GENERAL RELATIVITY AND THE AKSZ CONSTRUCTION

G. CANEPA, A. S. CATTANEO, AND M. SCHIAVINA

ABSTRACT. In this note the AKSZ construction is applied to the BFV descrip-
tion of the reduced phase space of the Einstein-Hilbert and of the Palatini—
Cartan theories in every space-time dimension greater than two. In the former
case one obtains a BV theory for the first-order formulation of Einstein—Hilbert
theory, in the latter a BV theory for Palatini—Cartan theory with a partial im-
plementation of the torsion-free condition already on the space of fields. All
theories described here are BV versions of the same classical system on cylin-
ders. The AKSZ implementations we present have the advantage of yielding
a compatible BV-BFV description, which is the required starting point for a
quantization in presence of a boundary.
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INTRODUCTION

A Lagrangian field theory F on a cylinder X x I, where [ is a “time” interval, can
be given a corresponding Hamiltonian description in terms of a symplectic manifold
(the phase space) of the possible initial conditions on ¥ and a Hamiltonian that
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describes the time evolution. If the Lagrangian is degenerate, its Euler—Lagrange
equations yield, in addition to time evolution, some constraints that have to be
taken into account when specifying the initial conditions. The true phase space,
called the “reduced phase space”, is typically described as the symplectic reduction
of the coisotropic submanifold defined by the constraints (hence the name).

This reduction is often singular, and one possible description is by means of a
cohomological resolution: one introduces a complex whose cohomology is the alge-
bra of functions of the reduced phase space. In addition, one wants this resolution
to feature also the symplectic/Poisson nature of the phase space, and a solution
to this problem is provided by the Batalin—Fradkin—Vilkovisky (BFV) formalism
[BF83| (see also [Sch08; Sch09; Sta97]). We denote by §° the collection of data
associated to the reduced phase space of a Lagrangian theory F, as a BFV theory
(Definition [3)).

On the other hand, a flexible way to deal with a degenerate Lagrangian is the
Batalin—Vilkovisky (BV) formalism [BV81], which allows a cohomological resolution
of the space of solutions to the Euler-Lagrange equations modulo symmetries but
is also the starting point for perturbative quantization. We denote with § the BV
data associated to a classical Lagrangian field theory F, as a BV theory (Definition
).

To quantize a Lagrangian field theory F on a cylinder ¥ x I, one needs a good
relation between its associated BV and BFV data § and §2. In [CMR11] an explicit
procedure was introduced to construct what in [CMR14] is called a BV-BFV theory
(Definition [f]), associating to the BV data § certain BFV data denoted by BFV (§)
in a way suitable for quantization [CMR18] — under some regularity assumptions.
In regular cases it relates § and §2, so that that BFV (F) = §°.

While it is true that both § and § depend on F, the relation BFV (F) = §? is not
guaranteed, and it is a necessary requirement for BV quantisation with boundary
[CMRI18]. This relation turns out to hold for a large variety of field theories,
including general relativity (GR) in the Einstein—Hilbert (EH) formulation in any
space-time dimension greater than 2 [CS16]. However, the procedure notably fails
in the case of GR in the Palatini-Cartan (PC) formulatiorﬂ in 3 4+ 1 dimensions
[CS19b), as the construction of BFV (F) is obstructed. However, § exists and has
been presented in [CCS20].

Conversely, given a BFV theory 2 associated to a manifold X, there is a stan-
dard wayf| to produce a BV theory on ¥ x I by means of a construction due to
Alexandrov, Kontsevich, Schwarz and Zaboronski (AKSZ [Ale+97]). The resulting
BV theory, which we temporarily denote here byé AKSZ(F?), satisfies automati-
cally the regularity assumptions required by the BV-BFV formalism, and we also
have BFV(AKSZ(3?)) = §°.

On the other hand, in general AKSZ (BFV (§)) will not be the same as §. In fact,
the AKSZ construction produces a theory that is invariant under reparametrization
of I, which is certainly different from § if the latter does not enjoy this invariance.
In this case AKSZ(BFV (F)) is a version of § with “frozen time” and may be used
to describe a change in the polarization chosen for the quantization of the reduced
phase space (see [CMRI18, Remark 2.38]). If § is reparametrization invariant —
e.g. a topological field theory or GR — we may wonder whether AKSZ(BFV (F))

IThere appears to be no uniform consensus on the nomenclature to best attribute and label
the theory that will be described in Sections @ and @ We discuss our choice “Palatini—Cartan”
in [CS19¢| (see also references therein). Other choices include the names of Einstein, Weyl, Sciama
and Kibble, in various combinations.

2To the best of our knowledge, the first explicit application of the AKSZ construction to a
BFV target to produce a BV structure in one dimension goes back to |[GDO00|.

3This construction is clarified in Theorem and AKSZ(§?) will be denoted FAKSZ(T;§9).
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and § are somehow related. In the case of AKSZ topological field theories, it
turns out that AKSZ(BFV(F)) and § are actually the same. For more general
reparametrization invariant theories we might expect the two to be equivalent, in
one of the possible ways presented below.

A BV theory F is essentially composed of a (-1)-symplectic manifold (F,w) and
an action functional S over it. We say that §; and §o are strongly BV-equivalent
if there is a symplectomorphism ¢: (F1,w;1) — (Fa,w2) that relates their action
functionals, i.e. S; = ¢*S5. This in particular implies that their BV cohomology
groups are isomorphic. A nontrivial example of strong BV-equivalence is the one
betwen PC and BF theory in 3 space—time dimensions [CS19a} (CSS18|.

If §2 is obtained from §; by a partial integration of the ﬁeldsﬂ (with some
partial gauge fixing), we say that o is an effective theory for §;. We say that
two BV theories are effectively BV-equivalent if one is (strongly BV-equivalent to)
an effective theory for the other. Typical cases for this are Wilson renormalization
or the passage to a second-order theory from its associated first-order formulation.
Another important example is given by elimination of so-called auxiliary fields. In
that case, one can argue that effective equivalence also preserves the BV cohomology
[BBHO5} [Hen90] (see Remark [12).

A third case is when the theories §; and §o have the same space of classical
solutions modulo symmetries. We speak in this case of classical equivalence. A
typical case of classical equivalence is that between EH and PC. Observe that this
is equivalent to just asking that the degree-zero BV cohomologies of the two theories
coincide, making this kind of equivalence weaker.

In this paper we study this question for EH and PC models of gravity in any
space—time dimension greater than 2, assuming that the metric encoded in the BFV
data 9 is nondegenerate (i.e. assuming that the manifold ¥ is either spacelike or
timelike but not lightlike). In the case of EH, we show that § and AKSZ(BFV (F))
are effectively equivalent, with the former being actually the first-order formulation
of the latter.

In the case of PC in three dimensions, where BFV(F) = §° holds, we show
that AKSZ(BFV(F)) and § are strongly BV equivalent, which is not unexpected,
since PC is strongly BV equivalent to BF theory |[CS19aj |CSS18|, and the lat-
ter is a topological AKSZ theory. Instead, for higher dimensional PC theory we
show that AKSZ(F?) and § are classically equivalemﬂ with §2 the BFV data con-
structed from the reduced phase space of PC theory [CCS20; |(CS19¢|. This case
is particularly interesting because the BV-BFV construction for PC is obstructed
in dimension 4 (and presumably higher). The data AKSZ(F?) resulting from the
AKSZ construction is a new BV theory defined on cylinders that is still classically
equivalent to EH, but also compatible with the BV-BFV formalism (by construc-
tion via the AKSZ procedure). Classically, it is simply PC on a smaller space of
fields, where part of the torsion-free condition is imposed a priori instead of through
the Euler-Lagrange equations.

Our result addresses the problem presented in |[CS19b|, where it was pointed
out that PC theory in dimension greater than three must be complemented with
requirements on field configurations at the boundary in order to induce a well-
defined BV-BFV structure. One possible way to construct a BV-BFV structure
for PC theory is to assume vector fields generating diffeomorphisms transversal to
the boundary to vanish at the boundary. Denote by § the resulting BV theory.
In |CS19b, Section 5, Remark 34] this was shown to be insufficient to describe

4This is more appropriately called BV-pushforward or BV fiber integral, see [CMR18, Section
2.2.2].
50n an open subset of the moduli space of solutions.
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the full reduced phase space of GR, as the Hamiltonian constraint is lost in the
process: this means that BFV(F) # 9. Alternatively one may require certain
components of the Lorentz connection to vanish on the boundary, although this
condition is not natural for general manifolds. One way of reading our paper is to
make these conditions natural on cylindrical manifolds, in the sense that we present
a version of PC theory, with the compatibility requirements already implemented.
In fact, the resulting AKSZ theory has the same equations of motion and the same
symmetries, but the AKSZ procedure restricts the moduli space of solutions to an
open subset. This is akin to restricting to globally hyperbolic solutions. One can
think of the extra required conditions as imposing part of the equations of motion
that fix w to be the Levi-Civita connection for the metric induced by a tetrad e.
This is discussed in Section 2l

Let us stress that having a well-defined BV-BFV structure is a necessary require-
ment for the quantisation of BV theories with boundary [CMR18|. The fact that
the boundary-compatible AKSZ version of PC theory is (possibly) only classically
equivalent to the original PC formulation reinforces the idea that care must be
placed when attempting BV quantisation of the latter.

A related approach is the ‘parent formulation’ by Barnich and Grigoriev [BG11;
Grill] which derives an AKSZ construction of the BV theory from the jet space
formalism (trivariational complex). What is crucially different in our construction
is that we consider, as a target, a symplectic description of the classical bound-
ary states. This involves a careful symplectic reduction of the naively associated
boundary spacesﬂ The result of our construction is not only a BV reformulation
of the original bulk theory, but a reformulation that is compatible with the bound-
ary as a l-extended BV-BFV theory (see Definition 5), which is the starting point
for quantum (or at least semiclassical) considerations for a theory with boundary
[CMR1§].

For the same reason, unlike the presymplectic AKSZ formulation presented by
Grigoriev et Alkalaev in [AG14] and |Gril6], our BV-BFV description of PC gravity
is based on a symplectic structure, which is essential for quantization. This does not
arise directly from a reduction of the natural presymplectic BFV structure derived
from BV in the bulk, which is impossible for N > 4 as shown in [CS19b], but it
is the symplectic BFV structure [CCS20] that resolves the reduced phase space of
the theory.

Finally, note that in this paper we consider two separate applications of the
AKSZ “reconstruction” of a parametrization-invariant bulk BV theory from its
boundary BFV structure, respectively for two formulations of GR (EH and PC).
We do not discuss the equivalence between EH and PC, but we investigate the
appropriate BV equivalence between each formulation and its own AKSZ “recon-
struction.”

These considerations do not exclude, however, some deeper connection between
our construction and the ones mentioned above, which are definitely worth explor-
ing.

The paper is organised as follow. In Sections and we will outline the BV-
BFV and AKSZ constructions, while Section [2]is a brief review of the construction
of the BFV data for Einstein—Hilbert and Palatini-Cartan theories of gravity, as
presented respectively in [CS16] and |[CCS20].

Finally, in Sections [3] and [4] we will apply the AKSZ construction to the BFV
data of EH and PC gravity, respectively, and compare it with the BV data for the
two formulations as presented in [CS16] and [CS19b].

6This association is the natural restriction of fields and normal jets to the boundary, see
|CMR14].
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Relevance and outlook. This work is intended as a first reaping, as a result of
a few years of sowing, in a program directed at an analysis of classical General
Relativity seen through the lens of the BV formalism with boundary, an attempt
at formalising its quantisation within the BV-BFV formalism [CMR18|]. The pro-
gram was initiated in [CS16} |[CS19b} [Sch15|, where a few inconsistencies in the
behaviour of GR in the presence of boundaries in dimension 4 were detected, and
was later extended in [CCS20; (CS19a} [CSS18|, where the comparison with the three
dimensional analogue was made.

This series of works is motivated by the obstruction encountered in defining the
BV-BFYV data for Palatini-Cartan gravity, a requirement for the BV quantisation
program with boundary, which has otherwise provided very reliable and flexible (see
[CMR18} |CMR20] for the quantisation of BF theory, [IM19] for Yang-Mills theory
in dimension 2, [CMW17; (CMW19a] for split Chern—Simons theory and [CMW19b]
for a general approach to a class of AKSZ models, including the Poisson sigma
model). No obstruction to BV quantisation with boundary is otherwise present
for Einstein—Hilbert theory, and this discrepancy points at the fact that classical
equivalence of field theories might be too coarse a classification to have bearing on
the respective quantum theories.

