CORNER STRUCTURE OF FOUR-DIMENSIONAL GENERAL RELATIVITY
IN THE COFRAME FORMALISM

GIOVANNI CANEPA AND ALBERTO S. CATTANEO

ABSTRACT. This note describes a local Poisson structure (up to homotopy) associated to cor-
ners in four-dimensional gravity in the coframe (Palatini—-Cartan) formalism. This is achieved
through the use of the BFV formalism. The corner structure contains in particular an Atiyah
algebroid that couples the internal symmetries to diffeomorphisms. The relation with BF
theory is also described.
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1. INTRODUCTION

The goal of this paper is to describe the Poisson structures (up to homotopy) that arise on
two-dimensional corners of four-dimensional gravity in the coframe (Palatini-Cartan) formalism.

From a more general perspective, one expects quantum field theory on a cylinder to describe
the quantum evolution of a system described by a Hilbert space attached to a boundary com-
ponent. If the boundary has itself a boundary—a corner for space-time—, the Hilbert space is
expected to be a representation of some algebra associated to the corner. A standard example
where this picture is considered is that of the vertex operator algebra arising from a punctured
two-dimensional boundary.

At the classical level, one then expects a symplectic manifold to be associated to a boundary
and a Poisson manifold to be associated to a corner. This picture is however problematic, since
the constructions typically involve singular quotients.

A more suitable picture, which we use in this paper, is that of the Batalin—Fradkin—Vilkovisky
(BFV) formalism [BV77; BV81; BF83|, which replaces a (possibly singular) symplectic quotient
by a cohomological resolution: namely, one extends the space of boundary fields to a superspace
with additional structure (a symplectic structure—the BFV form-—together with a hamiltonian
vector field that squares to zero—the BRST operator).

An added bonus of this formalism is that it naturally produces a structure on the corners
[CMR11; CMR14] which, upon choosing a “polarization” (i.e., a choice of a foliation by La-
grangian submanifolds) is associated to a Poisson structure (up to homotopy).

We recall this construction, together with background material, in the first part of Section
whereas in its second part we apply it to some instructive examples (Yang—Mills, Chern—Simons,
and, notably, 4D BF theory).

In Section Ié-_ll we recall the BFV formulation of 4D Palatini—Cartan theory , and in
Section [5.1| we apply the aforementioned construction for corners and observe that it is singular.
Nonetheless, it is possible to study and describe, in Section[6} a naturally associated local Poisson
algebra up to homotopy. This algebra is actually generated through Poisson brackets and a
differential by the observables

1
Jy = 3 /F ¢ee,

where I' is the two-dimensional corner, e is the coframe (tetrad) field (restricted to the corner),
and ¢ is an s0(3, 1)-valued test function (Lie algebra pairing is tacitly understood in the notation).
These particular observables are reminiscent of the area observables considered in loop quantum
gravity (see, e.g., and references therein), where, however, I' is a closed surface inside
the boundary instead of being a corner (and Ashtekar su(2) variables are used instead).

The corner structure leads to the Poisson bracket {J¢1, Jss }eorner = J[41,4]> Which is in line
with the Poisson bracket of area observables, although we use here the Poisson bracket associated
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to the corner instead of that associated to the boundaryﬂ and, unlike in |[CP17], no regularization
is required in this context.

The above observables retain information of the internal so(3, 1) symmetry of Palatini-Cartan
gravity. The other observables they generate, through the differential in the homotopy Poisson
algebra, contain information about tangential and transversal vector fields encoding the diffeo-
morphism symmetry as well.

An interesting fact, which deserves further investigation, is that this corner structure actually
turns out to be the corner structure for four-dimensional BF theory restricted to a submanifold
of fields.

In order to understand better the algebra found, it is useful to consider some particular cases.
In Section[7]we describe two possible restrictions of the general theory, called constrained and tan-
gent theory, and produce a better description of a restricted version of the aforementioned local
Poisson algebra up to homotopy. In the first (Section we impose some ad-hoc constraints
that do not modify the classical structure of the theory, while in the second (Section [7.2.1)))
we essentially freeze the generators of transversal diffeomorphisms. In the tangent theory, the
associated Poisson manifold turns out to be a Poisson submanifold of the dual space of sections
of an Atiyah algebroid associated to the corner (Section [7.2.4]). We briefly discuss the quantiza-
tion when the corner is a sphere and the fields are assumed to be constant—a situation that is
relevant in the case of a punctured boundary (Section [7.2.5)).

These results are of course expected to be related to the BMS group [BvdBM62; [Sac62} [Pen63;
Stro8] at infinity, which has been extensively studied (see, e.g., [BT11; [Fre+21] and references
therein). The difference with our approach is that we assume the boundary of space—time to be
a compact manifold with boundary. For a noncompact manifold, one should instead choose an
appropriate compactification, related to the chosen asymptotic conditions for the fields. We plan
to explore this topic in a forthcoming work.

Some of the results in this paper first appeared in |[Can21].

Acknowledgments. We thank M. Schiavina and S. Speziale for the fruitful discussions that
we had during the preparation of this article. A.C. also thanks P. Xu and T. Voronov for their
illuminating suggestions.

2. PRELIMINARIES AND RELEVANT CONSTRUCTIONS

In this section we review how the BFV formalism is used to describe coisotropic reduction,
which is relevant for the boundary structure of a field theory, how the BF2V formalism is used to
describe Poisson structures (possibly up to homotopy), which is relevant for the corner structure
of a field theory, and how the two may be related.

Remark 1. We group here some references for this section, not to interrupt the flow of the
following. For Poisson and symplectic structures, see, e.g., [BW97]. The notion of coisotrope was
introduced in [Wei88|. The notion of derived bracket was introduced in [Kos96] and generalized
in [Vor05a} [Vor0O5b]. The notion of BF™V structures and their mutual relations, in particular
arising from relaxed structures, was introduced in [CMRI11; CMR14], although not with this
name; note that there is a parallel story developed in derived symplectic geometry, see |[Call5}
Cal+17; Saf20] and references therein. The existence of BFV structures associated to coisotropic
submanifolds is discussed in [Sta97} [Sch08} |Sch09; FK13].

More precisely, the corner and the boundary observables live on different spaces. The restriction map to the
corner yields however a map from the boundary fields to the corner fields. The fact that the Poisson brackets
among the Jys agree when calculated with respect to the boundary or the corner structure simply means that
the restriction map is, at least as far as these observables are considered, a Poisson map.
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2.1. Background notions. We start recalling some important preliminaries.
2.1.1. Poisson and symplectic structures.

Definition 2. A Poisson algebra is a pair (A4,{ , }) where A is a commutative algebra (for
our applications always over R) and { , } is a bilinear, skew-symmetric operation on A which
is a derivation w.r.t. each argument (Leibniz rule)—i.e., a biderivation—and satisfies the Jacobi
identity. The operation { , } is called a Poisson bracket.

The simplest example of a Poisson algebra is any algebra with the zero Poisson bracket.
Another interesting example is the symmetric algebra S(g) of a Lie algebra g, where the Lie
bracket is extended by the Leibniz rule. Symplectic manifolds also produce Poisson algebras, as
we recall below.

Definition 3. A Poisson manifold is a pair (M, {, }) where M is a smooth manifold and { , }
is a Poisson bracket on C*°(M).

Again we have the simplest example of the zero Poisson bracket. The dual g* of a finite-
dimensional Lie algebra g is also an example, where the Poisson bracket on S(g), now viewed as
the algebra of polynomial functions on g*, is extended to the whole C*°(g*).

A biderivation { , } on a smooth manifold M is always determined by a bivector field 7 via
{f,g} = —=(df,dg). If we denote by [, ] the Schouten bracket of multivector fields, the Jacobi
identity for the bracket is equivalent to the Maurer—Cartan equation [, 7] = 0. In this case, 7

is called a Poisson bivector field. Moreover, we can also write {f, g} = [[r, f], g], which is an
example of derived bracket, on which we will elaborate below. In the trivial case, 7 is the zero
bivector field. In the case of the dual of a Lie algebra g, we have 7/ = — f,’z¥, where the f,’s

are the structure constant of g in some basis and the z*s are the coordinate on g* w.r.t. the same
basis.

Definition 4. A symplectic manifold is a pair (M, w) where M is a smooth manifold and w
is a closed nondegenerate two-form on M. If M is infinite dimensional, we require only weak
nondegeneracy, namely, that at every point x

wy(v,w) =0V eT,M = w=0.

This condition implies that a function f has at most one hamiltonian vector field X;: vx, @ =
df. We say that a function is hamiltonian if it has a hamiltonian vector field and denote the
space of such functions C° (M )namiltonian. Lhe Poisson bracket of two hamiltonian functions f
and g, with hamiltonian vector fields denoted X; and X, respectively, is defined as

{f.9} = X¢(9) = tx,1x,@.
It is a Poisson bracket on C°°(M )namiltonian- 1f M is finite dimensional, then (M,{ , }) is

a Poisson manifold; the corresponding Poisson bivector field is the inverse of the symplectic
structure.

Remark 5. The above can be generalized to the case when we drop the nondegeneracy condition.
In this case, we say that a vector field X is in the kernel of w if txw = 0. We call a function
f invariant if X(f) = 0 for every X in the kernel of w. We call, as before, f hamiltonian if
it possesses a hamiltonian vector field Xy: tx, = df. Note that in general the hamiltonian
vector field is no longer unique. A hamiltonian function is automatically invariant. The action
of a hamiltonian function f on an invariant function g is defined as {f, g} := X;(g), where it
does not matter which hamiltonian vector field we take, and produces an invariant function. If
also ¢ is hamiltonian, then the result is hamiltonian as well, and { , } is a Poisson bracket on
(Gl (M)hamiltonian-
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2.1.2. Coisotropic submanifolds and reduction.

Definition 6. A coisotrope in a Poisson algebra (A,{ , }) is an ideal I in the commutative
algebra A which satisfies {I,1} C I: i.e., I is a Lie subalgebra of (4,{ , }).

Note that I naturally acts on the commutative algebra A/I via the bracket. We also have
(A/1)f = N(I)/I, where N(I) :={a € A | {a,I} C I} is the Lie normalizer of I in A. The latter
description shows that A; := (A/I)! = N(I)/I is a Poisson algebra, called the reduction of A
w.r.t. to I.

Definition 7. A coisotropic submanifold of a Poisson manifold (M,{, }) is a submanifoldﬁ C
of M such that its vanishing ideal I is a coisotrope in (C*(M),{ , }).

Remark 8. If C' is the zero locus of constraints ¢;, the latter condition is equivalent to having
{pi,0;} = Z@-d)k, where summation over repeated indices is understood and the f{gs are functions,
called the structure functions. Constraints satisfying this condition are called first class in Dirac’s
terminology.

If M is a finite-dimensional symplectic manifold, then this definition of coisotropic submanifold
is equivalent to the geometric one that, for every = € C| the subspace T,,C be coisotropic, i.e.,
(T,0)*+ C TICH for every x € C. The hamiltonian vector fields of elements of the vanishing
ideal span the involutive distribution (T'C)> .

Proposition 9. If the quotient space C has a smooth manifold structure for which the projection
m: C — C is a smooth submersion, then C is endowed with a unique symplectic structure w such
that m*w = 1*w, where .: C — M is the inclusion map. The pair (C,w) is called the symplectic

reduction of C. In this case, the resulting Poisson algebra C*°(C) is the reduction A; described
above.

If M is an infinite-dimensional symplectic manifold, there are inequivalent ways of defining a
coisotropic submanifold. In this paper, we will stick to the algebraic definition. More precisely,
we assume that the vanishing ideal I is generated by its hamiltonian part Ihamiitonian = I N
c (M)hanliltonian and that Ihamiltonian iS & coisotrope in C'*° (M)hamiltonian~

Remark 10. The importance of coisotropic submanifolds in field theory is related to the problem
of finding the correct space of initial conditions for the Cauchy problem. Indeed, the coisotropic
submanifold C arises as a submanifold of the space of boundary fields with the constraints
determined by the Euler-Lagrange equations that do not involve transversal derivatives. In case
this construction arises from the hamiltonian description associated to a Cauchy surface, the
reduced phase space, i.e., the reduction C of C', is the correct space of initial conditions for the
Cauchy problem.

2.1.3. The graded case: BF™V structures. All the above can be extended to the world of graded
algebras and graded manifolds (supermanifolds with an additional Z-grading on the local coor-
dinates). Note that we assume both a grading and a parity, the latter being responsible for the
sign rules. In all the examples in this paper they are related, with the parity being the grading
modulo two.

Definition 11. A graded Poisson algebra is a pair (A, {, }) where A is a graded commutative
algebra and { , } is a bilinear, graded skew-symmetric operation on A which is a graded derivation
w.r.t. each argument (graded Leibniz rule) and satisfies the graded Jacobi identity.

2We only consider closed submanifolds.
3The orthogonal space is taken w.r.t. the symplectic form, i.e.,

(T:C)* = {v € TuM | wa(v,w) =0 Yw € T, C}.
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It is important to notice that the grading of the bracket may be a shifted grading w.r.t. the
original one.

