETATION OF THE BV
FORMALISM

In this section we outline the geometric view-
point on the BV formalism due to A. Schwarz
[52].

9Equivalently7 one can view the K;rs as parametrizing
linear deformations of ¥. Namely, one has

Z(J, K1) = /6%(Sh+‘]1¢1) [1pe’
I
0¥

with ®f = 2% and ¥ = ¥ 4+ K &’

10T be precise, there is an interplay between the clas-
sical and the quantum master equation. Up to a certain
order in h,, the effective action satisfies the CME if the
action satisfies the QME. The inductive step produces a
solution of the CME, but this has to be extended to a
solution of the QME. For this to happen, one assumes
there are no anomalies (see Remark .

L1f this turns out to be finite-dimensional, then
one needs only finitely many coupling constants to
renormalize.
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A supermanifolcﬂ)ﬁ is said to be a P-manifold
if it is equipped with an odd symplectic structure
w € 9%(X)oqa—a nondegenerate closed odd 2-
form. If additionally X is equipped with a com-
patible volume element p, then X is called an
S P-manifold. Compatibility means that there is
an atlas of local Darboux chartﬂ (2%, &) such
that locally w = dz* A d¢; (& has the opposite
parity of ') and p = [[, Dz* D&;—the coordi-
nate Berezinian.

For a function f € C*°(X) on a P-manifold,
one has the Hamiltonian vector Xy on X of op-
posite parity, defined by tx,w = df. One then
defines the odd Poisson bracket on C*°(X) by

(f,9) = (-1)*V X (9)

where €(f) € Zs is the parity of f. Using the

S-strucure, one defines the BV Laplacian by
1.

(4) AL(f) = §d1vHXf

where div,, is the divergence of a vector field with

respect to NB Compatibility of u with w implies

in particular the property AZ = 0. The defini-

tion (4) is due to Khudaverdian [34].

Remark 3.1. For any supermanifold AV, the cotan-
gent bundle with reversed parity of the fiber X =
IIT*N is canonically a P-manifold. If A car-
ries a volume element v, then X is also an SP-
manifold, with ¢ = v2. Locally, if 2% are co-
ordinates on N and v = p(z)[], Dz with p
some density function, then w = da’ A d¢; and
p = p(z)*[[; Da'DE;.

A theorem of Schwarz [52], building on older
results of Batchelor [9], says that any P-manifold

12“Super” means that local coordinates are Za-graded
and are commuting or anticommuting according to the
Zo-degree.

13We denote by (z, £) a generic Darboux chart. This is
to differentiate w.r.t. the notation (‘Pf@f), which instead
typically refers to a particular type of chart where the
“fields” ® have nonnegative ghost number.

140ne defines div,v by Sy pv(p) = — [ ndivy(v)p
for any test function p.

can be globally WrittenE| as
(5) X =TT*N
for an ordinary (purely even) manifold N E

Lagrangian submanifolds. A submanifold
i: L — X of a P-manifold X of evenlodd di-
mension (n|n) is said to be Lagrangian if it is
isotropic ¢*w = 0 and maximal, i.e., has dimen-
sion (k|n — k) for some k.

The two main examples of Lagrangian sub-
manifolds in X = IIT*N are the following.

(i) For C C N a submanifold, the conormal
bundle IIN*C' (its fiber over x € N is the
parity-reversed annihilator of the tangent
space T,C in T¥N) is a Lagrangian sub-
manifold of X.
For a function ¥ € C*(N)oaa (“gauge-
fixing fermion”), one has that
araph(aw) = { (2,6) | & = 220

x
is a Lagrangian submanifold of . One can
think of this example as a deformation of
the zero-section Lagrangian N C IIT*N,
where VU is the parameter of the deforma-
tion.

A theorem of Schwarz asserts that any La-
grangian submanifold £ of a P-manifold can
be obtained by the conormal bundle construction
(i) above £ = TIN*C, followed by a deformation
(ii) by a gauge-fixing fermion ¥ € C'™° (L’)oddm

BV integrals. Given a P-manifold X and a
Lagrangian submanifold £, one can canonically
construct a volume element ,/x|z on £ out of
any volume element g on X. If £ is given in local
Darboux coordinates (z%,&;) by € = 0, and p =

p(z,€) [1; Dz*D¢;, then \/u| 2 = /p(,0) [, D'

15That is, there is some symplectomorphism between
X and IIT*N.