The results contained in this paper close the circle, so to speak, in the comparison
of classical BV general relativity with boundary, between EH and PC formulations.
As a matter of fact, while the AKSZ construction for EH theory is effectively equiv-
alent to the BV theory analysed in [CS16], this is not the case in PC theory analysed
in |CS19b] (it is only included within). This fact, together with the equivalence of
the reduced phase spaces for EH and PC theories |[CCS20; |[CS19¢], can be inter-
preted as a confirmation that BV Palatini-Cartan theory must be supplemented
with additional requirements on fields, or otherwise restricted, in order to be viable
for BV quantisation. The requirements we find, summarised by Definition are
conditions on the Lorentz connection and its conjugate variable, which effectively
restrict the space of fields. We find that these conditions are somewhat natural on
cylinders.

The very ultimate goal of the construction presented in this paper is the grail
of quantisation of gravity. We do not attempt doing it here. What we present
is the preliminary setting for a perturbative quantisation on cylinders resulting
in the quantum evolution operator from the initial to the final quantum space of
states. Due to the degeneracy of the actions (related to gauge invariance), one
needs a formalism that allows imposing gauge fixings and checking that the results
are independent thereof, up to equivalences that are under control. In the absence
of free boundaries (i.e., in the computation of partition functions and expectation
values), there are several good methods to do this, including BRST and BV. In the
presence of boundary, the best developed method is a compatible combination of
BV in the bulk and BFV on the boundary. The compatibility is the main issue
here, and this paper discusses it in the context of GR theories.

Performing the actual quantisation, which is far beyond the scope of this pa-
per, implies choosing a polarization on the boundary and a gauge fixing in the
bulk, computing the resulting propagators, regularizing the theory, and performing
renormalisation in a compatible way with the BV-BFV data (the quantum master
equation, and its version with boundary |[CMR18§|). In the case of gravity, one of
course expects an infinite number of independent counterterms to be taken care
of. Clever or miraculous ways to keep them under control are the same issue as in
other treatments (without boundary): we do not claim to have a better recipe for
this issue, but just to have a method to incorporate free boundaries. A minimal
way to proceed, as, e.g., in [BFR16|, is to allow for infinite counterterms (which is
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algebraically possible and allows for the construction of families of effective theories,
even though the predictivity at all energies is missing).

Naturally, since the outlook of this extended program is that of addressing quan-
tisation of General Relativity (with boundary), we wish to stress that without the
observations produced in this preliminary phase, an early attempt at directly quan-
tising PC theory might have been thwarted by the very obstructions highlighted
by our investigations.

In this sense, we believe the correct preparation of a field theory for its pertur-
bative quantisation to be of crucial importance to drive the scientific effort towards
sensible questions, and divert it when evidence is presented of a potential roadblock
ahead. This should be of particular interest for the scientific community heavily
involved with the study of Palatini—Cartan theory as a fundamental building block
for a quantum theory of gravity.

Acknowledgements. We thank G. Barnich and M. Grigoriev for useful discus-
sions on both content and context, as well as the anonymous referees, whose com-
ments have helped improve our manuscript. M.S. would also like to thank C.
Blohmann and A. Weinstein for numerous scientific interactions relevant to this

paper.

1. BACKGROUND

One of the goals of this paper is the construction of a BV theory on a cylindrical
manifold ¥ x I by means of the AKSZ construction, with target a BFV theory
associated to X. In this section we introduce the basic definition of the BV(-BFV)
and AKSZ formalisms, together with the relevant notions of equivalence that will
allow us to compare theories. We refer to [BF83; BV77; BV81; CMRI11; CMR14] for
a more detailed introduction and more insight in the meaning and the motivations
for the following definitions and theorems. For an introduction of the BV (-BFV)
formalism and gravity see [CS19a;|CS17;/CS19¢|. Other versions and interpretations
of the BV formalism for gravity can be found in [BFR16|.

1.1. The Batalin—Vilkovisky formalism.

Definition 1. A BV theory is a quadruple § = (F, S, w, @) where F is a graded
manifold (the space of BV fields) endowed with a degree —1 symplectic form o,
S: F — Ris a degree 0 functional (the BV action) and @ is the (odd) Hamiltonian
vector field of S with respect to w satisfying [@, @] = 0.

Remark 2. Since @ is the Hamiltonian vector field of S, i.e. tgw = 0.5 where 9 is
the de Rham differential on F and ¢¢ is the contraction w.r.t. (), we can rewrite the
equation [@,Q] = 0 as (5,S5) = 0 where (-,-) denotes the Poisson bracket defined
by w. The latter equation is called the Classical Master Equation (CME).

Definition 3. An exact BFV theory is a quadruple §° = (.7-"9, S0 w9, Qa) where
F9 is a graded manifold (the space of boundary fields) endowed with a degree-0
exact symplectic form @w? = §a?, 9 : FO — R is a degree 1 functional and Q7 is
the Hamiltonian vector field of S? with respect to @? such that [Q?, Q%] = 0.

Remark 4. Typical examples of BV and BFV theories are modeled on sections
of bundles over differentiable manifolds, possibly with boundary, with w(?), S(9
and Q@ respectively a local two-form, functional and vector field. Throughout
the paper, when specifying BV theories, we will assume that the equations tgw =
05 and (S,S5) = 0 are satisfied only up to boundary terms. The failure of said
equations will be controlled by the data of a BV-BFV theory, as follows. It is
often convenient, in this scenario, to define the slightly more general concept of a
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relazed BV theory, i.e. data § = (F,S,w,Q) as in Definition [3] but without the
requirement that @ be the Hamiltonian vector field of S. If we are given a BV
theory on a closed manifold without boundary, we can consider the same local data
as a relaxed BV theory on a manifold with boundary.

Definition 5 (|CMR14]). A (relaxed) BV theory § = (F,S,w, Q) is said to be
l-extended to the BFV theory §% = (.7-'87 S w?, Qa) if there exists a surjective
submersion 7 : F — F?, such that the following compatibility relation is satisfied:

Low = 88 + 7 a? (1a)
The data ' = (6’, 39, 7r) will be called 1-extended BV-BFV theory.
Remark 6. Notice that, from the data above, the following relation follows:
Lol = 2% 59, (1b)
The following definitions compare two different BV (or BFV) theories.

Definition 7. Two B(F)V theories 55‘9) and Sga) are said to be strongly B(F)V-
equivalent if there exists a symplectomorphism

o o o o
o (F2, o) = (F, =)

preserving the BV action: Q)*Séa) = S%a). The map @ is called a strong B(F)V-
equivalence.

Definition 8. Let §; and §2 be two (relaxed) BV theories. A (relaxed) BV-
inclusion J : §1 — 2 is an inclusion of (super)manifolds ¢ : F; — F3 such that
wy = "y and 1*Q1 = Qat*. If the two theories are relaxed we will additionally
require ¢t*So = S7. In this case we say that §; is a BV—subspaceﬂ of Fo.

Remark 9. Naturally, if Q1 and Q5 are the Hamiltonian vector fields of S and S
respectively, the condition +*S5 = S7 is equivalent to the condition t*Q2 = Q1.",
up to a constant.

Proposition 10. The composition of a strong BV equivalence and a BV inclusion
is in turn a BV inclusion.

Proof. The map ® o satisfies trivially the properties of a BV inclusion. U

A notion that we will need to compare theories is that of BV-pushforward. This
notion is usually phrased at the quantum level [CMR18; Mnel7|, where the addi-
tional data of a BV Laplacian needs to be provided. However here we are interested
mainly in its classical counterpart. The basic setting is the same, although we con-
sider the following simplifying assumptions. Suppose that we have a splitting of a
graded symplectic manifold (F,w) so that F = F' x F”, with w = @’ + @w”, and
let £ be a Lagrangian submanifold of (F”, w”) endowed with a half-density p on
F", which thus defines by restriction a density . on £. Denote coordinates (2/, )
respectively in F’, F”, and let 2 € {x, 2"} be Darboux adapted coordinates such
that = parametrises £ and z! are transversal.

Definition 11. We define the Batalin—Vilkovisky—Legendre transform of a func-
tional S € C*°(F), with respect to the Lagrangian £ C F”, as Sgvr, € C°°(F'):

SBVL = S(Z, IZTO,LEJr = O) (2)
where g is a critical point for S (assumed unique):

08

E IT:O(xO) =0.

"In the math literature, a map with this compatibility between the symplectic structures and
the cohomological vector fields is known as a morphism of dg symplectic manifolds.
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Starting from a BV theory on (F,w) we build a theory on (F’,w’) by means
of a gauge-fixed fiber integral along F”, with gauge-fixing Lagrangian £. In other
words, if S denotes a BV action on F we consider the effective result of the BV
pushforward (fiber integral) to be

i i
exp Seﬂ‘> ::/ exp <S>
(h LCF! h

where the integral is defined perturbatively as a power series in 4. Note that Sgyr,
is the dominant term of Seg. When S depends only quadratically on the variables
on L, the only correction is i%/2 times the logarithm of the determinant of the
quadratic form.

pe (3)
c

Remark 12. Let us comment briefly on the notion of equivalence of theories in
the BV formalism. When the moduli spaces of solutions of the equations of motion
for two theories coincide, the theories are said to be classically equivalent. A finer
notion of equivalence requires that the BV cohomologies be isomorphicﬂ and it
allows for an extension to the case with boundary. One looks at the bicomplex
given by the BV operator and the de Rham differential (Q**(F;, M), Q; — d), and
equivalence in this sense requires two theories to have quasi-isomorphic local de
Rham/BV complexes. The typical argument for equivalence involves the elimina-
tion of so-called generalised auxiliary fields and trivial pairs [BBH95; Hen90|. This
notion, however, is suboptimal because it relies on homological perturbation the-
ory, which potentially could output an infinite tower of ghosts and antighosts in
the process of constructing an equivalent theory. In other words, that approach —
albeit somewhat well-established— does not provide a direct answer to the question
of whether two given BV theories (in the form of two Hamiltonian dg-manifolds)
are equivalent, provided their degree-0 sectors are classically equivalent. For this,
instead, a spectral sequence argument would be more appropriateﬂ

On the other hand, one could phrase equivalence in the BV-BFV formalism,
requiring existence of the BV-BFV structure and equivalence of the respective BV
and BFV cohomologies (an explicit example of this, is the strong equivalence of
General Relativity and BF theory in three dimensions [CS19a]). This existence
requirement might become an obstruction to BV-BFV equivalencﬂ For our pur-
poses, then, even assuming that by removal of generalised auxiliary fields one may
prove some BV equivalence between Palatini—-Cartan and Einstein—Hilbert theories,
the results of [CS19b| and of the present paper show a discrepancy of the theories
in the BV-BFYV sense.

1.2. The AKSZ construction. Let X be a graded manifold and N an ordinary
manifold and let ux be the canonical Bereziniarﬂ on T[1]N.

Definition 13 (Transgression map). Consider the map

T Q*(X) — Q° (Map(T[1]N, X)) (4)

8(Classical equivalence is the less restrictive requirement that only their 0-cohomologies be
isomorphic.

9n an optimal scenario, to auxiliary fields one can associate a subcomplex with trivial coho-
mology. More generally, one has a filtration of the original BV complex, so that the associated
spectral sequence converges. However, this is in general quite hard to prove.

100Observe that this is essentially the strictification requirement of the presymplectic BFV data,
see Remark

HRecall that a function on T[1]N is the same as a differential form on N. Integrating a func-
tion on T[1]N against the canonical Berezinian pp is by definition the same as integrating the
corresponding differential form on N, which we assume to be oriented.
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defined by Tg\;) ‘= p,ev*, where

Map(T[1]N, X) x T[N —— X (5)
Map(T'[1]N, X)

and we set p, = f un. We will call TE\;) the transgression map, and its evaluation
N
a transgression.

We endow the graded manifold X with a function S of degree n and parity n
mod 2, together with a one-form « of degree n — 1 and parity n — 1 mod 2, such
that w = do is nondegenerate and {S, S} = 0 with respect to the Poisson structure
defined by w. Then we say that X has a Hamiltonian dg-manifold structure, with
differential {5, -}.

Observing that the de Rham differential dy on N can be seen as a degree 1
vector field on Map(T[1]N, X) we have

Theorem 14 ([Ale+97]). Let (X, S, «) a dg-manifold as described above. Consider
the data

TSN, X, S, 0) = (JFAKSE, GAKSZ (AKSZ (gAnsz) (6)
with FAKSZ = Map(T[1]N, X)), QK57 = ‘Zg\?)(w), the functional SA*S%: FAKSZ — R,
5257 .= T0(9) + 14, TV (). (7)

Q%% such that 1gakszQM®? = §SAZ. Then,

and the cohomological vector field
SASZ(N; X, S, ) defines a BV theory.

