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EQUIVARIANT BV-BFV FORMALISM
ALBERTO S. CATTANEO AND NIMA MOSHAYEDI

ABSTRACT. The recently introduced equivariant BV formalism is
extended to the case of manifolds with boundary under appropriate
conditions. AKSZ theories are presented as a practical example.
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2 A.S. CATTANEO AND N. MOSHAYEDI

1. INTRODUCTION

The BV formalism is a general method to describe field theory with
symmetries. In the presence of a boundary of space—time, it gives rise—
under some regularity assumptions—to a nice coupling with the bound-
ary BFV formalism (the cohomological description of the reduced phase
space). It was studied in [CMR14] and called the BV-BFV formalism
(see also [CM20] for an introduction). This is also the starting point
for perturbative quantization in the presence of a boundary [CMR11;
CMR17].

In [Bon+20] the BV formalism was extended to the equivariant case
arising when a vector field (more generally, an involutive family of
vector fields) on space-time is given.

In this paper, we study the extension of the equivariant BV formalism
in the presence of a boundary and obtain the conditions under which
the construction leading to the equivariant BV-BFV formalism works.

To summarize the result, just recall that, in its most general for-
mulation, what is studied in [Bon+20] is a violation of the classical
master equation of the BV formalism. Equivalently, one drops the
condition that the BV charge Q (the Hamiltonian vector field of the
BV action) is cohomological (i.e., [Q, Q] = 0). We show that the BV-
BFV construction works through if [Q, Q] is a symplectic vector field
(or, equivalently, a Hamiltonian vector field) also in the presence of a
boundary (in the absence of a boundary this is automatically true).

The particularly important case of the equivariant extension [Bon+20]
of AKSZ theories [Ale+97] then turns out to be compatible with the
boundary if and only if all the given vector fields in the involutive
family are tangent to the boundary.

The original results of this paper are in Section 4. In the previous
sections we recall background material: Section 2 covers the BV for-
malism, the BV-BFV formalism, the equivariant BV formalism, and
their quantization, whereas Section 3 gives more details on the AKSZ
construction.

Acknowledgements We thank Francesco Bonechi for providing
valuable comments and remarks. We also thank an anonymous ref-
eree for helpful comments.

2. THE BV-BFV FORMALISM

2.1. Classical BV Formalism. We start by recalling the classical
setting of the BV formalism.

Definition 2.1.1 (Lagrangian field theory). A d-dimensional Lagrangian
field theory assigns to a d-manifold M a pair (Fys, Syr), where Fy is
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some space of fields' where elements are sections of some fibre bundle
over M and Sy € C®(F)) is a function on Fyy, called the action
(functional). We say that a Lagrangian field theory is local if we can
express Sy as

Su(9) = /M L(*0), b€ Fu,

where % denotes a Lagrangian density on M and j*¢ denotes the k-th
jet prolongation of the field ¢ € F); as a section of the jet bundle of
Fyy.

Definition 2.1.2 (BV manifold). A BV manifold consists of a triple
(F,S,w), where F is a Z-graded? supermanifold,® S an even function
on F of degree 0 and w an odd symplectic form on F of degree —1,
such that the classical master equation (CME) holds:

(2.1.1) (8,8) =0.
Here, ( , ) denotes the odd Poisson bracket of degree +1 induced by
w.

Remark 2.1.3. We call F the BV space of fields, S the BV action
(functional) and w the BV symplectic form. The odd Poisson bracket
(, )isusually called the BV bracket (or anti-bracket).* We will denote
by gh(o) € Z the Z-grading and by |o| € Zs the parity. If o is also a
differential form on M, we will denote by deg o its form degree.

We also consider the Hamiltonian vector field Q of S, i.e., the unique
vector field of degree +1 satisfying the equation

Low = 08,

where ¢ here denotes the de Rham differential on F. It is easy to see
that the vector field Q is actually cohomological, i.c., we have Q% = 0
and moreover, by definition, it is symplectic, i.e., we have Low = 0.
Here L denotes the Lie derivative. Note that, by definition, we have

LAn important class of examples of Fy; is given by the space of sections of a
vector bundle over M, e.g., vector fields or differential forms on M. However, it
can be more complicated such as the space of connections or metrics on M.

2The Z-grading is called the ghost number in the physics literature according to
the construction by Faddeev and Popov [FP67].

3The supermanifold structure induces an additional Z,-grading which is referred
to as parity, often called odd and even.

4The BV bracket is usually denoted by round brackets in order to emphasize the
fact that it is an odd Poisson bracket. This notation is originally due to Batalin
and Vilkovisky [BVS81].
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that @ = (S, ) and hence by the CME (2.1.1) we get LoS = QS = 0.
We will call Q the BV charge.’

Definition 2.1.4 (BV theory). A d-dimensional BV theory is the as-
signment M — (Fyr, Sar,way) of a closed, connected d-manifold M to
a BV manifold.

