The reduced phase space of Palatini-Cartan—
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Abstract. General relativity in four dimensions can be reformulated as
a gauge theory, referred to as Palatini—-Cartan—Holst theory. This pa-
per describes its reduced phase space using a geometric method due to
Kijowski and Tulczyjew and its relation to that of the Einstein—Hilbert

approach.
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1. Introduction

General Relativity (GR) is defined in terms of the metric tensor and of the
Einstein—Hilbert (EH) action functional. A (classically) alternative way of
formulating it, which has the advantage of being a gauge theory, follows from
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the observation that the dynamical metric may be expressed in terms of a
fixed reference metric via a dynamical (co)frame field [Car]. We will refer to
this version of GR as Palatini-Cartan—Holst (PCH) theory as detailed below,
in a discussion about nomenclature.

The reduced phase space of a theory is the space of possible initial con-
ditions endowed with its natural symplectic structureﬂ For example, in the
usual case of mechanics on a target manifold M, it is T* M with its canoni-
cal symplectic structure. In the case of electromagnetism in four dimensions,
one starts with a phase space in which the conjugate variables are the vector
potential and the electric field on the initial 3-surface with symplectic form
induced from their pairing. The reduced phase space is then given by the
solution to the Gauss law (vanishing of the divergence of the electric field)
modulo gauge transformations. In the case of GR, in space—time dimension
greater than two, one starts with a phase space presented as the cotangent
bundle of the space of metrics on the initial space-like hypersurface. The re-
duced phase space is then obtained as the solutions to the so-called energy
and momentum constraints modulo diffeomorphisms, both tangential to the
space hypersurface and transversal to it.

One well-known method to obtain the reduced phase space, which works
well in the above examples, is due to Dirac [Dir]. The literature is also full of
attempts to apply this method to PCH theory.

In this paper, we will study the reduced phase space of PCH theory
using instead a geometric method introduced by Kijowski and Tulczyjew
[KT] (which also has the advantage of being compatible with the BV-BFV
formalism introduced in [CMR14, [CMR11]). We will show that, under the
assumption that the induced boundary metric is non degenerate, the reduced
phase space can be nicely described and corresponds indeed to that of the
EH formulation, which has two local degrees of freedom (interpreted as the
two possible polarizations of the graviton). Note that this assumption is just
an open condition on the space of bulk co-frame fields. We do not compute
the reduced phase space without this assumption, but a result proved below
suggests that in the case of a light-like boundary the reduction should have
no local degrees of freedom.

In a nutshellZ our result is as follows. We start with the action functional

A
S’[e,w]:/’I&r{e/\e/\Fw—i—464 ,

I Traditionally, the reduced phase space is defined as the space of solutions endowed with its
natural symplectic structure. If the theory is formulated on a manifold of the form 3 X [a, b]
and ¥ is a Cauchy surface, this is the same as the space of possible initial conditions on
3. We use a more general definition where ¥ is not necessarily Cauchy. In particular by
initial conditions we mean conditions for which there is a, possibly non unique, local, but
not necessarily global, solution.

2In this Introduction, for simplicity we do not present the extension by Holst depending
also on the inner dual of the curvature, which is discussed in details in the rest of the

paper.



Classical Palatini—Cartan—Holst 3

where M is a four-dimensional manifold with boundary (which admits Lorentzian
structures) endowed with a rank-four vector bundle isomorphic to TM with

a reference fibre metric, e a tetrad, w an orthogonal connection and A the
cosmological constant. We assume that also the boundary restriction of the
metric induced by e is nondegenerate. Then our result is that the reduced
phase space is obtained by coisotropic reduction in the symplectic space con-
sisting of the space of boundary tetrads, denoted by e, and of boundary
connections modulo the action of e A - (Theorem [4.6). Denote by w = [w].
the respective equivalence class, the symplectic structure w® = 6a? reads

1
a8:§/"[‘r[e/\e/\5w].
oM

We show that this reduction is equivalent to the space of boundary
tetrads and connections (e,w) satisfying the structural constraint pd,e = 0,
where p is the projection (relying on an irrelevant choice of complement) to
the space of forms [ satisfying e A § = 0, and using this description we are
able to prove that the constraints defining the coisotropic submanifold are

L, = /Tr[oze/\dwe], J. = /Tr[,u(e/\Fw+Ae3)],
oM oM

where « and p are Lagrange multipliers (Theorem and Corollary .
The reader should not be misled by the apparent simplicity of the constraints
that seem to look like the restriction to the boundary of the Euler—Lagrange
equations: the crucial point here is that the reduced connection appears. One
helpful way of looking at this is to consider the equation d,e = 0 coming
from the bulk Euler-Lagrange equations and split it into the structural con-
straint pd,e = 0, and the residual constraint L,. The nontrivial part of the
proof consists in showing this result (which moreover holds only under the
assumption that the boundary metric is nondegenerate).

The constraints L, are an equivariant momentum map for the action of
internal gauge transformation. The corresponding Marsden—Weinstein [MW]
reduction yields the space of boundary fields for EH theory and the con-
straints J,, descend there to the usual energy and momentum constraints
(Theorem . A different partial reduction using only half of the L, con-
straints leads to Ashtekar’s formulation in terms of tetrads and connections
for the boundary orthogonal group.

To summarize, note that EH and PCH theories are equivalent on shell,
that is, on the critical locus of the action, where the equations of motion
are solved, and up to the respective symmetries. Here we show that their
boundary structures are also equivalent. The next step will be that of under-
standing their possible equivalence at the BV-BFYV level, a project that we
will start in [CS17] based on results from [CS15].

Finally, in Section[4:3] we study a variant of the PCH action functional
that enforces the compatibility between the connection and the co-frame field,
fixing the former to be the Levi—Civita connection for g = e*n by means
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of a Lagrange multiplier. The classical phase space of the resulting theory
will be a cotangent bundle, and it will be symplectomorphic to the space of
boundary fields of PCH theory, yet the boundary structure will turn out to
be different (and arguably ill-behaved), unless vanishing boundary conditions
on the Lagrange multiplier are forced from the very beginning. As a matter of
fact, the projection of the Euler—Lagrange equations to the boundary will be
isotropic but not Lagrangian, and inequivalent to that of PCH. This shows
that equivalent theories on closed manifolds without boundary may differ
when boundaries are included, and will call for a refinement of the notion of
classical equivalence.

Remark 1.1. In this note we focus on the physical case of Lorenzian signa-
ture. The FEuclidean case follows automatically, with no restrictions on the
boundary values of the co-frame fields, as the boundary metric is automati-
cally nondegenerate.

Remark 1.2. The co-frame field is required to be mondegenerate to establish
the equivalence between the Fuler—Lagrange loci modulo symmetries in the
Palatini—Cartan and in the Einstein—Hilbert formulations. Unlike the three-
dimensional case, where this nondegeneracy condition can be removed leading
to a generalization of GR |CSS|, we will see that in the four-dimensional
case this condition is also mecessary to make the boundary space of fields
well-behaved and therefore must be maintained.

Nomenclature

In this work we refer to a field theory that carries the names of Cartan,
Palatini and Holst. This theory describes General Relativity as a model for
the gravitational interaction, a priori different from the original Einstein—
Hilbert metric formulation.

The (controversial) origin of this name can be traced back to the (ar-
guably) historically incorrect way that Palatini was attributed the idea of
considering the connection as an independent field, as thoroughly discussed
in [FFR) BH]. In [Pal| it was observed that the variation of the Ricci tensor
can be written in terms of the variation of the Christoffel symbols. However,
the paper was interpreted as suggesting independence from the metric field,
without ever suggesting it explicitly.

Instead, the key observation came from Cartan and Einstein [Carl, [Eins],
and was later explained through the powerful language of moving frames and
the tetrad formalism by several authors, most notably by Kibble and Sciama
[Kibl [Sci] (see [Wis| for a modern account on this topic). This is usually
referred to as Einstein—Cartan—Sciama—Kibble (ECSK) theory.

In principle, ECSK theory is more general than Einstein—Hilbert in that
it admits nonvanishing torsion and coupling with spin matter but, as we are
not concerned with coupling to matter in the present paper, we will not
appreciate that feature. This has the advantage of deriving the corrected
Bianchi identities in the presence of spin matter from the Euler-Lagrange
equations.
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However, we understand the ECSK theory as a metric variational prob-
lem where the torsion field is considered to be a dynamical correction to the
Levi-Civita connection. Although it can be phrased in terms of tetrad fields
and principal connections, we wish to emphasise that formulations that are
equivalent on-shell and up to possible boundary terms, need not be equivalent
when such requirements are relaxed.

Moreover, it is common practice in the literature to refer to the formula
that links the variation of the Ricci tensor to the variation of the Christoffel
symbols as the Palatini identity, and the formulation of GR that we will
analyse here is also commonly referred to as Palatini gravity.

In this paper we adopt this convention in view of this (perhaps erro-
neous) tradition, but we credit Cartan at the same time. In this spirit we
use the name Palatini—Cartan, which then should be understood as meaning
tetrad formalism and independent principal so(3,1) connectimﬂ

Finally, the addition of the name of Holst will be justified in section[3.1]
where we will consider a generalisation of the Palatini—-Cartan action, due to
the fact that so(3,1) admits two invariant inner products. As a matter of fact,
the action functional corresponding to EH in the Palatini-Cartan formalism
in four space-time dimensions that takes into account the Barbero—Immirzi
parameter [Bar, Imm], is due Holst [Hol| (see equation (3.1)), and originally
observed in [HMS]| for metric gravity with torsion (Einstein-Cartan theory).