An even bracket of degree 0—the straightforward generalization from the ungraded case—is
also known as a BFV bracket. An odd bracket of degree +1 is also known as a BV bracket. We
will call an odd bracket of degree —1 a BF2V bracket.

Definition 12. An n-graded symplectic manifold is a pair (M, w) where M is a graded manifold
and w is a closed nondegenerate two-form on M of homogenous degree n and parity n mod 2.
It defines a graded Poisson algebra structure on C°° (M )pamiltonian With bracket of degree —n.

An additional structure, important for the following, is that of cohomological vector field on
a graded manifold M. This is an odd vector field @ of degree +1 satisfying [Q, Q] = 0. Note
that @ defines a differential on C°°(M). For this reason, the pair (M, Q) is called a differential
graded manifold (shortly, a dg manifold).

Definition 13. A dg manifold with a compatiple symplectic structure, i.e., with Low = 0, is
called a differential graded symplectic manifold (shortly, a dg symplectic manifold).

We will always assume that @) is hamiltonian, namely, that there is an .S € C°° (M )pamiltonian
such that tgw = dS and {S,S} = 0 (the master equation)ﬁ If w has degree n, then S has
degree m = n 4+ 1. In this case, we call the triple (M, w, S) a BF"V manifold.

Remark 14. BV manifolds arise in field theories as a generalization of the BRST formalism to
discuss independence of gauge-fixing in the perturbative functional-integral quantization; we will
not address this issue in this paper. BFV manifolds are used to give a cohomological description
of reduced phase spaces. BF?V manifolds describe Poisson structures (up to homotopy). We
will recall these two constructions in Sections [2.1.5] and respectively.

2.1.4. Relazed and induced structures. The above may be generalized by dropping the master
equation, the condition that w is nondegenerate, and the strict relation among (Q, @, S). Namely,
we only assume that w is a closed two-form on M of homogenous degree (m — 1) and parity
(m—1) mod 2 and that @ is a cohomological vector field: we call this a relaxed BF™V structure.
We define o := 1gw —dS and @ = da. It turns out that ¢ and @ are compatible, i.e., Low = 0.
We actually assume the slightly stronger condition tgw = dS for some function S. One can also
show the useful identity %LQLQW =3 , called the modified master equation. We call the triple

(M, @, g), or any of its partial reductions by an integrable subdistribution of the kernel of o,
a pre-BF™*1V manifold. If the whole reduction by the kernel is smooth, it is then a BE™*+1V
manifold as defined above. In this case, we say that the relaxed BF""V structure is 1-extendable.

Remark 15. In the case of field theory, we always assume locality. Namely, M is a space locally
modeled on sections, the fields, of a vector bundle over some closed manifold ¥, and the structures
(Q,w,S) are integrals over X of densities defined, at each point, in terms of jets of the fields.
The relaxed structure typically arises when one extends the strict structure to a manifold with
boundaryﬂ by taking the same triple (Q,w,S). In this case, the “error term” & arises by
integration by parts and is concentrated on 9%. Modding out by (part of) the kernel of & then
yields a (pre-)BF™*1V structure depending on jets of the fields restricted to 9.

4For most choices of n, the existence of S is guaranteed and the condition {S, S} = 0 is equivalent to [Q, Q] = 0.

5Typicadly7 we assume compactness. Otherwise, one has to specify appropriate vanishing conditions on the
fields.
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2.1.5. The BFYV formalism. If (M, w,S) is a BFV manifold, then the zeroth cohomology group
H%(C’Oo (M) hamiltonian) 1S @ Poisson algebraﬂ Namely, if [f] and [g] are cohomology classes, we
define {[f], 9]} := [{f,g}]- This Poisson algebra is understood as the algebra of function of a
would-be symplectic reduction.

This is justified by the BFV construction. Namely, one starts with a symplectic manifold
(My,wp) and a coisotropic submanifold C' of My. One can then associate to it a BFV manifold
(M, w, S) that contains (My,wq) as its degree zero part and such that C is recovered as the
intersection of M, with the critical locus of S. (This construction works in general if M is
finite dimensional; in the infinite-dimensional case, it works at least when C' is given by global
constraints.) For example, if M is finite dimensional and C' is locally defined by constraints ¢;,
then in local coordinates we have S = c'¢; + - - -, where the ¢'s are the coordinates of degree +1
and the dots are in the ideal generated by the coordinates of degree —1. The dots here have to
be added to ensure that the master equation is satisfied.

If C has a smooth reduction C, then H%(COO(M)hamiltonian) is isomorphic, as a Poisson
algebra, to C*°(C). In general, one views (M,w,S) as a good replacement (a cohomological
resolution) for the reduction of C.

2.2. P, structures from the BF?V formalism. In this case, @ is an odd symplectic form
of degree +1. We start with the finite-dimensional case. One then has that (M, w) is always
symplectomorphic to a shifted cotangent bundle T*[1]N, with canonical symplectic structure,
for some graded manifold N (with this notation we mean that the fiber coordinates of T*N are
assigned opposite parity and degree shifted by one w.r.t. the natural ones). We call this choice
of N a polarization. Note that the Poisson algebra of functions on T*[1]N can be canonically
identified with the algebra of multivector fields on N with the Schouten bracket. The function
S, of degree +2, then corresponds to a linear combination m = my + 71 + 72 + - - -, where 7; is an
i-vector field of degree 2 —i on N. The master equation {S, S} = 0 corresponds to the equations

[0, Ta] + [m1, 73] + = [m2, m2] =0,

We start from the simpler case when N has only coordinates in degree zero (this is possible
only if M has only coordinates in degree zero and one). In this case, 7 = my and [mg, 73] = 0, so
7 is a Poisson structure on N. Algebraically, we can get the corresponding Poisson algebra as
the algebra C§°(T*[1]N) of functions on T*[1]N of degree zero with Poisson bracket {f,g}s =
[, /1. 9]

In the general case, 7 is called a Py, structure on N (this stands for Poisson structure up to
coherent homotopies). This structure is called curved if 7o # 0. The m;s, applied to the differ-
entials of ¢ functions on N, define multibrackets { }; on C°°(N) which in turn define a (curved)
Loo-algebra. Moreover, they are graded derivations w.r.t. each argument. The multibrackets
may also be defined as derived brackets

{f17~-~7fi}i = HH [Wivfl]an]w"]vfi] = P[HH [Waf1]7f2]""]7fi]v

6Recall that @, the hamiltonian vector field of S, is a differential on the algebra of hamiltonian functions.
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where P is the projection from multivector fields to functions. In particular, we have

{}o = mo,
{fh=m(f),
{f,g}2 = [[m2, f], 9]

2.2.1. Generalizations. The above structure may be generalized as follows. Suppose we have a
splitting a = p @ b of an odd Poisson algebra a (e.g., C>°(M)) into Poisson subalgebras with b
abelian (i.e., p-p Cp, h-bCh, {p,p} Cp, {h,h} =0). Let P be the projection a = h. If S € a
satisfies the master equationn {5, S} = 0, then the multibrackets

{fla"'afi}i = P{{Sv.fl}an}a}afz}

make b into a P, algebra. The previous case consisted in considering a = C*°(T*[1]N) and
taking p as the multivector fields on N of multivector degree larger than zero and h as the
functions on N; note that in this case h is maximal as an abelian subalgebra. We call the more
general choice of (p,h) a weak polarization.

Remark 16. The algebraic construction makes sense also if @ is degenerate. In this case we con-
sider a splitting, with the above properties, of the —1-Poisson algebra of hamiltonian functions:

}?Zmiltonian(M) =p S2) h

Remark 17. An important case is when w is degenerate but its kernel has constant rank. In this
case one calls it a presymplectic form. Note that the kernel is also involutive. If the quotient
space of M by the kernel has a smooth structure, it is then symplectic, so it can be identified with
some T*[1]N. We can then take h = p*C*°(N), where p denotes the projection M — T*[1]N.

Remark 18. More generally, we can take the quotient of M by an involutive subdistribution of
constant rank of the kernel of w. If the quotient M has a smooth structure and p denotes the
projection from M to M, then we can take h = p*h’, where CP2 .. . (M) = p’ @b’ is a splitting
as above.

Let us now turn to the infinite-dimensional case. The first remark is that in this case M is
symplectomorphic to a symplectic subbundle of T*[1]N, for some infinite-dimensional graded
manifold N. The only difference with the finite-dimensional case is that now not every function

is hamiltonian. We can anyway define the derived brackets, as above, on C25 iionian (V) =
C>®(N) N C ittonian (M). The algebraic version for weak polarizations and its extension to the

degenerate case works verbatim as above.

3. CORNER STRUCTURES OF FIELD THEORIES

In this section we consider some illustrating examples of BFV and BF2V structures in field
theory (electromagnetism, Yang—Mills theory, Chern—Simons theory, BF theory). In particular,
the example of BF theory is preliminary to our discussion of these structures in gravity.

Remark 19. From here on we denote the differential on a space of fields by 4, reserving the
notation d to the de Rham differentials on the underlying manifolds. Furthermore we will denote
with an apex 0 all the quantities with fields defined on ¥ and with an apex 00 all the quantities
with fields defined on 9. This notation is chosen in order to make contact with the one used in
many previous articles. This is due to the fact that often the BFV theory can be induced from
a BV theory when ¥ is considered as a boundary of a manifold M.
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3.1. Electromagnetism. To warm up, we start with the simple example of electromagnetism
in d+1 dimensions. In the hamiltonian formalism, we then consider a d-dimensional Riemannian
closedﬂ manifold (X, g), which for simplicity we assume to be oriented. The fields are the vector
potential A and the electric field E with symplectic structure wg = fz 0A - 0E \/det g, where -
denotes the inner product defined by the Riemannian metric g and y/det g is the corresponding
canonical density.

The constraints are given by the the Gauss law div E = 0. To implement the BFV formalism,
we then have to introduce a ghost ¢ € C°°(%)[1] and its conjugate momentum b € Q4(3)[—1].
We then have the BFV symplectic form

w? = / (0A - SE +/det g + dbdc)
by
and the BFV action

59 = / ¢ divEy/det g.
The variation of S? is ”
58% = /2(50 divE — ¢ divOE) \/det g = /E((Sc divE + grad ¢ - 6E) \/det g,
which shows that S? is hamiltonian, LQawa =659, with Q? given by

Q%A =grade, QEy/detg=0, Q% =divE, Q% =0.

One can then see that the cohomology in degree zero consists of functionals of A and E, modulo
the ideal generated by div E, that are gauge invariant. This is correctly the algebra of functions
of the reduction of C = {(A,E) | divE = 0}.

If 3 has a boundary, we instead get

556:/ dcdivE+gradc- E detg—i—/ cdE, \/det g,
E( ) o los

where E,, is the transversal component of E. This fits with the BFV-BF2V prescription Lo w? =
652 +a° with a2 = [, c6E, \/detg,,. As @? = 6a? only depends on ¢ and on E,, on 9%, we
get the reduced space of fields Fox = {(c, E,) € C®(9%)[1] & C*>(9¥)} with BF?V symplectic

structure
w?? = dcOE, \/detg,,.
)

As Q9 is zero on the ¢ and E coordinates, we get Q%2 = 0 and S92 = 0. Therefore, we get a
trivial structure.

We now make a change of coordinates that will make the other examples we want to describe
easier to write. Namely, instead of the vector field A we consider the corresponding 1-form A,
via the metric g, and instead of the vector field E we consider the (d — 1)-form B = tg+/det g.
With these new notations we get

w? = / (6BSA 4+ 6bdc),
>

where we omitted the wedge product symbol from the notation, and

S9 = / cdB.
N

"Later we will allow ¥ to be with boundary, but for simplicity we keep assuming compactness; see also
footnote |5/ on page @
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Note that any reference to the metric g has disappeared. Repeating the above computations, we
now get

Q°A=de, Q°B=0, Q% =dB, Q% =0.
If ¥ has a boundary, we get Fas, = {(¢, B) € C®(9X)[1] ® Q¢~1(9%)} with canonical symplectic
structure w? = faz dc¢dB and with Q92 = 0 and S99 = 0.

3.2. Yang—Mills theory. In the nonabelian case, the fields A, B, b, ¢ are g—valuedﬁ where g
is a Lie algebra endowed with a nondegenerate, invariant inner product (, ). The Gauss law is
d4B =0, where d4 denotes the covariant derivative. The BFV symplectic form now reads

= — / (5B, 5A) + (5b, 5¢)).

As this notation is a bit heavy, we will omit the inner product { , ) throughout, so we simply
write w? = fz(éB dA+6bdc) (one may think of the integral sign to contain the inner product as
well, or one may think the inner product to be the Killing form and the integral to incorporate
the trace sign). By the same convention, the BFV action reads

Saz/ (chB—I—lb[c,c}),
> 2

where the BRST term, linear in b, has now appeared. We can also easily calculate

Q°A=due, Q°B=|[c,B], Q% =dsB+|cb], QaCZ%[C,C].

