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On the Discrete Edwards Model in Three
Dimensions

Albeverio Sergio, Bolthausen Erwin and Zhou Xianyin

Abstract: We prove that the measures defining the three dimensional discrete Ed-
wards models are weakly convergent in the continuum limit to the polymer measure
(continuvum Edwards model) in three dimensions.

1. Introduction

Let us first introduce the concept of polymer measure (i.e. continuum Edwards
model). Let {Bt}g>0 be the standard Brownian motion in R% on a probability space
(2, F, ). The so-called polymer measure vy on Cp([0,1] — R?) is formally 'defined

by
‘ 1,1
d - A d(Bs; — By)dsd dw),
va(dw) = Ny exp( /O/S (Bs — By) st),u( w)

where A > 0 is a coupling constant, p is the Wiener measure and N, is the renor-
malization constant. The existence of the polymer measure vy for d = 2 was first
proved by Varadhan (see [15]). For d = 4, it was shown in [1] that a measure related
to vy exists if the coupling constant A is non-positive and infinitesimal. For d = 3,
the existence of the measure v, was first proved by Westwater (see [16,17]), and an
alternative construction of v, was recently given with a simple proof, by one of the
authors in [2], which is based on the approaches given in [3] and [4]. We let vy resp.
v} denote the polymer measure in three dimensions constructed by Westwater, and
respectively by one of the authors in [2].

We now introduce the discrete Edwards models. Let {X'ﬁ'}nzo be -the simple
random walk in Z¢ on a probability space (Q', F',P) such that Xy = 0. Let

Thul “/22 Z (X1, X;).

i=1 j=i+m

We first define a new probability measure g, n x on C’o([O 1]—= RY) . Let X(®) ¢
Co([0, 1] = R?) be defined as follows: i i

X(n)(ﬂ_l’i) =n”1/2X1’, i=0,1,--,m,
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and X is linear on [(i—1)n Y, in | fori = 1,---,n. For 0 <ty <t <--- <tii <1,
and Ay, -+, Ay € B(R?), we define -

man(X(01) € A1y, X (b)) € As)

= E(exp(—=ATmn)) " / exp(—ATm.)dP,

_—_ {X ) (t1) €A, X () (Le)EAL} o
where E is the expectation with respect to P (f} in this paper will denote the ex-
pectation with respect to ). Using this one can easily ‘define a probability measure
pim.mx on Co([0,1] = R%), written by o - - chabvay

s ar(dw) = (B exp(—ATim,n)) ™ exp(=ATpm,n)P(dw).

In general, the measure p1,,,) is called the (discrete) Edwards, model: (see-[9,11]).
If m > 1, the measure i, n,» is called here a modified discrete Edwards model. It is
believed that, the polymer measure vy (or ) can be approximated by the measures
finasm 2 Lo As a fact, Stoll [14] already, proved the above assertion for d = 2. The

main aim of the present, paper is to prove this, assertion for di= 3. We will prove
Wilik 4 II {1 H R W R § e . } ' ¢ # ]

that the polymer measure v} can be approximated by the measures fm, n,» fOr Tn;
a suitable n-dependent sequence. The main result. in this paper is as follows.
\ \ \

Lhvav b Ay s LR i .1_ [ y. ] . (ol e
Theorem 1.1. Assume that m, € [1,7], Vn > 1, and lim,_.eo n/m, = oo. Then
there is a constant Ag > 0 such that

11 1 2 4y
1.l A

.- i ": '.{D : _‘“‘ *;:"- 7 L i. = '. ey ¥
i A w Swt 1o YNe [0; 2], : Fels
F VEedaa ot 03 ( 1 Y TI—‘I)"C?O N sl T ‘\_ f ; 16l

where D represents the weak convergence. In particular -

X €9, Kg]lv oiun o iitsi:

1C] i o

p— . T, "D ! b
UM g A = Yy
s sdnwieaW vd batole : ‘ | ! 1 T ot atonol
Using the invariance principle for intersection local time one can easily show that
for any A € [0, Ao) there is ajsequence {m,} with im0 /M = 00 such that’

!
[ 570

il §53 T 315wt

§
rytit
L

D 3 8 d H A i
B i h = Vs n — 00. (1.1)