2.1.1. 2D BF theory. Let M be a connected closed 2-manifold and
let G be a Lie group with Lie algebra g. Let P — M be a trivial
principal G-bundle over M. Consider the space of connection 1-forms
QL (M, adP).® We define the space of fields for 2-dimensional BF theory
to be

Fy = QYM,adP) @ Q°(M,ad*P),

where ad® P denotes the coadjoint bundle of P. The BF action is given
by

212 Su= [ (B = [ (Baa)+ymiaa)).

where (A, B) € Fiyy and Fy := dA + 1[A, A] denotes the curvature 2-
form of the connection 1-form A. We have denoted by ( , ) the pairing
between the forms of adjoint and coadjoint type as an extension of the
pairing between g and g*. It is easy to see that the critical points of
Sy are given by pairs (A, B) € Fy; where A is a flat connection and
dsB = 0. Here ds denotes the covariant derivative with respect to
the connection A. Denote by G the group of gauge transformations
of the space of connection 1-forms on P and let A9 denote the gauge
transformed connection for a gauge transformation g € G. We can let
G also act on Q°(M, ad* P) by the coadjoint action. It is then not hard
to see that the BF action (2.1.2) is invariant with respect to the gauge
transformation

A A9
B+ BY := Ad}-\ B,

5The cohomological vector field Q is the same as the one in the BRST formalism
[BRS74; BRS75; Tyu76] measuring the symmetries of the theory, thus often also
called the BRST charge.

6We work around the trivial connection.
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i.e., we have

Su(A%, BY) :/

M

:/M(<Adle,dAg>+%<Adle, [A97Ag]>)

- /M ((B,dA> + %{B, [A,A])) = S(A, B).

If g =R, we speak of abelian BF theory. In this case we have
Fy = QY(M) & Q°(M),

(<Bg, dAY) + %(Bg, (A9, Ag]>)

and
S :/ B N dA.
M

The critical points here are pairs (A, B) € F); of the form dA = 0 and
dB = 0.

The BV formulation of 2-dimensional BF theory is not hard to con-
struct. The BV space of fields associated to the 2-manifold M is given
by

Fur = Q% (M, adP)[1] & Q°*(M,ad" P),
where ® = @?:0 /. The superfields are pairs (A,B) € Fy of the
form

(2.1.5) A:=c+ A+ BT,
(2.1.6) B:= B+ A" +c",
where gh(c) = 1, gh(A) = gh(B) = 0, gh(A*) = gh(B") = —1,

gh(c™) = —2. Moreover, deg(c) = deg(B) = 0, deg(A) = deg(A") =1,
deg(B*) = deg(c™) = 2. For a classical field ¢, we have denoted by
¢t its anti-field with the property gh(¢) + gh(¢*) = —1 and deg(¢) +
deg(¢™) = 2. Note that we have denoted by ¢ the ghost field. We can
define the curvature of the superconnection A by Fa defined by

1
Fa = Fy, +das,a+ =[a,al,

2
where here [ , | denotes the induced bracket on the super Lie al-
gebra, Ay is some reference connection 1-form and a := A — Ay €
2*(M,adP)[1]. The BV action is then given by
(2.1.7) Su(A,B) ::/ (B,Fa),
M

where ( , ) here denotes the pairing between the forms of adjoint and
coadjoint type as an extension of the pairing between g and g* with
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shifted degree, i.e., with additional sign coming from the Z-grading. It
is then not hard to see that Sy, satisfies the CME (Sy, Syr) = 0. Note
also that QMA = (SM,A) = FA and QMB = (SM,B) = dAB In
particular, the cohomological vector field of degree +1 is given by

(2.1.8) Qu = (Sur, ):/M(dAéiAerBaiB)

B 5 5 L0 5 L0
_/M<dc50+dA5A+dB s HdBp HdAT ot de M).

The BV symplectic form of degree —1 is given by
wM:/ 5A/\5B:/ (dc A oct +6ANGAY + 6B +6BT).
M M

Remark 2.1.5. The general structure of BF' theory can be easily gen-
eralized to arbitrary dimension and is an example of an AKSZ theory
(see Section 3).

2.2. Quantum BV Formalism. In the quantum setting, we consider
the operator A, the canonical BV operator (or BV Laplacian) intro-
duced by Khudaverdian in [Khu04|, acting on half-densities and for-
mally extended to the infinite-dimensional setting. There are several
ways of characterizing this operator. One characterization is to choose
a symplectomorphism F — T*[—1]N, for some manifold N, invok-
ing the global Darboux theorem for odd symplectic manifolds [Sch93].
Then we can observe that half-densities are canonically identified with
differential forms on N. Thus, we can consider A as the de Rham
differential on IN. Another characterization, on a finite-dimensional
odd-symplectic supermanifold (M,w) with local coordinates (z;, 6),
where x; denote the even coordinates and 6 denote the corresponding
odd momenta (i.e., w =Y, db; A dz"), is that it is given by

Its fundamental algebraic property is A? = 0.