We will call FA%SZ := Map(T[1]N, X) the AKSZ space of fields. Introducing
Darboux coordinates {p;, ¢’} in X so that a = p;dg’, the space of AKSZ fields is
composed of inhomogeneous differential forms B, Q on N. Then, if we consider X to
be the space of sections of a bundle E — %, that is to say X = T*[n— 1]C®(%, E),
we can write

Qe = / [(6%, 09)"" = / [59:097]"" (8)
XN XXN
where we have denoted by § the deRham differential on spaces of maps and C°-
sections, and top denotes the top-form parts of the inhomogeneous differential forms
within brackets. We will drop the superscript top in what follows.
Consider this elementary fact:

Lemma 15. Let A, B, C be graded manifolds, ¢: B — C an isomorphism of graded
manifolds, and pa a measure on A. Consider the diagram

Ax B Y% axc 9)

B——C
Then, setting np, = [ pa- and 7o, = [ pa-, we have ¢* o e, = 7p, o (id x @)*.

Theorem 16. Let (X,Sx,ax) and (Y,Sy,ay) be equivalent Hamiltonian dg-
manifolds, i.e. there exists a diffeomorphism ¢: X — Y such that wx = ¢*wy,
and Sx = ¢*Sy. Then F¥*?(N; X, Sx,ax) and F*?(N;Y, Sy, ay) are strongly
equivalent BV(-BFV) theories for every manifold N.
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Proof. ¢: X — Y induces an isomorphism

¢: Maps(T[1]N, X) — Maps(T[1]N,Y)
by precomposing maps with ¢* or ¢—'". Then, we can apply Lemma with
B = Maps(T[1]N, X), C = Maps(T[1]N,Y) and A = T[1]N. O

1.3. One-dimensional AKSZ construction. Let I C R be an interval, and §°
an exact BF'V theory. We can construct a BV theory by applying Theorem [14] on
the Hamiltonian dg-manifold underlying an exact BFV theory:
gAKSZ(I,ga) — gAKSZ([. ]:3 Sa aa).
The resulting space of fields reads
FASZ = Map(T[1]1, F?).

Since the target space F? is (locally) a graded vector space, we identify the space
of AKSZ fields with

fAKSZ — Q.(I) ® ]_—6'

In particular, when F? is modeled on sections of some bundle over a (N — 1)-
dimensional manifold ¥, we can view F%5Z as the space of sections of some (graded)
bundle over X x I. The space 2°(I) splits into:

Q) =Cc=() e (-1

hence, to each field in F? we associate two new fields. For simplicity we denote the
field in C>°(I) ® F? with the same letter as the old one, and use another letter for

the one in Q'[-1](1) ® F.

Proposition 17 (|[CMR18] and [CMR14]). Let 2 (X) = (F2(X), S2(2), w?(%), Q?(%))
be an exact BFV theory, with F2(X) = T(E — %), and @?(X) = 6a?(X). Then, if

I :=1[0,1] we have that F*4(I;32(X)) is a 1-extended BV-BFV theory over F2 (%)
(see Definition [5).

Proof. Theorem [14] tells us that F**S?(I;F?(X)) is a BV theory (up to boundary
terms). If we parametrise fields in FA* as

P=pt)+q ()dt  Q=q(t)+p(t)dt

we get
oot — [ (op.00) = [ {tom.ap) + (-1 00,001}t
XxI NxI
and
52— [ (p.dig) + [ (52 (D))
XxI
The transgressed integrand needs to be first-order in dt, which leaves us with

552(%)

o
%@)(Wi) + Tq(pfdt)

[T (S7 D] = 52 (D)p + o' dt, g + plde] =

Then QA¥S? splits in a transversal part plus a tangential one: Q% = QT + Q,
where Q7¢" = —p and QTp! = ¢ is essentially just deRham differential on I, and

Q is easily obtained:

L 089(%) 559(%)

Qp=— =Q% Qq= 5 = Q%
q p
R §289(%) 525%(% R §289(%) 528%(%
pl = 5ap ")+ Jpg( )(qT) Qq' = 5p5a (¢") + 5q2( )(pU
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The boundary terms are easily seen in the given local chart, in fact:
LQAKSZQAKSZ — 5SAKSZ 4 g

but & only sees contributions from (p,dg) and, up to sign, we get & = a?(X), with
6a?(¥) = w?. Then, the projection of Q**% along the natural projection map from
FAKSZ ¢4 the space of boundary fields, which coincides with F2(X), is precisely
Q?(%), concluding the argument. O

Remark 18. A similar statement to Proposition is presented in Henneaux—
Bunster [HT92, Theorem 18.4.5], where one identifies the output of the above
AKSZ construction with the (first-order) BV theory obtained by embedding in
the BV formalism the generalised Hamiltonian formulation of a given field theory
(see also [DGH90|). An analogous construction, already in the context of AKSZ
theories, was presented in [BG05; |(GDO00|. The added observation of Proposition
is the compatibility between BV for the bulk and BFV on the boundary, viz., what
we call a 1-extended BV-BFV theory in Definition

We would like to show that this construction behaves well under equivalences of
the relevant BFV data.

Corollary 19 (Theorem. Let §9 and F9 be two strongly BF V-equivalent (exact)
theories, then FAF4(I;F9) and FA*?(1;F9) are strongly BV-equivalent.

Proof. A strong BV equivalence induces an isomorphism of the underlying dg-
manifolds. ]

2. BFV THEORIES OF GRAVITY

2.1. BFV Einstein—Hilbert Theory. The BFV theory for GR in the Einstein—
Hilbert formalism (as described in |[CS16]) associates to any (N — 1)-dimensional
(pseudo)—RiemanniarE manifold ¥ the graded 0-symplectic manifold

Fou(8) = T* (S7,(T) x X[1](£) x C*[1](%)), (10)
{r.6%.6"}

where S2,(2) denotes the space of nondegenerate symmetric tensor fields of rank
two, with canonical exact symplectic structure:

o (D) = dagy () = 5/<H75v> + (09, 68%) + (pn, 6€™), (11)
>

and {II, pg, ¢, } denote variables in the cotangent fiber, dual to {7, £?,£"} respec-
tively, i.e.

1 € S*(T*Y) ® Dens(X),
0o € V() ® Dens(X),
©n € C(2) ® Dens(X).

Remark 20. The components (7)? of a v € S2,(TY) can be thought of as the
inverse of a (pseudo-)Riemannian metric on 3, which we denote by v~!. With a

slight abuse of notatio we will denote by /7 = /det(745) the square root of the

121 this paper we will mostly focus on the case where ¥ is a Riemannian manifold, seen
as a spacelike boundary of a cylinder ¥ x R. Generalisations of this to the timelike case are
straightforward. The relevant BFV data can be found in |CS16|.

13This is not really problematic, since its variation reads §,/7y = %ﬁvabéwab = —%\ﬁwabévab
and we can use either formula according to our needs. If we wanted to use the correct notation
we should simply replace /7 with its reciprocal, in formula .
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determinant of the metric on ¥ that we denote by v~! everywhere else. In other

words, /7 is the usual density associated to a metric, i.e. /¥ dN~1x is a volume
form on ¥. Observe that all fields in the fibres of the cotangent bundle are
sections of the respective dual bundles, tensored with densities. The conjugate field
to 7y is a section of the second symmetric tensor power of the cotangent bundle of X
tensored with densities on X, i.e. II € S*(T*¥) ® Dens(X) is of the form II = |/,
for 7 € S2(T*¥). A similar decomposition holds for g, @,,.

In addition to F&,(X) and @y (%), the BV-BFV procedure outputs a func-
tional of degree 1 on F2,,(%), called BFV action. It is given by the local expression

Sou (%) :/ {ann + (IL, Leoy) + pnLeo™ — v(pa, d€™)E™ + <<Pc% ;[58756]>}
>

(12)

where we have denoted the Hamiltonian constraint density by

1 2 1 2 )
Hy (v, 1) = (ﬁ <Tr7[1'[ | = 5= Tty 1] ) +/7 (R? - 2A) (13)
with R? is the trace of the Ricci tensor with respect to the metric y~!, A € R
is the cosmological constant, Tr,[II?] = 24, 11,4 and Tr,II is the density
v‘leab. Observe that we can also denote the momentum constraint density as the
density-valued one-form

Hy: X(¥) — Dens(X) Hy(X) = (II, Lx"~) (14)
for X € X(%).

Remark 21. One can integrate the density of equation against a function
A € C*(X), or integrate the density in to get local functionals on fields. Then
A and X play the role of Lagrange multipliers, to enforce the so-called Hamiltonian
and momentum constraints.

The Hamiltonian vector field Q% () of S%(X) with respect to w%,(X) is a
differential on C*°(F%, (%)), the BFV differential, and its cohomology in degree
zero is the reduced phase space defined by the constraints {H,,, Hy}.

Definition 22. We define BFV Einstein-Hilbert theory associated to be the as-
signment

S~ 3n (D) = (Fou (D), Ser(X), @24 (5), Qa(%)). (15)
2.2. BFV Palatini—Cartan theory. Let ¥ be an (N — 1)-dimensional compact
and orientablﬁ smooth manifold and let P — ¥ be an SO(N — 1, 1)-principal
bundle. Let also V be the associated vector bundle where each fibre is isomorphic
to (V,n), an N-dimensional vector space with a pseudo-Riemannian inner product
1 on it. We further identify so(INV —1,1) & /\2 V using 7.
Furthermore we use the following notation:

0 =0 (5, \V).
The BFV data for PC theory has been described in [CCS20] for N > 4 and in
ﬁSlQa] for N = 3, the following discussion will be nontrivial for N > 4, see Remark

The classical fields of the theory are then e € QL ,(3,V) — ie Qé’l plus the
nondegeneracy condition that the induced morphism 7% — V should be injective

Hpor simplicity we orient ¥ and V, but the formalism generalizes to nonorientable ¥ as well,
see |CCS20].
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— and the equivalence class of a connection w € A(X) under the e-dependent
relation w ~ w + v for v such that Weljvl_s(v) = 0, where

11 . oLl 2,2 1,1 _ _N-3
Wiiis: Qg — Q37 Wis(v) =e Awv.

We denote this equivalence class and the quotient space it belongs to by [w] €
Ard(¥). We further assume that the boundary metric

9% =nlei e5) (16)
is nondegenerate.

The symplectic manifold Fgc of (degree-0) boundary fields for PC theory is
then the total space of the fibre bundle F3, — QL,(%,V), with fiber A™d. The
manifold FI‘ZC is obtained as the symplectic reduction of the naive boundary two-
form & = [ eN~3§edw, which is pre-symplectic since ker(cr) ~ ker(Wi? ;) # {0},
as described in |CS19¢|. Instead of working with equivalence classes of connections,
it is convenient to fix a nonvanishing section €, € I'(V) and enforce a condition
called structural constraint, which was introduced in |[CCS20|:

(N = 3)eneNHdye € ImWhL,, (17)

in the space of boundary tetrads and connections. In order to do this one restricts
to tetrads e that are linearly independent from €,. In general this implies working
in patches over the space of the e-fields. However, if ¢? is space-like, we may choose
once and for all ¢, to be time-like, which provides a global choice on the space of
the e-fields.

Remark 23. Considering the boundary by itself, the constraint is one of the
possible ways to fix the the transformations in the kernel of the presymplectic form.
If we take the bulk as well into account, it assumes a more fundamental role: it is
the necessary and sufficient condition for the transversal equations of motions to
be solvable. Indeed, the (bulk) equations of motion split into a tangential equation

eN_3dwe =0
and a transversal one
(N — 3)€n€N_4dwe = eN_S(dwe)na

which tells us that e, e ~*d,e must be in the image of Well’vl,3. Then, upon using
the tangential equation, we can replace e, with some fixed €,. See Section

Denoting by S C Q,(3,V) x A(X) the submanifold defined by Equation (7)),
we have:

Proposition 24 ([CCS20}; (CS19c]). There exists a symplectomorphism
F3o(%) — S.

Effectively, then, one can work on S. The main advantage of this explicit de-
scription of the symplectic space of boundary fields is that it allows to explicitly
compute the symplectic BFV data for PC theory (see Remark .

In order to write down the BFV data it is sufficient to fix the equivalence class
[w] € A™4(X) using as done in [CCS20], however, when extending F9, to a
graded manifold we can choose to modify the structural constraint by adding terms
in the ghosts and antifields. This will turn out to be convenient in what follows.