Hence, to prove Theorem 1.1 ‘we need o_rrly“'td show that iy, na and py o, have
the same asymptotic behavior, if limy, 00 m/mn = oco. For this purpose we will first
derive a reasonable estimate for the so-called two-point functions with small coupling
constants (see Theoremni 3!1 below). In Sect.4 we will derive an estimate for the two-
point functions with large coupling constants. The main theorem (i.e. Theorem 1.1
above) in this paper will be proved in Sect.o. In the appendix we will prove several
lemmas. SRR =

R T T i
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In a forthcoming paper we will use the approach given in [2] to’ construct the
polymer measure v} for all A € [0,00) and also prove that vy = vy, VA € [0,00).
Thus, Theorem 1.1 can be extended as followsL"If_ limy, 00 1/ Mn = 00, then

nl;liléogmn o 2 p ARG I [0,00)
At the end of this section we give a remark on our main result." It is easy to see
that the intersections of the Brownian motion {B;} within short ranges (e.g. the set
B, = B, for |t —s| < 27") are ignored in the definition of v}, , (see Sect.2 below). Due
to the relation (2.4) below we can say that the intersections of {B;} within short ranges
are not so important in the construction of the polymer measure vy . However, the
intersections of the random walk {X,} within short ranges are heuristically important
in the definition of jtm n x, since the random variable n~1/2 Z?z—l? I{x;=X:42m} 1S DO
convergent to a constant if m > 1 is fixed. In this sense, it is not so simple to prove
that {ftmn,} and {v, ,}have the same asymptotic behavior as n — oo, ifm>1
is fixed. We will pay more attention to the discussions for the intersections of {X,}
within short ranges when we consider the asymptotic behavior of {tmnrtn>1ifm>1
is fixed. : drogead wo o8 {0 3

(1 I " EEny L

KOsl o

2. Notations and Preliminéﬁéé‘

In this section we first derive an embedding theoreth in multi-dimensional case (i.e.
d > 2), and then use this theorem to prove that (1.1) is true. We, will also introduce
some notations which will be used in the proof of Theorem 3.1 below. e
We now derive an extension of the Skorokhod embedding theorem to. the: high
dimensional case (For the other extensions, see e.g.![8] and references therein). Let
&1,&s,- - beiid. random vectors inZ< on the probability space (§2, F, P) satisfying:
) dieli i Alp 1o

P(él ——-”(‘751, L a'ﬂd)) =‘(2nd‘)_1
for any (i1, »id) (€ Z¢ with il + - + ligl )= 1. Set Xp = T & ¥n 2 1

For convenience, the distribution function of & is denoted by F. Let {B(t)
(B1(t), - -, Ba(t))}ezo be the standard Brownian motion in R on a probability space
(94, F1, 1), and 71,72, -+ be i.id. random vectors in Z{ on a probability space

(Qq, Fa, po) satisfying

D (U

; #2.(1-?_1 — (il, w3t ,’bd)) = d._l

for any (i1, -,4a) € 2% with 4y + -+ +ig =1. Let 74 = (rd,---,7) € R%, Vk 2 1,
be given. For convenience, we set - ot 1oy b nd ol 2 PV bhs

Lo T OTY G (o 2y x ot i aBsi oldstireaara g1 . W iy S
B(Tk) = (Bl(T.%)i '!Bd(Tg)) € Rd: Tk — Tk—1 = (Tl% _T’:_:Tl’..-,’rg P Tk-_*l).v

and write Ty < 7 if Ti_y < 7, fori=1,---,d. We say that 7 € R? is non-negative
ifri>0fori=1,---,d. b il !
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The embedding theorem is as follows.

Proposition 2.1. There are non-negative random vectors ; < 72 < --- in R? on
(Ql X Qz,fl X .7:2,;11 X [_l,z) such that

(i) 7,72 — 11,73 — T2, - are independent, identically distributed and finite,

(ii) En = (1,1,---,1) € Rd, where E is the expectation with respect to py x .