We often need the BV operator to act on functions. For this we
pick a nowhere vanishing half-density p satisfying Ay = 0. Such
a reference half-density exists (e.g., by the symplectomorphism from
F — T*[—1]N). Using this we can define a BV operator A, acting on
functions via

Apf = (Afp)/p.
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This operator satisfies A2 = 0 and
Au(fg) =Dufgx fAug £ ([, 9).

It can also be computed by
1. .
(2.2.1) AL f = Edlv;ﬁ(f? ), feCeF),

where div,2 denotes the divergence operator on vector fields determined
by the density ;2. When the reference half-density is understood, we
will simply write A also for the BV operator acting on functions.

See also [Cat23] for a detailed exposition on the BV Laplacian and
[Sev06] for another mathematical interpretation.

An important observation by Schwarz [Sch93| (in the finite-dimensional
case) is that, assuming orientation, a half-density on F determines a
density on every Lagrangian submanifold of F.

Theorem 2.2.1 (Batalin—Vilkovisky—Schwarz[BV81; Sch93|). Consider
two half-densities f, g on an odd-symplectic supermanifold (M, w). Then’

(1) if f = Ag (BV exact), we get that

/ f={ ag—o
LCM LCM

for any Lagrangian submanifold L C M.
(2) if Af =0 (BV closed), we get that

d

— =0

dt LtCMf ’
for any differentiable family (L;) of Lagrangian submanifolds of
M. In particular, when two Lagrangian submanifolds L, C M
and Lo C M can be deformed into each other, we have

/[31CM f N LoCM f

For the setting of quantum gauge field theories, we are mainly inter-
ested in the case where our odd-symplectic supermanifold is given by
a pair (F,w) and the half-density f is of the form

h

where p denotes a reference, A-closed, nowhere vanishing half-density
on F. Then, when considering an integral of the form |, - €XD (%S ) 3
the choice of Lagrangian submanifold corresponds to choosing a gauge

exp (i5> pE Dens%(]:),

"We assume below that the given half-densities have fast decay at infinity.
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fixing®. Note that the second point of Theorem 2.2.1 is then a condition
for gauge independence of the classical theory described by the action
S. In the case of interest, we want thus

(2.2.2) A exp %S =0 <= %(S, S) —1ihAS = 0.

Equation (2.2.2) is called the quantum master equation (QME). Note
that in the semi-classical limit & — 0 we get the classical master equa-
tion (CME) (S,S8) = 0. When S depends on £ as a formal power series
S = Sy +hS; +h?Sy+- -+, we can try to solve the QME order by order
in A.

When we consider the BV action S, which gives a solution to the
CME (2.1.1), we often assume that AS = 0, in which case S then also
solves the QME. This is true for many different theories of interest but
is not immediate. In general, we need to find a suitable regularization
in order to make the QME hold. Note also that by Equation (2.2.1),
we have

AS = %div Q,

so the condition is that the reference half-density p is @)-invariant.

2.3. Classical BV-BFV Formalism. In the BV formalism the source
manifold M was always assumed to have empty boundary. In order to
overcome this and still make sense of a gauge formalism for manifolds
with boundary, one couples the Lagrangian approach of the BV theory
in the bulk to the Hamiltonian approach of the BFV theory® on the
boundary such that everything is coherent at the end. The coupling
of bulk and boundary was considered in the classical setting first in
[CMR14].

Definition 2.3.1 (BFV manifold). A BF'V manifold is a quadruple
(F%,w?,8%,Q%

where F? is a Z-graded supermanifold, 89 is an odd function on F? of
degree +1, w is an even symplectic form on F? of degree 0, and Q7 is a
cohomological vector field on F? of degree +1 such that tgow? = 65°.
This implies that {S? S8%},0 = 0, where { , },o denotes the even

8When choosing a gauge-fixing fermion ¥, the case where we can reduce to the
cohomological setting of the BRST formalism, is given by taking the Lagrangian
submanifold to be the graph of the differential of the gauge-fixing fermion, i.e., we
take £ = graph(d¥).

9The letters BFV stand for Batalin-Fradkin—Vilkovisky due to their work [BF83;
BF86; FV75; FV77] where they developed the Hamiltonian setting.
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Poisson bracket!'® of degree 0 induced by the symplectic form w?. We

say that a BFV manifold is exact, if the symplectic form is exact, i.e.,
0 0
w? = da’.

Remark 2.3.2. We call 79 the BF'V space of fields, S? the BFV action
(functional), w? the BFV symplectic form and Q7 the BFV charge. If
we consider the exact case, we will call a? the BF'V I-form.