If ¥ has a boundary, we get Fox = {(¢, B) € (C®(0X)[1] ® Q4~1(9%)) ® g} with canonical
symplectic structure w?? = faz 5co6B and with Q??B = [c, B] and Q%¢ = %[c, ¢], which is the
hamiltonian vector field of

599 — 1B[c, d.
os 2
Now the BF?V structure is no longer trivial.
If we regard Fox as T*[1](2971(0%) ® g), we then interpret S as the Poisson bivector field

1._[6 5]
o= [ =B|——=,—]|.
2 /322 {53 6B

As this is linear, it can actually be viewed (modulo subtleties dues to dualizing) as the Poisson
structure on G*, where G is the Lie algebra C*°(9X) ® g with pointwise Lie bracket induced by
g. (We have identified g* with g using the inner product and we have regarded Q9~1(9%) as the
dual space of C*°(9%).) For example, on linear functionals we have

([0 f o0}, o

The other natural polarization consists in realizing Fayx, as T*[1](C*°(9X)[1] ® g). In this case
we interpret S as the cohomological vector field

/ l[c d 1)
™ = NSRS )
! ) 2 (50

which gives C*°(0X)[1] ® g the structure of a Po,-manifold. With the notations of the previous
paragraph, this manifold is the same as G[1]. Its algebra of functions is the exterior algebra
AG*, regarded as a graded commutative algebra, and m; corresponds to the Chevalley—Eilenberg
differential.

S8For simplicity we consider YM theory based on a trivial principal bundle over X.
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Remark 20. Note that for any By € Q971(9%) we can define a polarization choosing the Bo-
section of T*[1](C>°(9%)[1] ® g) instead of the zero section. In this case, in addition to m; as
above, we also get a nontrivial 7 = [, %Bo [¢, ], so we have a curved Pu structure.

3.3. Chern—Simons theory. In this case 3 is two-dimensional and the field is a g-connection
one-form A, where g again is a Lie algebra endowed with a nondegenerate, invariant inner
productﬂ The space of fields is endowed with the Atiyah-Bott symplectic form w§ = % fz: dASA
and the constraint is that the connection be flat. Therefore, we introduce the BFV structure

w(’:/ (16A6A+6b6c>,

o\ 2

5 1

S¢ = cFA—i-fb[c,c] )
>

where Fy = dA + $[A, A] is the curvature of A. We now get

1

Q°A=dac, Q% =Fy+][c,b], Q%= 5[0, c.

If ¥ has a boundary, we get Fax = {(c, A) € C*(0X)[1] ® g ® A(9X)}, where A denotes the
space of connection one-forms, with canonical symplectic structure w? = J. oy 0cdA and with
Q%A =dycand Q¢ = %[c, c], which is the hamiltonian vector field of

1 1 1
5§99 — / §CdAC = / <2choc+ 20[a,c]> ,
ox o%

where Ag is a reference connection and a = A — Ay.
If we regard Fox, as T*[1]A(OX), we then interpret S?9 as the Poisson bivector field

[ (A d L[t
2= os \20a " da 29150’ 8a) )

In this case we have an affine Poisson structure which can be viewed (modulo subtleties dues to
dualizing) as the Poisson structure on G* associated to the central extension of G = C*°(0X)® g
with pointwise Lie bracket induced by that on g by the cocycle ¢(f, g) = |, oy Jda,g. For example,
on linear functionals we have

{/az fa’/az ga}2 = /az(fdAog + [f, gla).

The other natural polarization consists in realizing (Fax)a, as T*[1](C*°(0X)[1] ® g). In this
case we interpret S%9 as the inhomogenous multivector field 7 = 7 + 75 with mp = f 55 %c da,c

and
[ 3leds
T = —le, c]—,
1 322 (SC

which gives C*°(9X)[1] ® g the structure of a curved Py-manifold. Note that the curving m is
different from zero for every choice of Ay.

Remark 21. Chern—Simons theory is an example of an AKSZ theory [Ale+97]. In particular,
this means that we can write the BF"V structures in a compact way using superfields. For
the cases at hand, we set A=c+ A+bin the BFV case and A = ¢ + A in the BF2V case.

The symplectic forms and actions now simply read i 5 fT SASA and fT (§AdA + %A[A, A}), with
T=XYorT=0%.

9For simplicity we use notations as in the case of a trivial principal bundle. For the general case, the Lie-
algebra-valued forms are simply replaced by forms taking value in sections of the adjoint bundle.
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3.4. BF theory. In BF theory in d + 1 dimensions there are two fields: a g-connection A and
a g-valued (d — 1)-form B. Here g is, as before, a Lie algebra endowed with a nondegenerate,
invariant inner productm The symplectic form, for a d-manifold ¥, is wf = fz 0B A and the
constraints are

daB=0 and Fs+ AP(B) =0,

where A is a constant and P an invariant polynomial of degree k such that k(d — 1) = 2@ Note
that P may be nontrivial only for d = 2, 3.

For d = 1, for dimensional reasons the only nontrivial constraint is d4 B = 0, so in this case
the BFV structure is the same as in the case of Yang—Mills in 1 + 1 dimensions.

For d = 2, BF theory is actually a particular case of Chern—Simons theory with a Lie algebra
structure, depending on A, on the vector space g @ g. If g = s0(1,2) (or s0(3)) and B, viewed as
a 3 x 3 tensor field, is nondegenerate, it is 2 4+ 1 (euclidean) gravity with cosmological constant
A in the coframe formulation.

In the rest of the section we focus on the case d = 3, which, for g = so(1,3) (or so(4)), is
related to 3+ 1 (euclidean) gravity with cosmological constant A in the coframe formulation. For
definiteness, we write the constraints as

daB =0 and Fs+AB=0.

In the BFV formalism we then need two kinds of ghosts to implement them. The beginning of
the BFV action is

$7 = [ (cdaB 7 (Fa+ AB)) 4.
z

with c € Q°(2)[1] ® g and 7 € Q1 (T)[1] ® g.

Note that the 7-dependent hamiltonian vector field acts on A as A7 and on B as d47. There-
fore, if 7 is of the form d ¢ for some O-form ¢, it acts on A as a gauge transformation. Moreover,
it acts on B as [Fa, ¢]. If F4+AB = 0, which is what the constraint imposes, it acts also on B as
a gauge transformation. This leads to a redundancy to the c-dependent hamiltonian vector field.
To avoid it, one has to mod out 7 by such transformations. If the momentum for 7 is denoted
BT, then we add the term fz: ¢daB™ to the BFV action, for its hamiltonian vector field acts on
T precisely as da¢. Note that ¢ is now considered as a new ghost (actually a ghost-for-ghost),
which is assigned even parity and degree equal to two. It also comes with its own momentum.

As BF theory is an AKSZ theory, we will use the notation standard in that context. Namely,
we group the fields into superfields,

A=c+ A+ Bt +77F,
B=¢+1+B+ AT,

where the fields appear in decreasing order w.r.t. degree and in increasing order w.r.t. form
degree. The BFV symplectic form is

w? = / §BJA = / (AT 8¢+ 0BSA+ 07 0BT + 6¢p o7,
> b
10Gee also footnote El

HThe term AP(B) is called the cosmological term. If it is absent, one speaks of pure BF theory. In pure BF'
theory, one does not need the invariant inner product on g, as one can take B as g*-valued.
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from which it is clear that our notation for the momenta of ¢, 7, and ¢ are AT, BY, and 771,
respectively. The BFV action reads

50— / (épg T ;AEE)
= / <;A+[c, cd+ Bdac+71(Fa+[c,BY]) +¢(daB" +[c,7"]) + A (BT + A+¢)) ,
5

from which we get

QacZ%[C,C]+A¢7 Q%A =dac+ Ar,
Q°B* = Fy + AB + [¢, BT], QT =daB* +[c, 7] + AAT,
and
Q% = ¢, 9], Q%1 = dag + [e, 7],
Q?B = dat + ¢, B] + [¢, BT, Q°AT =daB + [e, AT+ [B 7]+ [7F, ¢).

If ¥ has a boundary, we get that the coordinates of Fyx can also be grouped into superfields
A=c+ A+ B,
B=¢+71+B.
The BF2V symplectic form turns out to be

wa(’):/ SBSA= [ (6Bdc+0r0A+3¢dBY).
() )

QVc=fled+ Ao, QPA=ductAr,  QUBY=FitAB+[BY)
Q¢ =1c, ¢, Q%1 =dag +[c, 7], QB =dar + [c, B] + [¢, BY],

we get the BF?V action

s | (§F5+ 1A§§>
o% 2

- /82 (;B[C,C] +7dact ¢ (Fatle, BT +A (;TT+B¢))

_ /62 (;B[c,c] +7(dage + [ar) + ¢ (FAO Fdagat glaal + [C>Bﬂ> A GTT+B¢>>

where Ag is a reference connection and a = A — Ay.

One natural polarization consists in realizing Fyy. as the shifted cotangent bundle of the space
N with coordinates A, B, and BT, by choosing {c = ¢ = 7 = 0} as the reference lagrangian
submanifold. This corresponds to having © = m; + w9 with

)
m= [ (Fia+AB)—,
1 ‘/82( A )6B+

16 61 6. & 56 5§71 1.6 6
Y A % I I S B RSN S P NI (R N
2 /3E (2 [53’5B}+§ad’40(53+a{5a753}+ [5B+’5B]+2 5a(5a>

In other words, we split functions on Fyx as p @ h with p the subalgebra of functions of positive
degree and h the subalgebra of functions of nonpositive degree, and the construction turns b
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into a differential graded Poisson algebra. The degree zero part ho, consisting of functions on
A(0Y) @ Q2 (0X) ® g > (A, B), is a Poisson subalgebra. Actually, we may view the affine Poisson
structure on A(0X)®Q?(0X)®g = (Ao+QL(9X)®¢)DQ?(IY) as the one on the dual G* associated
to the central extension of G = (Q}(9%) & Q°(9%)) ® g with pointwise Lie bracket induced by
that on the semidirect sum g x,4 g by the cocycle c(a® f,8Dg) = faz (ada,g — Bda, f + Aap).
For example, on linear functionals we have

{/az . | 6“}2 [ o
{ézamlgf3}5=l;@me+Wmfm»
UL fB’/g,EgB}z - [ iras

The degree-zero m1-cohomogy is the quotient of hy by the ideal generated by Fa + AB. Geomet-
rically, this corresponds to restricting the above Poisson structure to the Poisson submanifold
{(A,B) | Fa+ AB =0}.

Another natural polarization consists in viewing Fyx, as the shifted cotangent bundle of the
space A with coordinates ¢, A, and BT, by choosing {B 0} as the reference lagrangian
submanifold. This corresponds to having m = 7 + w9 with

1. 5 L
m= [ (Glody+ iy + FatleB D)
[ (Lias
=8 \25454 T 5eoBY )

In particular, on C*° (./Z) we have a differential defined by
1
me = 5[67 c, mA=dac, mB"t=F4+][c,B"].

If A # 0, we also have a constant, nondegenerate Poisson bracket.

One last interesting polarization, which turns out to be important for the rest of this paper,
consists instead in viewing Fyys; as the shifted cotangent bundle of the space B with coordinates
¢, 7, and B, by choosing {g = Ay} as the reference lagrangian submanifold. In this case we
have m = mg + m + w9 with

o :/ <¢FA0 +A (1TT+B¢>)
s

—/ d d +d ¢

m™ = o Ao T (SB Ao
1 ) o 9 1 o 6 )

= —B|—,— — = ¢ | —,— — ==

2 /8Z (2 [53’ 53} T [57’ 53} T3¢ [57’ 57} e [&;s’ §BD
This makes C'*® (E) into a curved P, algebra. If A = 0, it can be made flat by choosing the

reference connection Ag to be flat. It is useful, for further reference, to observe that there is a
P, subalgebra generated by the following linear local observables:

Jo = / oB, Ms— | Br. K, = / s (1)
o ox o
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where «, 3, v are g-valued 0-, 1-, and 2—forms, respectively. We have

Qo= [ (omen (2 50))

{Jatr = Ma,ga, {Mph =Ka,p, {Eh=0,
o, Jate = Jaa, {JasMple = Mo g, {JasKy}e = Ko qs

{Mﬁv ME}Q = K[@ﬁp {Mﬁv K’y}Q =0, {K’Y’KW}Q =0.

Also note that {{}0}1 = O, that {Mﬁ, {}0}2 =0= {Kay, {}0}2, that {{Mﬂ}l}l =0= {{K’y}l}17
and that {{Ja}1}1 = {Ja, {}o}2. Observe that for A = 0 we can also write {{Ja}1}1 = K(r, o)
It is also instructive to compute the above expressions using the derived brackets corresponding
to the splitting with h = C°(B) and p the ideal in C°(Fpx) generated by C°(A— Ap). In this
case, the projection P: C®(Fpx) — C(B) simply consists in setting A equal to Ay and ¢ and
B7 to zero. We see that {}o = PS??. We can also, e.g., compute

{Ja}1 = PQPJ, = P/

o(dar + [e. B] + [6, BY)) = / adagr = M, o
ox

0%

Similarly, we get

{Jas Mg}s = P{Ja,Q%°Mps} = P {/82 aB, B(dag + [c, T})} =P | [a,B]T=Mpypg.

ox ox

Note that, when A = 0, the above algebra closes also under the nullary operation, since we
can write

{}o=Kr,,-

Otherwise, we have to add more generators. First of all, we introduce

Cu:/ 1 (;TT-FB(b),
)

where p is a function, so that we have

{}0 = KFAO + Cy,

where we view A as a constant function. The algebra now closes as long as C), is defined for
constant functions p only.