(iii) B(m),B(m2) — B(m1),"-- are independent, identically distributed, and their
distribution function is F'. { i ! }

Proof Let 1o = (0, 0, - 0) € Rd Suppose that Tn = (7},---,72) has already been
constructed Let ' : ' '

'.1"'
SRR B

Ohyi = mf{t > 7 |B (t) Bi( ,,)l Lty gl
Then, Tpy1 ="(T,,1-l+1“,--'1- =-_:,1',;‘f +‘1')u 1S'rdeﬁned by-' 3

\ IS : -”- 1 IR ! DR 4 P

L4 I &OOLTR n+1 ""nn+1( n+l = )+Tn1 . 1:"':d:
where T+l = (nn_H, . ,nﬂ +1) By our hypotheses one can show that T, T2 =Ty
are i.i.d. and finite, and B(7y), B(12) — B(m1), - are also i.i.d.. It is easy to check

that the distribution function of B(71) is F, and

i:'j'ﬂl. == ( (7]10'1) (77101)) (11’1)’,

which proves the desn'ed result __! e ' I .'," 1 B O
Note. (i) It is easy to see from the Jabove deﬁmtmn that E(ei)? <00, i=1,---,d.
By the ‘above constriction we also know that E(#)2 < oo, i =14, d.

Ji(ii) Since B(71) and & have the:same'distribution functlon‘ f{B(Tn)}n>g is a

smlple random walk in Z¢ on the‘p;dl?ablhty space (21 X Qa, F1 X Fa, 1 X H2).
Yt =" {7, LV
Let

S Bz, wiepw vz

TLet So = U ‘and S B('r,) i > 1, where {'r,},>1 has been deﬁned in Proposxtlon 2. 1
Let S §n)'e € Co([O 1] = Rd) be defined as follows:

S'\{“)(z'nl'l) = H+1/2§i, RGN, n

L'i.I:l

and 8§ is linear on [(i — 1)n~t,in~!] for i = 1,--+,;n: By definition, one can check
that w — S(“)( w) is a measurable map from (Ql X Qg Fy X Fa) to Co([O 1] —» R9).
Let B = ‘U',l X ‘[1.2, and

18 - Bull = o (1876) - Ba(0l.
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Since lim;_yo0 7i/i = (1,--+,1) € R%, we can easily prove that
im 1SR _ -
Jim E||S Bil|| = 0. (2.1)

We now turn to the discussion of the so-called invariance principle for intersection
local time.
For any given [ € [0, [log,n]] and k = 1,---,2'~!, we define

(2k-ll)2['°52 n]-l (2k)2liesz ni=!
fltlom) =0l > 68,5
i=(2k—2)2ll82 nl-141 j=(2k—1)2lles2 1=l 41
n(z,4) = f 8z ( — Bp(s))dtds,

where 6, is the d-function, and A C [2k — 2,2k — 1] x [2k— 1, 2k]. In general, dn(m, A)
is called the intersection local time of {By(t)}:>o on the set A. Let

an(z, k1) = an(z, [(2k — 2)27, (2k — 1)271 x [(2k — 1)27%, (2K)27Y)).

There has been a lot of investigations about the intersection local time ay,(z, A) (e.g.
see [6, 10, 12, 13, 18] and references therein).
Let

(;H_l)g[losz n]-1 i+2[logg n]—1

I(k,l) =n@972 3 13 5(5:,55),

i=k2llos2 »1=141 j=(k+1)2Mlo82 71=141
an(k,l) = an(0,{(5,8): k27! < s< (k+1)2" <t<s+27")).

By a similar argument as in [13] (see also [6]) we can use (2.1) to’ ‘prove that the
following holds

lim E|I(k,1,n) — an(0;k,1)| =0, (2.2)
. lim Eilu(k, 1) - an(k, D] = 0. (2.3)

For k > 1 we set Qi = {(z,y) € [0,1]2: y —x > 27F}. LethA(dw)beanew
probability measure on Cp([0,1] = R3) defined by i :

vl (dw) = N2 exp(—Maa (0, Qi) — Baa (0, Qi) + Ax(k)))(dw),

where x(k) = (27)~2|log27*|, A € [0, 00) and Ni» is the normalization constant. It
was shown in [2] that there is a constant Ag > 0 such that the followmg holds in the

weak sense
lim v, 5 = v, VX € [0,A). (2.4)

n— 00



!
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Moreover, there is a constant C: € (0,1] such that
C<Nepa<C™l, VE21,A€[0,))

Let

A

=5 n—1/2 Z 5_: 8(E. 5.