Definition 2.3.3 (BV-BFV manifold over exact BFV manifold). A
BV-BFV manifold over an exact BFV manifold (F?,w’ = 6a?, 8%, Q%)
is a quintuple
(‘F7 w? S? Q? 7T)7

where the objects are defined as follows: F is a Z-graded supermanifold,
w is an odd symplectic form on F of degree —1, S is an even function
on F of degree 0, Q is a cohomological vector field of degree +1, and
7: F — F9 is a surjective submersion, such that

(1) tow = 68 + m*a?,

(2) o7Q = Q°,

where o7 denotes the pushforward of the surjective submersion .

Note that, in the closed setting, we have required that the CME
LoS = 0 holds, whereas in the setting with boundary the Lie derivative
LoS is not zero anymore, but given entirely in terms of boundary data.
Indeed, one can easily prove [CMR11]| that

(2.3.1) LS =% (287 — 1g0a?)
and

1
(2.3.2) Slatow = 8P,

Both equations express the violation of the CME by boundary terms.
We recall their proofs because in the equivariant case we will gener-
alize them. We know that

LQ = LQ5 — (5LQ

and that the same holds for Q2. We will now apply Lo to the equation
Low = 0S + 7 a?. By the definition of Lo and since Q? = 0, we get
(Lo, to] = Lotg — tgLg = 0 and we know that

Low = m*6a? = mw?.
Thus, we get
(2.3.3) Lotow = tgLow = m*1g08a°.

10We will often just write { , } without emphasizing on w? whenever it is clear.
Moreover, we will also call this the boundary Poisson bracket.
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If we then apply the Lie derivative Lo to the CME, we get
Lotow = LodS + Lom*a? = 51008 + m*(Lgoa)
=0LoS + 7" (LQ6(5Q8 — 5LQaaa>.

In the last line, we used Cartan’s magic formula for Lgs. Now, using
(2.3.3) and 689 = 1g0w?, we get

7(08?) = 0LoS + 7*(68%) — 7 (S1g0®),
which is equivalent to
§ (LoS — m*(28% — 1gsa?)) = 0.

This means that function in the argument of § is constant. However,
since it is a function of degree +1 is zero, it must vanish. Therefore, we
get (2.3.1) proving that the CME is spoiled only up to boundary data.
To get (2.3.2), simply apply tg to tow = 0S8 + 7*a? and use (2.3.1).
We call Equation (2.3.1) the modified CME [CMR14|. Condition (2)
tells us that the BV charge is projectable onto the BFV charge Q7.
For examples and more insights on the classical BV-BFV formalism we

refer to [CMR14; CM20).

2.4. Quantum BV-BFV Formalism. As it was developed in [CMR17]
(see also [CM20]), we can express a quantum BV-BFV formalism by
the following collection of data for a source manifold M with boundary
OM:

(i) The state space HD,;, a graded vector space associated to the
boundary OM with a choice of a polarization™ P on F3,,.

(ii) The quantum BFV operator QF,,, a coboundary operator on the
state space HJ,, which is determined as a quantization of the
BFV action 83,

(7i1) The space of residual fields Vyy, a finite-dimensional graded man-
ifold endowed with a symplectic form of degree —1 associated to
M and a polarization P on F3,,. Moreover, we can define the
graded vector space!?

HP = HgM<§>Dens% Vum),

WA polarization is the choice of an involutive Lagrangian subbundle of the tan-
gent bundle of a manifold. In our case, P is an involutive Lagrangian subbundle of
T]-'gM. Actually, a polarization is needed in order to construct the state space by
techniques of geometric quantization [Woo97; BW12].

2We denote by & the completed tensor product.
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where Dens? (Var) denotes the space of half-densities on V). This
graded vector space is endowed with two commuting coboundary
operators

AZ\} =id ® Ajes,

where A, denotes the canonical BV Laplacian on half-densities
on residual fields.

(iv) A state 1y € HY, that satisfies the modified quantum master
equation (mQME)

(RPAY, +QF) v = 0.
This equation is the quantum version of the modified CME (2.3.1).

3. AKSZ THEORIES

3.1. Short Overview. An important class of BV theories were devel-
oped by Alexandrov, Kontsevich, Schwarz and Zaboronsky in [Ale+97]
and known today as AKSZ theories. They formulated a method to ob-
tain a solution of the CME by considering a special form for the space
of fields, namely, a mapping space (actually, a space of internal homs)
between graded manifolds. Let us first describe the ingredients needed
to formulate these type of theories. Let M be a closed, connected d-
manifold and consider a differential graded symplectic manifold (M, w)
where the symplectic form is exact, i.e., w = da, and of degree d — 1.
Moreover, let © be a function on M of degree d such that {©,0}, = 0,
where { , }, denotes the Poisson bracket of degree 1 —d induced by w.
Moreover, consider the Hamiltonian vector field O, for the Hamilton-
ian function © which is cohomological by definition, i.e., (Qa)* = 0.
Define the space of fields as

FfS2 .= Map(T[1]M, M).