Acknowledgements

We thank Giovanni Canepa for several constructive discussions, and Friedrich
Hehl for valuable comments about the controversy in the nomenclature. We
thank G. Canepa and the anonymous referee for having found flaws in pre-
vious versions of the article.

2. Geometric theory of boundary data

A classical field theory is the assignment of a space of fields F); and a local
action functional Sjs to a manifold with boundary (M,9M). Usually Fy is
taken to be some mapping space, or space of sections of a vector bundle or a
sheaf. Integration by parts in the computation of the variation 65y, defines a
one-form aigps on the space of restrictions of fields (and jets) to the boundary
E;M: i.e. 858y = el4+75,,qon (the vanishing locus of el is the Euler-Lagrange
locus), and there is a surjective submersion Fy ELEN ﬁa M-

In this setting, we can also consider the space of fields associated with
the collar OM x [0, ¢€]. Such space Fyprxo,q also maps to the space of pre-

boundary fields ﬁa M- Asstiming that the kernel of the two form Wy = da is
regular (a subbundle of T'Fy,/) and that the quotient by ker(Wsas) is smooth,
we can construct the true space of boundary fields:

FgM = FaM/keI'((:JaM)' (2'1)

30r 50(4) in the Euclidean version.
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The critical locus of the action functional in the bulk is denoted by
E Ly, and if we denote by mp: Fy — FgM the canonical projection, we
can construct Lys = mp(ELps). In order for the classical theory to be well
defined one usually requires the projection Lansx[o,q of the critical locus
(associated to a suitable collar) to be a Lagrangian submanifold of the space
of boundary fields FgM. This is to allow the existence of solutions to the
Cauchy problem after a choice of a suitable boundary condition: another
Lagrangian submanifold L C Fjy,; that should be transversal to L.

If we further define Cyps C FgM to be the space of pairs of boundary
fields that can be completed to a solution in Lgpsx|o,, we can conclude that
Capn must be a coisotropic submanifold [CMR11].

In this paper we will analyse the submanifold Cpy,; associated with
Palatini—-Cartan—Holst theory of gravity as given by the vanishing locus of
some local functionals on the space of fields. One could then run the Batalin—
Fradkin—Vilkovisky (BFV [BEF83, BV77|) machinery to replace the reduction
of said coisotropic submanifold with the associated BFV-complex [Sch09,
Sch10]. Moreover, one could perform a Batalin-Vilkovisky (BV [BVR&I]) anal-
ysis the PCH theory in the bulk and study whether the BV-BFV axioms are
satisfied [CMR14]. This will be done by the authors in [CS17].

3. General Relativity in the Palatini-Cartan—Holst formalism

The Einstein—Hilbert theory of gravity does not strictly look like a gauge the-
ory, as it is not manifestly a theory of connections, unlike electromagnetism
or chromodynamics or the standard model of particle physics. Nevertheless,
there is a classically-equivalent formulation of GR as a theory of principal
connections, an action functional that produces a set of equations of motion
that can be reduced to Einstein’s equations, and yet it is different from a
structural point of view.

The setting is as follows, consider the principal fibre bundle of (co-)
frames on M, with the natural action of SO(3,1) on iﬁ The dynamical fields
are the co-frame field e: TM — V (also called vierbein, in four dimensions),
with V a vector bundle on M with a reference smooth choice of Minkowski
metric 7 and of orientation on each fibre V, and a connection w on the
principal SO(3,1) bundle P associated to V, i.e. locally on an open U C M,
wly: U — s0(3,1). Note that we require e to be an isomorphism.

Remark 3.1. Generalisations of this construction have been considered (for
instance) by Floreanini and Percacci [FP], where the internal group is GL(4)
and no compatibility is required between a principal connection w and ei-
ther the co-frame e (torsionless condition) or an internal metric k (metric-
ity condition), which is to be interpreted as a dynamical generalisation of
the Minkowski metric. A metric field g and a connection A on the tangent
bundle are then obtained by pulling back the internal metric and connection

4We assume that M is orientable and can carry a Lorentzian structure.
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respectively. This construction reduces to the usual Palatini—Cartan approach
by requiring either the metricity or torsionless conditions and recovering the
other one through the field equations.

One can consider /\2 V-valued local connections, using the isomorphism
AV =5 50(3,1) (3.1)

induced by 7, which maps the basis e; A e; to a basis of matrices t; of the
Lie algebra by raising/lowering indices. In this setting, the theory is fully
described by the Palatini—Cartan action functional:

Spc:/Tr [e/\eAFw+264 ; (3.2)
where by Tr: A*V — R we denote the volume form in A"V normalised
such that Tr(u; A uj Aug Aw) = €k, with {u;}}_; an n-orthonormal basis
in V, and A is the cosmological constan

To fix the notation we will assume throughout that d,¢ = d¢ + |w, ¢
where ¢ is any g-module valued field (i.e. we use the bracket notation to
denote any Lie-algebra action), and the curvature form reads F, = dw +
1w, w].

The Euler-Lagrange equations for the associated variational problem
yield, at the same time, Einstein’s equation and the compatibility condition
between w and e. The latter condition imposes that covariant derivatives be
taken w.r.t. the Levi-Civita connection. More explicitly, the Euler-Lagrange

equations for (3.2)) read
do(eNe)=0 (3.3a)
eNF,+Ae* =0. (3.3b)

Observe that Equation (3.3a) is equivalent to d,e = 0 in the bulk, while
equation e A F, = 0 is rewritten as >, [F, ]/ = 0 with p,v,p=1...4 indices
of the basis {e,}.

Remark 3.2. Notice that we assume that e is an isomorphism, and in this case
FEquations describe the same geometro-dynamics of the Einstein-Hilbert
variational problem, up to gauge equivalence. Indeed, Fq. 18 Finstein’s
field equation for the metric g = e*n when w = w(e), the unique solution
of , is understood to be the Levi—Clivita connection. As a matter of
fact, since we require w to be n-compatible, the torsionless condition d,e =0
will imply the metricity condition de«,g = 0, which is uniquely solved by the
Levi—Civita metric connection.

Remark 3.3. Observe that the map e A - in Q*(M, \*V) is not necessarily an

isomorphism, even if e is nondegenerate. As a matter of fact e N F, = 0 is
not equivalent to the flatness condition F,, = 0.

5Note that the choice of orientation of V and the orientability of M are not really necessary,
as a top form with values in /\4V is a density and can be integrated on M without any
further choice.
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Strictly speaking, EH and PCH theories are equivalent only when con-
dition is used to rewrite the Palatini—Holst action in terms of the
curvature of Levi—-Civita connection. However, the way one encodes the half-
shell constraint is somehow arbitrary. As a matter of fact, adding an
explicit Lagrange multiplier will not modify the equations of motion (Theo-
rem, but will have a non-trivial effect on the boundary. We will consider
this option in Section

The minimality of the theory has been discussed, for instance, in [PR],
where it is shown how one can easily consider the most general theory of
gravity of this kind to be a topologica/ﬂ modification of the Palatini-Cartan
action. This modification goes under the name of Holst action [Hol|, and it is
still possible to add a finite number of boundary corrections to it. We report
here the shape of such general action for completeness:

Stot = / Trai(e Ae A F,) +as* (e Ae) A F,]+ ag(A)Tr(et) (3.4)
M

+ /(a3 — o) dLos(w™) + (a5 + ias)dLos (@) + asd(dy * e A e).
M

A few comments are in order. The trace is again induced by the volume form
in V' and we used the internal Hodge * for Minkowski metric . The a1, as
terms, with respect to a basis {u;}7_; explicitly read:

(aleijklei ANed AFF 4+ aget Aed A Fklmknjl) € QP (M), (3.5)

with 7;; the Minkowski metric, diagonal n = diag{1,1,1,—1} in the basis
{u;}4_,. Eq. will be interpreted in Lemma |3.5| as a volume form in the
top exterior power /\4V.

The coefficient ag(A) is proportional to the cosmological constant, whereas
the components w™ are respectively the (anti-)self-dual parts of the connec-
tion w (with respect to the Hodge dual) and the functionals Log are Chern-
Simons forms. It can be seen [PR], that the total derivative terms in
unfold to yield topological terms proportional to the Pontrjagin, Euler and
Nieh—Yan classes.

Notice that the terms from a3 to as are relevant neither for the dynam-
ical theory nor for the boundary structure. As a matter of fact they arise as
exact corrections to the boundary 1-form, and therefore they will not change
the symplectic structure.

3.1. Palatini—Cartan—Holst theory

The as term in will have a non trivial effect in both bulk and boundary
theories, and we shall retain it in what follows. The other topological bound-
ary terms will be discarded in this analysis. In doing this we will rename our
parameters as it is customary in the literature, namely by introducing the

6The term topological being referred to the fact that it does not affect the dynamics.
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so-called Barbero-Immirzi [Bar, Imm| parameter v € R\{0} and considering
the (real) Holst action

1
SHolst = /Tr (e NeNF,+—x(eNe)ANF, + Oé@(A)€4> . (3.6)
Y
M

This theory reduces to the Palatini-Cartan action in the limit v — oo, but
it still describes the same (Einstein) equations, up to a rescaling factor +.
However, this apparently harmless shift turns out to be a source of ambiguity
in the quantisation scheme [Imml, [RT].