It is however possible, and natural, to extend the algebra allowing for arbitrary functions pu.
In this case, we have to introduce

DV:/ vTo,
)>

1
Ep:—/ P>,
2 Jox

It can be readily verified that the binary brackets of C', D, and E among themselves or with J,
M, and K all vanish. As for the unary brackets, we have

{Cu}l = Dy, {Du}l = Eqv, {Ep}l =0.

4. BOUNDARY STRUCTURE AND BFV DATA FOR PALATINI-CARTAN THEORY

The starting point for the construction of the BF?V structure is the BFV boundary structure.
In the Palatini-Cartan formalism this is described in [CCS21b).
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We recall here the relevant quantities of this construction. We consider a 4-dimensional
closed, orientedE| smooth manifold M together with a reference Lorentzian structure so that
we can reduce the frame bundle to an SO(3,1)-principal bundle P — M. We denote by V the
associated vector bundle by the standard representation. Each fibre of V is isomorphic to a
4-dimensional vector space V with a Lorentzian inner product n on it. The inner product allows
the identification so(N —1,1) = A* V. Let now ¥ = M be the boundary of M and denote with
Vs, the restriction V|y. We define the following shorthand notation:

Q= Q' (2 V)

Remark 22. Throughout the article we will refer to the local dimensions of the spaces Q%7 as the
number of degrees of freedom of the space. Note that this dimension is also the same as their
rank as (as C° modules) and of the dimension of their typical fiber.

On Qg’j we also define the following maps
Wi Qi — Qi
X— XA €|2.

Usually we will omit writing the restriction of e to the manifold ¥. The properties of these maps
are collected in Appendix [A]

We assume Vs, to be isomorphic to TX @ R, as is the case if we think of it as the restriction
to the boundary of a vector bundle isomorphic to the tangent bundle of the bulk, and we take a
nowhere vanishing section ¢,, of the summand R. We then define the space Qin (X, Vs) to consist
of bundle maps e: TY — Vx such that the three components of e together with €, form a basis.
Equivalently, we may require eeee,, to be different from zero everywhereﬁ

As a consequence of this, the field e together with €, defines an isomorphism T ® R — Vs
Denoting by f: Vs, — T ® R its inverse and by 7rys the projection 7YX @ R — TX, we have a
map

o: T'(Vy) — x(X) (2)
v — U:=ars(f(v))
Note that the definition of the hat map really depends on the choice of €, and the field e, even
though we hide it in the notation.
In local coordinates, the hat map has the following description. We denote by e,, a = 1,2, 3,
the three components of the Vsy-valued one-form e. Then, for a given v € T'(Vy), there are
uniquely determined functions v(¥), @ = 1,2,3, and ") such that

v=1v@e, + M, .

The induced hat vector field is then
0

oz’

v =@

12Orientability is not really necessary, see |CCS21b|, but we assume it here for simplicity. We also assume
compactness to avoid discussing vanishing conditions on the fields; see also footnote @ on page @ In the second
part of the discussion, M will be allowed to have a boundary X, which later will also be allowed to have a
boundary, so M will actually be a manifold with corners.

13As already noted in |CCS21b|, the results are independent on the choice of €,,. In particular, this is clear if &
is spacelike, since the space Qin (X, Vs) of space-like vectors does not depend on the choice of a specific time-like
én. Note that in [CCS21b| the space here denoted by Q! (5, Vs) was denoted by Q1 (3, Vx).
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We also consider the space
T (9§7[1) @ X[1](S) & C=(1)(%))

where the corresponding fields are denoted by ¢ € Q3*[1], € € X[1](2), A € Q%0[1], 4T € Q¥*[—1],
and yf € Qg’?’[—l] The space of boundary fields is the bundle

FO— QL (Z,vs) 0 T (95°[1] @ X[1](Z) © C*[1)(T)) ,

with local trivialisation on an open Us; C QL (3, Vs) & T* (92’2[1] e X[1)(D) e C‘X’[l](E)> given
by

FO ~Us x AR,
where A™4(X) is the space of connections w (on Pls) such that

€ndee + L)’(*—’YT =eo (3)
for some o € Qé’l and X = [¢,€,] + L¢e,. The constraint is called structural constraint.
The BFV action and symplectic form are respectively:

1 1 1
S? = / (cedwe + teeeF, + Aepel, + y/\EnAES + 5[0, c]“fr — L‘E’C’yJr + §L£L5Fw’yT (4)
Z .

1
+ e Aealy” = LEQenly = Suegey’).
w’ = / (ededw + 5eor" — 6wd(ient) + SAendyt + tsed(eyh)) - 5)
=

Remark 23. For simplicity we consider in this paper only the case of dimension N = 4. However,
some of the considerations of this article can be extended to the higher-dimensional cases. This
can be done in the same way in which we can extend the boundary results on the boundary
from the case N =4 to a generic N > 4 (see [CCS21b]). Furthermore, in this and the following
sections, we assume that the cosmological constant vanishes: A = 0. In Section [§| we will discuss
the small corrections that have to be implemented when the cosmological constant is nonzero.

The boundary structure is completed by the cohomological vector field Q2 defined as the
hamiltonian vector field of S? with 9% = (). Its expression (in components) reads:

Q% = [c,e] + Lie +dy,(Aen) + Ao, (6a)
Q% = dye — teFy + )\(Wél’z))_l(ean + L)?yT) + %)\enAe + V., (6b)
Q= %[c, o + %%%Fw + Mg (W) Hen Pl + XDyl + 16V, (6¢)
QX = [e, Men] ™ + (LEXey)™, (6d)
Q%6 =2% +36.¢], (6e)
Q%" = ed,e + [,y + LE’VT + Nen, o], (6f)
caQy" = cale.y] + caLgy + eacFl + (INWSD) " enFl + 15y (6g)

+ /\UayT + Vw’)/lv

1
en Q%" = e, lc,y'] + enLgyJr + eneF, + gAene3, (6h)

l4Note that here we are using an isomorphism defined by e in order to identify the fiber of
T* (X[1)(2) @ C®[1)(2)) with QF*[-1].
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where X = [c, €,] + L¢ (€,) and eV, = 0.

Remark 24. The map chl’g) is surjective but not injective (see Appendixfor more details), so

we can choose a preimage defined up to terms in the kernel of Wém), denoted here by V,,. This
is fixed by requiring that the action of the vector field QP preserve the structural constraint ,
for some choice of the action of Q% on o; i.e., we require (|JCCS21b|) that

Q@ (endue + 1371) = QPeo + Q%o
This way we get an inverse (Wa(l’z))’l. Comparing this expression with the corresponding one

of the three-dimensional theory |[CS19a], we also note that the terms containing the inverse of

the function Wa(l’Q) and the auxiliary field o constitute exactly the difference between the two
expressions.

5. CORNER STRUCTURE OF PALATINI-CARTAN FORMALISM

5.1. Corner induced structure. From a boundary BFV action we can now induce a corner
structure following the procedure recalled in Section 2.1.4] From now on we assume that the
manifold ¥ has a nonempty boundary 0% = I‘ In this and in the following sections, we describe
the relaxed BF2V structure on the corner. In particular, we have the following result:

Proposition 25. The BEV theory Sg)o = (F8c, 520, @%e, Q%) is not 1-extendable.

We will then construct some associated P, algebras and will highlight a relation with BF
theory (Section [6). We will also describe particular cases where we freeze some of the fields or
do some partial reductions (Section .

Remark 26. Note that the four-dimensional case differs from the three-dimensional case. In this
last, it has been proven in [CS19a] that it is possible to extend the BFV theory to a BF2V theory
on the corner.

Before proving Proposition let us introduce some further piece of notation, similarly to
what we have done for the boundary structure. Let M be a smooth manifold of dimension N
with corners and let us denote by ¥ = 9M its (N — 1)-dimensional boundary and by T' = 90 M
its (N — 2)-dimensional corner. Furthermore we will use the notation Vr for the restriction of
Vs, to I'. We define

Q=9 (D AVr).
On an we define the following map:
Wi o) — 0l
X — X Aelr.
Remark 27. As before, we will omit writing the restriction of e to the corner I'.

The properties of these maps are collected in Appendix [A] Furthermore, we recall that the
restriction to T' of a vector field v € X(X) contracted through the interior product with a one
form 8 € Q' (X) reads

twh =ty Blr + Bmr™.

For simplicity we will omit the restrictions to T.

15Later, we can drop the hypothesis of I" being a boundary and we can just consider the structures to be
defined on a generic two-dimensional manifold T'.
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Proof of Proposition[25. From the variation of the boundary action, using the formula
559 = LQa‘u—Ja + a9,

we can deduce the pre-corner (or pre-codimension-2) one form
a? = /(ceée — 1geedw — e E™edw — Aepedw — deyt €™ — Swiey) €™
r

— 0(Aen)teyt — 6(Nen )y, €™ — tsceyl, €™ + emdEM Yl E™),

where the index m denotes the components transversal to the corner. Taking its variation, we
obtain the pre-corner two-form:

&% =6a? = /(50656 — 15eeedw — tg(ede)dw — depE™edw + e 0 edw — e M oedw  (7)
r
— SXenedw — Aepdedw — deyl 6™ — Sedyl €™ — Swd(1ent €M)
+ 8(Aen)Oyh, €™ + 6 (Nen )y 0E™ + t5ebeyl, €™ + tseedyt £ — tscey), 0™
+ 8em 8™ YL, E™ — emdE™ YL E™ + emdE™ Yl 0E™).

In order to proceed, we have to check if this two-form is pre-symplectic, i.e., if the kernel of the
corresponding map

&% TF? - T*F°
X = a%(X)=x%X,)

is regular. The equations defining the kernel are:

e eXe+ X 5 € —Af Xem =0, (8a)
de: eX.—ee Xy — A Xy —end™X, — Lxgyinfm =0, (8b)
0 eaeXy — Xuch o™ + (Xo) oyl & + e X i £ — eayh, Xem = 0, (8¢)
dw: —uix.ee —te(eXe) = X, {Me+ e Xeme — e X,
— Xyene — X Xe — X(Lminém) =0, (8d)
Sem : —EMeX, + Xemyl €™ =0, (8e)
SE™: emeXy — Xl — Xotey), + Xoenyl, — LX, eyl + Xe, yh&m
—emX i &+ 2emyh, Xem = 0, (8f)
oA —epeX, + eanInfm + eny;rnX(;gm =0, (8g)
Syl = XM e X €™ =0, (8h)
Syl t 4 Xoen€™ + ix, e€™ — e Xem €™ = 0. (8

Let us consider and . They can be solved only if the functions W{%’l) and Wa(g,z) are
invertible. However, from Lemma in Appendix |A| we gather that both Wé%’l) and Wa(g’Q)
are neither injective nor surjective. In particular, dim Im W{g};l) = dim Im Wég’Q) = 5, while the
respective codomains Q})g and Qoa’g have dimension 6 and 8, respectively. Hence we deduce that
these two equations are singular and so is the kernel of %,

Therefore, it is not possible to perform a symplectic reduction, and the BFV data do not
induce a 1-extended BFV theory. g
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5.2. Pre-corner theory. The failure of the standard procedure does not allow us to construct
a BF?V theory. It is however still possible to analyse the pre-corner structure. To complete
the picture, along the pre-corner two form @ we have to find the pre-corner action S? and an
expression for a hamiltonian vector field. Even if the two-form is degenerate, we can still get a
pair @a and S? satisfying Léafﬂ'a = (5§‘9, out of the boundary data.

Before proceeding, let us recall the spaces on which the pre-corner fields are defined. In
degree —1, we have v}, € Q(I', A?V))[~1] and yf, € Q*(T', A*V))[~1]. In degree 1, we have the
ghosts parametrizing the gauge symmetries, ¢ € Q°(T', A2Vr))[1], and the ones parametrizing
the diffeomorphisms: respectively, £ € X[1](T") tangential to ', €™ € QO(T)[1] transversal to I'
into 3, and A € Q%(T")[1] transversal also to ¥. In degree zero, we first have the tangent part
e € QL (T,Vr) of the coframe restricted to the corner and its transversal part e, € Q°(T', Vr),
together with a fixed nowhere vanishing field €, € Q°(T, Vr) with the requirement that eee,,e,
is nowhere OE Furthermore, we also have a connection w € A™4(T") where A™4(T) is the space
of connections (on P|r) such that the following equations are satisfied:

endwe—l—fyilzm = eo,
emo € Im Wég’l),
where Z = [c,€e,] + Lien + du,, ené™.