Definition 25. Consider the graded manifold
Fro(®) =0 (5,V) x A®) x T* (2’ @ X[](X) @ C*[1](X)),  (18)

where we denote fields by
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e ccQL(2,V) and w € A(D) in degree zero,

e ce Qg’Q[l], ¢ € X[1)(X) and A € Q%°[1] in degree one,

o cf € QF?[—1], AT € Q%% [—1] and ¢t € Q5°[~1] ® QF* in degree minus one,
together with a fixed section €, € T'(M,V), completing the image of e to a basis of
V. We define the BFV structural constraint to be condition[ ™k

(N — 3)eneN_4dwe + (L?en — e, en])(a) c:fl IS I]anV:;vl_3 (19)

where {(a), (n)} denote components with respect to a basis {eq, €, }. We define the
space of BFV fields ]-'1‘20(2) to be the space of solutions of the BFV structural
constraints within Fpo(X).

In order to have a better expression of the BFV structure, following |[CCS20,
Section 5.2], we introduce the field y € Qg’?’[—l] such that the original fields A
and §T/ are recovered through e,yt = —At and eyt = —{l/. This also allows us to
write a single expression for all N > 3.

To complete the definition of the BFV data for Palatini-Cartan theory we con-
sider a degree 1 functional and a symplectic fornﬂ given, respectively, by:

1
SIB:"C(E) B /66N73dwe + LgeeNing + En)\eN73Fw + 5[07 C]CT - ‘&}'JCC'r
P

1 1
+ §L§L§FwCT —[e, en)\]yT + L‘g(en)\)yT + §L[§7§]6yT, (20)

oo (X) = / eN35edw + dedel 4+ dwd(tect) — SXendyt + 15ed(eyl). (21)

b
Note that each term of the integrals belongs to Q¥ 1V which can be canonically
identified, using +/| det 7|, with the space of densities on 3. A detailed explanation

can be found in [CCS20|. However, we will not write down the factor +/|detn|
explicitly.

Definition 26. We define BFV Palatini—Cartan theory to be the assignment
= Fpc(D) = (FPo(R), Spc(X), @pe(R), Qpc (). (22)
with Q% (%) the Hamiltonian vector field of S% (%) with respect to w2 (%).

Remark 27. Notice that the data presented in Definition [26] are equivalent to the
BFV data presented in |[CCS20]. The cohomological vector field of a function on
(the presymplectic manifold) Fpc(X) is uniquely fixed by the tangency to the BFV
structural constraint (19). In [CCS20] the equivalent choice of the constraint (I7)
is made, and the resulting Q)’s differ along w by a term in the kernel of Wellf,s
We make this choice in this paper because it makes it easier to compare the AKSZ

construction for the constrained space F3.(X) with a constrained version of PC,
see Remark 28

15This BFV structural constraint differs from the classical one of equation by a term
depending on ghosts and their antifields, so it reduces to the classical structural constraint if we
restrict it to the classical space of boundary fields (the body of Fpc(%)).

16T his version of the BFV data features a particularly simple action functional, at the price of
not expressing the symplectic form in its Darboux form. An alternative can be found in |[CCS20].

17Also note that this term vanishes on the body of Fpc when imposing the classical con-
straints, i.e., the expressions paired to the ghosts in the first three terms of . The two BFV
constructions, by or by , describe the characteristic distribution of the coisotropic sub-
manifold determined by the constraints. They extend this distribution in a different way outside
of it, but this is irrelevant.
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Remark 28. In [CS19b] two of the authors showed that the natural BV data
for PC theory (in dimension N > 4) cannot be extended to a BV-BFV theory
(Definition . Since the degree-0 part of our AKSZ target will be the constrained
space }'gc(E), the extension to the cylindeﬁ of Equation provides an explicit
realisation of (one of) the conditions that must be imposed on the bulk BV fields,
in order to have a 1-extended BV-BFYV theory. For N = 3, the additional condition
imposed by is void, explaining why 3d PC theory can be (fully) extended
without additional requirements on the fields |[CS19a]. We will comment further on
this in Section [£.21

Remark 29. The main difficulty in constructing BFV data for PC theory comes
from the requirement that (}"gc,wlajc) be a symplectic manifold, as opposed to
pre-symplectic (cf. with [AG14] and [Gril6]). We stress that this requirement is
essential for quantisation. To the best of our knowledge, a complete description
of the symplectic BFV structure for PC gravity was not available before [CCS20].
The complexity of the symplectic reduction arising in the classical description of the
degree-0 boudary structure [CCS20; (CS19¢|, as well as the obstruction in the BV-
BFV induction procedure [CS19b|, are relevant features peculiar to this formulation
of gravity.

Remark 30. The conventions we choose for the fields in and in differ from
those in [CS19al Proposition 21]. In order to make contact between the formulas
one has to perform the following change of variables:

el syl wh el
c— —c &~ —¢ & =
In the case N > 4 some signs differ from the ones in [CCS20] due to a sign convention

for M.
3. AKSZ EH

We explore here the idea of reconstructing the (d + 1)-dimensional BV extension
of Einstein—Hilbert theory by means of the AKSZ construction, with target the BFV
data for Einstein-Hilbert theory (as presented in Section [2.1] based on [CS16]). In
order to do this one looks at the space Fpks? == Maps(T[1]I, F2, (X)), with I an
interval. In a chart, to consider the transgression map of Equation (13)) means to
look at fields composed of a 0-form and a 1-form on the interval I, with values in
F9, (%) and fixed total degree. For the case at hand we will then have

& =q(t) +I'(t)dt 3" =¢"(t) +(t)dt 3 =¢€"(t) + 5 ()dt (23a)
P =1(t) + 'YT(t)dt Hn = pu(t) + f;rl(t)dt Na = pa(t) + §l(t)dt (23b)
where, for all ¢ € I, we parametrise F;% with ﬁeldﬂ
’Y(t) € Ma‘p(la S’?zd(TE))a ’YT (t) € Map(l7 SQ[_H(T*E))a
I(t) € Map(I, S*(T*%)),  '(t) € Map(I, S[-1]*(T'%)),
n(t), 8%(t) € Map(I,C=(X)),  @n(t), a(t) € Map(l, Dens[-1](X)),
gn(t)7 fa (t) € Map(Iv c™ [1](2))a fl(t), fl(t) € Map(-[a Dens[—?](E)L
where we required (t) to be nondegenerate for all ¢ € I. Now, observe that 7, " are

functions on ¥ whereas 8%, £* can be considered as the components of vector (fields)
tangent to X, which we will denote by 5 and £2. Similarly, we can promote ¢, and

18Equaution (19) can be extended to the space of fields over a cylinder. We consider this point
of view in Definition
19The motivation for this particular choice of notation will be manifest very soon.
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¢! into Y-density valued one forms, which we will denote by g, 52. For simplicity
of notation we will often use a unified index p € {n,a}, so that ¢, € {¢y,,¢.} and

¢he el &l

Remark 31. Notice once again that we are using (nondegenerate) sections of
S?(TM) instead of actual metrics. Occasionally we will need to raise/lower indices
using v and its “inverse” which we will denote by v~!. See Remark

In what follows it will be useful to denote the Kinetic part of the Hamiltonian
functional (Equation (13))) as

A
¢ = (i) - e ). (24)

1

and the cosmological Finstein tensor with respect to a metric v~ with cosmological

constant A will be
1 _

GhoA] = Rl + (A= 3T, Rb] ) 7 (25)
where R[] is the Ricci-Riemann tensor of 7. We also introduce a tensor-valued
second order operator D, that on functions ¢ € C°(X) acts as

D.¢=7"'Aa% -V oV (26)
where V2 denotes the Levi-Civita connection of v, and we denoted by A? = v?.Vv?
the Laplace-Beltrami operator. In a coordinate chart this reads:
[D-las = a1y VIV o = VOVi o
In what follows we will also use the metric gradient, i.e. the vector field grad. ¢ =
v(d, ). Since the covariant derivative V? will not explicitly appear in what follows,

we shall employ the symbol V to introduce a shorthand notation for the metric
gradient:

1
V,¢ = igrad,yqzﬁ.
Then, it is a matter of a straightforward calculation to show that
1, _ _
Dyp=3 (v ' Tr[Lo,en] = Ly,er ) -
With this in mind we can state the following:

Theorem 32. The AKSZ data FuSH(I;5%, (X)) are given by the (—1)-shifted
symplectic manifold

Fpip? = T*[1] (Map(I, Spa(TE) x S*(T*S) x C(2) x X(2) x X[1](Z) x C[1](2)))

OE = / {07, 69%) + (011, 611 + 66P6¢] + dnbepn + 680 a} dt  (27)
xI
and the AKSZ action functional :

557 = [ {{1.9) ~ (o0 ) + Hun+ Ho(8) = (01, Leom) + (I, LoDy (250

NxTI
) )
- (S + SH6N ) € - VAT Gl A" + D (67) (251)
+ (0, VAm€"™ = V8" 4 Leo B) — onLp€™ + pnLeon (28¢)
+ <§g, %[58,58] + 5”VV5"> + 117 (0, dg™)E" + ] Leo€™ }, (284)

together with its Hamiltonian vector field Q5.
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Proof. The prescription of Theorem suggests that to construct the data in
FARSZ(1; 52 ,;) we need to compute

QS = T (D) = [ (59.58) + (69,63, (29)
UxT

By selecting the top-form part of the integrand and observing that |dt| = 1 we get

0N = / {—(67",87) + (011, 6T1") + 6€166° + 6ondn + SpadB*} dt - (30)
YxI
where the sign comes from (§(y'dt),6v) = —(dvf,6y)dt, since |6y = 1, while
5§Zdt5§” = (%Zéfpdt, since [66°| = 2. QA% is a (—1)-symplectic structure on
Maps(T[1]1, F2 (%)), a BV 2-form.
Now, from a2 ,(X) we can construct a degree-0 functional on FaS? by first
applying the transgression map, which yields the 1-form

THa? € O (Maps(T[UL, F (D)),

and then contracting it with the de Rham differential on I seen as an odd cohomo-
logical vector field d;. In a local chart this is tantamount to replacing 6 ~» dy :=

d
dt 5, so that

1 . :
5ok (®) = [ {4) - 0 én)}ae. (31)
xI
where the sign comes from the fact that (p,dt, £r)y = —(@p, £°)dt. Finally, we want
to compute the AKSZ action functional
ST =T (Shu(2) + 10, %5 (afm ().
This calculation is completely analogous to the previous ones, and it is mostly
straightforward. One needs to pay attention to the signs, so it is worthwhile to
stress that
W dt (pp, dg™)€" = 1)V dt a0 = '] padpg"€"dt = I (0o, d€™)€" dt
while
—(Ebt, A€ )€™ — (o, dn i €+ dg" ) = ({€5, €"VAE") + (0o, Vo™ — V")) dt
Finally, at first order in dt,
0(HpE™)

S(Hn&")

H,(y +Tdt, T+ 41)¢m = —— "> (' dt OUHRET) gy
(v + I'dt, I+ 7")¢ 5 (I'dt) + —=—=(v"dt),
and dt&" = —£"dt. We write the formulas above as derivatives of the functional

H,£™ to stress that total derivatives will appear, due to the term R? in H,. Re-
calling the expression for H,, of equation and the definition of I, G[vy, A] and
D, of Equations , and , the variation of H,£&™ with respect to v yields

S(H.E") 0K,  O(AR%E") oK

—_— = (" = Gy, A"+ D, (" d(...).
The total derivative term is exact with respect to the tangent differential ds. It can
be discarded, provided ¥ has no boundary (which we are assuming throughout),
so:

H, (v +IIdt, T + yHem =

_ (?ﬁm + f;f(m)) §dt — 3 (I, Gl AJE" + D (€M) dt. (32)

O
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Remark 33. In order to compute the cohomological vector field Q5 we enforce

the Hamiltonian condition LQAKSZQEH = 055* dropping all possible boundary
terms. It reads (we omit the expression for QHZ¢T and Q¥ ¢):

B = %5" + Loy (33a)
QI =~ ¢ — VT (Gl A" + D1 (€) + LoTle @ ™" (330)
QEfn = —€" + Leon — Lpg" (33¢)
QEi’B = —5‘9 + Lo + Vyn&" = nV,€"=Vig"¢" (33d)

Qe = [58, 1+, (33e)
QR = L§a§" (33f)
Qi = H+—n+\f( [y Al + Dy (1)) + LIl + Leon'! (33g)

+ &) 0 dE"E™ — 0o © dnt" 0 © dE” (33h)

07K T 0*Hy, i en L 1t n n .
+ {W(H )+ 5o )} "= 57 (I Gl "+ D, (€7)) - (330)
0G[y, Al . 9D4(E") ,
- t n
\ﬁ<H "oy &+ gW > (33))
3K 2K 52K .
QR =4+ S+ Ly + Leo Tl — [5112( M)+ S| € (33K)

Remark 34. We notice that the term ,/yD,(:) is the contribution to the field
equations for a metric due to the presence of a Brans—Dicke “dilaton” field, whose
role is played by the ghost £” in the BFV action S%, (%) and by 7 in SAKSZ.