160ne can think of this statement as a global Dar-
boux theorem in odd symplectic geometry. For an even
symplectic form w, a similar statement does not hold.

17Here another result of Schwarz is implicitly used: a
tubular neighborhood of a Lagrangian £’ in X is symplec-
tomorphic to a tubular neighborhood of the zero-section
in IT*L’.
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Now let (X,w,u) be an SP-manifold. A BV
integral in this setting is an integral of the form

(6) /ﬁ fVile

where £ C X is a Lagrangian submanifold and
f € C>®(X) is a function.

Theorem 3.2 (Schwarz). (a) If A, f =0, then
the BV integral (@ is unchanged under con-
tinuous deformations of L in the class of La-
grangian submanifolds of X .

(b) If f = ALg for some function g on X, then
the BV integral (@ vanishes.

Remark 3.3. So far in this section we were de-
scribing the structure in terms of Zq-grading. In
many examples it can be refined to a Z-grading
(by ghost number), so that €(f) = gh(f) mod 2.
Then w conventionally has degree gh = —1, while
(,) and A, have degree gh = +1.

3.1. BV algebras. A BV algebra is a super-

commutative unital algebra (A, -, 1) equipped with
an odd second-order derivation A satisfying A? =

0 and A(1) = 0. As a consequence, A carries an

odd Poisson bracket (, ) defined via

A(f-9) = A(f)-g+(=1) D f-A(g)+(=1)* D (£,9)

where f,g € A.

In particular (A4,-,(,)) is a Gerstenhaber (or
“odd Poisson”) algebra.

Examples.

(1) For (X,w,u) an SP-manifold, the alge-
bra of functions A = C*°(X) is a BV
algebra, via the construction .

For N a manifold equipped with a vol-
ume form v, the algebra of multivector
fields A = V*(N) = I'(N,A*TN) is a
BV algebra, with A = div, the diver-
gence operator sending a k-vector to a
(k — 1)-vector. The corresponding odd
Poisson bracket (, ) is the Schouten—
Nijenhuis bracket [, Jsn of multivector
fields (an extension of the Lie bracket of

(2)

vector fields to a biderivation of the alge-
bra of multivectors)ﬁ In this example
N can be replaced with a supermanifold.

Remark 3.4. The following observation is due to
Witten [57]. For N an n-manifold equipped with
a volume form v, one has an isomorphism be-
tween the de Rham complex of N and multivec-
tors equipped with the BV Laplacian A = div,:

C>*(IITN) % C*(IT*N)

Q°(N)

Ve (N)

The map here is the fiberwise odd Fourier trans-
form

Fa) = fo,€) = / Dy ¢ f(, )

7T, N

where ¢ = da’ are fiber coordinates on IIT, N,
and the fiber Berezinian D1 is determined by the
volume form v at 2 € N. The inverse map o~ *
can be described as contraction of multivectors
with v, mapping a k-multivector to an (n — k)-
form. The observation is that the odd Fourier
transform o intertwines the de Rham operator
d = ' 52 and the divergence/BV Laplace oper-
ator. If v is locally given by a constant density,
then the latter is ~-2-

2108, -
3.2. Canonical BV Laplacian on half-den-
sities. The BV Laplacian on functions on a
P manifold depends on a choice of compatible
volume element p. For the moment, we denote
it Ay,

H. Khudaverdian [35] observed that on the
space Dens? (X) of half-densities on a P-manifold
X (sections of the line bundle of half-densities

1
86(@;%) *), there
exists a canonical BV Laplacian A" indepen-
dent of the choice of p. Locally in a Darboux

defined by transition functions ‘

181 fact, this example is a special case (or rather a
reinterpretation) of the previous one, where X = IIT* N,
with ¢ as in Remark
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chart, it is given by

A fT(Da)? (Dg)?