J_-t+m

It is clear that i and Tm n With d = 3 have the same distribution. }
|

Let 9 : [0,1] x R? — R be bounded and infinitely often differentiable with all
bounded derivatives, ¥,, and ¥, : ' — (0, 0) be defined by

a=ow ( / ¢(u Bn(u))du) xpn'_ exp ( / 1,b(u s(")(u))du)

Usmg (2 2) (2 3) and the Holder inequality we can show that for any giveri' A € [0, Ao)
there is a- sequence. {mn} w1th 11111.,,._,00 n/mn = 00 such that

nll}m E|¥,; exp(=Aax (0, Qn—m,,) —|— AEan(O @n—mﬂ 3 Azsx(n mnl))
_‘I’n exP(_/\Tm n + /\Tm )‘ZX(” mn):)l == 0 -
It follows by (2.4) that s 2 ‘
P ofl 10 "‘ ¢ i }
T}grgo#q,.,nx s vA, o B 5.

‘This then completes the proof of (11 re ooy fey Eot
To estlma,te the two point functions, let us first 1ntroduce some notatlons Let

Pn(T)- (‘“" (n *'L')) = (Xn :I)?

Asin [9], we write @ + 1 if pa(z) > 0. For later use, we first, recall some basic results
about pn(z) and Pn(z). uitsh (PH - [1 01D 10 sawessim vl
(i) There is a constant Cl € (0, 00) such that for |:c|2 > n.(see [7]) \

Y) o, oM
/i F i,

" Pn(z) < C1Pna(2).

3 f ( s
BB i ul

‘ (11) There i$ a'constant C, € (0, 00) such that (see [9 Theorem 1:2.1]) "

P (@) = Pa(z)| < Con ™2, if z & n. A
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(iii) For any given a € (1/2,2/3) there is a constant C3 € (0, 0c) such that (see[9;
Proposition 1.2.5])

_ [pn(@) — Fu(@)] < Con®*pu(a),
if |z| <n® and z « n.
(iv) There is a constant Cy € (0, oo) such that

Dn *pm(m) 2 C4pn+m(33) Vz E. ZE.

- For any given n > m > 1, set

n k=1 jin(k—m)

v (=ymn)= Y S S S pi)pi-i@)pe-i (¥),

k=m+1 31—m i=1 yeZ3

Bk (=: B(m,n)) = ZPj(O)-
) .+ J=m—

It is easy to show that

Z Z Z Zpi )psi—i)prs (v) + O(1).

i=1 ji=mVi k=j; V(m+i) y€Z3
Remark. One can show ‘that

1/2Zﬁk—ETmn+O( Jt ")/(m n) —-%Var(Tmn)‘%O( 1).
o o .

For convenience, we assume p;(z) = 0 if j < 0 Ha.vmg the above sequences, we
can introduce the followmg quantities. Let )

Jtl,hﬂz g2 = ’\n_l/2 Z Z J(Xi!XJ'):

Li=11 j=(i14m) Vi |

—)\n_1/22 Z 8(Xs, X;), L

(7.1 ‘ ‘ e = 1+m;
b An_l/ZZﬁ + X IZ%,
: ) 1-_k '

o
S0 e = B~ T L

For short, we drop m g,nd A from th:e‘a‘l‘),o‘ve notations, and set Ji410 =0and
firi 1t :>7 1353 i 'I‘i“;{.':f. i s it ,- T O

9o(z) = po(z) = {1 a:-?fO

?
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Let

AP = ZE[exp( Tepss) (Do S 808 X9 -an~/28 4 ¥ ) (K, 2)

i=k+m

A!(2) = Z E [exp(—jk+1,;)(1 - exp(-—ij -+ jk-i—l,l) - (jk;l s J_k_g_l,;))(S(X;, m)] "
k=1

Then we have di+ Ciadto _ :
p(l,z) —q(z) = A,( ) 4 .Af(' d (2.5)

Let

AW = xp~1/2 Z Z (g; k(O)Pk * gi— J(I) Bepx * g1k (),

k=1 j=k+m

AP = N Z (’Ykpk * g1-k(z) — Z Z Z Pk

k=1 ji=k+mi=k+1 j= (j1+1)V(i+m)

+(giohiri05-3) 19150 s

I {

Al(?’) — An‘l/zz Z E exp(—Jit1,j— —j+1,l)5(XkaXj)(Jk+1,j:j+1',i‘)2
k=1 j=k+m
ltl ) Vi Jl

ISR Z z E&(Xk, Xj,)

k= 1I_11_k+m i=k+1 _1‘ (__7_1+1)V g+m)
X eXP(—Jk+1,i — Jiyrn = Jirrg = J500(Xi, Xj)
i 2
x6(X1,2) (Jet1,5:041,50 + JitLigrsn+1,5 + Ji+1,5i5+10)°

Using the fact: _
l-z<e*<1l-z+2°, z > 0, (2.6)

as in [2] we can show that
AN — 2248 < AP < 24N - 24P + 24P (2.7)
We introduce the followmg quantlty

l9e(=) — p(k, ) o
K(m,n) = sup su vV sup n’
(m,n) 1<kI<)n a:EZI')S (k/n)'/2p(2dk,x) m+'1‘5%5n'

3 (650) - p,-(o»{.