3.1. Pushforward. We would like to compute the BV pushforward of 2% along
the symplectic submanifold (I, IIT) € F” = T*[~1]Map(I, S?(T*X)) C FpksZ.

Remark 35. This is the same as evaluating Seq from equation (3). Since SHH* is
only quadratic in II, the calculation reduces to computing the Batahn Vilkovisky—
Legendre transform Spyy of SA5% with respect to £, as in Definition plus
a correction in the integration measure for the remaining (second-order) effective
theory. Note that Equation [2]is equivalent to setting to zero the r.h.s. of Equation
, together with IIf = 0.

Recall that we are assuming () to be a nondegenerate section of S?(T'Y) for
every t, i.e. it represents the inverse of a metric, and dually I1(¢) € S?(T*X). We can
use v and its inverse (denoted 4”) to raise/lower indices: explicitly, if v = ¥**9, © 0,
we have 7* = vqpdz® ®da®, with 7%, = §2. Then, for X € S}(T*%), Y € S*(TY)
we define (X#)? := 494X, and (Y?)ap = YacypaY %

Definition 36. Consider the space of fields Fr(X x I) C FAKS? as
Fr(E x I) = T*[-1] (Map (I, 57,(TE) x TA] (C*(2) x X(X))))  (34)

parametrised by (’Y? m, 67 §n7 gaa Pns P, €1TL7 gg)? with LEH: JT'-R(Z X I) — ]:AKSZ the
inclusion map.

Theorem 37. The BV-pushforward of F*(I;§% (X)) with respect to the La-
grangian submanifold £ = {(II,IIT) € F" | IIT = 0} is the BV theory given by

Sr(EXI) = (Fr(ExI),Sr(ExI),wr(X x 1))
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where

Sr(Ex 1) = /dt/—nﬁ [(K* K) — Tr(K)?) + R — 2] (35)
R >
— (71, Leoy) — 2(K*, 41" — (0, €7)
+ (pa, Vyn€™ = VA& + Lo B) + on (—Lp&" + Leon)

¥ <£;,§"w” + ;53,58]> €l Leo”

1

with K = 1— (4 + Lﬁfy)b, and
Dr(S x I) = (. (36)

Proof. As discussed in Remark we are interested in finding the effective action
one obtains by means of the perturbative expansion of the integral

1 1
exp <hSeﬁ‘> = / exp (th%Z) (37)
LCFr

because SH5%|z is quadratic in II, through the term C(II)n. Observing that

‘;—g - \; <Hﬁ - dler(H)) (38)
2
G = == (07 = 726N ) (39)

we have that Equation (33kl) reads
2 t_ 7 — 1[4 _2 e _ Y T n t
NGl (H d—lTr(H)> =-n (W'FL,B’Y ﬁ((v) g7 () )€ )+ FA)
(40)

where Tr(X) = v**X,;,. We will use the symbol =~ to denote the enforcing of
Equation (33K) and of II' = 0. Then, requiring IT" = 0 and defining
—1

Ki="T—(+ L), (41)
we obtain that
M~ =7 (K = T(K)y ) +n7'57e", (42)
It is easy to compute now
Hy, = 7 [((KF K) = Te(K)?) + R — 2A] — 207 '(KF 4 )¢" (43)

which, together with
(IL4 + Lgy) = =27 [((K*, K) — Te(K)?) + R? — 2A] + 27 {(K* 4 T)e™ (44)

and

5H,
- el e, (45)
yields
SAKSZ / dt / oA [((KS K) — Te(K)?) + R? — 2A] (46)

R >
— (vt Leory) + 2(KF ANYE™ — (p,,€7)
+ (98, Vyn&™ = V4" + Lo B) + on (—Lp€™ + Leon)

+ <5}3,£”v7§” + ;[53,5"’]> + & Lot =1 Sp(X x I).
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So, formula shows that Seg = Sgr(X x I) + O(h). The h correction is the
(logarithm of the) determinant of the operator defining the quadratic form I, i.e.
the determinant of the deWitt super metriﬂ [DeW67]

,.yzk,.yjl o y ,ng,ykl> ,

Wijk:l _ =
-1

Y

or, more invariantly

1 1
W, (IL 1) = — ( (IT%,11) — Tt [11)? 4
LD = 2 (10 = e ). )
and it will have the effect of correcting the overall measure on the residual BV space
of fields Fr(X x I). O

Remark 38. Up to boundary, we can compute Qg (X x I) (denoted hereinafter by
QRr) to be:

Qry = Loy — 0 (§ + Lg)E" (48a)
Qrn = —Lp&" + Leon (48b)
QrB =V ng" —nV,E" + Leo B (48¢)
Qre" = Leat™ (48d)
Qne? = €"V,6" + 5162, €] (48¢)

and similarly for antifields.

3.2. Reconstruction of Einstein—Hilbert theory. In this section we wish to
show that the BV pushforward of the AKSZ theory constructed in Section [3.1] is
strongly equivalent to Einstein-Hilbert theory in the BV formalism.

To do this, we begin by considering the following definitions:

E=—n1¢"(0+ ) + & (492)
g=-1720,00 -2 o +y-1 08 (49b)
Lemma 39. We have the following relations
1 ~ ~ ~
5[5’ 5] = QR§7 (50&)
Led = Qri. (50b)

Proof. 1t is a straightforward calculation to show
QrE =1 2(QrE" (D¢ + B) + 1 " QrE™(D: + B) + QrE” + 1" QR
= (=n7%me" =02 LeE"E" + Leo (- 7€) (01 + B)
—n ' T LB+ S0

Observe that the “algebroid term” (see Remark below) £"V,£™ in Q rE? cancels
out with part of n71¢"Qg/3. On the other hand this coincides with

B8 = w0+ B) + € €0+ B) + €]
= (2" (0 + B)E" + Leo(—n ™)) (0¢ + B)

g€ T LB+ 51,7

20To be precise, W~ is the inverse of the metric introduced by deWitt, due to our choice of
working with inverse metrics .
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proving the first claim. We compute

Lgg = —2073€" 0,0, + 203 Leamds 0y + 20720, — 20 € Lgnd, 0,
— 20720, (™" B) 8y — A~ OBy + An~> LeonBOy — A~  Lgng™ B0,
— 20 2L¢o B0y — 20 2L (n'€") 0,0y + 20720, (€7 =0~ '¢"B) B
— 202 Lg (n~'€") BOy — 29720, (n™1€™) BO + 207 2E"BOL — M0 D 0,
+ Leo (v*°0,0,) — '€ " Lp(v**)0a05 + 2V (n™1€") 9, + 2V, (n~1€"B) O,
— 27" BB + 2P LenBB — 2 " LgnBB + 27 " BB — 1  Leo (BB)
—20"2Lg (n~'€") (B0 + BD)

where we recall that expressions like Lo () denote the Lie derivative of the vector
field B = 30, along £2. On the other hand we have

Qr(—n"?)0:0, = (—277735." +2n 3 Leon — 277’3L5£”> 0,0,
Qu(=2072B)0y = (— 4 *¢"8 + 4~ Leon — 40~ *Ly€"B) 0,
+ (217—25'3 — 22 Lo — 272V e + 2n‘1V7§") 8
Qr(Y**)0aly = —n 1" — 071" Lgy + Leory
Qr(—1728B) = —207°€"BB + 20> LeonBB — 20 > Lp€" BB
+ 2072 BE% — 20 Leo BB — 2072 (VymE™ — nV£™) B

And it is a matter of a straightforward, but lengthy computation to show that the
two expressions coincide. Indeed, subtracting one from the other we obtain

Lgg—Qrg = 20" (=0 "¢ (h+Lg(n) BB+2n " BB—2n"Lg(n~")&" (B01+5P)

— 274" Lg(n)0] + 20 0" B — 2" BE O, — AT (0 + L) B0,
+207°€" B0y + 20~ Len(07 + BOy) + 20~ "€" (B0, + BB) — 207*€"BB =0 (51)
O
Remark 40. Using Lemmawe wish to interpret as a map of Lie algebroids.

Consider the (trivial) vector bundle over
Map(I, S2,(T%) x C®(X) x X(X)) ~ PR™(X x I),
where PR¥(Z x I) denotes pseudo-Riemennian metrics on ¥ x I such that their
restriction to ¥ is nondegenerate, with fibre
Map(I,C>®(2) x X(X)) =~ X(X x I).

We consider two different Lie algebroid structures on this vector bundle. One is
the action algebroid with bracket given by the bracket of (d 4+ 1)-vector fields,
and anchor given by Lie derivatives on metrics. The other algebroid structure is

glven by formulas 1 ), with - and . 48c)) defining the anchor map, and
and (48¢) specifying the bracket of sections. Observe that the morphism of
algebrmds (49) does not preserve constant sections, as the splitting of a generic

vector field § depends on the so-called lapse n and shift B, which are coordinates
on the base of the fibre bundle. The latter algebroid encodes the algebraic relations
of the constraints of Einstein—Hilbert theorﬂ and was carefully studied by other
means in [BFW13|. It was also mentioned as a motivating example for the notion

21\We stress that, as it is, the structure one can extract from the BFV differential Q2 is that
of a curved Lo algebroid, due to the dependency on fields of negative degree. We thank A.
Weinstein, C. Blohmann and N. L. Delgado for enlightening discussions on this matter.
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of Hamiltonian Lie Algebroid, introduced in [BW18]. It is an interesting question
to check whether this construction satisfies the Hamiltonian requirements for an
algebroid.

To proceed, we need to recall the BV data associated with Einstein—Hilbert
theory, in the ADM formalism. Given a pseudo-Riemannian (inverse) metric g on
a manifold M, we can perform a d 4+ 1 decomposition and rewrite it a;

g,u,l/ — < _77_2 —77_25b )
_77—2511 ,yab _ ?7—250,517
In the case where M has a boundary, we can define the second fundamental form of

the boundary submanifold K,; and its trace K by means of the boundary covariant
derivative V@ (the Levi-Civita connection of 7) as follows

]' - a
Koy =50~ V0B +07m) K =1"Ka, (52)

where ¢ denotes a coordinate transverse to the boundary OM. Finally, notice that

(Ls7) ““Yacwa = =2V0By () “Yacba = =0 Yab-

Definition 41. Let (Frpp(M),Qgrp(M)) be the symplectic manifold
Fen(M) = T*[-1] (PR (M) x X[1)(0M))

with its canonical symplectic structure, and PRIM (M) denotes pseudo-Riemennian
metrics on M such that their restriction to M is nondegenerate. Consider the
functional

Sen(M) = [ { = n/Alelak™ K + B =20} + LG+ 50z (59
M

and denote by Qgg (M) the Hamiltonian vector field of Sgg (M), up to boundary
terms. Then, the assignment of the tuple

Ser = (Fea(M),Sea(M), Qer (M), Qer(M)))

to every (d+1)-dimensional manifold M that admits a Lorentzian structure will be
called Einstein—Hilbert theory in the BV formalism.

Remark 42. The sign convention used above is obtained from the standard ADM
decomposition by redefining (,3) — (—n,—08). This matches our conventions
below. This change is due to the choice of using inverse metrics for the first order
formulation, instead of metrics (in fact 1,507 = —I1**0;y4p).