2
S 1 1

~ (ag?) T2
Khudaverdian showed that this is a globally well-
defined operator, and Severa [53] gave a different,
manifestly global, construction for it

If one chooses a compatible volume element g
on a P-manifold X, then one has an isomorphism

0 (X) Y% Dens? ()

which intertwines the operators A, on functions
and A" on half-densities: A, f = ﬁAcan(\/ﬁf).

that

d

dt
for Ry € C°°(X)oad[h] and Si—¢ = Sp and Si—1 =
S1. S; is called a canonical BV transforma-
tion with generator R;. We denote the set of
equivalence classes of solutions of the QME un-
der canonical BV transformations by sQME/~.

Sy = (i, Ry) — ihA, R,

This notion of canonical transformation is the
infinitesimal version of a transformation S — S’
with
(8) enS = enS Ay (e%SR)

In this setting we have:

A half-density a on & restricted to a Lagrangian mpeorem 3.6 (Batalin-Vilkovisky). Let (X, w, 1)

submanifold £ C X yields a 1-density (or volume
element) on £. Thus, one can consider BV inte-

grals
[ o
L

(7)
Phrased in terms of half-densities, Theorem
[3:2]says: if X is a P-manifold, then
(a) for a a A®"-closed half-density on X, the
BV integral (|7)) is invariant under Lagrangian
deformations of £ C X;
(b) for a a A®"-exact half-density, the BV inte-

gral @ is zero.

Definition 3.5. Let (X, w, i) be an S P-manifold
with canonical BV laplacian A®". A solution of
the Quantum Master Equation (QME) is an el-
ement S € C°(X)even[A] such that

AyetS =0 = (S,8) —ihA,S = 0.

Two solutions Sy, S1 of the QME are equivalent
if there exists a family S; € C°°(X)even[fi] such

19Severa considered differential forms on a P-manifold
as a bicomplex Q°(X),d,wA, with de Rham differential
and the second differential given by wedging with the
odd symplectic form. The cohomology of the second dif-
ferential turns out to be canonically isomorphic to half-
densities on X'. Considering the spectral sequence of the
bicomplex, Severa showed that the third sheet E3 is given
by Huna(2°(X)) = Dens?2 (&) with the induced differen-
tial d3 = d(wA)~1d being the canonical BV Laplacian.

be an SP-manifold and S € sQME. The BV in-
tegral

Z = / enS /1
L
18 invariant under canonical transformations.

3.3. BV fiber integrals. An important vari-
ation on the theme of BV integrals applies to
an SP-manifold (X,w,u) with product struc-
ture X = X} x X, so that both factors are SP-
manifolds (X;, w;, i), and w = w1 @1+ 1Q@wq =
wy @ wy as well as = pipuz. We can perform
BV integration on, say, the A5 factor by choos-
ing a Lagrangian submanifold £ C X5. From the
decomposition

Dens? (X) ~ Dens? (X1)®Dens% (As)
we obtain the BV fiber integral:
P Dens%(X) — Dens%(Xl)7

where P = id J.- (Note that this proce-
dure generalizes to nontrivial odd symplectic fi-
brations P: X — Aj.)

Definition 3.7. Given a solution of the QME
S € sQME, an effective action for S induced on
Xy is an element Sy € C*°(X;)[A] such that

9)

ey =P (5 p).
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Theorem 3.8 (BV fiber integral). The BV fiber
integral descends to a map

[£].

* .

SQME(X)/~ — sQME(X;)/~

where [L] is the class of L modulo Lagrangian
homotopy.

BV fiber integrals have several applications.

(1) They can be used to generate some non-
trivial BV observables [20], 46l [47). For
this we assume that, in addition to the
BV action S; satisfying the QME, we
have a function Ss, depending on some
extra fields, such that S; + S, satisfies
the QME for all fields; equivalently,

1 .
5(52, SQ) + (Sl, Sg) — 'LhAlLSQ =0,

where A, is the BV Laplacian including
the extra fields. The choice of a gauge-
fixing Lagrangian £ in the BV space of
extra fields X5 allows for the construc-
tion of a BV observable O for the origi-
nal theory via

0= / e%SQIu.
c

They are at the basis of the compatibility
of renormalization a la Wilson and the
BV formalism [41] 45], 23]. Namely, one
assumes that the BV action, on the the
space X = X; x Xs, satisfies the QME.
One then interprets elements of Xy as
ultraviolet (UV) fields. The BV fiber
integral produces an effective action on
the space X} of infrared (IR) fields which
also satisfies the QME. More on this in
Section @ This procedure can be iter-
ated. In some cases, one can proceed all
the way to a space A} describing the BV
(cohomological) resolution of the moduli
space of critical points of the action.