First introduced by Barbero [Bar] to generalise the construction of
Ashtekar canonical quantum gravity [Ash| in terms of a real SU(2) connec-
tion, this parameters was later studied by Immirzi [Imm)|. Ashtekar’s formu-
lation dealt with complex self-dual connections instead, which are recovered
by complexifying the action and setting v = 4. This complexification is
avoided with the introduction of a y-dependent canonical transformation of
the phase space, mapping the Palatini fields to some ~y-rescaled fields. This
parameter dependence has been observed to be non-quantisable [RT], in the
sense that it cannot be unitarily implemented, which means that the quan-
tisation of the theory without the v parameter is not unitarily equivalent to
the scaled one. However, we will be interested in the semiclassical structure
only, and the generalisation introduced by the Barbero-Immirzi parameter
will be taken into account only for completeness.

The introduction of the v parameter changes the pairing structure be-
tween e A e and F,,. To understand this statement we need the following:

Lemma 3.4. Let A, B € /\2V ~ s0(n), with n a nondegenerate metric on a
four dimensional vector space V. Then

A, B] = [xA, B] = [A,*B].

Proof. Consider A, B,C € /\ZV. Denote by Tr the invariant volume for in
/\4V, and by A, B, C' the respective matrices in so(1). We comput

1 .
Tr[C (A, B]] = 5ez«jklcwef;AmB"Sn,,m

= QC”A’"’”B"Sm(ms)ﬂ?mn = _2Trso(n) [B : é : A] = T, (37>

(angular brackets denote antisymmetrisation of enclosed indices) showing
that Tr[C x [A, B]] is cyclic in A, B,C. Then, since Tr[A x B] = Tr[*xAB]
we have

T =Tr[Ax[B,C]] = Tr[C[xA, B]] = Tr [C x [A, B]],
and

T =Tr[Bx[C, A]] = TY[C[A,*B]] = Tr [C % [A, B]] .
The identities are valid for all C' € A*V, and the volume form Tr induces a
nondegenerate pairing on /\QV, proving the claim. v

Tr is given by €ijki in the n-orthonormal basis
8We consider detn = %1 for simplicity.
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Lemma 3.5. Consider the complexification of Minkowski vector space (Vc,n)
and the maps (we drop the subscript C)

T,: N’V — NV (3.8)
o — -+ % * o
T,: NVapANV — c (3.9)
a®p — TI"[TV(Oé) A B
T,: NV — NV (3.10)

a — Ti(a®-)

for~y € C\{0}. Then, T, and T,Y are isomorphisms for any value vy # +i, and
Tw defines a non-degenerate symmetric inner product in /\2 V. Moreover, T,

s symmetric with respect to the inner product induced by the volume form in
4 .
NV, ie.

Tr[Ty (a) A B] = Trla AT (B)],
and

Tya, 8] = [Ty [e], B] = [a, Ty [A]]- (3.11)

Proof. Consider the linear map T,y: /\4 V' — R and evaluate it on a basis
{u; A u;}, where {u;} is an orthonormal basis for (V,n):

2
Ty [u; Auj @ ug Awg) = {Ez’jkl + vni(knl}j:| ; (3.12)

as it can be easily checked using *(u; A u;) = %eijkmk(mn””um A u, and
the normalisation Tr(u; A u; A up A w;) = €1 (angular brackets denote
antisymmetrisation of enclosed indices). If we relabel the basis indices in
/\2 V oas (12,13,14,23,24,34) — (1,2,3,4,5,6). It is simple to gather that

the representative matrix of 7, with respect to the canonical bases in /\2 \%4
and /\2 V*, relabelled as just mentioned, is given by

oo 0 0 0 1
0 4t 0 0 -1 0
~ o 0o 1 o 0
LI=1 o o 1~ 0 0
0 -1 0 0 -t 0
1 0 0 0 0 -yt
and its determinant is det[T,] = —(1 4+ ~~2)3. Now, the combination

mnkl

o,
i i U ANuj + @ NimNjn€ up N\ uy,
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for a € R, is a basis of /\2V for all « # 4i. In fact, the linear map F,
mapping {u; A u;} to {ff} reads

1 0 0 O 0 «
0 1 0 0 —-a O
0 01 —a 0 O
[Fa] = 0 0 o 1 0 O
0 o 0 O 1 0
- 0 0 O 0 1
and det(F,) = (14 a?)3. In particular, for o« = 7 we have T, = 3.

To prove the symmetry of T, we can compute

. 1
Tr[Ty (o) A B] = &V g™ T [(uiuj + %ef}ukul> A umun] =

i i 1 . 1
=a¥ 6mn (€ijmn -+ %Effﬁklmn) — aljﬂmn <€ijmn + heiquezy)rgn> _

. 1
= oYM Tr [uiuj A (umun + %eﬁ?nupuq)} = Trja AT, (5)],

or equivalently use the fact that Tr[T,(a) A 8] = Ty(a ® 8) and that T,
is a manifestly symmetric bilinear map (c.f. (3.12)) on A? V. Finally, using
Lemma (3.4 we can easily check that T [c, 5] = [T, [a], 8] = [a, T4 [5]]. v

Proposition 3.6. The map T, : /\2V — /\2V is a Lie algebra morphism of
s0(n) if and only if ¥* = s, with s the sign of the determinant of . Then:

1
3T yslAlL T 5[ B])- (3.13)
Proof. With the help of Lemma [3.4 we compute

Ti\/E[AaB] =

2 1 251 s g*
[T,[A], T, [B]] = [A, B]—l—g*[A,B]—i—?[A,* B] = (1+72)[A’B]+'y [A, B].

We can ask for [T, [A], T, [B]] = ¢I,[A, B], imposing the conditions

072
vy oy
S

1+ — =g,
,}/2

which immediately show that this is possible only when 42 = s, and ¢ = 2 in
that case. v

Remark 3.7. In the present paper we will assume v # £, in order to have T,
nondegenerate (cf. Lemma . As mentioned, one can make sense of PCH
theory in the complexification of so(3,1), relating to the Ashtekar formula-
tion of Palatini gravity [Ash|, and fizing v = £i allows self-dual connections
(in the complexified Lie algebra). Thus, Ty; loses invertibility but gains the
property of being a Lie algebra morphism. From now on, however, we will
consider v € R.
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We can summarise the previous constructions by giving the following
definitions we will use throughout. Let P — M the principal SO(3,1) bun-
dle associated to V, Ap the space of principal connections, and denote by
QL ,(M,V) the space of (nondegenerate) tetrads.

Definition 3.8. The assignment of the pair (Fpomu, Spcm)m to every 4 di-
mensional manifold M with

Fron = Ua(M,V) x Ap 3 (e,w), (3.14)
and
Tl A,
Spcua = | T, 56/\6/\Fw+ze . (3.15)
M

will be called Palatini—-Cartan—Holst theory.

Definition 3.9. The assignment of the pair (Fus,Sus)m to every 4 dimen-
stonal manifold M with

Frs = QL (M, V) x Ap x (M, \*V) 3 (e,w, 1), (3.16)
and
. [1 A,
Spca = [ Ty ie/\e/\Fw—&-Ze + Tr [t Adyel. (3.17)
M

will be called Half-Shell Palatini-Cartan—Holst theory.

Remark 3.10. We understand the integrand TA, [%e NeNF, + %64] as the

pairing in \°V between (the vector values of) e A e and T,[F,). This is

equivalent to Tr [e A e AT, [F,)] + Se*] since

ee N x[ee] = m<km>jei ANedAefnel = —77,»<km>jek ANed Aet Ael =0.

4. Classical boundary structure

In this section we will analyse the structure that is induced on the boundary
OM by the bulk Palatini-Cartan—Holst theory (Sections and and by
the bulk Half-Shell Palatini-Cartan—Holst theory, a modification of it where
the compatibility constraint d e is enforced by means of a Lagrange multiplier

(Section [4.3)).

4.1. PCH boundary structure

Recalling Definition [3.8] the space of physical fields for the PCH theory of
gravity is given by Fpop = QL ;(M,V)x Ap. A connection is locally described
by a (local) one-form w (on a chart) with values in so0(3,1) ~ A®V. The
boundary inclusion ¢: 9M — M induces the bundles P? := *P and V? =
L*V over OM. We denote by Q},(OM, V?) the space of V-valued one-forms
on the boundary that span a three-dimensional subspace of V' at each point,
with V7 := /*V.
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Remark 4.1. In the literature (e.g. [Ashl [RT]), globally hyperbolic structure
of space-time is usually assumed for Palatini—Holst gravity. We will instead
begin by considering any 3 + 1-dimensional manifold with boundary, without
specifying the kind of boundaries we allow. This means we will not put any ex-
tra restriction on the fields (compare with [CS15)|, where the Einstein—Hilbert
action for GR in the ADM formalism is analysed). In the analysis of the
reduced phase space we will however assume that the co-frame field is such
that the metric it induces on the boundary is nondegenerate (note that this is
an open condition on the space of bulk fields).