Theorem 43. Finstein—Hilbert theory in the BV formalism §gg (X x I) is strongly
equivalent to Fr(X x I). Explicitly, the isomorphism of the underlying symplectic

2211 this paper we will assume that the manifold M has a global product structure M = X xR,
and the induced metric on ¥ will be Riemannian, i.e. the leaves ¥; are spacelike submanifolds
of M. It is straightforward to generalise this to the timelike case. The relevant formulas for EH
theory in the BV-BFV formalism have been given in [CS16].
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dg-mamnifolds reads:
—n20,0, — 2072 B0+ — BB
_15”@ +&% —n7lenp
(nfT + Lgfa) dt

g
3
3
1 _
g’ ( 1 0n — PaBt — 1,88 + npoclen + 5" 1«525") dt?
1
( 77 Pa t+ ’Yibﬂb - 277525”) dx®dt — ’Yibdxadxb

with inverse:

n=[-g"]"2
g =—[-g""g"
7 =[-g" g g"
& =—[-g" 2 ¢
¢ =+ [g"gte’
’Ylb = Yab
Yo =2[-7" ] at T 2§Zb§tb + @Lgt
on = 2[=3"2 gk — A[-3"125l,5" + 213" 2 g,
+ (gl - [ 2 ghele
& = —1-g"Eel + -9 2l
=g

23

(54a)
(54b)
(54c)

Proof. We begin observing that the definitions of K in and K in coincide

up to sign, after identifying g with the expression of Equation . Since the

expression Sappy = —n\ﬁ(e(KabK“b — K?) + R? — 2A) is quadratic in K, we

conclude that the degree-zero part 0 a coincide. This means that the
49b

two theories are classically equivalentf*’] and ([49b)) is the map between second-order

and first-order Einstein—Hilbert theory. N
We endeavour now to find the explicit expression for gt and ¢ so that

¢*((g,69) + (€1,8€)) = —(5~T, 6v) + (IL, STIT) + €167 + 06 + 0657

It is straightforward to compute
0" ((5",69) + (€,68)) = = [("€)an " + (9" €N ™8] d€" + (6"€) 06"
+ [2(0°7)en ™ + 40" G )an 2B + 2(¢7 G )arm 2B B°] o1
= (@€ 2" = (0 Ean287¢" | o + (&5 )07
+ 206G = 206" a8 + (6°€Nan 6" | 887

(56)

2?’Strictly speaking this is only true on an open subset of the moduli space of solutions, due to
the nondegeneracy condition on ~(t) enforced on the whole cylinder by the AKSZ construction,

while Definition [53| only requires the nondegeneracy of glgns-
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which leaves us with the intermediate expression:

& =(6"€Na (57a)
& == @ e + (0" Ean 5 (57b)
== Ta (57c)
Yo = —2¢"F)arn > = 2(6°F ) asn 28" + (¢ an 1€ (57d)
on = 206" T + 4@ T )an 2B + 2(6*G ) arn 3B6°

— (¢7€") 2" — (¢7€N)an2pE" (57¢)

Starting from the top and solving downwards, we easily get
(¢*€Na =&} (58)
(¢°€N)n = —ng] —€lp° (59)
(¢*5"av = =78 (60)
. 1 L
(6°3")ar = —50°pa + 108" + 51ELE (61)
(6°3") 0 = 50°pn +0°0aB® = 11,5 8" — nELAE" — Smele (62)
Alternatively, from , observing that the assignment can be inverted to
yield
—1x% 1 —1x%x na — a —1l*x_a
ot =[-g""z,  ¢7Vpr=—[-g""'g ¢y =[-g"]
together with
oI = — g2 e =+ [T
we can similarly obtain the inverse:

6 = [

—l'g'ta'g'tb

¢ Br = —[-g" g™
¢71 *,yab [727151‘/} 71§1‘/a§tb
giren = —[-g"

¢TI = ¢ + [—ggtee!
1%
o~ 73;17 = _glb

ol =¢l
o71vEl = €l [-g"* + €l Eg
¢~ "0 = —2g8,[-5"] + 251, 5" — €1¢
0" o = 200, [~5"1* — 4L, [~ 5" + 290, [-5") 2"
+ 3" e — g R gtele
Now, using again the intermediate expressions let us consider the following
terms, coming from Equation :

f*Lgag" = —(¢* ") Leal™ — <¢*E*>an—1ﬁ“Lgaf"
(€1, (€"v.en + [5"’ €%)) = ((¢*€N)a, (€" V" + [55,5%
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en (Leon — L™ =€)
=17 [20°5 )it + 40" a8 + (6N arB8"] (Leom — Lo — €7)
— 2 [(§7E)ng" + (6"ENap¢"] (Leom — Lpe™ —E7)
<€067 (V'ygn - UVWS" + L@ﬂ))
= =272 ((6"F )t + (67 )ar8”) ((Vym)*€" = (V4 €")" + (Lo )" — £°)
+ (08¢ ((LeoB)” — (V") =€)

L (3 + L) € = Leoy) = —(6*G )an (07 (7 + L) € — Leo) ™.

Then, summing all terms on the left hand side and factoring ((b*gT)t, (¢*§T)a and
(¢*g"), we obtain

(9" & [~Leo (€™ + 7" (Log™ +€7)]
(@) (207 (Leom — Log" =€) | + <(¢*ET)a7 o £B}>
(6780, —Leo 17 €MB+0 " Leo " 4+ *BE" Lo +n 257" = '¢"E%)

Which, using Lemma [39] can be shown to be

¢" (ng§+ L[gg]gT) (63)

leading to
gf)*SEH(EXI):SR(EXI). (64)
O

Remark 44. We would like to stress here that the results in this section are a
“strictification” of the general construction of a solution of the classical master
equation for the extended Hamiltonian, as presented by Henneaux and Bunster in
[HT92, Theorem 18.8]. Indeed, the Hamiltonian analysis for a field theory relies on
a (possibly) non-reduced version of the strict BFV data we consider, where strict
indicates that we require all spaces of fields to be smooth symplectic manifolds. The
AKSZ construction yields a BV theory (Theorem which is effectively equivalent
to the natural BV extension of Einstein-Hilbert theory (Theorems and [43)).
It could be argued that this effective equivalence preserves the BV cohomology
[BBH95; [DGH90; Hen90]. However, note that the quantisation procedure outlined
in [CMR18| does indeed require the strict version of a BV-BFV structurﬁ and its
existence is not to be taken for granted, as was shown in [CS19b] and [CS17).

24Sce [MSW19] for the comparison between strict and lax BV-BFV structures.
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4. AKSZ PC

Following the construction outlined in Section [I.3] starting from the BFV theory
of Palatini-Cartan gravity (see Section [2.2]), we can construct the AKSZ space of
fields Fp3?. We will use the following notation:

e=c+ f1 w=w+u (65a)
c=c+w r=§+2 (65Db)
[=A+pu =kt 4+ ¢f (65c¢)
pf =ef +4f (65d)
where

e € C(I) @ Q4 (2, V) e -1 @ 4s,V)

we () @A) ut € Q-1](1) @ A(D)

ce QI x Z,A\*V) w e W [-1](I) @ Q°[1](Z, A*V)

feC>
Ae C®N)I x %) peQ
Kec™) o V=1 AV DY) deal
eV -1, AV Y Jfeq?

1](I) @ C*°[1](%)

@ OV =12, AVTY)

@ V-2, AVTY)
(66)

such that, for some o € C*°(I) ® QY(%,V) and B € Q}[-1](I) ® Q}(%,V), they

satisfy the structural AKSZ constraints:

en {(N —4)fTeNPdye + N1, fT+ N ul, €]} (67a)

1
1

1

(-
(-
-
) ® X[1](%) z€ Q-
-
-
[—1](

J(1)
J(1)
I(1)
(1) @ X[1](%)
I(1)
() @
() ®

a)
- (taden — [t ) k] + XOc] + (X(b)fzj) ki = ffeN o+ N0 B;
ene™ Adye + XDl = N30, (67b)

where X = (L €n — [c, en]) € I'(M,V), while €, € T'(M,V) is a fixed section, and

the indices {(a), (n)} denote components with respect to a basis {eg, €, }-

Remark 45. Observe that our target for the AKSZ construction for Palatini—
Cartan theory is the BFV theory defined in Definition whose space of fields
F2c is defined by the structural constraint (I9). As a consequence, the BFV
constraint must be imposed on the AKSZ fields at every point of I. As the AKSZ
fields consists of a 0- and and 1-form component, along the interval, the structural
constraints now has a 0-form and a 1- form component corresponding to and
, respectively. Despite the apparent complexity of these two equations, it is
worth noting that they fix certain components of the AKSZ fields w and uf. See
Section [£.2] for an interpretation.

Remark 46. Recall that to define the BF'V structure for PC theory we needed a
fixed section €, € T'(3,V) (cf. Definition [25). Note that €, is not a field of the
theory but is part of the structure that defines it (more like a coupling constant).
For this reason, in the AKSZ construction €, does not depend on the coordinate x™
of the interval I. In the following, we will regard €,, as a given section of I'(M, V)
satisfying d;(e,) = 0.

Theorem 47. The AKSZ data FuS?(1;3%) are given by the quadruple

AKSZ(I %« ) ( AKSZ S?;Ké?Z, é}gZ) /}4DKC.'§Z>
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where:

Fp&* = T*[=1](Map(I, Fpc))
RS /1 9N 0 N el 4+ duik + dedc! + buld(uchT)
x
+ 0wd(1,kT) + dwd(tec’) — Spende’ — She, oyt
+ L(;Z(S(eeT) + ng(S(fTeT) + L(;gé(eyT);
SHE? = /IXEweN_?’dwe + (N = 3)ceV A fld e 4 ce¥ 3 [ul, e] + ceN3d, fT
+eeVNT3E, + Lg(eN_?’fT)Fw + LgeeN_?’dqu + enpeN 3F,
+ (N = 3)e AV 4T F, + e eV 2dul + [w, kT + %[C, clet
— tydyckt — [LguJ',c]kT — LgdwwkT — LgdwCCT + LZLngkT
+ %%Lgdwuw + %%ch* — [w, enNet = [¢, enple’ = [c, en Ny
+ dew(en)\)eJr + [LguT, en)\]eT + Lgdw(enu)eJr + Lgdw(en)\)yT

1 1
+ipgee’ + Sueafle’ + Sucgey’

=
2
L
N-—2

and QM is defined as QES7 = QU + QY. where QWY is the tangent lift of Q%
to Map(T (1)1, F2-(X)) and QLE, is the lift of the de Rham differential d;.

N 2diw + chkT + dleng — LdjgeeT + dI)\eneT.

Proof. This is a straightforward application of the AKSZ prescription outlined in

Section Using the transgression map we can build a symplectic form Fps?

WHSE = / eN35edr0 + Sedel + S8 (et — dle, oyt + s d(en’)  (68)
Ix%
from which we obtain the claimed expression using . Analogously the AKSZ

action can be constructed using the transgression map from the boundary one-form
a? and from the boundary action S?. Namely we have

1
S = / ——— eV 2dpw0 4 cdyct 4 drosge — g e 4 drleny’ (69)
IXEN -2

1 1
cedpe + teeeFy + €, leFy + i[c, ¢t — LfccT + §L;L;Fm cf

1
— [e, en[]t)T + L;U (En[)UT + iL[x’x]eUT'

Again the claimed expression can be obtained straightforwardly from . O
Remark 48. The invariance of the constraints (67bf) and (67a) with respect to
AKSZ

‘b~ is guaranteed by the invariance of the structural constraint on the boundary
(19) with respect to QEEY, and by the properties of the AKSZ construction.
PC

From Theoremwe know that 4% (1; %) yields a BV theory on the manifold
I x ¥. Furthermore, by Proposition [17| these data satisfy also the BV-BFV axioms
of Equation .

Definition 49. We call nondegenerate AKSZ PC theory the data §F5g” obtained by

restricting the space of fields of FrS?(1; 3% (X)) to those maps whose y component

(as defined by Equation (65))) is nonvanishing.
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In [CS19b] two of the authors proved that, using the natural symmetries of
PC theory, the resulting BV theory §pc does not satisfy the BV-BFV axioms (it
is not a l-extended BV theory) unless additional requirements on the fields are
enforced. Next section will be devoted to the comparison between §Fpc (X x I) and

FEELL 8P (X))-

4.1. Comparison of BV data for PC theory. We want to compare the AKSZ-
BV theory of Theorem [47] with the one proposed for PC-gravity by two of the
authors [CS19b], which we briefly recall here. Let M be an N-dimensional manifold
with N > 2.

Definition 50. We call standard BV theory for PC gravity the BV data
Spc(M) = (Fpc(M), Spc(M), wpc(M), Qpc(M))
where
Fpo(M) = T"[-1] (Qa(M, V) ® AM) & X[1)(M) ® Q°[1](M, adP))

and the fields in the base are denoted by (e,w, &, c), while the corresponding vari-
ables in the cotangent fibre are denoted by (ef, w, '3 ch);

wpe(M) = / dede! + dwiw' + dedel + 15¢0€T;
M

1
Spc(M) = / ﬁeN_sz + (1g Fy — dye) w' — (Lge —[c,€]) ef
u N —

1 1
+/ 3 (tete Fu — [c,c]) el + 5%5,515-
M

The explicit expression of the cohomological vector field @ pc, defined by the
equation (g, @wpc = 0Spc, will be useful in the following:

Qprce = L{e —[c,e]
Qpcw = ¢ F, —duc

Qpcc = %LngFw — %[C,C]
Qret = JE.€]

Qpcel =eV3F, + L‘é’eT — [c,eT]

Qrow’ = eV 3d e — dygw! — [c,w!] + iele,el] — %degbgcT
Qpcc! = —d,w' —[e,el] — [c,c]

Qro€l = Fouw! — (duse)e’ + g Fuee! + LEEL + (dute€l)s.

Here we used the symbol e to remind the reader that £T is a one-form with values
in densities, and on the right hand side we highlight the one-form part of the
expression.