They can also be used to produce equiv-
alences between field theories, where the
elements of X5 are interpreted as auxil-
iary fields. (See, e.g., [0, 31 50L 12] 13].)

3.4. Solutions of the master equation and
cyclic L, algebras. Consider a special case of
a P-manifold (X,w), with X a Z-graded vector
space (with Zo-grading induced via mod 2 re-
duction) and with w a constant nondegenerate
2-form of degree —1. Let

(10) S=8+S53+4---

be a polynomial function on X (or, more gener-
ally, a power series in coordinates on X') starting
with the quadratic term; S,, stands for the ho-
mogeneous component of S of polynomial degree
n. Assume that S satisfies the classical master
equation . Then S gives rise to a cyclic Ly
algebra structure on the degree-shifted graded
vector space V = X[—1]. Indeed, w induces a
degree —3 inner product (,): V@ V — R. For
each n > 1 the Hamiltonian vector field gener-
ated by S,41 induces (via degree shift and du-
alization) a graded-skew-symmetric multilinear
operation l,,: A"V — V of Z-degree 2 —n. The
classical master equation for S corresponds to a
sequence of quadratic relations satisfied by the
operations l,:

Z Z ils—i—l(lr(xo(l)a BERE)

7,820 s.t. r+s=m ocE€Sh,

xa(r))a

axa(r-i-l)a cee 7xa(m)) =0

—the “homotopy Jacobi identities;” here m > 1
enumerates relations and z1,...,z,, € V are any
elements; the inner sum is over (r,s)-shuffles.
Thus, the operations l,, equip V' with the struc-
ture of an L, algebra (in particular, I;: V — V
squares to zero and is a differential on V)H The
inner product (,) is invariant for this L., struc-
ture, in the sense that the “cyclic L., opera-
tions” (—,l,(--)): VA"V — R factor through
A"V One calls the data (V,(,),{l,}n>1) a
cyclic Ly algebra (of degree —3).

20Gee, e.g., [40]. An alternative (equivalent) defini-
tion of an L algebra is: a degree 1 coderivation @ of
the augmented symmetric coalgebra S=1(V[1]) satisfying
Q% =0.
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The solution of the CME corresponding
to a given cyclic L, algebra is
1
S(a) =Y ——(s(a), ln(s(a), ...
|
= (n+1)!
with @ € X and s: X — V the degree-shift (or
“suspension”) mapﬂ

;8(a)))

Example 3.9. For M a closed 3-manifold and
g a quadratic Lie algebra (with invariant inner
product (,)g), one has a dg Lie algebra Q*(M)®g
with inner product [, (— % —)g. In particular,
it is a cyclic Lo, algebra of degree —3 with only
operations Iy = d and lo = [, | nontrivial. The
corresponding solution of the CME is the BV
action of Chern—Simons theory

(1) 5= [ (Ganan,+ gt aa,)

where A € Q*(M) ® g[1] is the BV field—a non-
homogeneous g-valued form on M.

Remark 3.10. Given a solution of the quantum
master equation Sy = S+ hS™ 4+ ... on X, one
can reinterpret its monomials as a 2-parametric
family of multilinear operations cgf ) A"V = R,
where n is the “arity” (polynomial degree of the
monomial) and [ is the “loop number” (power of
h by which the monomial is accompanied). Due
to QME for Sy, this collection of operations sat-
isfies a two-parametric family of quadratic rela-
tions. The structure (V <,>,{c£f)}) is the quan-
tum (or “loop-enhanced”) cyclic Lo, algebra.