Remark 28. These last equations are a consequence of the fact that the starting data on the
boundary were constrained by , hence this constraint will also descend to the pre-corner.
However, it will split into two separate equations:

endwe—kﬂlz\m = eo,
endy, €+ endwem—&—%'ﬂn = €0 + eom,.

The second equation is dynamical but still gives some information about ¢ and o,,. In particular,
we can rewrite it as
emo € Im Wég’l).

An interpretation of these constraints is given in Appendix [C}
Remark 29. The map @ has been defined in for fields on the boundary 3. However, when we
have combinations of the type ¢ g« for some form « on the boundary and some section X of Vg,
we can pull them back to the corner and get (g + i, X™.

Let us now compute the pre-corner action. Since we have the boundary cohomological vector
field, we can let ¥ =I' # () and, using the modified master equation ¢go LQawa =289 find an
expression for the pre-corner action. After a long but straightforward computation we get

59 = /F (i[q clee + %Lg(ee)dwc + eenéMdyc+ Aepedye (9)
+ iang(ee)Fw + eeen M, + teeen AF, + e E M e AF,
b ol e + LEE™ + LictcFurly €™
+ %L[s,aeyfnf’" + LE Oy + LE (em€™yhe™ + e Aealyl,€™)-

16The fixed field €, and the still dynamical one e,, may be interpreted as the two transversal components of
the coframe, the latter being transversal with respect to the inclusion I' = 93 < ¥ and the former with respect
to the inclusion of ¥ as boundary of a bulk.
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The last bit of information that is missing is a pre-corner cohomological vector field. This
can be obtained by pushing forward the one on the boundary to the corner. We collect some
technical lemmata that are useful for this computation in Appendix D]

Remark 30. Due to the degeneracy of the pre-corner two form, a hamiltonian vector field defined
through Léaﬁa = 052 is not unique and might differ from the projection of Q2 by an element
in the kernel of &?.

Collecting all the above information we get the following expression for the pre-corner coho-
mological vector field Q?:

Q% = [c,e] + LEe + EMdy,, e + ende™ + du(Ney) + Ao,
Q%m = [c,em] + LEem + to,c€ + du,, (emE™) + duy,, (Aew) + AT,

~ 1
Q% =dyc—1eF, — F,, ™ + A\ + 5AenAe,
~ 1
Qawm =dy,,c—teFo,, + Am + iAenAem,
~ 1 1
Q% = i[c, o + ibgbng + e Fy, &M+ Aegph + A€
A=y,
~ ~ 1
Qag =Y + 5[575]7
~ ~ 1
Qe =T+ e g,
éa'YT = emdwe + edg,, e + edwenm + [, 'Y;fn] + L?’an +do,, ('Yingm) + [Aen, Z/in]v
~ 1
Q%' = [c, yin] + L?yfn + do,, <y;(n§m) +emly +efy, + 5A6m62
AATmyh) ™ + A my5) T+ Aoayh) @ + M),
where
Y = [c, Aen] + L (Nen) + €M d,, (Aen),
p= W) HenFu + 4, Y™),
Hm = (ng%Q))_l(emM + eanm + L?y;rn)a

and €, 25" = Z,, emZS™ = Z,,. The data just collected do not form a BF2V structure on the
corner, since the closed two-form is degenerate. Nonetheless, using the procedure described
in Section [2.2.1] it is possible to extract information from this structure.

6. P», STRUCTURE OF GENERAL PRE-CORNER THEORY

As explained in Section BF?V theories define a P, structure once a polarization is chosen
on the space of corner fields. Furthermore (see Remark , this construction can be generalized
to the cases when the two-form is degenerate, which is precisely the case at hand. In this section
we analyze these structures. In order to have a better understanding of the results that we find,
we will afterwards consider two simplified theories in Section [7} for which the structure will be
more readable.

Since the two-form is not symplectic, we consider the construction explained in Remarks |5{and
Following the notation introduced in section we consider a splitting of the hamiltonian
functionals and define b to be a subalgebra of functionals in the variables e, &, \, €™ and ~; £™.
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The projection to it is just obtained by setting w = wyp, a fixed background connection, and
by putting to zero all the other ﬁeldsﬂ In particular we consider the following hamiltonian
functionals, and prove that they form a P,, subalgebra of b:

1
J. _/<p<ee—|—7;[n§m),
r 2
1 t em
My = [ Y| iee—i-’ymf + ae |,
r

1 1 1
K; = / Z (LEL§ (ee—l—’yzlfm) + teea + a2) ,
L\2 2 2

where a = e, A + €,€™. These functionals are hamiltonian because it is possible to construct
the corresponding hamiltonian vector fields, which read

é
JLP_/FQO&a
)
My = [ Y—
Y A 5w7
)
K, = —1: 7 (2,3)y—1 n>\Z e
2 /(( 2+ (WD) (A7) o

1 ) )
i (‘Wsz +1e(Wi5) " (eadZ) — <Wz§%*‘”>-1<em5m<wf§§3)>—1<enxz>>)

g

— - m — a 6
+ (emZ + WD) em W) ™ eaA2) ™) + (W5 ear 27 ay*>

We can then prove that they form a subalgebra by computing the various brackets. After a long
but straightforward computation, we get the following result:

1 1 1
{}o= / —lete | cee+ ﬂnfm + eea + ~a? Fo,,
r\2 2 2

{Jobr = Ma, o, {Myh =Kaq,,v, {Kz}h =0,
{Jgoa JLP'}Q = J[Lp,cp']a {Jt,mMY}Q = M[@,Y]v {MY7KZ}2 = 07
{My, My'}2 = Ky,yn, {Jor Kz}o = Kipz1, {Kz,Kz}2=0.

Note that the nullary operation is here obtained by the nonvanishing part of the projection of
the action to h. We can write

{}o=Kr,,,
so the algebra generated by J, M, and K closes also under the nullary operation. We also
explicitly note that this structure is identical to the tangent theory and that of BF theory in .

Remark 31. As before, the similarity between the structure of the subalgebra of observables and
that of BF theory is connected to the possibility of obtaining the constrained theory as BF
theory for the Lie algebra s0(3,1), restricted to the submanifold of fields parametrized by

c=c, A=w, BT =0,

2 2 2

17The reasons for the choice of these coordinates will be clearer later. Indeed, in one of the simplified cases,
the tangent theory (Section , this choice corresponds to the generalization of a possible choice of polarization.

1 1 1 1 1
o= ZLng(ee) + Zleteyh €™+ cea+ —a?, T = ~ue(ee) + ey €™ +ea, B= See + A5 em,
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7. SIMPLIFIED THEORIES

The expressions of the pre-corner data without reduction are rather complicated and the
information contained in them is well hidden. For this reason it is useful to consider some
simplified cases in which the Poisson structure is more manifest. In this section we propose
two different simplified theory in which the physical content is more explicit. In the first we
impose some constraints on the boundary data, which do not change the on-shell boundary
structure (i.e., we consider a smaller BFV theory still describing the same reduced phase space
of the original one). In the second we assume some ghost fields to vanish, thus forgetting some
symmetries.

7.1. Constrained theory. This approach is based first on considering the BFV theory on a
cylindrical boundary manifold (i.e., assuming 3 = I x I, where I is an interval, and then focusing
on one of the two boundary components I'). Next we impose some further constraints, on the
line of , to get a theory that is on-shell equivalent to the original one but better treatable
with the BF2V machinery.

Remark 32. This approach is based on the fact that the failure of the two-form to have
a regular kernel has similar causes to the same failure of the pre-boundary two-form [CS19b).
As discussed in [CCS21al, it is anyway possible to overcome the problem by constructing a BV
theory on the bulk with some additional constraints. Indeed, using the constraints suggested by
the AKSZ construction, it is possible to construct a BV theory that induces a BF'V theory on
the boundary.

We now want to mimic this behaviour in order to get a BFV theory that induces a BF?V
theory on the corner. Since we do not have at hand a corner theory, we cannot use any suggestion
from the AKSZ construction and we can only try to guess the correct constraints.

Assume that the manifold ¥ has the form of a cylinder, ¥ = I" x I, and call ™ the coordinate
along I. Then a possible choice is given by the following constraints:

T = €K, (10a)
emdpe + e dEmK + dy,(Aep) K 4+ Ao K + [Nep, yl | = eL, (10b)
enK =0, (10c)
enl +e,dy,, e+ epduen + [, 6] K + Len K + dy,, en{™ K = 0. (10d)

Remark 33. As we will see later on, these constraints are sufficient to get a simplified version of
the pre-corner structure, but they still do not grant the possibility of doing a proper symplectic
reduction.

Remark 34. Note that these constraints do not modify the boundary theory, in the sense that
the constraints do not modify the classical critical locus of the unconstrained theory described
in Section 4l Indeed, and are constraints on an anti-field and have no meaning in the
classical interpretation. On the other hand, and encode part of the Euler-Lagrange
equations on the boundary. To see this, we can rewrite the equation ed,e = 0 on the cylindrical
boundary manifold ¥ =T" x I and get the equation

emdye + e(dy,)me + edy,en = 0.

Since Wc%él is neither injective nor surjective, besides the dynamical equation describing 0,,e we
get also

emdye = el
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for some L’. This last equation, modulo anti-fields (which can be ignored at the classical level),
is the same as (I0D). Then (T0d) is added to guarantee the invariance under the action of Q?,
as proved in Lemma [36] below.

These constraints are fixing some components of the pre-corner fields w and +;,. Namely, we

fix three components of w in the kernel of Wé%Q) and four components of v . More details can
be found in [C] with the relevant proofs.

Remark 35. These additional constraints on the boundary simplify the expression of the struc-
tural constraints . Dividing them into tangential and transversal to the corner we obtain

endoe + Y™meK = eo,

€ndy,, € + enduen + Lty (eK) = €,0 + eop,

where Y = [c, €5] + L¢€n + du,, (€,)E™.

- . . 1,1) . L .
Furthermore, it is worth noting that since Wa(a ) is surjective we can write yf, = exl, for

. 1,1) . C
some x} . Moreover, since W é()a ) is not injective, we can also ask that e,zf = eA for some A.

Indeed, this condition fixes only some components of x], in the kernel of Wa(é’l).

Lemma 36. The set of constraints is conserved under the action of Q?, i.e., it is possible
to define Q°K and Q°L so that

Q% = Q%K + eQ’K,
€nQaK =0,
Q%(emduwe + end€™ K + dy(Aen) K + MoK + e, yh]) = Q%L + eQ’L,
QL + Q%(endu, € + enduem + [, 6] K + L €n K + dus,, n™K) = 0.
Proof. We use the expressions of the components of Q7 recalled in @ We start from (10al).

After a short computation, it is possible to see that Q%) = Q%K + eQ?K is satisfied modulo
a term proportional to (10bf) by choosing

Q°K =du, e+ dwem + LEK + [¢, K] + do,, (KE™) + L +K,

where K € Ker(Wag’l)) is not fixed by this equation. We use this freedom to choose a Q? K such
that (10b]) is invariant as well. Indeed, it is a long but straightforward computation to show that
(TOD) is invariant and the correct choice for Q9K is with K = 0 and

Q°L =LE¢L+ [e, L) + du,, (LE™) + dw(Aom) + [(Vo)ms €] + Voo, €m] + to,,edwe + [N, (Fo)m]
+do, AV K) + Mg (Ao K) + 1o, e KAE™ + [(WEP) T (Aen F))m, €] + L
WS en P, el + (WS Y™y ), em] + (W5 ) T gy ms €]

+ dw(AL?K),

where L € Ker(W[gé’l)) is not fixed by this equation. Lastly, (10c) is invariant thanks to (10dJ),
which in turn is invariant by choosing €,L = 0. g

From the previous lemma we deduce that the constraints define a submanifold of F?
compatible with Q2. As a consequence they define a pre-BFV theory.
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7.1.1. Corner theory. Starting from this new constrained BFV theory it is possible to build a
partial symplectic reduction on the new pre-corner two-form and to write the pre-corner sym-
plectic form and the pre-corner action in more readable variables. First we fix a section €, of
Vr that is linearly independent from ¢,, and we only allow fields e that form a basis together
with €, and €,. In other words, we have that the combination eee,, €, # 0 everywhere. Next we
consider the map

e=e+ K",
w=uw + x;rné.ma
C=c+ el & + W ezl &™),

€m = ke + k%eq + k"€,

cmo_ 1 m

g = e,

fmgrt em,

X=Xt —gm
+km§’

where kg, ky,, kn, are functions, with &, # 0, chosen so that @aem = 0. The target space is then
defined as the direct sum

Oona & AL & QY3 [1] & X[1)(T) & QY5 [1] & QY5 [1],
e e e e e
e w C 5 5771 b\

where the fields must satisfy

€™ emdge + Aenpdge = (A& + €™ L),
€M endze = CoE™,

gmema + E’&mgm + zengm =0,

for some o € Qé’;, Om € Qg’al and L € Qé’;.
With these variables the pre-corner two-form and the pre-corner action are, respectively,

200 _ / (5262 + 5(1650)3% + 8(emE™ )95 + 6(Ren?)05) (11)
T

) Lo 0 o P

599 = / (Z[C,E]ee + tgeedgc + endMedg + Aepedge (12)
T

1 ~ ~ -
+ Zbng(gé)Fw + ngemfmF@ + ngAGan + Gmfm)\ean,>.