Consider the following

Lemma 4.2. The map

k+1
W@k P <8M /\v"’) — Qptl <8M /\ Va>

defined by W(gp’k)(X) = X A e, where e is the restriction of the tetrad to the
boundary v: OM — M, is injective for p = k = 1 and it is surjective when
(0. k) = (1,2) or (p, k) = (2,1).

Proof. We use the fact that {e,} is a basis of V and expand the component

X, € A’V in that basis. When (p, k) = (1,2) the kernel is determined by
the equation

X Ne= XMe e epdz® Adax’ = 0. (4.1)
This yields a system of equations as follows
(1,2) XPCepeces — XPene.e1 =0 X113616362 — X2236263€1 =0
(1,3) XPCepeces — XPenecer =0 X{2ejeses — Xalegepe; = 0

(2,3) XFCepeces — XFenecea =0 Xilegeies — Xategeien =0

from which we easily obtain Z L X = X" =0, since A+ B=A+C =
B+ C =0implies A=B=C = 0 (check the resulting equation for e ejes
in the first line). However, we can look at the inhomogeneous equation

t=X Ae,

and expand ¢ in the basis of the e,’s: t = t"”e e, e,dz*dz’, and again for
X Ae. With a similar argument one obtains that the equation is solved for
X as

bd
Xg = dff €bdr (4.2)
2Xan = _ynab 4 gnede, o, (4.3)

where hatted indices are not summed over and, because we know that combi-
nations such that ) X @b — () are in the kernel of eA-, this proves surjectivity
of the map.
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Again, with an essentially identical argument we can compute the ker-
nel of W to be You XS = X =0, and show that is is surjective on
Q3 (M, \*V9).

On the other hand, when (p, k) = (1,1) we have

=0,

X enen) (4.4)
which yields
(1,2) Xlenea + Xiezes — XNener — Xiezer + (X1 + X3)ejea =0
(1,3) XPenes + Xieges — Xiener — X3ege + (X + X3)ere3 =0
(2,3) XZenes + Xieres — XFenea — Xieges + (X2 + X3)ezes =0
and one can infer that X = 0. v

Remark 4.3 (Definition of splitting). We can consider the choice of a com-
plement of the kernel W, ;) = kerWS’j), ie. Qujy = QOM,N\NV?) =
Wii5) @Ci gy for (0 <1< 3,0 < j < 4). Note that C(; jy is actually a comple-
ment for all e in an open neighbourhood of a given ey inside Q,q(OM,V?).
The dual space is

) = (1OMNV)) = @3 @M, NIV,
and we can consider the annihilator W?i =

splitting reads
. * _ * 0o .
Qg =Wiig) DCagi Qg = Wiig) @ Wi g (4.5)

Im(WR=43=9)), Then the dual

and again Cf; ;) = W&j) = Im(Wf*i’%j)). In particular, for (i,7) = (1,2),
we have that an object in the dual of the complement of kerWéu) s in the

image of ng’l).

Remark 4.4 (Definition of projections). Once we fix a complement C ;)
of the kernel W; jy we can define projections p; jy: Qe — Wi,y and
p’(i Y Qi) — Ciy)- In what follows, we will drop the subscripts and sim-
ply denote the projections p and p'. Dually, we will generically call pt the
projection to the image of W,. Observe that all p, p' and p' will depend on e.

Remark 4.5. Notice that we can use the inverse function theorem in the
Banach manifold of (fixed regularity type) sections to show that both W, j
and its complement C(; ;) (which can be seen as the annihilator of the kernel
Wia—i3—j5)) are subbundles, owing to the fact that they are constant rank.

Theorem 4.6. The classical space of boundary fields for Palatini—Cartan—
Holst theory is the symplectic manifold given by the fibre bundle

Fpon — Qua(0M, V), (4.6)
with fibre over e € QL ,(OM,V?) given by the reduction A7¢% = AL*P/N7

with respect to the equivalence relation w ~ W' = w —w' € Ker(Wéu)),
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where VO = 1*V and v: OM — M, and symplectic form depending on the
Barbero—Immirzi parameter y:

@bog = — /Tv [e A de A dw]. (4.7
oM

The surjective submersion mpcy: Fpoy — ]-'gCH has the explicit expres-
ston:

w = [w]e,

with e € QL ,(OM,V?) and [w], € AT¢%.
Furthermore, there is a symplectomorphism f;ZCH — T*Q}Ld(aM, V)
by means of the identification

—e AT, [w] = t, € Q2 (OM, \*V?) ~ AT¢%,

mpoH: {e:e (4.8)

and the symplectic form reads

woop = / Tr [Je A 0t.] . (4.9)
oM

Proof. The variation of the Palatini-Cartan—Holst action splits into a
bulk term, which we will not consider in what follows, and a boundary term.
The latter is interpreted as a one-form on the space of pre-boundary fields
F pcy of restriction of fields and normal jets to the boundary, and it reads

1 ~
apcH = —3 /Tv [e e dw]. (4.10)
oM

The pre-boundary two-form wpey = dapcy then reads

WpCH = — / T [de A e A dw]. (4.11)
oM

The restrictions of fields to the boundary are denoted with the same sym-
bols, but we understand w as an s0(3, 1)-connection on the induced principal
bundle Pyp; = t*Pys on the boundary ¢: OM — M, while e is a V-valued
one-form on the boundary (i.e. e € Q}ld(aM, ¢*V)). In the basis {u;};=1.. 4 of
V we have e = e’ u;dz® whereas w = w¥u; A ujdz® where we fix that the
indices a, b, ¢ run over the boundary directions 1,2, 3. Notice, however, that
the vectors e, = e’ u; are a basis of a three dimensional subspace W C V,
and we can complete it to a basis of V' by introducing a vector e,, linearly
independent from the e;’s.

Using Lemma|3.5|we can read the equations defining the kernel of wpc g

from
(Xe)Ne=0 (4.12a)
T,[(Xw)] Ae = 0. (4.12b)
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In virtue of Lemma this means that ker(@pcoy) = ker(ng"l)) xker(ng’Z)) =
ker(W((gl’z))7 since we can read (and solve) (4.12al) as

WD (X,) =0« (X,) =0, (4.13)

while holds whenever T, [(X,,)] € ker(ng’Q)).

Observe that w € Ap,,, is a connection on the boundary, and ng’z)
is a map on the tangent space T, Ap,,,. A vector field X,, = T, [(X,,)]: in
the kernel of @wpcy acts on connections by adding an element of ker(Wél’Q)),
so that the result of flowing w along X, will be a connection w’ such that
w—we ker(ng)). This defines an equivalence relation ~ on connections
on the boundary, and the reduction map 7 : Ap — A7 = Aip / ~

Ay p / ker(W (1, 2)) sends w to its equivalence class [w].. If we identify the co-
ordinate in .A «p with an equivalence class of connections, we get the explicit
expression for the symplectic reduction map:

™ {e - (4.14)

w = [w]e,

and pre-composing 7 with the restriction map 7: Fpoyg — F pcH we get
the surjective submersion to the space of boundary fields 7pcy: Fpocg —
F8op- It is easy to check that & is horizontal w.r.t. ker(ng’z)), and that
the one-form

1 N
a(‘ZCH:_§ /T7 [e AeAdw] (4.15)
oM
is such that apcg = w*a‘?)CH.
Using Lemma again we can identify AT¢% ~ Q?(OM, A*V), after
the choice of a reference connection. This choice induces a global Darboux
chart and .7-'1‘20 y is a cotangent bundle with Liouville form

oy = — / Tr [e Ad(e A T,y[w])] - / Tr[e A8t (4.16)
oM oM
under the identification t., := —e A T, [w]. v

Remark 4.7. The choice of a complement of ker(ng’Q)) (c¢f. Remark ,
induces the splitting w = W+v where T[] is the component of the connection
T, [w] in the complement C4?) | and T, [v] € ker(ng’Q)), We write 0 =w —v
so that we can read Ejq. as (Xz) = 0 and project to the symplectic
reduction. If we denote by (e,w) the coordinates on the space of boundary
fields and by AT¢4 = A P/Ker(ng’m) the reduced space of connections on
the boundary, the projection map reads

T {e— c ~ (4.17)

W=Ww-—-—V=w.
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Remark 4.8. Note that the nondegeneracy of e is mecessary to ensure that
the pre-boundary two-form be presymplectic (i.e., that its kernel be a subbun-
dle). This is unlike the 3-dimensional case, where this is not necessary and
Palatini—-Cartan theory may be extended to degenerate co-frame fields. Fur-
thermore, observe that in an open neighbourhood of e one can choose w in

the complement of Wél’Z), and the variations are independent.