Using the symplectic structure on M, we can construct a symplectic
structure on F355% by transgression. Namely, we have a diagram

Map(T[1M, M) x T[IIM —— M

Wl ,//’//
-

Map(T[1]M, M)

where ev denotes the evaluation map and 7 the projection onto the
first factor. Thus, on the level of forms, we can define a transgression
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map T: Q*(M) — Q*(Map(T[1]M, M)) by

T(n) := m.ev'n = / ev'n, neQ*(M).
T[M

Hence, we define a symplectic form on F4%5% by

wy =T (w) = / ev'w,
TM

where w is the symplectic form on M. Note that since w was of degree
d — 1, we get that wy, is of degree (d — 1) — d = —1 which is the
correct degree for a BV symplectic form. We can define a cohomological
vector field on the mapping space as the sum of the lift of the de Rham
differential on M and the lift of the cohomological vector field on M:

QM::CT;\J+é-/\\4a

where the hats denote the lift to the mapping space. The BV action
is then constructed by using the primitive a of w and the Hamiltonian
function ©:

SpfSz — iy T(a) + T(O).

It is then not difficult to see that S$¥5% is indeed of degree 0 and
satisfies the CME.

Remark 3.1.1. A lot of relevant theories are of AKSZ type, such as
e.g., Chern-Simons theory [CS74; Wit89; AS91; AS94|, the Poisson
sigma model [Tke94; SS94; CFO1], or Witten’s A- and B-twisted sigma
models [Wit88; Ale+97].

4. EQUIVARIANT BV-BFV FORMALISM

4.1. Equivariant BV Formalism. In this section we recollect the
results of [Bon+20] on the equivariant BV formalism. The easiest way
to prepare the background material is to start from the quantum ver-
sion. We begin with the very general observation of what happens
when the QME is violated. Namely, we introduce a functional 7, with
gh(7T) = 1, that measures the failure of the QME:

1 h

It turns out that the properties of the BV integral are still preserved
if we only allow 7-Lagrangian submanifolds, i.e., Lagrangian subman-
ifolds on which 7 vanishes.

2 . .
T = (E) exp (—ls) A exp %s - %(5,5) —ihAS.
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If we in addition assume that AS = 0, as is often the case, or just
ignore higher orders in A, then we simply get

(4.1.1) (S,8) = 2T,

which expresses 7 as the violation of the CME. This is the equation
we are going to study in the presence of boundary.

4.2. Preliminary Computations. We want to start with some im-
portant definitions and relations in order to understand the the core of
the computation for the case with boundary.

Definition 4.2.1 (Weak BV manifold). A weak BV manifold of degree
k is a quadruple (M, Q,w,S), where M is a graded manifold, Q a
vector field on M, w a symplectic form on M and & a function on
M such that gh(w) = k£ — 1, gh(S) = gh(w) + 1, gh(Q) = 1, and
L[Q,Q]w =0.

An example of a weak BV manifold is a BV manifold, where, in
addition, @ is required to be the Hamiltonian vector field of S and
(Q,9] = 0. We will see that a weak BV manifold contains anyway
enough structure to be worth studying. The failure of Q’s being the
Hamiltonian vector field of § is what typically happens in a field theory
with boundary and gives rise to the BV-BFV formalism. The failure of
the condition [Q, Q] = 0 is what occurs in the equivariant BV formal-
ism, where the condition is replaced by the weaker one Ljg gw = 0.

Lemma 4.2.2. If k # —1, we get that [Q, Q| is Hamiltonian w.r.t. w.

Proof. Let E be the Euler vector field and define H := tgtj0,gjw. Then
(SH = 5LEL[QVQ](U = (]{7 -+ 1)L[Q7Q]w. O

Remark 4.2.3. If we consider a BF*V theory [CMR14], we never
consider the case of k = —1. Usually, we have & > 0.

To motivate the above convention, suppose that tow = 0§ and
3(8,8) =T, i.e, equation (4.1.1). Then 7 = 1LoS = $10dS. Hence,
we get that (4.1.1) is equivalent to

1
Slatow = T.
In turn, this is equivalent to
1
(421) éb[gg]w = —(5T,

a characterization of the violation of the CME as in (4.1.1) that will
be more appropriate to treat the case when a boundary is present. To
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prove this, simply observe that we have

1 1 1 1 1 1
steaw = 5lla:tojw = 5 Lotow—7toLow = 5LodS = —50LaS,
=0

where in the first equality we have used the following

Lemma 4.2.4. We have [Lg,tq] = (0.9
———
=Lgig—tgLg

Proof. Since we are proving an equality of derivations, it is enough to
check it on functions and on exact 1-forms. Note that for any function
f we get [Lo,tolf = 0 = tj0,01f- Hence, we get [Lo,to] = t[0,0 on
functions. Moreover, we have

1 1
Lotodf = LolLof — §L[Q,Q]f = §L[Q,Q]5f =1gLgdf

1 1
= —tod0Lof = —LoLof +dtoLlof = —5Lio,f = —5ti0.0d/f-
=0
Thus, we get that [Lg, to] = t[0,g) on exact 1-forms. O

4.3. Classical Equivariant Setting. In the presence of a boundary,
the equation tow = 48 is usually violated, so we define o := 1ow — dS
and w := da. Then we have that gh(a) = k.