Remark 51. Throughout the analysis we should always keep in mind that, while
Definition [50| is valid for any manifold M (possibly with boundary), the AKSZ the-
ory obtained in Theorem [I7]is by construction defined on a manifold diffeomorphic
to a cylinder: M = ¥ x I. Furthermore, as we will see in this section, the fields in
Fp&E correspond to those in the standard BV theory for PC but with an additional
constraint.
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The product structure of M induces a splitting of fields:
e=¢+¢e,de" el =& + &l da"

W=+ Tpdz" Wl =3 + & da" (70)
E=E+80, € =8 +gd"
More compactly we can write field components in the z™ direction as €,, = €,dz",

§” 5”6 and so on. Observe that &' is a one-form with values in densities on M,
so we can identify two dx™ contributions: we denote by é; the dx"-component (of

the one-form part) of &' and by g the rest, stressing that the image of g is nontrivial
along dz™. This decomposition allows us to define the maps

S @ (M NV) = QNS (i, VY s w) = A,
(71)
Let us now fix a nonzero section €, € I'(M,V) such that dre,, = 0. We will then
restrict the field € not to have components parallel to €,. This is a restriction on
the space of fields (it actually defines an open subspace). The nondegeneracy of
e implies that (i) € and ¢, form a basis of V' at every point, and (ii) €, becomes
a linear combination of € and ¢,, with nonzero e,-component. Denote by X {#}
the components of a field X with respect to the basis given by € and ¢, (i.e.
X = x g, + xi{nte).
Additionally, we consider the quantity

wh =&l - afelda" — 8l + el da. (72)
Its meaning will become manifest with the following:
Definition 52. We denote by tp: Fpg — Fpc the subspace of BV Palatini—

Cartan fields defined by the following equations, which we call PC structural con-
straints:

ene N dzE — e, e VYW () agn
+([€ n] + LE(en) — da, € €)1 (@] - El€") € In(WEKL,) (73a)
W e m(Wh's) (73b)
and by the condition that the metric gy, = €*n is nowhere degeneratﬂ

Remark 53. The PC structural constraints (73b)) and (73al) are invariant under
the action of @Qpc. Thus they define a BV theory

po = (Fpe, @pe = Lr@wpc, Spe = UrSPC, QBE) (74)

where Q5¢ is the restriction of Qpc to Fpg. We will call this theory the restricted
BYV Palatini—Cartan theory. The direct proof of the invariance of the constraints is
lengthy and involved, yet we get this result for free as a corollary of the following
theorem, which also specifies the relations between the three BV theories §5¢, §pc

AKSZ
and PC**

Theorem 54. Upon choosing the same section €, € I'(M,V) and the same signa-
ture for gnor in the three theories, the following diagram commutes

Fpc (75)

]

]:'1;; igf ]:'res

25Notice that the condition on gnor Will restrict the moduli space of solutions of the theory to
an open subset.
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Moreover, ¢ is a symplectomorphism and we have

AKSZ __

o (@OLR) wpC; SAKSZ (SOOLR) Spc, (76)

so that ¢ and v induce a strong BV equivalence and a BV inclusion, respectively:

AKSZ res AKSZ ¥
—> Spe PC, —7 Spc.

Remark 55 (Proof Strategy). In order to prove this, we will first show that there is
an injective map ¢ : FpS? — Fpe such that p*wpe = wha? and ¢*Spe = SPS?.
Note that, as a symplectomprhism, ¢ is then an immersion. Then we w1ll show
that B¢ is the image of this map, so that the PC structural constraints and
are satisfied if and only if the AKSZ structural constraints - and
are. The fact that ¢ is a symplectomorphism preserving the action also proves

indirectly that §5¢ is a BV theory.

Proof. Denoting by {e,w,c, &} the fields in Fpe (their antifields with a dagger),
and following the notation of Equation for the variables in ]—'ﬁgz, we define
the map ¢ : Fp* — Fpe in terms of the splitting (with ¢* implicit on the
right hand Sldes).

p'e=¢+e, Pw=o+w, e =+ (77a)
QD*CUT _ &T + QQ; 30 =7 @*CT = E;[ (77b)
o =¢ _|_§n © ET é g (770)

where, using again the underlined notation to signify that the quantity is contains
dx™ or Op, and a € {1,2,...,N — 1}:

C=e4 A fT €, = enfi + L£6+)\u_12aii (78a)
O=w-—ptul @, =w—teu — A" 2%l (78b)

e =el =2 lyl el =eNBul el — )\,uflz“gi + (N = 3)eN 2t fiut (78¢)

of =&t O =N 4 kT + et (78d)

C=c— A teeut ch=cf (78e)
€= a2t §~ =ey' + fle T —uTkT + cap T (78f)

g" =£"0n = A" 10, Q P eV 3 fTul + el +ul k! + a2 (78g)

The explicit, long but straightforward calculation needed to prove that ¢ is an
inclusion of symplectic manifolds preserving the action functionals, i.e. such that
whhe? = p*wpe and SESL = ¢*Spc, is given in Appendix

We then need to prove that Im(p) = Fpg. In other words we Want to prove
that the map defined in wﬂl map a solutlon of the constraints and (674 E
into a solution of and . Applying (78)) to the definition of QI] as given

in Equation we get:

W =&} — ol de” — 2] + Cuferel dan
= NI kT et — Kz —rect — AT T
€N_3iT,
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which is . On the other hand, constraint (73a)) is satisfied if and
are, as it can be seen by direct inspection: usin we geﬂ

ene ™M dzE — e, eV VWL () agn

+ (e + L2en) — dy, ealE) 12} @] — 2, 18%)

=eeN e+ (N — 4)67L€N75)\/,L71ffdw€ + eneN74[)\u71uT, €]

+ eneN A, M ) + (N — Dene Pap T, (AT

+enfTeN (™) + (N = 4)en fTeN Pau™" fd, (™)

(a)
meA*MM@M*ﬁ+WF%M@D (Kl + ciau™)

(a)
T (L?(en) - L?(En)(b))\ﬂilflj + A, GHD ' (K +cfau™)
— [w — reul, e, ) Dk
— e Adge + (L2 (en) — [c,e]) K
+ At (en {(Nv - 4)fteN=bdge 4+ N4, fT 4 eV A ul, el}

+ (tadwen — [w — Leul, en])(a) k!

(L)~ ee) el + (L2 — ) 1) kD) = (@),
Using now the AKSZ constraints and we obtain
(®) = N3 4 A" (ffeN o + N2 B)
=N 3o+ M\ iB).

Comparing the first and the last line of this computation we get the desired con-
straint (73a). Hence ¢ defines a diffeomorphism ¢: FpE* — Fpg. Indeed, the
inverse of this map is readily found, as follows.

It is easy to find kT = &f, ¢f = &l and E" = M\~!. Then we can write
e =¢— g"ff, so that €, = e,u + t,€, and taking {€,,¢,} as a basis, we have
2% =¢,% and u = €,", which also implies A = én"E” and £* = 5@ — ER“E".

We now turn to equation which can be rewritten as

eN_3f = Q,I - LékT — LgQT

Let us denote the known piece by A := —Lng — LEQT, so that we have

axs

e=e—¢ff SN=3¢f _ ST4 4
{eN—3T:(:J7]:+A = i *Qn+A

where we used that ffff = 0. We see here that this equation can be solved only
when

@ — 1,0 — e € Im(WEljvl_3).

From the equations

et=ef—gmyl, Bl =Nl el = ATty + (V= 3)eV T

using again e = € — g"fT, we get

N3yt = E;[ — Li'é’r.

26Note that Xt} = X (@) — (x®)x,=1 fly(a),
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Since E); — Lgé't e QWIN=2N=1) " on which the map Wan~-s is surjective, we conclude
that, up to components p(u') in the kernel of W~ _s, we can find

ul = WE_Nl,B(EJ — 18" + pul

However, we know that u' must satisfy the constraint (67al), which (impliclty but
uniquely) fixes pu' as a function of €,@, fT. We can use this directly to solve

W=+ =T+ (Waly (@] — 8" + pul)
Analogously we can find w and ¢ as follows

w= Qn + Lg (WE_NI—3(EV1; - Lé’é/f) +p@T) ’

o= 74 g (Wl o (@] — 1o8h) + pu)

Finally, we can conclude the calculation with y' and ef by inverting ,
and : it is useful to notice that it is possible to invert an equation of the form
ef(1+AX) =Y for some X,Y as el = Y(1 — AX). However, we will not write
down in full these last equations as we will not need them in what follows.

The BV theory FpE? is obviously strongly equivalent to its image under the
symplectomorphism ¢, which is §5¢. Furthermore, since up to boundary terms
Qpc is the Hamiltonian vector field of Sp¢, and the same holds for Qp3% and SPE?,
we have that in the interior M° = M\OM the compatibility p*Qpc = QP p* is
a consequence of p*wpc = what and ¢*Spe = SpS?. However, this is a local
condition that then extends to the whole of (M,0M) and ¢ is a BV inclusion. O

Remark 56. The defining condition p # 0 and gnor = €*n nondegenerate given in
Definition [49] used in Theorem are necessary in order to make e non degenerate
in the bulk, to build the symplectomorphism (since ekl = p .

w, since w and w

have respectively N(N—1) and free components. The W missing

components are those fixed by the condition in Equation (73a)). Correspondingly,

3N(N—1) N(N-1)
2 2

Remark 57. The number of free components of t;w is
N(N-1)
2

also LE@T has coming from k' and

N(N —1) from fT.

independent components:

4.2. An interpretation of the restricted theory. We now want to shed some
light on the interpretation of the restricted theory §5¢ defined in Theorem

Recall that among the Euler-Lagrange equations of the classical PC theory we
havﬂ eV=3d,e = 0, which, thanks to the nondegeneracy of e, is equivalent to
d,e = 0, i.e., the torsion-free condition for w. Imposing this condition forces w
to correspond to the Levi-Civita connection for the metric g,,, = n(e,,e,), which
is used to recover the Einstein—Hilbert formulation of the theory. Note that this
yields only a classical equivalence of the two theories, as the fluctuations might
violate the condition d e = 0 at the quantum level. Only by forcing this condition
on the space of fields (i.e., by freezing the fluctuations that might violate it) may
one recover the quantum Einstein—Hilbert theory.

However, one can consider a whole family of theories between PC and EH where
only some part of the condition d,e = 0 is imposed on the fields, looking for
a compromiseﬁ that retains the good feature of PC of dealing with differential
forms but yields a compatible boundary BFV theory as in EH [CS16].

27\We use boldface letters to denote fields in PC theory.

28Imposing too few conditions out of d,e = 0 would not solve the compatibility problem with
the boundary. Imposing too many generates other problems (see, e.g., |CS19c, Section 4.3], where
the whole of d,e = 0 is imposed manually).
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In particular, working on a cylinder I x X, we may use the decomposition e =
€, +€ w=w, +w. By choosing once and for all a nonzero section €, € I'(M, V)
and requiring the components of € to span a transversal hyperplane in V at each
point, we may expand €, in the basis (e, €); moreover, we require € to define a
nondegenerate metric 7(€,€) at each point Observe that the splitting of fields

e,w induced by the cylinder structure also allows the definition of the maps WZJ_,

given in Equation .
With these notations we may impose the constraint

eneN 3dge e Im(ng;vl,g,), (79)

which implements only some of the conditions in d e = 0.

Another interpretation of the constraints goes through considering a reduction
of the fields instead of a restriction. Indeed we can also think of Equation as
a classical constraint that freezes certain components of the connection. We need
the following

Definition 58. We define the space of reduced connections on a cylinder to be the
quotient

AE x I) = A(S x ) /ker(WE7 ), (80)
and denote by Fp2 the fiber bundle
FEg — Qg(E x 1,V) (81)

with typical fiber A™4(X x I) obtained by reducing the fibers of the trivial bundle
A X I) x QL (Ex 1,V) — QL (2 x I,V)
by ker(ng;vz,S).

Proposition 59. Consider the splitting e = e+¢,,, with gror == €'n nondegenerate.

Then for every ([w], €, ¢€,,) there exists a unique w € A(X x I) such that

(N = 3)en A&V A d,e € Im(WE ), (82)

which induces a section of the fibration:
A X I) x QL (2 x I,V) — F5S, (83)
Proof. This is a straightforward adaptation of [CCS20, Theorem 17], which holds
at every point in 1. O

Hence, imposing only some part of the equation d,e = 0 produces an inter-
mediate theory, that in view of Proposition [59| can be alternatively thought of as
Palatini—Cartan theory for a tetrad and a reduced connection. However, in both
interpretations, fixing a condition only on the classical fields does not produce a
symplectic submanifold of the space of BV fields.