Fiber BV integrals and homotopy trans-
fer. Assume that S, = S+ hS® + .-+ is a solu-
tion of the quantum master equation with S of
the form . Assume that X is split into sym-
plectically orthogonal subspaces X = X7 & A%,

2lThe picture of solutions of the master equation as
corresponding to Lo algebras and the idea of effective
BV actions as corresponding to homotopy transfer is, to
our knowledge, due to Andrey Losev [41] [42] [43] (precur-
sors of this picture appeared in [59] 54]). This idea was
fleshed out in various examples in [38,[3] (D =10, N =1
super Yang-Mills), [45] [44] [I9] (BF theory transferred to
cochains of a triangulation), [16, [I] (Chern-Simons the-
ory), [I8] (general gauge theories).

and assume that the corresponding decomposi-
tion of the shifted space V = V; @ V4 is a splitting
of a cochain complex (w.r.t. I1) into subcom-
plexes, with V5 acyclic. Choose a chain homo-
topy K: V — V between idy and projy,. One
can then evaluate the fiber BV integral with
gauge-fixing Lagrangian £ = im(K) C Xy, It
yields an effective BV action Sy 5 = S1 + S{l)h—l—

- which is, by Theorem [3-8] a solution of the
QME on X;. Perturbative evaluation of the in-
tegral @D yields a formula for S 5 as a sum over
connected Feynman graphs with propagator be-
ing the chain homotopy K, internal vertices dec-
orated by coefficients of S and leaves decorated
by inputs in X;. In particular, S; (the O(h°)
part of the effective action) is given by a sum
over trees.

In the language of algebras up-to-homotopy,
S defines a cyclic Lo, algebra A = (V. (, ),{l.})
on V and S; corresponds to the cyclic Lo, alge-
bra Ay = (Vi,{, )1,{I}}) on V; induced from
A via homotopy transfer. Homotopy transfer ex-
presses the induced operations I} as sums over
Kontsevich-Soibelman trees (see [30]); these trees
exactly correspond to the tree Feynman diagrams
for Sl.

The averaging map

C=(X) —  C=(x)

. ig
Jper”hOpu
L
o — T
eh "Ly

truncated to the order O(h°) can be interpreted

as the pullback by an L., quasi-isomorphism A; —
A.

Example 3.11. In the setting of Example [3.9
take V3 = H*(M)®g—the de Rham cohomology
with coefficients in g (which can be included in
V, e.g., as harmonic forms). The corresponding
induced cyclic L, structure on H*(M) ® g is as
follows: ( , ); is the Poincaré pairing, I7 = 0,
13 is the cup product tensored with Lie bracket
in g; operations /%, are the Massey brackets on
g-valued cohomology.



10 ALBERTO S. CATTANEO, PAVEL MNEV, AND MICHELE SCHIAVINA

4. FIELD THEORY

So far we have been working with finite-dimen-
sional S P-manifolds, but the applications to clas-
sical and quantum field theory we have in mind
require an appropriately defined infinite-dimen-
sional analog. Here we will attempt at giving a—
necessarily incomplete—survey of approaches to
generalize the finite-dimensional scenario.

4.1. Locality, and infinite-dimensional ge-
ometry. A first observation is that field theory
is in its essence local. This is the statement that,
on the one hand, our spaces of fields are sections
of fiber bundles over smooth manifolds (possibly
noncompact and possibly with boundary, see be-
low).

On the other hand, locality requires that the
data specifying the field theory should only de-
pend on a finite number of derivatives of the
field configurations (i.e. only on finite-order jets
of sections). An elegant way to phrase locality
goes through the variational bicomplex and jet
evaluations [60, 4, 26]. Alternatively this can
be phrased as the requirement that local data be
specified by integrals of (products of) differential
operators on the space of sections:

S:/ L(6,06,000, ...))Volus
M

The two approaches are equivalent@

A third aspect of locality in field theory is that
the Lie group actions that encode the symmetries
of the theory are local as well. This means that
the Lie groups involved are typically mapping
groups G = C*°(M,G) for some (finite-dimen-
sional) Lie group G—with the remarkable outlier
of G = Diff (M) for gravitational theories.

This means that we can consider both field
configurations and their symmetry generators on
equal footing, and construct the associated BV
data in terms of sections of a (graded) fiber bun-
dle F — M, i.e. we work in F =T'(M, F).

220bserve however that integration requires care
when M is noncompact.

When the space of fields F is as above, one can
endow it with a smooth structure and a differ-
ential calculus that has many of the good prop-
erties of the finite-dimensional scenario (but not
alll). Indeed, the space of sections of a vector
bundle over a compact manifold is a (nuclear)
Fréchet space, and this approach can be gen-
eralized (with appropriate caveats) to M non-
compact and to vector bundles with (certain)
infinite-dimensional fibers [37].