It is also possible to give an explicit expression of the cohomological vector field @88. This
can be either be computed as the hamiltonian vector field of the action S?? or pushed forward
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from the boundary vector field Q2. Both these methods lead to the following expression:

@3%: €, é] + L2e + da(emé™ + Aen) + A5 + LE™,
Qaagm — + X[m] + )\G[m]gm
Qaaga _ a] +X[a} + )\ la] &7 gm [g’aa,

Q%X = x4 x[nl 4 \glrlgm,

QP05 = dge — 1gF5 + (W™ 7 (em€™ Fz + enAF3) + Va3,

A0~ (1,2) Zmn 3

Q%c= [ ~]+255F +1i:(Wae™')™ Yemé Fo 4 enMFg) + 15V

+<ng2>> H(em€"Va + aAVa) + (Wig™) ™ (en€™ + en M) (Wip™) ™ (en€” Fi + €n ),

where X, = [¢, €™ + L?(emgm), X, = [ enN] + L?(enX), G =0+ XMK + e, xf ™ +
[AE™ €], L = Lk™ + k"G + k%(dge)a, and G = k™o + k"X DK, + k%4 + k*X™K,. The
square brackets denote the components with respect to the basis {€, €., €, } e.g. X, = Xy[,?]'eva +
X,[,T ] em—i—X,[ff] en Since the two form is still degenerate (see below), the hamiltonian vector

field @aa is not unique, as it can be seen by the presence of inverses of maps (Wa%’Q)) which are

not injective.
The two-form is not symplectic. The equations defining its kernel are the following:

0c: eXe=0,

08 EXp— B Xs — Aen X — emE" X =0,
6€: €eeXz =0,

0w : —Lx; €€ — L (eX )+ engmg* EmngE

— X5€en€ )\en =0,
65’" D oemeXg =0,
A — €neXg = 0.

We can simplify this system by noting that the third and the last two equations together form
the equation eXz = 0. Hence it can be rewritten as

eXz =0,
Xz — 1z Xz) — (Aen + em&™) X5 =0,

eX5 =0,

g(_Lng-i- Engm — Xxen) — (emgm — Xen)Xg =0.

This system is still singular since the map Wag,z) appearing in the second equation is neither
injective nor surjective, and the map Wég ) appearing in the fourth is 1njectlve but not surjectlve
However, it is worth noting that with the extra requests (>\€n + emfm)X~ = 0 and (emfm —
)\en) =0 we get Xz = 0, Xz = 0 from the first and the third equation, while the second

identifies equivalence classes of [c] and the fourth can be solved yielding Xz, Xz, and X.

18Note that using the properties of e, ¢, and €5, it would be possible to express these components without
local coordinates, using the analogue of the map for the corner fields. Hence these expressions do not depend
on the choice of local coordinates.
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7.1.2. Py structure. Let us now analyze the P, structure of this constrained theory. Since the
two-form is not symplectic, as in the general case we have to consider the construction explained
in Section 2:2.1] In order to keep the notation light, in this section we drop the tildes on the
fields since no confusion can arise. The splitting that we consider here follows the one of the
general theory described in Section[6 Indeed, we define h to be a subalgebra of functionals in the
variables e, &, A and £™. As before, the projection to it is obtained by fixing w to a background
connection wy and by setting to zero all the other fields. The hamiltonian functionals that we
consider are again derived from the general case (we also use the same notation and are the

following:
1
J, = / —(ee,
1_‘ 2

My = / Y (e + a)e,
r

1 1
Ky = / A4 (L§€ (L§€+Oz> + a2) ,
r 2 2

where o = e, A + emme These functionals are hamiltonian because it is possible to construct
the corresponding hamiltonian vector fields, which read

Jso/rsa(fc,
My = /F v
Kz Z/F ((—LsZJr (Wéz’g))_l(az)) %
# (- gtere? + W) a2) - (W) (V) 02))) ;)

These functionals form a P, subalgebra of h and the corresponding brackets read exactly as in
the general case.

Remark 37. As in the general case, there is a similarity between the structure of the subalgebra
of observables and that of BF' theory.

7.2. Tangent theory. Let us now consider an even simpler case where we assume £™ = 0 and
A =0 on the Cornerm As we will see, these two conditions are sufficient in order to get a regular
kernel, so we can perform a symplectic reduction and get a proper BF?V theory. However, there
is a loss of information in this procedure.

Remark 38. Note that assuming either only ¢ = 0 or only A = 0 is not sufficient to get a regular
kernel. For example, considering the first case, we get that the pre-corner two-form becomes

part =

o /((50656 — t5ceedw — te(ede)dw — ONepedw — ey dedw)
r

19Note that here and in the following expression of the hamiltonian vector fields, €, is fixed, hence there is
symmetry between the directions m and n, while in the general case e, is a field of the theory and e, is fixed.

20We call this theory tangent because we set to zero the transversal vector fields £ and A and we retain only
the tangential vector field &.
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on the space ﬁp‘?art (given by the restriction to the corner of the fields appearing above). The
equations defining the kernel of the corresponding application (z%g(m)ﬁ are

oc: eX. =0, (13a)
de: eX.—eeX, — e Xy =0, (13b)
0 eseX, =0, (13c)
dw: —uix.ee —te(eXe) — Xnepe — Aep X = 0, (13d)
oA —epeX, =0. (13e)

This system is still singular. Indeed, the third element of the second equation might not be

)

proportional to e and the map Wa(g’Q is not surjective.

Let us now consider, as announced, the case £ = 0 and A = 0; i.e., we retain only the
tangential vector fields. The pre-corner two-form now reads

oo / (0cede — tseeedw — ve(ede)dw) .
r

part =

The only remaining fields are those displayed in this formula. Note that, in particular, the
transversal component e, of the coframe has disappeared. The only remaining, open, condition
is that e € QY(T", Vr) should satisfy

eeemen # 0, (14)

where €, and €, are fixed linearly independent sections of VFE In particular, e € erld(I‘, Vr).
The equations defining the kernel of the corresponding application (%gwt)ﬁ are

dc: eX. =0,

de: eX.—eweX, =0,

0&: eqeX, =0,

dw: —uix.ee—e(eXe) =0.

This system is not singular. Let us then define the following theory:
Definition 39. We call BF-like corner theory the BF2V theory on the space of fields
F = 1[1) (935 @ (25 © 2'(1)))

with symplectic form

&% = /F (650E ~ 1,0P)

and action
S99 = g §[C7E]E + LgEdwOC - ib[aap + iELELEF“’O ,
where wy is a reference connection.

Remark 40. It is a straightforward check that this is actually a BF?V theory, i.e., that the action
S? satisfies the classical master equation.

2lThe dynamical field e, is now replaced by a fixed field €,,. Also note that, since Vr is assumed to arise as
a restriction to I' from the boundary ¥, we are tacitly assuming that Vr is isomorphic to TT @& R2.
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Furthermore, we can define a map myeq : F© — F99.

E = lee

¢=c+ te(w—wo)
Tyred - — ~. .

=g

P; = Lee(w; — wo;)
Notice that here we are assuming to work around a connection wg. It is a short computation to
show that this map is compatible with the two-forms (respectively the pre-corner form %gart on
F9 and % on F99).
Define now the submanifold & C F9? such that (E, P, ¢, ) € € if E is of the form %ee for some
e satisfying ee€ e, # 0, with €, and €, fixed linearly independent sections of Vr as above@
These conditions may be translated to requiring that the Pfaffian of E vanishes and Fe,,¢€, # 0.
In these cases we drop the tilde. As a consequence of the first statement of Proposition which
we prove in Appendix [Bl £ coincides with the image of 7 cq.
I;et nox;v p Qg’g — Qg’g be a projection to the complement of the kernel of the map ng’z) :
ng — Q ag' Then the characteristic distribution of £ is given by the vector fields X,.. Hence
we have the following

Proposition 41. The BF?V space of fields F29 is symplectomorphic to the symplectic reduction
Of f;?art’

We can express the symplectic form on the space of corner fields as
0 — / (36 F — 15¢6P) |
r

where F is a pure tensor as above and [c] denotes the equivalence class of elements ¢ € Qg’g[l]

under the equivalence relation ¢+ d ~ c for d € Qg’g[l] such that ed = 0.
From the expression of the pre-corner action in this particular case,

~ 1 1 1
59 = / (4[(:, clee + §L§(56)dwc + 4L£L£(66)Fw> ’
r

we can deduce the corresponding action on the corner:

1 1 1
ng = /r (2[[c], [C)E + te(E)du,[c] — §L[E,E]P + 2EL§L§FWO) .
This expression is invariant under the quotient map above: 3[c, cJee = [ce, c|e — e, clec = [ce, ce],
te(ee)de = —digeec = Le(ee)c = 2(Lee)ec.

Remark 42. The open condition Ee,,¢, # 0 may possibly be dropped to get an extended version
of the tangent corner theory (this is analogous to the observation that in 2 + 1 PC gravity one
may extend the theory dropping the condition that the coframe be nondegenerate). One might
want however to retain the weaker open condition E # 0 to ensure that the closed condition
Pf(E) = 0 still defines a submanifold.

Remark 43. The map m,oq is not strictly speaking the reduction with respect to the kernel of
the pre-corner two-form but does satisfy the BV-BFV axioms.

22With a slight abuse of notation we denote the fields in £ with the same letter of those in F99 but without
the tilde.
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7.2.1. Py structure. We start our analysis of the P, structure of the tangent theory. Since it is
a proper BF2V theory, we can apply the results Section

We first study the structure of the BF-like corner theory as in Definition 39| and then we give
an implicit description of the corner Poisson structure of gravity by means of a quotient with
respect to a suitable ideal. Note that in this section we will drop the tilde on the fields, since no
confusion can arise.

The case at hand is similar to that of BF' theory. The first step is to choose a polarization
and reinterpret the space of fields as a cotangent bundle. We will consider two interesting
polarizations.

7.2.2. The first polarization. Here we choose the space of fields as the cotangent bundle of the

space N with coordinates F and ¢ and choose {P = ¢ = O}lﬂ as the lagrangian submanifold.
From the action we get m = mg + 71 + w2 with

1
7T0:/§EL§L§FNO,
r

b 1 J
m = teBdy,—= — ztiee== | »
1 /F(é SE 2 [5,5155)

176 o
=/ - |—,—| E.
2 /FQ LSE’ JE}
These equip C*(N) with the structure of a curved P, algebra. Note that this polarization

roughly corresponds to the choice of subalgebra b that we have made for the general and con-
strained theory in Sections[f]and [T.1.2] Indeed, we consider a subalgebra of linear functionals of

the formP%}
J@:/‘PE»
N
MYZ/YLgE,
I

1
KZ = / *ZLE%E.
F 2
The derived brackets are as follows

1
{}0:/§E1’5L€Fw07
N

{Job1 = M, e {Myh =Ka,,v, {Kzh =0,
{J¢7J<P’}2 = J[ga,ap’], {JQD’MY}Q :M[ga,Y]a {JWKZ}Q :K[ga,Z]a
{My, My+}s = Ky,yn, {My,Kz}> =0, {Kz,Kz}2=0.
Observe the similarity with in BF theory. Also note that we can write
{}o=Kr,,,

so the algebra generated by J, M, and K closes also under the nullary operation.
Remark 44. The striking similarity between the structure of the subalgebra of observable pro-

posed in the present section and that of BF theory is not accidental. In fact, the tangent theory

23Choosing P = 0 is equivalent to choose w = wp where wq is a reference connection.
240nce again, we use here the same notation for the functionals as in the general and constrained cases.
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(before the reduction) can be obtained as BF theory, for the Lie algebra so(3,1), restricted to
the submanifold of fields parametrized by

c=c, A=uw, BT =0,
1 1 1
o= ibgbg(ee), T = §L§(66), B= See-

We now want to describe the P, structure of the real theory describing gravity. Hence we have
to consider the structure described above and assume that the Pfaffian of F vanishes. Instead of
describing it directly, we can describe the subalgebra as the quotient of this P,, algebra by the
ideal generated by the following additional linear functionals:

P#:/,uPE,
r

Q. :/VLng,
r

1
Rg:/fmgLEPE,
F 2

where Pp = /Pf(E) is the square root of the Pfaffian of E It is worth noting that Pg is
invariant under the action of the gauge transformations. Now we have to compute the brackets
of these new linear functionals to show that they form an ideal of the P, algebra generated by
J,M,K,P,Q and R. Let us start from the 1-brackets. They read

{Pﬂ}l = deolﬂ {QV}l = Rdwolﬁ {Ro}l =0.

On the other hand, all the 2-brackets containing P, @) or R vanish.

Hence we can describe the P, algebra of such linear functionals on the space of corner fields
in the tangent theory as the quotient of the P, algebra generated by J, M, K, P,Q and R by the
P, ideal generated by P, @ and R.