In general, Q is not cohomological. However, the fundamental as-
sumption for what we call boundary-compatible equivariant BV for-
malism is that [Q, Q] is Hamiltonian, i.e., we assume that (4.2.1) still
holds.

Proposition 4.3.1. We have that w = —Low.
Proof. Note that

w=dtow = (dtg — tgd)w = —Low.

O
Lemma 4.3.2. We have that Low = 0.
Proof. Note that
Low = —LoLow = —%[LQ, Lojw = _%L[Q,Qlw = 0.
O

Lemma 4.3.3. If k # —1, there exists a unique S such that t.ow = 0S.
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Proof. Let E be the Euler vector field and define H := tgrow. Then,
we get
OH = Lpiow = (k+ 1)ig.
Hence, we have 8 = =5H with gh(8) = k + 1. O
Lemma 4.3.4. We have
0LoS =6 (28 — 1o+ 27).

Proof. Note that we have

08 = 1ow = —tgLow = —[tg, Lolw — Lgotow

= g,qw — Lo(a+ 0S8) = tjg,qw — toda + dtoa + 0 LS
= 1[g,QW — LoW + dtoa +0LoS = —20T + drga+ 0LoS — 0S.
Hence, we get that 208 = —20T + droa + 0 LoS. d
Proposition 4.3.5. If kK # —1, we get that
LoS =28 — 1oa + 27.

Proof. This follows from the fact that gh(LoS) =k + 1. O

Lemma 4.3.6. We have that
1
3 (y@@u) =0(8S+T).
Proof. Note that we have

diglow = 0tg (a +30S) = dugar + LS
= 5LQQ +6 (2§ — LQQ'}‘ QT) = 25§ + 26T

U
Theorem 4.3.7. If k # —1, we get that
1
Slatow = S+T.
Proof. This follows from the fact that gh(S) =k + 1. O

Remark 4.3.8. We will use this formula as
1

Slatow — T=S8,
which shows that the modification of the equivariant CME %Lgagw =T
is the boundary term S.

Proposition 4.3.9. We have that

1
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Proof. Note that we have

LoS = 1008 = tgtow = —tgloLow = —to|tg, LoJw — toLotow
= LQL[Q7Q]CU—[LQ, LQ]LQW—LQLQLQW = —2LQ5T—|—L[Q7Q]LQ(M—LQ (2§ + 2T>
= —2LQ(ST—2LQ(5T—LQ (2§ + 27-) = —QLQT—QLQT—QLgé—QLQT.
Hence, we get that

LoS = —2LoT.
0

Definition 4.3.10. We define T := — L7, which implies the equation

(4.3.1) %LQQ _T

We call this the boundary BFV equivariant CME.

Remark 4.3.11. Using the boundary Poisson bracket, we can also
rewrite (4.3.1) as®

1
Lemma 4.3.12. We have that
1
Slo,qw = —07T.
2
Proof. Note that we have
1 1 1 1
QoW = §[LQ, Lolw = glotow — SloLow

0

1 1

O

4.4. Reduction to the Boundary. We now want to turn to the con-
struction of the symplectic form on the boundary fields.

Definition 4.4.1. We define the kernel of w as
kerw :={Y € X(F) | yw = 0}.
Lemma 4.4.2. The kernel of w is involutive.

Proof. This follows immediately since dw = 0. U

13, is actually degenerate, but this bracket is well-defined because S possesses
a Hamiltonian vector field.
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Assume now that the leaf space of the foliation, i.e., the quotient

space F? := F/), is smooth. Moreover, if we denote by 7: F — F?

the projection, then, for a uniquely determined symplectic form w?, we

have w = m*w?.

Lemma 4.4.3. The vector field Q is projectable.
Proof. Let Y € ker w. Then we get
toyw = £[Lo, ty|lw = £ Lotyw £+ 1ty Low = 0.
5 5
Hence we get that [Q, Y] € ker w, which proves the statement. O
Denote by Q7 the vector field on F? such that
orQ = Q°.
Lemma 4.4.4. The function S is basic.
Proof. Let Y € kerw. Then, using Lemma 4.3.2, we get that
LyS = 1y0S = tytow = tgtyw = 0.
O

Then we can write S = 7*S? for a uniquely determined function S?.
Thus, we get
Loow? = 68°?
and

1
Jlotow — T =7*S°.

Lemma 4.4.5. The function T is basic.
Proof. Let Y € kerw. Then we get that

LyT = %LYLQé = %[Ly, LolS = :I:%L[Y,Q]Q =0.
O
Let 72 be the corresponding function on F?. Then we can write
T =772
Thus, we get that
%Lgasa =T
and
LoT = —n*T°.