Lemma 4.9. Consider the map [-,e]: Q1 (OM, \*V?) — Q2(OM,V?), and
the restriction of the metric g2 = g|aM = e*n|aM. Let K = ker([-,e]) N

ker(ng’Q)). We have that, for n FEuclidean or Minkowski,
dim (K) = 2dim(kerg?), (4.18)

Moreover, if g2 is nondegenerate, the map [-,¢e] is surjective on Q*(0M,V?),
and ker([-,e]) c ¢(12),

Proof. We restrict the map [-, €] to ker(ng)), and its kernel is then defined
explicitly by

17}
[U 6]ad - chgcd - Ud gfa - 0’

where we express v in the basm {e,}, and from Lemma we know that
vhe, e, € ker(W ) iff Y, v = 0 and v = v2°€qpc|. Now, we can choose
coordinates in Wthh g2, is dlagonal, i.e. ¢ = diag(ay, aa, a3), and the eigen-
values are only 0 and +1. If  is a fibrewise Lorentzian metric on M, the only
possible values are (1,1,1),(1,1,-1),(1,1,0). If we allow for more general
n’s we can also have cases (1,—1,-1),(1,—1,0),(1,0,0). The result holds as
well for (0,0,0), trivially.
The equation in these coordinates is easily rewritten as

vbdad = vd Qg,

for all a,b,d.
Case g7 = diag(1,1,+1). The equations reduce to
v3? = o3l (4.19a)
+0P? =3 (4.19Db)
+03% = 3% (4.19¢)
and
012 = v3l = 0; (4.20a)
+01% =03t = 0; (4.20Db)
+02% = 3% = 0; (4.20c)

that together with Y~ % = 0 imply v = 0.

With a similar argument, it is easy to show that, in the case g non-
degenerate, the map [-, €] is surjective on Q%(9M,V?): the kernel has 6 local
dimensions and is obviously contained in C(; ), the complement of W, 3),
since [, e]|w,, ,, is injective.
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Case g? = diag(1,+1,0). This time we get the set of equations

v =43ty 03t =0; (4.21a)
Ugl = U%l = ’U§2 = ’U%Q = 0 (421b)
From Y, v = 0 we get the additional constraint v{3 = —v33. K is then

parametrised by v5? and is therefore 2-dimensional.
Case g9 = diag(1,0,0). In this case the only equations that aren’t automat-
ically verified are

vs!l = 8?2 =0,
which imply v2! = v3! = 0. Consequently, components v43, v52 are free and
parametrise the kernel, which is then 4-dimensional. v

Corollary 4.10. If g is Lorentzian and ¢° is nondegenerate, then we have a
short exact sequence

e 1) ,
0 — ker(W2) L 0297 v0y Y 3 (anr, ATVO) 0. (4.22)

Proof. Using Lemma we know that W‘(gz’l) is surjective and from Lemma

‘(2172))

[-, €] is injective on ker(W . It is a matter of a simple computation to

check explicitly that e A [v,e] = 0 for all v € kerWél’Q). Alternatively one can
define the map £: A*V x V. — A’V such that, for w € A’V and a € V

k

g . i .
E(w,a) = e pw? uuja n(u, w) = €W uiua .

Then e A [v,e] = E(e Av,e) —v Ae’ Aeln;; = 0. This implies that im([-, e]) C

ker(Wg’l)), but since dimK = 0 the reverse is also guaranteed and the se-
quence is exact. v

Recalling the definitions of the projections p and p’ (cf. Remark :

Corollary 4.11. If g2 is nondegenerate, given a pair (w,e) € Fpcmu, there
exists a unique O € QL(OM, \*V) that solves the system

6~/\ v=0 (4.23)
[’Ua 6] = p(2,1)(dwe)7
where p(2,1): 02(0M,V?) — Wi2,1)-
Proof. This is a consequence of the fact that the map
gbe = p(2,1) o ['7 e]|W(1)2> : W(1>2) — W(gyl) (424)

is an isomorphism. v
Lemma 4.12. Assume ¢° nondegenerate and consider the functions

v Fpen — ker(WH2), T(w, e) = —¢; Hdye), (4.25a)

&: Fpen — Avp, w(w,e) =w+v(w,e), (4.25b)
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where ¢, is as in Corollary . Then, w is basic with respect to the reduction
map e App — AT and [0]. = [w]. Moreover,

pdze =0
and W satisfies the equation

dze=10 (4.26)
if and only if e A d,e = 0.
Proof. If X is a vertical vector field, i.e. tx@pog = 0, one can easily verify
that Lx¥(w, e) = Lxw. In fact, since Lxe = 0 we have

X(o7 (pdwe)) = ¢; * (p[Xus€]) = Xo = Lxw,

given that X,, € ker(ng’z)) (cf. Theorem; thus Lxw = 0, and [@], = [w]e.
Moreover, by definition of & we have dgze = d, e+ [v, €] and, in virtue of
Corollary [0,e] = —p(dye), so that dze = d,e — pd,e = p'd,e and con-

sequently pdgze = 0. Moreover, dge vanishes if and only if d,e € ker(W‘(f’l)),

that is when e A d,,e = 0.

v
Corollary 4.13. Let (e,w) € F3.p and g° nondegenerate, then e A d,e = 0
if and only if there exists, unique, a representative @ in the class w = [w].
such that dge = 0.
Proof. Follows immediately from Lemma v

lzeﬁnition 4.14. Denote by S C prH the image of the map p: J%pCH —
Fpcwu, defined by p(w,e) = (W(w,e),e).

Lemma 4.15. We have
S={(@,e) € Fpcu | pldze) = 0}. (4.27)

Proof. We have already shown in Lemma that every pair (@, e) where
w = w(w, e) satisfies p(dze) = 0. On the contrary, If w satisfies the equation,
then &(w, e) = W, showing that (0, e) is in the image of . v

Proposition 4.16. The map

o. Thom — S
([Wle,e) — (we)

s a symplectomorphism.

Proof. Choose a representative w € [w], and construct w(w,e). This is inde-

pendent of the representative, since changing w by v € Ker((W).(gl’z)) leaves

@(w, €) invariant, as shown in Lemma[d.12] On the other hand, choosing (&, )
in S uniquely determines the equivalence class []. as the fibre of ¢ above
(@, €) coincides with the fibre of w: Fpey — Flom-

Computing the symplectic form @,y on (@, €) yields

/ T, [eded(w + D(w, e)] = / T, [ededw + ededd]
oM oM
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for some representative w € [w].. However, since e A v = 0 we have edv =
d(e NU) —de AU = —de AU and we compute

/ T, [ededv]) = — / T, [6edev] = 0.

oM oM
v

4.2. Constraints in PCH theory

In this section we will consider the structure of the constraints defined by
equations in the bulk. Compare this with the general discussion in
section [2

We consider the Euler-Lagrange equations in the space of bulk fields
Fpcy and define the pre-constraints to be given by their restriction to the
boundary. We will show how one can construct local functionals that are
basic with respect to the symplectic fibration : F PCH — ]:gc H-

Remark 4.17 (On the definition of constraints). In the bulk, we have that
the Euler-Lagrange equation e A d,e = 0 is equivalent to d,e = 0. We can
regard the restricted equation dwe| on =0 as defining the constraint, together
with e A T’Y[FW”()]\/[' In virtue of Lemma requiring dy,e = 0 on the
boundary is equivalent to the condition ed, e for every other w' € [w]., and
W(w',e) = w is the unique representative satisfying . Alternatively, we
could pick (e Ndye)|onr = 0 as constraint, and know that there exists, unique,
a representative W in the class of w, such that dze = 0.

Remark 4.18. Another way to observe this phenomenon is the following: con-
sider the function

/ Tr[B A dgel,

oM
with 8 € Q*(OM, \*V). However, we know that m(dgze) = 0 and dze = 7'dze.
Since C; ;) =~ Im(Wg%m*j)) there exists o € QO(OM, N*W) such that B =
eNa and

/Tr[B/\dg,e]: /Tr[a/\e/\dge}.
oM oM

Remark 4.19. We can split the constraint dge = 0 into its two projections,
i.e. wnto the structural constraint pdze = 0 and the residual constraint
e A dge = 0. Proposition shows that, under the nondegeneracy assump-
tion on ¢°, imposing the structural constraint is equivalent to the reduction
with respect to the kernel of the presymplectic form. We will prove in a mo-
ment that the residual constraint then defines a coisotropic submanifold (and
that additionally imposing the other constraints eI [Fgz] = 0 also defines a
coisotropic submanifold).

Remark 4.20. From Lemma [[.9, in the degenerate case K has dimension
2, which means that to project d,e to the space of boundary fields we must
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impose two extra conditions to eliminate the residual degrees of freedom in K.
From now on we will assume that g2 is nondegenerate, which is equivalent to
requiring that the signature of the induced metric on the boundary is either
space-like or time-like.

Remark 4.21. Observe that from Lemma we know that @ is basic, i.e.
Lxw = Lxe = 0; from this we immediately conclude that Lx(e A dze) =
Lx(e A Fz) =0 for X € T'(ker(@Wpcn)), showing that the constraints are basic
m .7-'pCH with respect to pre-symplectic reduction.

Theorem 4.22. The functions on S:

o= / Tl he A dsel, (4.289)
oM

Ju= / Ty [uAeAFg+Tr[ApAe], (4.28Db)
oM

with a € QO(M, \*V?), € Q°(M,*V) and & as in Lemma define
a coisotropic submanifold Cpogy C S ~ .FJQCH with respect to the symplectic
form

w? = — / T, [ededd]

with the following algebraic relatito
{Lo»Lor} = Lio o (4.292)
{Lay T} = Jay) + Lo (4.29b)
{Jus '} = Ly (4.29¢)

where HY" X" qre local functions of the fields and the Lagrange multipliers
whose explicit expressions, presented in Equations (4.33)) and (4.40), are not

relevant for the statement.