7.2.3. The second polarization. We can now consider another polarization: we choose the space
of fields as the cotangent bundle of the space N with coordinates £ and P and choose {£ = ¢ = 0}
as the lagrangian submanifold. From the action we get m = mo with

1[0 9 1) 1 1
o= [ (3 |55 55) B o BN~ g 3 )
which equips C*®°(N)) with the structure of a Poisson algebra. As before we can consider a
subalgebra of linear functionals. Let

FX:/LXP and Jipz/ng.
r r

Their binary brackets are as follows:

Uerdote =Jip oy {des Fxte = Jdixdo,er  Fx, Fxrte = Fix x) + Jixiy Ry (16)

As before, in order to get the structure on the gravity theory, we have to consider the ideal
generated by the functional P, = fr wPg. The only nonzero bracket is the one with Flx:

{Pu, Fx}e = Piydog-

25Given the definition of Pfaffian in Appendix |B} here Pg is a density defined as

1
Pr = ,/geabchngfg da'dz?.
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It is worth noting that, with this polarization, the structure of linear functionals corresponds
to that of (a subalgebra of) an Atiyah algebroid. The goal of next section is to show this relation.

7.2.4. Atiyah algebroids. Let us begin with some definitions.

Definition 45. Let M be a manifold. A Lie algebroid over M is a triple (A4, [, ], p) where
A — M is a vector bundle over M, [-,-]: T'(A) xT'(A) — I'(A) an R-Lie bracket, and p: A = TM
a morphism of vector bundles, called the anchor, such that

X.gY) = p(X)g-Y +g[X,Y]  VX,Y €D(A), g€ C=(M).
The Atiyah algebroid is a particular example of a Lie Algebroid.

Definition 46. Let G be a Lie Group and P — M a G-principal bundle over M. The Atiyah
algebroid is a Lie Algebroid with A = T'P/G, the Lie bracket on sections that inherited from
the tangent Lie algebroid of P, and the anchor induced by the quotient by G of the differential
map dw: TP — TM.

The Atiyah algebroid may be written in terms of the short exact sequence
0—>adP —>A—->TM —0.

The algebroid that we will construct out of the corner data will be of type A = FF & TM,
corresponding to a splitting of the exact sequence. By well known results, this corresponds to a
map 7: TM — A such that m o 7 = idyys. Out of this map we can construct an isomorphism
between A and F' @ T'M as follows:

x:FeTM — A
(a,X) = t(a) + 7(X).

This map is injective. Indeed, let x(a, X) = 0, then 7w(x(a, X)) = X = 0. As a consequence
t(a) = 0 implying a = 0.

Using this isomorphism, we can induce an algebroid structure on F' @ T M. After a short
computation we find the following structure:

[(a, X), (0,Y)] = ([a,0] + 7 ([ea), 7(Y)] + [7(X), o(b)] + [r(X), 7(Y)] = 7[X, V]), [X,Y])
We can now introduce the map V™
VT:T(TM) xT'(F) — I'(F)
(X,a) = Vi(a) = 7 ([u(a), 7(X)])
Lemma 47. The map V7™ has the following properties:

(1) V7 is a connection for F.
(2) The curvature of V7 is given by

R™(X,Y) = ([r(X), 7(Y)] = 7[X,Y]).
Proof. Easy computation. O

Let us now denote by wy the connection one-form corresponding to the connection V7. Then
we can rewrite the brackets on F' & TM as

[(a’X)’ (va)] = ([a7 b] - Ldeo (b) + Ldeo(a) + LXLYme [X’ Y]) (17)
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The Lie algebroid structure on A allows us to define a Poisson bracket on T'(4*). We write
this down for linear functionals. Namely, we define Ug = [, ®3, with ® € I'(4*) and § € T'(A).

‘We then define
{/Mcbﬂl,/ <I>ﬂ2} /@[ﬁl,ﬁz}.

Let us now write ® = F 4+ Q with F € (A" T*M, F*) and Q € T(A\"P T*M, T*M). Then,
using we get

{ / (Fa+ QX), / (Fb+ QY)} - / (F([a,8] — 1xdusy (B) + 1y dus, (a) + txty Fuy) + O[X, Y1),
M M M (18)

Theorem 48. The BF?V structure of the tangent theory on a corner I' induces an Atiyah
algebroid structure on ad P ® TT.

Proof. Let us define B = ad P @ TT. Then the space of corner fields is 799 = T*[1]'(B)*. As
explained in the previous section we can equip this space with a Poisson structure. Comparing
with , it is easy to see that on linear functionals these brackets coincide with the
identification F = £ and P = Q. Hence, dualizing, the induced structure is the one of an Atiyah
algebroid. a

Remark 49. This construction does not depend on the final quotient. Hence the symplectic space
of corner fields identifies a Poisson subalgebra and consequently a sub-algebroid.

7.2.5. Quantization. In the relatively simple tangent case, we may also describe the quantization
of the corner structure for a very important particular situation that arises when we consider a
point defect on a spacelike boundary . We take I' to be an infinitesimal sphere surrounding this
point. On I" we only consider uniform fields (this is our formalization of its being infinitesimal).
For &, which is a vector field, this implies £ = 0. Similarly, we get P = 0. In the resulting theory,
there are then no & nor P. On the other hand, ¢ and E are SO(3)-equivariant. Since the BF?V
action and 2-form are defined in terms of an invariant pairing, what matters are only the values
of ¢ and E at some point. We denote the first as ¢ € A2V and the second as E = A vol, with
A € AV and vol the standard, normalized volume form on the sphere I' evaluated at the chosen
point. We then have the symplectic form

9 = 6coA
and the BF2V action
1
00 __
Sq = 5 [C, C] A

(Note that both expressions take values in A%V which we tacitly identify with R.) Next we will
have to impose that E is a pure tensor satisfying Fe,,e, # 0 for some fixed linearly independent
sections €, and €, in V. This corresponds to imposing Pf(A) = 0 and Ae¢,,€, # 0, and to reduce
¢ accordingly. Note that the second condition on A is an open condition, which, in particular,
entails A # 0.

We first analyze the theory without the conditions on A. In the polarization ¢ = 0, the
above data yield as Poisson manifold the dual of the Lie algebra g = s0(3,1) ~ A?V. Its
quantization may be identified with the universal enveloping algebra U(g) of g. The module
structures for ¥ minus the defect that we get from the quantization of the corner then correspond
to representations of U(g), but this is the same as Lie algebra representations of g or group
representations of its simply connected Lie group G = SL(2,C).
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The conditions on A select a five-dimensional Poisson submanifold of g*. Since Pf(A) is
quadratic in A and invariant, it is a quadratic Casimir. If we ignore the open condition A€, €, #*
0, the quantization then simply amounts to considering representations of G in which this Casimir
is represented as zero. Explicitly we write

0 A01 A02 403 0 MY M2 M3
_ A01 0 A2 413 _ M 0 J3 g2
A= _ A2 _g12 0 A23 = M2 _J3 0 JL
_AOB _A13 _A23 0 _M3 J2 _Jl 0
‘We then have
J2-J2

Pf(A) — A01A23 _ A02A13 +A03A12 _ M J — Ta
with J+ = J & M. Note that J3 are the two standard su(2) quadratic Casimirs of the two
summands of s[(2,C) = su(2) @ su(2). The condition Pf(A) =0, i.e., J2 = J2, therefore implies
that we only have representations of SO(3,1)" with highest weight of the form (m,m) (here 2m
is a nonnegative integer).

The open condition A€,,e, # 0 is more difficult to understand algebraically. The induced
open condition A # 0 instead corresponds to Jf_ # 0 and J2 # 0, which would suggest that
we have to exclude the case m = 0. On the other hand, it might make sense to retain also this
possibility in the quantization (essentially working with the extended theory of Remark .

To summarize the results of this section, we see that, in the case of small m, the point defect
then corresponds to a scalar (m = 0), a vector (m = %), and a traceless symmetric tensor
(m =2).

8. COSMOLOGICAL TERM

In the previous sections we have always assumed the vanishing of the cosmological constant.
We now drop this assumption and add the following term to the boundary BFV action:

1
Sfosmz/ —AXe,e’.
5 6

Since it does not contain any derivatives, this additional term does not change the pre-corner
two-form and hence the extendability of the BFV theory to a BFV-BF?V theory. The only
change in the pre-corner structure is an additional term in the pre-corner action @ of the form

~ 1
Sfoqm:/fA)\enfmemez.
< L2

Since this term contains £, the tangent case is unmodified and carries no information about
the cosmological constant.
However, the action of the constrained case (12 gets a contribution of the form

~ 1 ~ ~
S?osm:/§A)‘€n§m6méQ-
r

In the constrained case and in the pre-corner case, there are some differences when the cosmo-
logical constant is present, similarly to what happens in BF' theory. Indeed, even though the
unary operation { }; and the binary operation { , }2 do not change, we have

1 1 1
{}o= /F (ng<2ng+ a) + 2a2> F,, + /F iAAenfmem'éQ,

1 1 1
{}o = / (LEC <L§6 + a) + az) Eo, +/ —AXe, M €2,
. 2 2 )
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for the constrained and the pre-corner theories, where « is as defined in Sections and [6]
respectively. As a result, the algebra generated by J, M, and K no longer closes under the
nullary operation. To remedy for this, we can add a functional Cg to the P, subalgebra to
parametrize this new term as followsﬁ

C’g:/lﬂeeoﬁ.
1_‘ 2

{}0 = K-Fm0 + Ch.

In order to get a closed set under the bracket operations, we also add the following two additional
functionals:

‘We now have

1
DW:/img(ee)az7
r

1
E, = / ~prete(ee)a’.
F 4
The brackets of these functionals with themselves and with J,,, My, Kz are all zero except for

{Cshh=Dap  {D}1 = Eqy-

APPENDIX A. NOTATION AND PROPERTY OF MAPS

The goal of this appendix is to recall and collect in one place the relevant quantities and maps,
to establish the conventions, and to summarize the technical results needed in the article.

Let us first recall some useful shorthand notation introduced in the previous sections. Let M
be a smooth manifold of dimension N with corners and let us denote by ¥ = 0M its (N — 1)-
dimensional boundary and by I' = 90M its (N — 2)-dimensional corner. Furthermore, we will
use the notation Vs, for the restriction of ¥V to ¥ and Vr for the restriction of V to I'. We define

O = (B ANV), Q=9 (DA
On ng and Qgg we define the following maps:
Wi b — Qb
X — X Aely,
Wéaj Q55 — Qg
X— XA 6|F.

Remark 50. Usually we will omit writing the restriction of e to the corresponding manifold ¥ or
r.

The properties of these maps are collected in the following lemmata, where we condensate
all the information in two tables, one for the boundary maps and one for the corner maps. We
organize the €0¢J spaces in an array and connect them with arrows corresponding to the maps
We (43), 4 hooked arrow denotes an injective map, while a two-headed arrow denotes a surjective
map. The proofs of these properties are similar to those proved in [CCS21b] and are left to the
reader.

On the boundary the index ¢ runs only between 1 and 3.

26we spell the details in the pre-corner case. In the constrained case it is just sufficient to add a tilde to the
variables and to change the expression of a to get the required functionals. The brackets hold verbatim.
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Lemma 51. The maps Wégi’j) on the boundary fields have the properties described in the following

table:

0,0 0,1 0,2 0,3 0,4
Qa QB Qa Qa Qa
1,0 1,1 1,2 1,3 1,4
QB Qa Qa QB QB
\ \ \ \ (19)
Q" ot Q2 Q° ot
030 oyt 032 3? oyt

Lemma 52. The maps Wa(gj) on the corner fields have the properties described in the following

table:

0,0 0,1 0,2 0,3 0,4
Q99 Q99 Q95 Q95 Q99
1,0 1,1 1,2 1,3 1,4
Qoo Qoo Qo Qo Qo (20)
2,0 2,1 2,2 2,3 2,4
Q59 Q9% 095 Q5% Q9%

The coframe e viewed as an isomorphism e: T'M — V defines, given a set of coordinates on
M, a preferred basis on V. If we denote by 9; the vector field in TU, where U is a coordinate
neighborhood in M, corresponding to the coordinate z%, we get a basis on V|y by e; := e(d;).
On the boundary, since T has one dimension less than Vyx, we can complement the linear
independent set (e;) with another independent vector that we will call €,. On the corner I' the
tangent space loses one further dimension, hence we will have to introduce one more additional
independent vector that will be denoted by €,,. Fixed a coordinate system on M (or ¥ or T'),
we call this basis the standard basis and, unless otherwise stated, the components of the fields
will always be taken with respect to this basis.

APPENDIX B. PFAFFIAN AND PURE TENSORS

In this appendix we discuss the relation between having Pf(E) = 0 for an element F € Q?)g
and requiring that E can be expressed as a pure tensor, i.e., that £ = %ee for some e € Qé’al.
We start with the local analysis. Let

¢ VxV — AV
(e1,e2) = erez
where V' is a four-dimensional vector space and, as usual, we omitted the wedge multiplication
symbol on the right hand side. We then have the following two lemmata.