If we want to consistently restrict the BV theory of Definition 0| we first have to
impose some condition on the antifields as well, in order to ensure that we have a
nondegenerate BV form. One can show that actually fixes the components of
w in the kernel of W.e};vz,g. As a consequence, we can get a symplectic submanifold

if, in addition to , we imposeiﬂ
@) € Im(Wh ). (84)

29A more physical requirement, as one would like the two boundary components of I X ¥ to
be space-like Cauchy surfaces, consists in choosing €, to be a time-like section and € to define a
positive definite metric.

30T his condition requires that the antifield of @ be in the dual of the complement of the kernel
of ngj\,{s, which is the image of ngj\,173 because & is tangent to the slice ¥ x {t}, and its antifield

is of the form &}dz™, with &), € QN =2(M, AN2Y).
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The problem, though, is that and do not define a @-submanifold,
which is needed to have a BV theory. However, one can easily check that condition
is compatible with gauge transformations and diffeomorphisms upon using the
Euler-Lagrange equations. This implies that it should be possible to correct —
and concurrently because we want to preserve the condition that we get a
symplectic submanifold—so as to obtain a @-submanifold. The explicit solution to

this problem is actually given by (73b]) and (73a)).

Remark 60. Observe that this solution might not be unique, as the choice of a
structural constraint we made in Definition 25] was made to render the invariance
of more manifest. However, Theorem tells us that a different choice of
BFV structural constraint will provide a different extension of the constraint
in Palatini-Cartan theory.

4.3. Three dimensional case. When N = 3 some simplifications occur. In-
deed, in this case the inclusion is actually an identity since there are no additional
constraints on the field. Furthermore we know that the theory is strongly BV-
equivalent, both in the bulk and on the boundary, to the topological BF' theory,
denoted here by 437, Hence we can summarize the results in the following theo-
rem.

Corollary 61. The theories §p&° and @i are strongly BV equivalent.

Proof. The claim follows directly from Theorem given the results of Theorem
and of [CS19a), which proves the strong equivalence (at all codimensions) of
non-degenerate BF theory and PC gravity in three dimensions. O

Pictorially we can describe the content of Corollary [61] as follows

P
Fpc «———— Fpr
///
/ ¢
!
’I
I AKSZ AKSZ
\\ id IS id IN
\ / \ / \
. B A) \B Aj
\\ \\ // \\ //
NN s A a

a
Flo s
where the arrows A represent the AKSZ constructions, the arrows B represent the

BV-BFV reductions, while 1, 9% and ¢ are the symplectomorphisms mentioned
above.

APPENDIX A. LENGTHY CALCULATIONS

We prove here that the transformation is a symplectomorphism between
FAKSZ and Fg that preserves the action. In the computation we will use multiple
times the following useful relation:

n]

elad = —zal erl = =1,

n n n
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We now prove that ¢*wpc = WS~

Prwpe = ¢~ / sedel + swiw! + dedel + L5§5£T
M
= / 5ede! + 0e,0et + 0o, + 0w, 0" + deset + oeet + sene ! (86)
M 2qa >n
= / 5ed(eN3ut) + ded( el — ded(NeltlyT) + sed (N — 3)eN ~4xelM f1uh)
M Za

+ 6 fT)a(eut) + (AT 13 (1zel) — SNl 15 (AelTy!)

+ SN NSO FTut) + 6(1ze)del — 3(eze)d(NelMyT) + 5 (enp)det
—6(enp)d (e lyh) + S (el f1)sel — (A f1)a(Ael )

+ 0wd (N T3 1) 4 6w (1.kT) + 8w (eect) — S(AlMuT)a(eN 3 1)

— et a (1 kT — (M w5 (rech) + dwokt — 8 (eeut)dkt

— S(Neluf okt + dedct — s(ueelut)oet + 15ed ey’

! )
+t5e0(fTe) — e (ulhT) + Lsed (T NelMut) + S(Aeleh)d (eay)

+o((flet) + sl d(uh k1) + (s (e Al )
+ (Ao (eny’) + 6(A)a (N 72 ful) + SNl )3 (fTezel)
SO 3 (ut k) + S5 A )

This expression should be compared with the symplectic form coming from the
AKSZ construction:

wpe’ = /1 aM(S(eN—ff fow + eN735esul + owokt + descl + suls(uek')
X

+ 0wd(1.kT) + dwd(tec) — Spende’ — SXe, 5yt
+ 15.0(eel) + 15ed(fTet) + tsed(ey’). (87)

Almost all the terms in can be direclty found in p*wpc. The remaining terms
can be identified using the following relations:

Sutd(1ek) = —0(1eu )k — 15e6(ulkT);
—5(Nep)oy' = 6(ea)\e£?])5y + (5(5,&&@)6@
= 6(Ael)d(eay’) — Ses(Nefly!)
+(Ae)6(@nyt) — 68, 6Ny
15.0(ee’) = ded(1ze) + (e e)del

All the other terms in sum to zero because of the following identities:



36 G. CANEPA, A. S. CATTANEO, AND M. SCHIAVINA

ST N3N Pul) + (N = 3)ded(eN e fTul)
— 0 lul)a (e 3 f1) + 6 (e )a(eN 3 flut) = 0;
SO T3 (zet) + (A f1)dem + SNl (fTeT) + S(Ael)o(fTizet) = 0;

—o(elMlut)s (1 k) — (AeggL;)ékT + (el (ul kY + s(nelthd(ul i kT = 0
— dOelMlut)d(1ec) — d(1ereMul)oct + 15ed(cTAMul) = 0;

S(Aela(chAeut) + 5(Ael)a(ct Aelul) = 0;
— s syl — s(Ael Fhs(AellyT) = 0;
(N = 3)5(Ae fHs(eN " Ael?) fTul) = 0.

We go on to show that the symplectomorphism ¢ preserves the action i.e.

©*Spc = SPS*. We do it by direct inspectio

1
¢*Spc =p* /M meN_sz +(dwe — eFu) W' + (Lge — [c.e]) ef (88)

1 1
+ 5 (e, = reteFu) o + Sue €]

1 _
_ [ aN-35 o N-2p (o LT\~
7/ BuFs + 5@ 2 Fs, — (16F5 + Fo, 60 — d¢) &
~ (tgFs, — d5,7) B + (LZ2 + di, T + Tl — [5:7])
+ ( d 6 + La g d&?n (gngn) - [Ea En]) é’f

1. 1 ~ 1 >
<2L€~L£F + e fn - 2[c,a> e+ ib[aag—k §L[g7g]n§

= /M N BenpuFy + N PP, + N TN TR, + (N = 3)eN e fle,
— N3 dy, (NeMuty — eN_3/\e£f]ildw (Aelrlyh)

— (N = 3)eV A fle, d, (el + meJ\L

e (4 g + el + el — 1)) + VAT,

2 (8,0 = QAU + duw)

— e FL(eN T 4 kT + i) + edu ONelPu) (N TP fT 4 kT + e

- Fwa)\e[rf](eN_gf + kT + ech) + di, (e ut) Al (el\l_igfr + 1kt + ech)
— Fp NeMeN =3 (1 o Al kT — B NelMigc

+ clwc(eN_?’iT + kT rech) = et o (e 3f + 1.kt + tech)

= du (tereul) (VT 4 kT ieeh)

31We denote with @), the de Rham differential on I (previously denoted with dy) in order to
be uniform with the notation of the fields .
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— 160,k + 160, AeTTu T — vedwk’ + ved (el )k

+ tedy Nl DUl ET 4 e Nelut w — ekt — %)\ef]kff + 0,,ck’
— 9, (ke NeMuNET 4 [w, kT — [eeut, gkt — el@luf | ]k

+ [w — teul, te el utlET

+ LgeeN Pul + Leerel — ?e)\egf]gz + (N = 3)LeeeN*Neltl fTut
+ ((dye)arel) — dy (e Ael))eN TP ul + ((due)a el — do(eaNel)))ize
+ dy (eg Al ) Nelal gt y = (N - 3)d,, (eg el eN TN 1T 4 L‘g(,\veT)eN—?@T
+ L (e fDezel = LEOG FAGY! + (do(Ae f1))arel eV 2!
+ (do ™ ) oAl ety — et e] (N 2ul 4 1 el) + a,be)\e["]eNfggT
+ e el + [w — veul, e AelMeN Bul + [w — teul, e]AelMe,
+ DA™ YN (N30t ety + e d(Nel)eN 30l 4 eld(Aegf])LgeT
+ Al Tl eN TPl + Aelel fld(Ael)ze — end(Ael)AellyT
(NN =4y cInl £, 1 _ N=-3,1T _ T la], T

+ (N = 3)end(Aeg)e™ T Ae flul — [c ele™ ul — [e, elize’ + [c, e] Aeiy]
— (N = 3)[e, e]e™ el fHuf — ¢, AelM fT1eN =30t — e, )\G[T:L]fWLéeT

+ lreelut, el(e¥Put + 1yeT)

+ Lgdw(EnH)eT + tedy (1 e)el + Lgdw()\ewﬂl)eT +d,, (GJ)AEL?]GT
+ dwa()\e[“]ﬁ))\e[“] [ [)\ew]uT,ein]eT - Lgdw(el))\elf]y;fl
— tedy,(Ne “]fT)/\e [] T LQngeeT + <2,1Qn(/\e£f])eJf — Lgng)\e[ﬁfTeT
+9 56)\€[n] F— 0, @ el — [w — reuf, & AelMet
+ 0, @ e eyt — (¢, e ,u] — e, ez€]el = [c, )\e,[f]iZ]eT
[LE/\E[] T enle f4ee ])\e["] T

1 1
- §L§L£FWQT + §L§L§dw(x\e£f]uT)gT — Lwaa)\eg‘L‘]gT

1
+ Lgdw(AEWUT)a/\E%]QT - LgFan)ka]QT + i[ca clct — [Ls)fkl]ufa clct

37
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— 0 eay’ — €0l eay’ — AelOpE ey’ — Al (el eay!
— Ao, gacay’ — €20, fTet — LA, (M) fTel — Aelllgpe® fef

= Alla,(Aeleh) flet — Ael0, aflel — Lape ul kT — ¢ 0y (Neleyul kT
—ellgyerul kt + Aellg, (Nelthuf it — Ae“ﬂa L E0ul kT

_ Ag[n]a ()\e[a]) TkT b ouetc T)\E fbab()\e a]) T)\E[ nl.,

— €99, (Ael™)e,yt — Aeldlg, (Al )eny —AelMa, (e, yf

(AeL{”)f*eN St — Ao, (Aelr) F1eN—3ul — Aelrlg, (A€l fleN -3y
— %9, (A™) fTi et — Nelala, (AelP) fT1 et — XM, (Ael™) fT1 et

Aa (Nl ul i kT 4+ Xelda, (AelMhul i kT 4 AP, (NelMyut e kT

_ f“@a()\e[”]) T)\egf]ga

n

We want to compare this with the AKSZ action:
Sf;“gfzz/ weMN 3d,e + (N = 3)ce™ * fld,e + ceV P ul, e] + ceN3d,, fT
IxOM
—I—LgeeN_BFw + Lg(eN_3£)Fw + LgeeN_gdwuiT + enHeN_BFw
1
+(N - S)En)\eN*‘lfiFw + e eN 3 ul + [w, c]k‘T + 5[0, c]d
—1ydckt — [eend, ekt — tedwk’ — tedyect + 11 FLkT
1 1
—|—§L£L§dwulkT + §L5L£Fwd — [w, en)\]eT — e, enﬁ]eT — e, en)\]ﬂ
—|—L5dw(en)\)eJr + [Lgul, en)\]eT + Lgdw(enﬁ)eJr + Lfdw(en)\)i + L[£)£]66T

eN_Qﬁw + caikT + %wbng

1 1
+sueaf e’ + Sueaey’ + v

—tg cee’ + O enel. (89)
We proceed as follows: we first check that all terms in can be found in ,
then we show that all other terms in sum to zero.

We can easily recognized many terms identically repeated in both expressions. Some
other terms in can be recovered in using Leibniz rule and Cartan calculus.

(N = 3)eeN " fld,e + N 73dy, f1 = duc(e 3 1),
1

7m€N72dw(L§u )+L§eeN Sul = 4uceeN 3d ul

1 1
—5%15]@%:{ = —LgdegngT + ibgbgdwkaT;

L[£7§]€€ = edy, Lzee + L5 elze
All the other relations involving terms of (88]) are based on the expansion
€n = eac® + €n€51n)-

It is a long but rather easy computation to show that the remaining terms in
sum to zero. This is done by making repeated use of Cartan calculus and Leibniz
rule. Notice also that some terms containing expressions of the form elf ]GL]Xab
vanish by antisymmetry.
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