Jj=1

For notational convenience, we set K = K(m,n). As in [2], we let ¢(z) be a generic
polynomial in = with nonnegative coefficients, which might be different from line to
line. 0 | \

S S——

iy

wrbrrr

AT T 4

e o

e T S ST T VRS IS, e 4T RS R
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3. An Estimate for Two Point Function

We use the notations introduced in Sect.2. The main aim of this section is to prove
the following theorem. :

Theorem 3.1. There are constants Ay > 0 and C € (0, 00) such that

. B\V2
7M@) - @) < C- (2) Pone), Ve eZ1<k,m<n.

We begin with several lemmas.

Lemma 3.2. The following holds for any = € Z3.

AL < XK (1/n)*p(2dl, ).
Proof. Let

L =~ 1/22 Z p; * 91-3(%)(95-(0) — Pk (0)),

k=1 j= k+m
I, = An~1/? Z Z 9i—k(0)(px = pj) * g1—j(z),
k=1 j=k+m
! ! H ISR [ i
Iy= "2y ( > pi—k(O)p; * gi—j(z ) ﬁkPk * 9l k(z))

Clearly, we have A" = I + I + I5, and I; < A$(K)(l/n)**5(2dl, ). From the
definition of §; we can see that I3 is less than

mAl
)m—l/?( 23—1/2 + Z ﬁj)pmdl z) < A¢(K)(l/n)l/2 p(2dl, 2:).

To consider I, we let

l 1 ! e
Ly = Z Z I{kq/z}p@d(a —k) 0)(1»c ¥ pj) * p(2d(1 - j), 2),
k=1 j=k+m |
) { .
Ly = Z > Lkis2y9i-k0)lpe — pjl * p(2d(l — ), ).
k=1 j=k+m ' 1
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Then, I, < A\n~Y2¢(K)Ly + An=Y/2Ly. Tt is clear that

RS SThNE ) { : ‘ i f1 i
Li<$(K)DY Y Iincjmy (j"3/2+j‘3/21{j<,/2}+I{j2,/2}(l —j+k)—3/2)33(2dl,a:)
h=li=k+m _

< d(K)M%p (2dl ).

To consider Lo, we e let € (1 / 2 ,2/3) be a ﬁxed constant. We note that gi-k(0) =0
if z < k and p;(z) = 0, or = ¢ j and pi(z) = 0. By (iii) we know that if k > i/2
and |z] < j°

~k(0)|p(2) — pj ()] < gi—k(0)|Bk(z) — p;(z)|(L+ O(3272)).

It is easy to check that |px(z) 5 (z)| < ¢(K)|j= k|j~15(2j, z), if k > j/2. Therefore,

) I
L <p(K) Y D Tsjymp(2d(i —k),0) 3 |j — ki~ 5(2,v)p(2d(l — j), 2 — v)
Rk lvi<ie

E it o oV Vit - ~
S Y D Tusiymypd( )02 3 p2d, 9)p(2d(1 - ),z — )

k=1j=k+m ly|>j=
< G(K)/p(2dl, 7). ot — Oy A ;

This completes the proof of Lemma 3.2. , i O
Lemma 3 3 The foﬂowmg holds for any € Z3 ool

o\ A < X@(K)(1/n)**p(2dl, 7).

Proof. Let \

(‘ -ll ”_’,' 3 \ ! A L ‘--/ 3 !
2,_-—1
b S
k=1 ji=k+m i=k+1 j=(j1 +1)V(i+m) Wogl 1

—9i~kGir—iGi—j ) * 9i—3 (),
[ T | ; I‘

- 308 T % Last AP gad{( A = t -".';\,...l- \J1” / . I \
By = Xn7! Z [’Ykpk * g1k (T) — :Z Z Z Pk
k=1

J1=k+mi=k+1 j=(j1+1)V(i+m)

LRSI x| Ay NE
*(ps-kpjl—ipj—jl ) * gt—j(ﬂf)} -




s
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It is clear that Agz) = B; + Bs, and