Lemma 53. ey, ey linearly independent <= ¢(e1,e2) # 0.
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Proof. If e and ey are linearly independent, then we can complete them to a basis {ey, ea, €3, €4},
and we clearly have that ¢(e1,ez)ezes = erezezes # 0 as an element of A*V | so ¢(eq,ez) # 0.
If, on the other hand, e; and e; are linearly dependent, then we have e; = aey or es = ey, for
some scalar a, so ejeq = 0. O

Lemma 54. Pf(¢(e1,e2)) =0 for all ey, es.

Proof. For E = (E®) in some basis, we have

1
Pf(E) = g.sabchabEcd.

Therefore, if B = efel — ege}, we clearly have PF(E) = Leapcactehesed = 0. 0

A further interesting remark is that, for £ = ejes, we have Fe; = Fey = 0. This can also be
written in terms of matrix multiplication if we introduce E := xE € A2V*, i.e., Eg = €qpea B
Now we have E -e; = F -e5 = 0. Fur further reference, we also introduce the linear map
Vg V=V v E- v

Let us finally introduce

W :={(e1,e2) € V x V| e1, eq linearly independent}

and

B:={E € A*’V\ {0} | Pf(E) =0}.
For every E € B we define E = xE € A?V* as above and the corresponding linear map
YV = V™

Lemma 55. The kernel of ¥ g is two-dimensional.

Proof. Since the matrix representing E or *xFE' is skew-symmetric, its eigenvalues are either equal
to zero or they come in pairs of conjugate nonzero imaginary numbers. Since E # 0, they cannot
all vanish. On the other hand, the condition Pf(E) = 0, implies that E and *E are singular;
therefore, at least one eigenvalue must vanish. It then follows that exactly two eigenvalues vanish,
whereas the other two are conjugate nonzero imaginary numbers. ]

Let Sg := ker¢yg.

Lemma 56. Let (e1,ez) be a basis of Sg. Then there is a uniquely determined nonzero scalar
A such that E = Aejes.

Proof. Let E' := ejea. Then Sg = Sg. Let us complete (e, es) to a basis (eq,es,e3,e4) of V.
In this basis we then have Eq, = E{a =0 and Fy, = Eéa = 0 for every a. By skew-symmetry,
we then have that the only nonzero entries of E and E’ are the 34 and the 43 ones, one opposite
to the other. There is then a uniquely determined nonzero scalar A such that E3y = AES,. O

Collecting all the above we then have the
Proposition 57. ¢(W) = B.

Proof. For every E € B, we can choose a basis (e1, e2) of Sg and we then have F = \ejey. But
then (Aej,e2) € W and E = ¢(Aeq, e3). O

The map ¢ is clearly not injective. We can however relate this to a distribution that is the
same as the one that we get from the kernel of the two-form in the tangent corner structure,
see . Namely, let K C TW be the regular involutive distribution spanned by vector fields
X = (X1, X2) satisfying e1 X3 + X1e5 = 0 (wedge product symbols omitted). It is clear that ¢
is constant along K. Let ¢ be the induced map W/K — B.
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Proposition 58. ¢ is a diffeomorphism.

Proof. We have already seen that every E € B is of the form E = ¢(e1, es) with (e1,es) of Sg
a basis of Sg. Choose an inner product on Sg and a reference vector v # 0. By moving along
K (with X; = 0 and Xs = e;), we can always arrange e; and ey to be orthogonal. By further
moving along K (with X; = e; and Xo = —e3), we can arrange e; and ez to have the same
length.

Now suppose that E = ¢(e1,e2) = ¢(e},e5). By the above discussion, we may assume that
e1, es, €i, and e}, have the same length, that e; is orthogonal to es, that €] is orthogonal to €},
and that the two pairs have the same orientation on Sg. We can now rotate the vectors e; and
es (by choosing X; = e; and Xy = —e1) to send e; to e}. This automatically sends es to e}, O

To get in touch with the corner structure, we need one more piece of information to implement
condition ; namely, the datum of two linearly independent vectors €, and €, in V. We then
define

W' :={(e1,e2) € VXV | (e1, €2, €m, €,) linearly independent} C W
and
B':={E € A’V | Ee,ne,, # 0 and Pf(E) =0} C B.

Note that W' is an open subset of W and B’ is an open subset of B. It is immediately clear
that ¢(W’) C B’. On the other hand, if F € B’ C B, we can write E = ejes. The condition
Eepe, # 0 implies that ey, ea, €, €, are linearly independent, so (e, es) € W’. Moreover, the
K-leaf of (e1,es) € W' is contained in W', as it has image a fixed E € B’. Therefore, we have
the following

Proposition 59. ¢(W') = B’, and ¢: W'/K — B’ is a diffeomorphism.

We finally move to the setting of the corner structure. The data are the following: a two-
manifold I, a rank-four vector bundle Vr over T', which is assumed to be isomorphic to 7T & R?,
and two linerarly independent sections €,,, €, of the 82 summand of V. We consider the map

¢: Uy = D(T*T @ Vr) — T(A’T*T @ A%Vp) =: Q27

o 1
e —ee
2

In local coordinates, we write e = e;da! +eyda?, so E = o(e) = —ejeadatdaz?, which is the same
map ¢ (up to the density —dz'dz?) that we considered in the first part of this section when we
restrict ourselves to a fiber of Vr.
We then define
W = {e € Qb | ecemen # 0}
and
B :={E € Q% | Eemen # 0 and PE(E) = 0}.

Proposition 60. ¢(W') = B', and ¢: W' /K — B’ is an isomorphism of fiber bundles where K
1s a distribution fiberwise defined as K.

Proof. Fiberwise we follow the proofs of the first part of this appendix. The only problem is to

prove that globally we can write E € B’ as %66. The point is that the condition Fe,,e, # 0

implies that the distribution of two-planes Sg is transversal to the the distribution S, ., i.e.,
the R? summand of V. This means that for a given isomorphism e° of TT with a complement of
the 32 summand (chosen in such a way that €%V, ¢, defines the same orientation as Eepen),
we have F = %ee with e of the form fe® + ae,, + Ben, with a, 8 1-forms on I' and f a nowhere
vanishing function. O
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APPENDIX C. ANALYSIS OF THE CONSTRAINTS

In this appendix we analyze the constraints and show which fields are they fixing. Let us

start with some preliminary results. Consider Wa(la’z): Qél)’az — Q%’;’. The dimensions of domain

and codomain are dim Qég =12 and dim Qgg’ — 4. The kernel of W@(ég) is defined by
Xzfeaebem ey, daidate - date = 0,

where we used e, as a basis for VFE| Since dzldz? is a basis for Q?(I'), we obtain one equation
of the form

X{‘beaebeg — ngeaebel =0.
Recall now that e,epe,, for = 1,2 is a basis of A*Vr. Hence we obtain the following equations:
X{*+ X3P =0, X'+ X3 =0,
X =o, X3t =0.

Hence the map Wé(,(la’Q) is surjective but not injective. In particular, dim KerW(%’Z) = 8 and the
kernel is generated by the following components:

13 23 14 24 12 12
Xi7 = X5, X7 = X5, Xi7, X5,
23 13 24 14
Xl ) X2 ) Xl ’ X2 .

Consider now v, : Qé’g — Qg’al, e(v) := [v,e]. The components of 1. are defined by

a ab 00 ab 00 -0

[U’ e]umz = Uy Gbps — YuaJouy

Using now normal geodesic coordinates, we can diagonalize g?? with eigenvalues on the diagonal
a, € {1,-1,0}:

[v, €] oy, — vy, .

pipe = Yur Fpe 2

Let us now assume that ¢%? is nondegenerate and in particular space-like (ay, = 1). Then the
components of 1, are defined by

[’U, 6]%2 = U%27 [U, 6]?2 = ’Ui))z - vgl
[0, €]ty = v5°, [v,€liy = v{” — v

We can now analyze part of the constraints . At the beginning we just consider the classical
part of them (i.e., we assume ¢ = £ = £™ = A = 0). The results will then straightforwardly
generalize to the complete case.

Lemma 61. The constraints

€ dy,e = eo, endy,, e+ epdyenm = eonm + en,0,

emdepe = el, enL + eno+eo, =0,

fix four components of w.

2TFor simplicity of notation we assume €, = e4. The proof does not depend on this assumption.
28Here we use that at every point we can find a basis in Vr such that eL = 6,’;: [v,e]® = UZ?cheﬁQ —

w1
ab c _ ,ab_d c _ ,ab_d c
Vg MbcCpy = Vpy €pMdeCpy — Vpp €y MdeCpy -
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Proof. Let us start with the restriction of the boundary constraint to the corner: e,d,e =
ende + €, w, e] = eo. Let us denote Y = de. Then using the results of the previous lemmata, we
get that this equation translates into the following equations for components of the fields:
Wzl)’Q - Wz Y127 Ug = Wl + Y12a Uil = _Wz + Y12»
0'120, 0'220, 0'1+O-2:0.

The part transversal to the corner of the boundary structural constraint is €,d,,  e+e,dwem =
eom + emo. On the corner it is a dynamical equation but also introduces some relations between
the components of o and o,. These are

2 1 _ 2 _
miO am—O, 01*07
o3 =0, o3 +o] =0, o3 + o5 =0.

In a similar way we get the following equations for the components from the equation e,,d, e =
emde + e fw, e] = eL:

ot — it =1, L=l + 7], L = —wf? + Y,
Li=0, Li=0, Li+L3=0.

Lastly we consider the constraint €,L + e,,0 4+ eo,, = 0. In components we obtain some
equations proportional to the previous ones and the following:

ol + 13 =0, o3 + L3 =0, Li =0,
Ly=0, ol — L1 =0, ol —LZ=0.
Collecting all the information, we get the following equations for the components of w :
wi? — Wil =Y wit —wyt = Yp5 Wi+ Y5 =0 wy? + Y5 =0.

O

To generalize this result to the case where also the ghosts are present, it is sufficient to modify
the definitions of ¢, 0,,, L, and Y. The components fixed will not change, but they will be fixed
to a different combination of the other fields.

Let us now consider the two constraints v, = eK and ¢, K = 0.

Lemma 62. The constraints (10a) and (10d) fiz four components of the field ~},.

Proof. In components, (10a]) corresponds to the following relations:

(W13 = K{ + K3, (Vi3 = K3, (viis = K3,
<7m)12 = _K1a (W’m>12 = —K1» (77];1):;‘21 =0.

On the other hand, (10c) correspond to the following relations:
K{ =0, K} =0, K?=0, K3 =0, K3 =0, K2=0.
Hence, combining the two sets of equations, we get four equations for the components of ] :

(i3 =0, (vi)is =0, (7)1 =0, (vi)is =o.
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APPENDIX D. RESULTS ABOUT THE PUSH-FORWARD OF HAMILTONIAN VECTOR FIELDS

In this appendix we present some technical results that are useful to push-forward the hamil-
tonian vector field QP from the boundary to the corner. Since the expression (@ of QY contains

nonexplicit terms involving the function (Wg’j ))’1, we must find a way to invert it.
Lemma 63. Let ¥ € ng and X € Qgﬂ’jﬂ be such that 7 = (Wéi’j))*l()?). If we let € =
elr + emdz™, ¥ = v|r + ymda™, and X = X|r + X,,,da™, then we have
e = Wos") ™ (mr (X)),
(i—1,5)\— ,9)\ —
i = Wy )7 wr(—em(Wig”) ™ (rr(Xe)) + X)),
Proof. Omitting the restriction to the corner, we have that
ey = (e+ epda™) (v + ymdaz™) = X + X, dz™ = X.
This equation splits into two subequations, containing dz™ or not:
ey = X7 €Ym + EmY = X7n~
From the first we deduce v = (I/Vé(,g’j))*1(71'1(X))7 while from the second we find
i—1,5)— 9)\ —
= (W )™ (—em (W) ™ (1 (X0) + X)),
where 7 stands for the projection to the image of the map Wégj ), g

Remark 64. One has to be careful here because the map W(%’j ) can be noninvertible. Hence

technically here we are finding the values of v and ~,, up to terms in the kernel of the map
Wa(gj ), and we need to keep using the projection 7 at all times.

As an example we consider Q%w: it contains a term of the form )\(Wa(l’z))’l(ean). Here
X = ¢, F,,. Hence we have

@aaw = ...+ (Wa(g2))—l(€an)’

Q% = -+ (W) Ut (—em(W5™) " HenFu) + €nFo,)) + K,

where eK = 0. Notice that since Wa%’Q) is surjective on Qé’g, we do not need the projection

) is neither surjective nor injective on Qg’g, we need the

projection 7y on the second expression and we still miss something in the kernel of Wég’2)7

denoted by K.
A similar procedure is needed also for @%yf. On the boundary we have
&Q% =gy’ + !

for i = a,m. Hence, since y[, is a top form on the boundary, we get

on ¢, F,, while, since the map Wa(%Q

emQayIndxm = )\amy;fnd:rm + umdxm'ﬁn,
eaQ%yl dz™ = Aogy! dz™ + pryl da™,

from which we can easily deduce the expression of @8 on the pre-corner.
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