4.2. Infinite-dimensional BV formalism. Let
us look at the case of a (graded) vector bundle
over a closed manifold M for concreteness, and
let F be its space of smooth sections.

On F there is a weak, (—1)-symplectic form
w, which can also be thought of as a local, de-
gree —1, bilinear pairing w: TF x T'F — R that
is injective in both entries. Equivalently, we can
think of w as a local 2-form on F of degree —1
and whose associated map w’: TF — T*F is in-
jective. (Here dualization can be understood in
the sense of continuous linear functionals with
the strong topology@ The classical BV opera-
tor @ can be thought of as a local degree 1 co-
homological vector field on F, or alternatively as
a derivation on the algebra of local Hamiltonian
functions, i.e. functions F' € C£2(F) such that
there exists Xp € X(F) with t1x,w = 0F. In
particular [@, Q] = 0, and @ itself is such that
tow =08S.

Gauge fixing in this generalized sense can be
thought of as a choice of Lagrangian submanifold
of the smooth infinite-dimensional (—1)-symplectic
(Fréchet) manifold F. By this we mean an isotropic
subspace £ with isotropic complement: w|; =
wler=0and F=L® L. (Observe that in Sec-
tions [£.4] and [4.6] one looks for such a Lagrangian
submanifold only within a subspace of the space
of fields, much like in the BV fiber integral pic-
ture of Section [3.3])

23Note that T*F cannot be a locally convex smooth
manifold unless it is finite-dimensional, but it can be
given a convenient smooth structure [37].
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4.3. The AKSZ construction. This is a gen-
eral method that generates a space of fields en-
dowed with a BV structure (odd symplectic form
of ghost number —1 and even function of ghost
number zero satisfying the CME) [2]. The space

If Y is endowed with a symplectic form of
degree and parity n — 1, then w = p.eviw is
an odd symplectic form of ghost number —1 on
Map(X,Y). If Sy is a hamiltonian function for
Qy, it then turns out tha‘E Sy = psev* Sy is a

of fields is defined as the mapping space Map(X,Y") hamiltonian function for Qy. In particular, it

between two graded manifolds X and Y with ad-
ditional structures as explained below.

The mapping space is a (usually infinite-di-
mensional Fréchet) graded manifold [51] char-
acterized by the property that for every finite-
dimensional graded manifold Z the set of mor-
phism@ from Z to Map(X,Y) is naturally iden-
tified with the set of morphisms from Z x X to
VP The body of Map(X,Y) is the infinite-
dimensional manifold of morphisms from X to
Y.

Suppose we are given cohomological vector
fields @x and @y on X and Y, respectively.
They are naturally lifted to anticommuting coho-
mological vector fields Q x and Qy on Map(X,Y)
(roughly speaking, one identifies Qx and Qy
with their flows, which can be composed with
a “map” from X to Y from the left of from the
right). This gives rise to a cohomological vector
field Q = Qx + Qy on Map(X,Y).

Next one assumes that X, of odd dimension n,
is endowed with a Berezinian p. A function, or
more generally a differential form, ¢ on Y may be
pulled back to X x Map(X,Y) via the evaluation
map ev. Now ev*¢ can be integrated over X via
u to a differential form p.ev*¢ on Map(X,Y") of
the same form degree as ¢ but of internal degree
and parity shifted by —n.

247 morphism between graded manifold is defined as
a morphism between the sheaves that describe them.

250One can actually define the mapping space
Map(X,Y) as the functor from the opposite category
of finite-dimensional graded manifolds GrMfld®°P to the
category of sets Set that sends Z to Mor(Z x X,Y"). This
way, Map(X,Y)—which in category theory is called the
internal hom from X to Y—may be viewed as a gen-
eralized graded manifold, where by the latter we mean
a functor GrMfld°? — Set. An ordinary finite-dimen-
sional manifold X is viewed in this context as the functor
that sends Z to Mor(Z, X).

satisfies the CME.

Finally, one assumes that Q x is also hamil-
tonian, with hamiltonian function Sx. It then
follows that S = Sx + Sy satisfies the CME.