Moreover, we get

%{58,3*’} =T



18 A.S. CATTANEO AND N. MOSHAYEDI

where { , } again denotes the Poisson bracket on F? induced by w?,

and .
o _ 0
§L[Qa’ga]w — _5T .
4.5. Summary. Let us summarize what we have so far. On F? we
have w? with gh(w?) = 0, @9 with gh(Q?) = 1, 8§ with gh(8?) = 1
and 72 with gh(7?) = 1. Moreover, the following equations hold:

(4.5.1) Loow? = 687,
(4.5.2) %LQaSa =77,
(45.3) S{s82.8) =T
(4.5.4) %L[Qwa]wa = 577,

Furthermore, if we denote by 7: F — F? the projection, we get the
following equations:

(4.5.5) omQ = Q°
1
(4.5.6) Slatow = T =787,
(4.5.7) LoT = —n"T°.
Finally, if w? = da? with a = 7*a?, we get the following equations:

(4.5.8) Low = 68 + 1*a?,

1 1
(459) §LQS = T+ 7T* (Sa — 5LQ(’)O€8> .

Remark 4.5.1. This construction will naturally lead to a quantization,
where the boundary BFV operator €2 is given (as a first approximation)
by the standard-order (a.k.a. Schrédinger) quantization of 82, i.e., Q =

—

S9 M with the property
02 = 79,

Moreover, we expect the state

i
= =S
with Lagrangian submanifold £ C F such that 7|, = 0, to satisfy
To% =0,

14Here ™ denotes the standard-order operator quantization.
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where 7/% satisfies the equation'

—~

(Q —ihA) T2 =0.
We will return to this below.

Now assume that w? = da? with a = 7*a?. Then we get that the
following two equations are satisfied:

Low = 08 + 1*a?,

1 5 1
§LQS =T +7" (Sd — §LQ3(I8> .

4.6. Prequantization. Now we want to turn to the quantization in
the presence of boundary. We refer to [CMW22, Section 9.2] for more
details. Assume that we can choose a polarization such that 72 = T*B.
Moreover, we assume a splitting

F=YxB.

We can then split the cohomological vector field and the symplectic
form as

Q= 0Qy+ 9p,
W = (,Uyy +Wy5 +w53.

Now we use tow = 687 + n*a’, where o/ is adapted to the foliation
and we have!®

S =8S+n*f,
of =af — of.
Furthermore, we have
Loywyy + tosWys = 0yS,
Loy,WyB + LogWBB = (5Sf + Oéf.

We assume a good splitting, i.e., one with the property that tg,wyp = 0.
Then we get that

Lgywyy = (SySf.

Hence, we get
(Sf,Sf)y = 10y, LoyWyy = LQLQW — LQsLQsWEB-

5This is an extra assumption, not a general property.
16i e., af is the canonical 1-form of T*B
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This implies that
(Sf, Sf>y = 2T+ QSBFV — LQBLQBWBB,

~
=:259

which means that

1
5 (87.87), =T +5°
We thus get
i 1 i
(461) Ay exXp ﬁgf = _2_h2 (Sf,Sf)yexp %ij
1 i 1 1
S _sf - g9 2of
hzTeXp hS th exp hS )

If we further assume that the splitting is discontinuous, we get wyg =
0 and wps = 0. The vanishing of wyp implies that S? = Sgpy. Thus,
we get

0SSt = —af = —Zpidqi.

Hence, we have

S
5—% = —Di-
In this case, we can define
Q= 3’?

as the Schrodinger quantization. That is, the operator quantization of
g € B is given by multiplication with ¢ and the operator quantization
of p € T; BB is given by ih%, together with the standard ordering. Then
we have

Qexp %Sf = S%exp %Sf.

Finally, this implies the equivariant modified quantum master equation
(emQME)

(Q + h2Ay) exp %Sf = —T exp %Sf.

Thus, the assumptions for equivariant quantization in the BV-BFV
formalism are given by the equations

(4.6.2) 0% =70,
(4.6.3) T exp %Sf =0,
(4.6.4) Tley, = 0.
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4.7. Equivariant AKSZ Theories. We want to apply the equivari-
ant BV-BFV formalism to AKSZ theories. Consider as the space of
fields the mapping space

Fn = Map(T[1]M, N)

for a target Hamiltonian manifold (N,w = da, ©). The AKSZ-action
S#K52 is then such that

(SAKSZ SAKSZ) — 07 and Loy, W = 58AKSZ’

if OM = @& and such that

Lo WM = SSHESE 4 ﬂ*agM,
if OM # @. Note that Q) is the corresponding cohomological vector
field of S$X5% and wy, is the symplectic structure on Fj; constructed
out of w as we have seen before.