Proof. In order to compute the Hamiltonian vector fields of the functions
defining the constraints, we have to consider that the variation of w is con-
strained. As a matter of fact, from the defining equation pdgze = 0, splitting
the variation in & = pdw + p’d0w and recalling that the projection to the
kernel p depends on e, we get

[p&:)v e] = 7(5ep)d&e + Pdw€5€ - p[plé&ja 6},
so that
pdw =: A(de) + B(p'6w), (4.30)
where we defined A: Q' (OM, W) — W2y and B: C1 2y — W2, using
the notation of Remark [£.3] In particular, we have the explicit expression for
cE C(Lg)

B(c) = —¢; ! (ple, ).
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Observe that de and p’d6w are free variations, and that the map A has odd
parity. In a similar fashion, a generic Hamiltonian vector field X will have to
satisfy pXg = A(Xe) + B(pIX[;,).

Because of the structure of Zm only the free variations de and p'6&
appear in 0 Ly:

5Za:f/T,y[ée/\e/\dgonrp'&T)/\e/\[oz,e]].
oM

Hence, its Hamiltonian vector field L, such that ¢ w? = (52/&, simply needs
to satisfy

eN(LYe = e o el;
e (LY)s = —e Adga.

Turning to ju and recalling that dze = p’dze we have

87, = / T, [0e A (F5+ 3Ae?) +dz(pAe) A 6@
oM
= /TV [Se ApA (Fs+3Ae?) +dpp Ae Ap'do — p A dge A S|
oM
= / T, [ep (F5 + 3Ae?) + dzpep' 00 — pp' dzep' 6@ — pp'dge (A(Se) + B(p'ow))]
oM
= / T, [5e A [u A (F5 + 3Ae?) + AT (u A pldge)]
oM
+ [dap Ne—pl(uApdze) — BT (uAp'dze)] Ap'é], (4.31)

where we introduced the adjoint maps Af, Bf. Thus, we have

eN(IM)e = —dzu e+ (pt + BN (uApdze) (4.32a)
eANp' (IMg = puA (Fs +3heAe) + AT (uApdge). (4.32Db)

Observe that imposing dgze = 0 would be sufficient to show that the ideal is
coisotropic, but we are interested in explicitly writing the algebraic relations
between constraints.
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Let us compute:
{Lo, Lo} =L°Ly

- / T, {a’ Adg (e A (LY)e) + %o/ ALz, e Ae]

oM
1 ~
73 /Tw [dza’ Ala,enel +a' Aldza,e ne]
OM
— [ Tlietsal Aendae] = Lo
oM

and

{j;u za} = J#za

__ / T e A (3")e Adsa + (35 A e A fase]]
oM
= / T, [dgu AeNdza — (pt+ BT (udge) A dza
oM

— uA(Fz+3heAe)Aa,e] — AT (udze) A [, e]}

= /TW[M/\d;e/\d;a—i—[Fg;,,a]/\u/\e—u/\dg,e/\(id—i-B)p'dga
oM

—uA (Fz+3Aene)Ala,e] —,u/\dg,e/\A([a,e])}

_ / T [pdzent [((id — ' = Bop)dza — A(la,e])) A 1]
oM

+[oz,,u]/\e/\(FgJ+A62)}

= /T'y [[a, u] A e A Fg] + /T'y [GAdQGAHa’M]:j'[aw]‘f’ij-ja,u,
oM oM

where we used that T [3u[a, elee] = Tr[ula, €3]] = —Tr[[a, 1, €] and that
through W;! defined on the image of p' and BY, we can define H** €
Q°(dM, A\*V) such that

HO# = W2 [((p— B o p')dga — Ao e])) A pl. (4.33)

There is also another way of expressing H**. The Hamiltonian vec-
tor field L® must preserve the constraint p(dgze) = 0, so that, imposing
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LLo(p(dze)) = 0 and recalling that the projection p depends on e, one obtains

Lia(pdze) =0 <= (LLap)(dze) + p[(LY)s, €] + pdg[a, e] = 0
= plp'(L)a, e]+p[p(LY)s, e]+[pdza, e]+p[p'dsa, el +pla, dze]+(LLap) (dze) = 0
<= [p(L")s + pdza, e] = —(LLap)(dze) — pla, dge].  (4.34)
Define now 9, € W21y to be 9, = p(L%)z + pdza; as a consequence of

we have
wa = _¢e_1 [(LL‘Ip)(dae) +p[a, dae” ) (435)

and notice that it vanishes on-shell (i.e. when dge = 0). If we compute L*(J,),
which on the one hand coincides with {J,, Lo}, we get

L(J,) = / T, {(LO‘)EAM/\(F;—I—?)AeQ)—i—p'(La)g/\d@(,u/\e)—p(L"‘)g/\,u/\dge}
oM
= /T7[[a,e]/\u/\(Fg—i—SAez)—dga/\dg(,u/\e)—(p(dgoz) +p(L°‘)g,)/\u/\dge}
oM
- / T, [[m plAe A (Fg+ Ae?) = pl(va A p)p'(dge),  (4.36)
oM
from which we conclude

e NHY = —pl (o A ) (4.37)

so that WX (pT (o A i) = H** and e A H** vanishes on shell.
Finally, we compute (we omit wedge symbols from the third line on)

(T Juy =", = / T [(37)e A [ (Fs 4+ 302) + AT (u A p/(d3e))]
oM
+9/(3)a A [dsle A ) = (0F + B (A D (dze))] |

- / T, [~dan! [(F5 + 3A¢%) + AT (udse)] AT (1 dze)W, ™ (61 + BY) (udze)]
+Zj)ng +3Ae?)dzp+ AT (Wdze)dzp — 1/ (Fz +3Ae®)W, ! [(p' + BY)(udze)]
+ W2 [(pf + BN (Wdze)] [u(Fs + 3Ae2) + AT (udgze)] }
= / T, [ — dzp'n — p'dzp] [F5 + 3Ae?] — [A(dzp' ) — Aldzp)p'] p'dge
+ fxg "+ BY (w'p'dge)] p— W [(07 + BY) (up'dge)] 1] [F + 3A¢7]

A W, [0 + B (pdze)] ] i — A (W (07 + BT (up/ dse)] ] 1] e
(4.38)
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We proceed by deﬁnin Zr e QOM, \*V) such that p(Z*) = 0 and
e N ZF* = uFg, so that

W ((pf + BY) (u'p'dze)) pFs = (p' + BY) (i'p'dze) 2" = p'p'dze(p’ + B)Z*.

Thus, we can write:

(T Ty == [ T [datn) (P + 386
oM
— [ B[ Ada) A i A B + A )] dze)
oM

—p" [A W (0" + BN (W' A p(dze)))] A ) P (dge) — {p u’}]
:6A/TV W ApAendzel + /T7 [yp’“/\e/\dge}
oM oM
= /Try {X“,'u /\e/\dge} = ZX“/“, (4.39)
oM

where we used the Bianchi identity and defined
Y= W tpt [A(dau’) Ap+ AW (" + BN (W'p'dze))] Ap
A B2+ Apne) — (e Y], (4.40)

so that XH'H = 6Au A+ Y“/“, because of Lemma together with the
observation in Remark .18 v

Corollary 4.23. In the symplectic manifold
Foom — Qa(0M,V7)
with symplectic form wgCH as in Eq. , the vanishing locus Cpog of the
functions:
L, = / T laneAdye]; T, = / Ty [uneAFy|+Tr[Aupne®], (4.41)
oM oM

with p € QUOM,V?) and a € QO(M, N> V?) is coisotropic. We have the
algebraic structure:

{Lo, Lo} = Ly o) (4.42a)
(I} = Lixuw (4.42D)
{LO” JH} = J[a,p] + LHOMM (442(3)

where X" and H*" are defined as in Theorem [[.23

9We can do this because Wé1’2) is surjective.
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Proof. This follows automatically from Theorem [4.22] and the projectability
of the functions {Ja7 J,\} along 7: Fpon — fPCH, after writing Lo = 7Ly
and J =7"J,. v

Remark 4.24. The constraint algebra found in Theorem[].23 can be linked to
the action of 4 dimensional diffeomorphism with the following observation.
Since u € QU(OM,V?) it can be written (at least locally) as p = e, + 1ce,
where we choose e, to be in the complement of im(e) in V.

We write J¢ = J,.e and we can compute the Hamiltonian vector field in
this case. Observing that Ape® # 0 only if p = e, we get

1
e (Je)e = §d"’L5(e Ne); (Je)w = —teFo.

On the constraint surface, i.e. imposing ed,e, we can conclude that (J¢)e =
—L¢ge and (I¢)w = —t¢Fu, which reproduces the (covariant) action of vector
fields on a connection and a co-frame as described in [CS17, [Schil [CSS].

If the principal bundle over OM were trivial, or alternatively if we
worked with the simply-connected cover of SO(3,1), we could regard w as
a global one-form on the boundary, and make sense of tew. This would en-
able us to look at D¢ = J¢ + Ly, which has the Hamiltonian vector field

) (5

However, the bracket of two constmznts J¢ can be found with a straightforward
computation to be (we drop T, for simplicity)

+ ng (4.43)

e de) =3ede = 5 [ Trlie(Gedane) P+ e n e)du(e)a)

2
oM
1
=3 / Tr [tedwte(e A e)Fy, + tedyie(e A e)F,]
oM
1 1
= / Tr |:L[£7£]eer — §de£L§(e Ne)F, + §L§L§dw(e Ne)F,
oM

=Jieg + Ligucr,-
When = ey, instead, the computation is given in Theorem [[.23.