A very important particular case is when X =
T*[1)M, where M is an oriented n-dimensional
manifold. In this case, C>*(X) = Q*(M), and
one has natural data: QQx is the de Rham differ-
ential and p is the natural Berezinian: fX fu=
Ty f, where f is f interpreted as a differen-
tial form. It turns out that, if w = da, then
Sx = LQX,u*eV*a. In this example, the triple
(Map(T*[1]M,Y),®,S) are the BV data for a
topological sigma model on M.

The description of the last example becomes
more transparent if Y has global Darboux coor-
dinates (p;, ¢*,6") with

a= Zpidqi + % > 6vde”.

In this case, Map(T*[1]M,Y) has coordinates
given by inhomogeneous differential forms P;,
Q’, and ©¥, with total degree and total par-
ity (i.e., adding form degree and form parity to
ghost number and field parity) equal to the de-
gree and parity of the corresponding target coor-
dinate. The symplectic form and the action then
read

~ 7 1 v v

w:/M<§i:§PZ-5Q +§§yj5@ 5(9)7
% 1 v v

S/M(Ei:PidQ +§§V ©vde

+ SY(P,Q,@)).

Particularly important outcomes of this construc-
tion are Chern—Simons theorym BF theory, and
the Poisson sigma model.

2650 equation (11J).
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4.4. Effective regularization. A crucial ingre-
dient for the (quantum) BV formalism is the BV
Laplacian. When talking about infinite-dimen-
sional manifolds we see immediately that we can-
not approach the problem by direct generaliza-
tion of the finite-dimensional case, owing to the
fact that there is, generally, no appropriate (Bere-
zinian) measure on F.

One way out is to define a family of (effective)
theories for a set of parameters (usually energy
or length), and define a BV Laplacian at each
value of the parameter. This approach is based
orf"] [23, 24].

Let S = w(¢, Q) + I(p) with I(¢) at least
cubic, and assume that gauge fixing is given by
L =Im(Qgr) for some odd operator Qgr: F —
F such that Q%4 = 0 and D = [Q, Qgr] is an
elliptic differential operator on F. Assume fur-
thermore that?d

F =1Im(Q) & Im(Qcr) & Ker(D).
One defines the integral kernel
K+ ¢:= (1)1 ow)(K ©¢) =P,

and we can write the propagator between two
parameter scales L; and Lo as

Ly
1, = ’
Pr, .1, / (Qer @ 1)K dt
L

1

so that

Lo
Pr o, x¢= Qare Podt

Ly

Lo
= / e PQarodt.
L

1

2TWe also acknowledge Andrey Losev’s contribu-
tion to the development of the perturbative, effec-
tive, quantization of field theory in the BV for-
malism, e.g. at the III G.A.P. meeting in Perugia
https://www.dmi.unipg.it/GAPIII

Z8Here we are using a slightly weaker notion of gauge
fixing, with respect to the whole of F. Observe however
that Im(QgF) is a true gauge fixing for the subspace
Fo = Im(Qar) ® Im(Q). This is an application of the
BV fiber integral.

We can then define a regularized BV Laplacian
at parameter L by

1 1) )
a=5( [, e 561 ()

é )
* /M><M Kr(e,y) 5! (x) 5¢i(y)>-

If we let the interaction term be “effective”,
i.e. we consider a family {I[L]}, we get the scale-
L quantum master equation

(Q — ihAL)er ) =

(12)

4.5. Time ordering and BV Laplacians. In
certain cases one can construct a BV Laplacian
following a slightly different approach. One starts
from the data of classical observables, thought of
as an (appropriately defined) commutative alge-
bra of functions with a differential—the classical
BV operator Q. Instead of deforming the dif-
ferential to a quantum operator Q ~» Q — ihA,
for some appropriately regularized BV Laplacian
A, one can instead deform the associative prod-
uct into what is often called a time-ordered prod-
uctﬁ Suppose that G is a Green’s function for
the quadratic part of the (gauge fixed) action
functional (a differential operator P with addi-
tional regularity properties). Then we can define
a time-ordering map as

2
TF = exp (Z <G, (;;>) F,

where F' belongs to some restricted class of “reg-
ular” local functionals. We define the time-ordered
product as:

F,G=7r"'F 771G)

One can extend the domain of definition of time
ordered products after choosing a consistent choice
of renormalization scheme, and it is possible to
show that