We first recall the equivariant extension of an AKSZ theory in the
case OM = @, as introduced in [BCZ23]. Assume of,, = >, z;dy;.
For v € X(M), we define

SAKSZ ::/ Xity Y
M

Thus, we define gﬁKSZ = SHESZ 4 uSAKSZ where u is a variable of
degree +2. When OM = @, we have

(4.7.1) L5, Wi = 0Sa<S,
(4.7.2) Qu == Qur + Q..
(4.7.3) (SAKSZ SAKSZ) _ USAKSZ
(4.7.4) SpHsE / X;L,Y;,
(4.7.5) §L[Q‘NI’@NI](JJM = U5S£KSZ,

where @ M, Qu and Q, are the Hamiltonian vector fields associated to
SAKSZ - GAKSZ 5 SAKSZ  respectively. Note that, using the general
notation, we have 7 = —uSHKSZ,

Remark 4.7.1. For simplicity we discuss here only the case of a sin-
gle vector field v. The general case, also discussed in [BCZ23|, of an
involutive family {vy,...,v,} of vector fields is treated similarly. One
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just has to introduce variables uq, ..., u, of degree +2 and define
gLAKsz — Zuﬂ/ Xity, Y
p=1 M
and
gﬁ‘KSZ = Zuu/ XiLvMYi-
p=1 M

All the formulae above immediately generalize and, in particular, we
get T = —SPESZ. For the rest of the paper, we will focus on the case
of a single vector field.

When OM # @, we have to check whether we still have an equivari-
ant BV theory, namely, that (4.7.5) still holds. We start with comput-
ing

SSHKSZ — / 6X,L,Y; / X;L,0Y;
M M

M M M M

If v is tangent to the boundary, then we get

/levd(sYz:i:/ XZdL»UéYZ
M M

M M oM

M M oM
In this case, (4.7.5) holds.
Note that in general, the integration by parts gives rise to the term
) o Xith(L,0Y;), where 15 denotes the inclusion map OM — M. If v
were not tangent to the boundary, in addition to the good term dis-
played above, this would also contain a term [, X;u5(v"0Y}), where
n denotes the transversal components. In conclusion, we have the

Theorem 4.7.2. An equivariant AKSZ theory defined in terms of a
vector field v is boundary-compatible if and only if v is tangent to the
boundary.

Note that in the general case of Remark 4.7.1 the theory is boundary-
compatible if and only if all the v,s are tangent to the boundary.
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From now on we then assume that v is tangent to the boundary. We

have
_ _ AKSZ x 0 AKSZ _ <& * 0
L5, WM = Loy wmtulgwn = Sy Ty agy+us, = 0SM+T s,

where aj,, is the Noether 1-form of AKSZ theories, and Q9,, is the
cohomological vector field on the boundary of AKSZ theories. Thus,

we have
80,AKSZ _ od,AKSZ 9,AKSZ
Som =Senm S, :

We can now compute L@MSfKSZ. We get

Lg, Sp™ = Lo, St™ +u Lo, 8" ==+ | XL)Y;
S———r oM

(SLAKSZ7 Slzstz) -0

This implies that

L [ co.AKSZ G0,AKSZ 309,AKSZ
) {SaM » Son } =uSy )
which yields 79 = uS? 5%

4.8. Equivariant Abelian BF Theory. BF theory is an AKSZ the-
ory, so we explicitly have

§M:/ ((B,dA) + u(B, 1, A)),
TM = —u/ <B,LUA>,
S0, = /aM ((B,dA) + u(B,,A)),

Ton = —u/ (B, L,A).
oM
We split the boundary OM into two disjoint components 0; M and d, M.

We choose the A-polarization on one of them and the B-polarization
on the other. By the Schrodinger quantization we get

1) 1)
O =1ih dA + vA——i—/ dB + u.,B —>’
1</81M( wA) g+ [ (B B) o

— 0 )
9 = uih L,A— L,B—.
T “ (/8‘1M 5A * O M 5B )

We clearly have Q% = 7/%.
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To compute the state ¢, we have to pick a v-invariant metric and
then proceed as in [CMR17, Section 4| using the Hodge decomposition.
In particular, we get a propagator n which satisfies

dp=x;®x',  Lmn=0,

where {x;} and {x’} are the chosen bases of harmonic forms relative
to the boundary. We have L,x; = L,x* = 0 for all i. Finally, we define

a= Z:_Xl, b= ziX’h
where {z;, z;" } are the Darboux coordinates for the BV space of residual
fields. With these notations, we have 1) = 7 exp ; Sesr With

Seg = Ab+/ aB+/AnB+u/ be,a
oM O M M

+Z u" (/ Anbvn s LvnB + /AT}LU’U o Lvnb + /377%77 T LUUB)

n>1
and 7 the Ray—Singer torsion of M with boundary. One can easily
check that e
Toyp =0, (Q+ A Aves) ¥ = 0,
where A, denotes the BV Laplacian on residual fields.
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