Assuming that ¢? is nondegenerate, we can establish a relationship be-
tween the reduced phase space of PCH theory and of EH theory with the
following.

Theorem 4.25. The reduced phase space for Palatini—Cartan—Holst theory
maps to that of Einstein—Hilbert, namely, denoting by Cpgy C ]-'gH the sub-
manifold of canonical constraints for EH theory, and by G the coisotropic
reduction of the zero locus of the function L, we have the symplectomorphism

©: G — Fou, (4.44)

and Cepy = ¢ (CpcH)-
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Proof. The strategy is as follows: we will first give a convenient description of
the critical locus G = L~1(0) and then reduce it using the Marsden—Weinstein
construction [MW], understanding L as the moment map for an so(3,1) ac-
tion on fgc 17~ We show that the reduced locus G is symplectomorphic to the
space of boundary fields of Einstein—Hilbert theory, 2, and finally that the
critical locus of the residual constraint inside G maps to the reduced critical
locus Cpy C Fop.

Consider the induced tetrad on the boundary e: TOM — V and ob-
serve that the subspace W = Span{e, },—1.. 3 is a space-like (resp. time-like)
subspace of V, with respect to 7, since g2 = e*1|gys is nondegenerate. We can
then use an algorithm to find an n-orthonormal basis of W - say {w; }, and the
change of basis matrix e} is invertible and defines a triad e: T,0M — W.
Moreover, we can complete {w;} to a basis of V by a vector {wo} with norm
700 = %1, depending on the signature of 7|y .

Consider the functior[7]

L.= /Tr[c/\e/\dwe].
oM

This enforces the constraint e A d,e = 0. Let us write w = I'e + A, where
I'¢ is the connection compatible with the triad ey, such that dpggé =0.
In the new basis {wo, w;} we have the splitting of the constraint

flon et i

and we can use ¢ € Q°(OM, /\2V6) to gauge-fiz €2. Consider Lo:. Its charac-
teristic distribution is given by the Hamiltonian vector field L.o:, whose flow
is readily computed by means of the equations:

0

€ I°

=[c,e.]” = coie]anil'; [W]% = [d,,c]".

We can then follow L.o: up to time ¢t = 1, fix €J(1) = 0 and plug c” in
the remaining equation to solve for [w]%. We will denote the transformed
connection at time ¢ = 1 by [w].

Since we have gauge-fixed € = 0, Equation (4.45)) becomes

(ig J) @ Nk 0
{e<a<9bec> +e,wy, e, =0 (4.46)

J 0k 4 =0
g(agb nﬂgc) -

and results in fixing [w]% as a function of the triad g% - we called that solution

I's - plus a condition on the O-part of the connection ggl =: A%, so the we

10Notice that this constraint coincides with the one previously considered upon picking
c=Ty[a].



28 A. S. Cattaneo and M. Schiavina

have e ANdye =0 <— w = Fgwi/\ wj + Alwy A w; where

[Tl mange = e ([9’1@, Nenpe + leEle ™ 1gmpk — [9’1]2[9’1127@) deeg
(4.47)
Afelne = 0. (4.48)

If i,: G — F3op denotes the inclusion of the zero-locus of L., we
have that 042 =1} aqp is a one-form on G, basic w. r t. the reduction along
the characteristic foliation ¢: G — g, i.e. ag =c* ag, and wg = (5ag is the
symplectic structure on g.

The fields on G are the €’’s - the components of the triad e - and
whatever is left of w, namely [w]” = Af satisfying (4.48)), which can be
interpreted as a (global) so(3) connectiorﬂ Reduction with respect to the
characteristic foliation, i.e. the remaining SO(3) action, will then yield the
map

7 Feg — G. (4.49)
The PCH boundary one-form on G reads
1
ad =43, / §Tr [—eNe AT [w]+ (e Ne AT, w])] (4.50)
oM
1 .5
~ [ clselialteue + ZeldellT e, (@51
oM

With a long but straightforward computation one can show that, from
the explicit expression of T'e in Equation (4.47), we have (round brackets
mean symmetrisation of enclosed indices)

9Tl nn;eetoet
= (&&%ngg le™'1% + Daeanprle "1} — OeegnpgealeIile "] ) efoel) crfo
= Duejnpedege’’? — Oagpaleidete Y + O(ueh nudele 4
+ OdGas [971]25956(#!] - 9%77@8&?[971]259%6”9
= aaggnggégge“fg = %&1 (69%77119%6”9) , (4.52)

where we used gqp = Q%Uyﬁjp so that, up to a d-exact term,

S 1 i ;
ag = / eLoe [ Alkes e + 50 (ég}nggﬁe“f g) (4.53)
ik 5 i
oM

does not depend on « if the boundary has no boundary of its own (a corner).
Consider now the definition of the symmetric tensor:

(K)o = e, [AJ} Wiy < (A} = 1 e 7 K] (4.54)

HPossibly s0(2,1) if 7;j has residual Lorentzian signature.
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Notice that Equation (4.48)) is equivalent to K,y = 0, and that the definition
of K descends to G, for the residual action on fields reads e + [c, €] and w?¢

[w, %%, which then leaves the contraction etAly; i invariant. Furthermore, set

g% = e*n = p(e), which also descends to G, and

d
0
= Y5 (K — g"Try0[K)) (4.55)
with g? = |det(g?)|. We claim that

ag =¢* / a8[g”]" = 7%y, (4.56)
oM

and p: G — F2., defining (¢7,1I) in terms of (e, A) is a symplectomor-
phism. As a matter of fact, imposing

2 / deleAke e = p*ady, = o / —11*%693, = —2 / 1 6el ;e

oM oM
(4.57)
(recall that §[g%]%* = —[g9]%¢5¢2,[g°]%), we have that
Habgf —pl GJkebAk abe
Now, with a simple calculation:
a Y4 m agf J 1
e = —g2 1 eynimegy = —ga(ee™’ efejicAbey) = —ga(clelle™ 1717 Agey)
|e| T k V g8
=-3 (gcd[ gAY _chnﬂAE)) =5 (Kea — 92y Tryo K),  (4.58)
since we have that Tro[K] = g°/K.q = [e *1]9A§, and we used

abc

le| = elel ebegle — e [9*1]1 = elebe;e™”. (4.59)

To show that the vanishing locus of Jy = [ Tr[XeT,[F,]] in G is
oM
isomorphic to that of the Einstein—Hilbert constraints, we start again from

the decomposition w., = [Te]Zw; A w;j + [A]twy A w; (valid on G) where T
represents the spin connection compatible with the residual triad e (after
fixing €2 = 0) and A satisfies Equation ([4.48).

We can rewrite the constraint J, as

o 1., . 1
Jy= //\leJFfleiW+;)\ZeJF£lmknjl:Jio-i—;/n(/\, [F.,e]). (4.60)
oM oM
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We claim that Jy|g = J°|g. On G, in fact, we can decompose F,, = Fr, +
dr A + 3[A, A], and we have

/)\ieij,lﬁiknjl’g = /Aigl[Frg]MU¢n1g+Aiej [dr‘gA]klniknjl
oM oM

+ Nelng AEA Yy n; e G

= / N [Fr,. e/ + [dr A€l A n;m; + UOO/\iAETMQQAEUﬁ =0, (4.61)
oM

where we must use the Bianchi identity for I'e on the first term, and Equation
({4.48) to show that every occurrence of n(e,, Apy) vanishes. For clarity, we
unwrap the second term

ldr et A nn e = nooldr, A|oe A, = 0.

Now, the splitting induced by wp on w applies to the curvature form as
well, i.e. F, = [F,]2w; Aw; + [Fi]®wo Aw;. It is easy to gather that we can
decompose

I U )
[Fw] = |:[FFe]U —+ 2A01A0]’r}00:| U; A U, + drgAOEuo A g«
Consequently, we can rewrite the constraint J3° on G as

Jio‘g - //\0 {[ J2 + AOZAOJnOO] conij + Aeldr, Ao, (4.62)
oM
which also splits in J$5 and J%. Observe that 7y is the signature of the

chosen internal d1rect10n if wo is a time-like vector we will have 7y =
—1. Furthermore, it is well known that the combination eX[Fy ]Y¢ kij =

Vg?R[e*T] =: /g2 R?, the Ricci scalar density associated with the Levi-
Civita connection of the metric ¢g° = e*n. Using this, in combination with
(4.59) and from the definition of the symmetric tensor K we have

oM

= [0 [VER ke (fe sl i + e s Adle iad)]| =

oM

0
A
g

° [V R + moolel (1971 Kablg”) Kea — (971 Kalg 1 K. |
oM

= [ 20 [VEPR? + malel (Trgo I = Tayo 7).

oM
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and after using the deﬁnitiorﬂ of IT given in (4.55)), we can easily gather that
JSG reduces to the Hamiltonian constraint in Einstein-Hilbert theory [CS15],
for a space-time boundary whose normal vector has signature 7q:

/AO Ve R 7700\/9—<Tr ol

With a similar computation we can show that

//\kdp p(eLALebea)e, //\kdp lelle™"][e™]} A’)—

JSO
Mlg ™

2 —
] d—1

Tr 0 [H]Q)

(4.63)

/ &' ehlar, ]y (|elle A e 1} — lelle ' [pAle'1}) =
/ &fldrJo (V& (55T, ~ 671" Kep)) = [ €lan s ()10)
oM
(4.64)
which coincides with the momentum constraint of General Relativity in the
Einstein—Hilbert formalism. v

Remark 4.26. An analysis similar to Theorem is given in [Thi, Chapter
4], where the equivalence between the triadic formulation of the Hamilton-
ian theory of GR in the Ashtekar variables and the standard Finstein—Hilbert
versiton is established. We have shown here how the canonical boundary the-
ory, as induced by 4-dimensional Palatini—Cartan—Holst theory, is related to
that of Einstein—Hilbert theory by means of Marsden—Weinstein reduction for
the action of the Lie algebra s0(3,1) on the space of boundary fields. Split-
ting the s0(3,1) (boundary) connection into two s0(3) pieces, which in [Thi
are interpreted as two separate entities, represents here the natural byprod-
uct of considering a 3-dimensional subspace of the inner space V' as target
of tetrads restricted to the boundary. Observe that the 4-dimensional inter-
pretation presented in [Thi, Page 134] agrees with our construction, and the
Sen—Ashtekar-Immirzi-Barbero connection (denoted ibidem by (PA) coin-
cides with Ty [w] under = ~~1 and rescaling K by ~v. In our analysis, the
Barbero-Immirzi parameter governs the morphism T, : ANV — AV (df.
Lemma , and it disappears only on the critical locus G. The Ashtekar
formulation is recovered in our language by just reducing one-half of the con-
straints, namely L.oi, and at that stage the constraint Jy will still depend on
. For this reason, v might still play a significant role in the BFV analysis
(which provides a cohomological resolution of the symplectic reduction), and
on the induced structure on the corners (boundaries of OM ); we will return
on this in a forthcoming paper.

12We define the expression Tryo [IT*] to be the trace of I1¥(x) seen as an endomorphism of
the tangent space at z, e.g. Trgo [[12] = [¢2]%P1y. [g2]°M 4, = Hgl_[z.
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Remark 4.27. Observe that the result holds so far only for g° nondegenerate.
We showed how the reduced phase space of PCH is related to that of EH. In
fact, on F3pp we may consider the map e — g° = n(e, e), which is 50(3,1)
gauge invariant, the equations e A d,e = 0 are used to firx six components
of w, and the remaining 6 can be related to the extrinsic curvature in EH
(the field K in Theorem [{.25). The constraints e A Ty[F,] = 0 then reduce
to the energy and momentum constraints in EH. Note that, since our phase
space has 12 local degrees of freedom and we have 10 local constraints, the
reduced phase space has 2 local degrees of freedom to be interpreted as the two
polarizations of the graviton. As we mentioned in Remark when g9 is
degenerate we expect two more constraints to fix the extra degrees of freedom
that do not allow us to project the constraints to ]-'gM. Assuming that the
resulting constraint submanifold Capy is still coisotropic (cf. section @), we
would have that in case of a light-like boundary the reduced phase space has
no local degrees of freedom. This is an interesting exploration that will be
considered elsewhere.

4.3. Half-Shell PCH

In this section we will consider the explicit localisation to the half-shell sub-
manifold d,e = 0 via a Lagrange multiplier ¢t € Q?(M,/*V*), where we
identify the fibres of V* with /\3 V. The resulting theory is that of Definition
-9 and we recall the action functional:

1,4 A
SHg = / iT’Y [eneNF, ]+ Tr[tAdye]l + ZTr [e*] (4.65)
M
Theorem 4.28. Half-Shell Palatini—Cartan—Holst theory is classically equiv-

alent to Palatini—Cartan—Holst theory, and it has the symplectic space of
boundary fields

Fos =T (0M,V?) (4.66)

The surjective submersion tgs: Fus — -7:1815 has the explicit expression

(4.67)

{t:t—l—TA,[w—w}/\e
TN -
e=e

where w is the bulk Levi—Civita e-compatible connection restricted to the
boundary (i.e. w = w(e)|gar), and the (exact) symplectic form in this local
chart reads

ol — / Tr 56 A de] (4.68)
oM

Moreover, there exists a local symplectomorphism ¢ : ]-'ZS — ]:gCH to
the space of boundary fields of Palatini—Cartan—Holst theory of Theorem[{.6
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Proof. First of all let us analyse the Euler—Lagrange equations for the action
functional Sgg. They read:

dw: T, [d,e Ne] —t Ae=0 (4.69a)
Se:e NT, [F,] + dyt +Ae® =0 (4.69b)
ot :dy,e=0 (4.69c¢)
where ¢ A e stands for D (tA[we]) = tfffe;”eijkle“”p” for all o space-time

indices and [, m internal indices. Enforcing the half shell constraint d,e = 0,
which implies that w is the Levi-Civita connection, represented in the tetrad

formalism by the special connection w,, we obtain ¢ = 0 from ¢ Ae= 0, and
the Einstein equation in the tetrad formalism

e NT,[F,. ] +Ae® =0 (4.70)

From the computations in Theorem we get that the pre-boundary
two-form wgg reads

WHs = / T, [6e A e A dw] — Tr [6t A de] (4.71)
oM

and the kernel of this two-form is easily found to be:

(Xi) = (X1, ) Ne (4.72a)
(Xe) =0 (4.72Db)
This means that w can be fixed using the vertical vector field
(X7, 1) ’ + (X1, fw)) A 0 (4.73)
= - el '
Ty [w] 6T’y [UJ] Ty [w] ot

and t is modified accordingly. Flowing along we can set w to be a back-
ground connection w, which we may eventually choose to be the restriction to
the boundary of the solution w, of the half-shell constraint , and this
fixes (X1, [w)) = T [w — wo]. Then, by solving the straightforward differential
equation £ = T, [w — wo] A ep:

t(s) =to+Tylw —wo] Neg s (4.74)

we set t(1) = to + T [w — wo] A eg. This gives us the explicit map to the space
of boundary fields F9 4

(4.75)

{tt+T,y[ww]/\e
TN -
e=e

Notice, however, that the pre-boundary one-form is not horizontal with
respect to the kernel foliation defined by equations (4.72)), as the generator
= % does not lie in the kernel of &. We can nevertheless modify a by
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adding the exact term i [\ dT[eAeAw] + [,, Tr[d(e At)] to the action

({4.65), yielding

Tus = dns + / Tr B(S(e AeAT,[w])+6(e At) (4.76)
OM

and it is easy to gather that the following one form on the space of boundary
fields

g = /Tf[t/\ae] (4.77)
oM
will be such that

s =i (4.78)
and w¥g = dadg.
Finally, observe that the map

©: D2(OM, \*V?) — Im(W?)) ~ AL*P/Ker(Wt(B2)) = A7

(which requires the choice of a reference connection) such that t — T, [w]Ae,
extends to a local symplectomorphism between F§ ¢ and F3q - v

Proposition 4.29. The projection to the space of classical boundary fields of
the Euler—Lagrange equation for the action (4.65|) is isotropic but not La-
grangian.

Proof. Consider the Euler-Lagrange equations for the Half-Shell-constrained
Palatini-Cartan action as given in (4.69). Their projection to the space of
pre-boundary fields is given by:

7(ELgs) = {(e,w,t) € Foq |w=w; t=0; e NT,[F,] + Ae® = O}
(4.79)

Now, taking into account the projection to the space of boundary fields (4.67))
we can gather that the projected critical locus reads

LY g =rnps(ELys) = {(t.e) € Fig | t =0; e AT, [F,] + Ae® =0}
(4.80)
since t =t + 7T, [w — w] Ae. It is easy to check that L% is isotropic, as t = 0
implies wa|EL8 =0.

Actually, t = 0 defines a Lagrangian submanifold, which is then spoiled
by equation e A T, [F,,] + Ae® = 0. A way to see this is by explicitly checking
that their Poisson bracket is not proportional to the constraints, and thus
LY g fails to be a Lagrangian submanifold. v

Remark 4.30. From this we can see that the classical equivalence of theories
for (closed) manifolds without boundary is a notion that requires refinement.
Choosing the Palatini—Cartan—Holst action over its half-shell version might
be justified by simplicity, but it stops being so when boundaries are considered.

Although the spaces of boundary fields in the PCH case and the Half-
Shell version are locally symplectomorphic, the images of the critical loci on
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the boundary are not mapped into one another. As a matter of fact, the

pullback of the locus yields
e LYg = {(w,e) € Floy | whe=0; e NT,[F,] + Ae® =0},
whereas the (Lagrangian) submanifold for the PCH theory should be given by
Locy = {(w,e) | w=w; e NT,[F,] + Ae® = 0}.

However, note that the two theories are indeed equivalent if we require t
to vanish on the boundary. In this case, the boundary analysis is clearly the
same as in PCH. This vanishing boundary condition for Lagrange multipliers
might be a general feature for constraints depending on derivatives of the

fields.
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