QiT_l'Q'T:Q_ihAren
29The name comes from the original applications to

Lorentzian QFT, where the causal structure of space—
time (hence the time ordering) has a crucial role.


https://www.dmi.unipg.it/GAPIII

BV QUANTIZATION - ENCYCLOPEDIA OF MATH PHYS

where Ay, is now a renormalized BV Lapla-
cian. In concrete examples where P is a normally
hyperbolic operator, say the d’Alembertian on
Minkowski space, G is taken to be the Feyn-
man propagator, and the time ordering is at first
defined only on regular functionals. Via appro-
priate regularization, this definition can be ex-
tended to the larger class of microcausal func-
tionals, and the resulting associative (quantum)
algebra is given by formal power series with co-
efficients therein. A convenient choice of renor-
malization scheme is given by the Epstein—Glaser
procedure [25]. See [48] and [49] for details.

4.6. Field theory on manifolds with bound-
ary. If space-time M has a nonemtpy boundary,
all the above has to be modified for the following
(interrelated) reasons:

e one needs boundary conditions to define
the propagator;

e the functional integral is no longer sup-
posed to give a normalization factor (the
partition function) but a state (a “func-

13

[14] for further details on this procedure). It is
equipped with a symplectic form w? such that
m*w? = &, where m: F — F? is the canonical
projection. It turns out that ) is projectable
to a uniquely determined vector fields Q7 which
satisfies [Q?, Q%] = 0 and Lgow? = 0. One
should think of the triple (F?,w? Q%) as the
phase space of the theory (more precisely, func-
tions on F? with the differential Lo should be
though of as a resolution of the functions on the
reduced phase space). The space FO typically
consists of fields, and some of their transversal
jets, on the boundary.

The (geometric) quantization of the theory
should then proceed by first selecting a polariza-
tion (a foliation with Lagrangian leaves) of F.
For simplicity, we assume F? = T*B, for some
choice of the base manifold B, with vertical po-
larization.

The functional-integral quantization now re-
quires a regularization. To start with, one has
to regularize the space of fields F in a way rela-
tive to B. Typically, one redefines F as a prod-

tion on the space of boundary conditions”);uct 7' x B, where F' consists of fields with ap-

e the BV master equation is spoiled by
boundary terms.

The BV-BFV formalism is a way to fix these
issues [I7, [18]. Let us start with the last one.
We focus for the moment on the classical mas-
ter equation (.5,5) = 0, as the quantum version
requires anyway a regularization to be discussed
later. We assume the BV action S and the BV
form w to be local functionals on the space of
fields F and the classical master equation to be
satisfied when there is no boundary. The clas-
sical BRST operator Q = (S, )—equivalently,
tow = §5—is then also local and satisfies [Q, Q] =
0.

If there is a boundary, the equation (gw = 5
may be spoiled by boundary terms. We call &
the error term: & = tqw — 6S. Then we take
its differential & := d& = —Lgw. The even two-
form @, of ghost number zero, plays the role of
presymplectic structure on the space of bound-
ary fields. In good cases, it has a regular ker-
nel, and the quotient F? by it is smooth (see

propriate boundary conditions, relative to the
choice of Bm Under good conditions, the space
F' is a BV space, and one can apply the (field-
theory version of the) BV formalism to compute
P = fL e%S As S depends parametrically
on B, one can view 1 as a state for the the-
ory, with space of states an appropriately defined
space of functions on B. In several cases, one can
show that this quantization satisfies the follow-
ing desiderata:

e The differential Ly gets quantized to an
operator () that satisfies Q2 = 0, so that
one can define the quantization of the
reduced phase space as the cohomology
of Q.

e The state v is Q-closed, and a deforma-
tion of the gauge fixing changes it by an

30Usuadly7 the product F’ x B is not the original space
F but only an appropriate regularization thereof.

31The choice of boundary conditions inherent to F’
allows one in particular to define the propagator.
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Q-exact term, so the class of v is a state
for the reduced space.

e If we cut the space-time manifold M a-
long a hypersurface ¥ into components
M, and M, we can get the partition
function for M (or the state, if M has
boundary) as the pairing of the states
for the two components M; and M.

5. CONCLUSIONS

In this note we have overviewed the BV for-
malism, its geometric interpretation, and its var-
ious implementations in field theory.
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