) i 7 l
Bi<Ano)>. Y > Y =R

k=1 ji=k+m i=k+1 j=(j1 +1)V(i+m)
x(j — §1)°n” @Yk By i kyPaagiy —i)P2d(i—i1) * P(2d(l = 7), ),

where a,b,¢ > 0 and aV bV ¢ > 1/2. Using these we can show that (see e.g. [2; page
89)) B; < \%(1/n)*/?p(2dl, z).
We now consider Bg. Let

Dy = A IZ [’Ykm % gi-k(T) — Z Z Z > pile

k=1 ji=k+m i=k+1 j=(j1 +1)V(i+m) y,z€Z3

XPi_(z = Y¥)Pjr—i(z = YDj—sn (z — Y)g1—j(z — Z)l =

D= Y Y YT i) -m

k=1 j1=k+m i=k+1 j=(j1+1)V(it+m) y,2€2Z>
xPi-k(2 — Y)Pjr~i(2 = Y)Pj—j (7 = Y)gi—5 (2 = 2).
It is obvious that By = Dy + Ds. For later use, we let
7= ((i- k) —1)+ (@ — k)G - 50) + G - Z)(J' - 1)),
o = (i— k)G =) = )7 v
It is easy to check that o < j — k. We remark ‘gha,t v, < O(1)(logn/m A 1), and

n k=1 jin(k—m)

Y Z Z |pipjy —iPr— 31'1 < O( )(logn/J +1),

k--j _11 =m =1

where [pap.bpcll = Zyezs Pa(y)Pe(y)pe(y)- However D is less than

! j-1 jin(j—m)
Y (%pk + g1 Z Z > Ipickpi-iPi— l1ps * 91 J(E))
k_

j=k+m+1lji1=k+m i=k+1

m+1)/\l j—=1 1 k=1 jin(k—m) !
Z TPk * G-k () + Z Z Z Z |pipj; - sz-31|1
j=m+42 k'—m+131'—m i=1
j*gc—j(:b‘.) | ‘ J Yo oo
1
< () (W + Y g/ ) (241, 2)

j=m+2
£ A2(l/n)3/4¢> K)p(2dl, 2).
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We now consider Ds. In fact, we can use the estimate (iii) to show (see e.g. [2; page
90]) that |Ds| is less than

An~lo(K Z Z Z z T|Prto — Pjl * gi—j(2)

k=1 ji=k+m i=k+1 j=(j1 +1)V(i+m)

which is bounded from above by A2¢(K)(I/n)p(2dl,z). This implies the desired
result. : '8

Lemma 3.4. The following holds for any = € Z3.
AP < ¢(K)(1/n)**p(2dl, ).

Proof. It is easy to show that

L I
)\7?—1/2 Z Z Eexp(=Jit1,j — jj+1.l)5(Xk’XJ')J’%-FL.j?-?'T*'l’l
EEA e ‘

g

sw(mn—wji ¥ gji: ((x

k=1 j=k+4+m tlt—‘k-‘hl s1=t; ta=j+1 s2=tz

#((gt1-k12-3) * (Gss-t2sa—12))0j=01) * G1=12(2)
(ke * ((Gr1—ts Gsa—t2) * (G101 9t2-3)) 912 -k) * 912 () ). (3.1)
Thus‘ﬁ}é'béglﬁ'pfo{ré that '('see c.g. the 'a'rgumen{'. for Agﬁ) given in [2; page 91]) the
right hand side of (3.1) is less than A%(K )(I/n)3/*p(2dl, ). Similarly, we can show

that the last term in the expression of A\ iis also less than A3 (K)(1/n)*/*p(2dl, a:)
which implies the desired result.

Lemma 3.5. There is a constant Ao > 0 such that the following holds for any = € Z°
and AE[0,M]
‘ |A(2)| < )@ ()1 /np(2dl, 7).
Pmof We use (2.6) and the followmg facts:

Vi <O( )(1+logn/m) e® =1+ + O(z?),

if = is bounded, to show, as in the proofs of Lemma 3.2 and Lemma 3.3 that, for
A< N

! f
A £ ZE{exp(-jkm)lAn“l/?ﬁk—Azn—lyk+1—exp()m—1/%ﬁk—)@n"lry,c)
k=1

B L

Y

=S

SR s SR

i T g N ey s v
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x (1 —n~1/2 ZI: 5(Xj,xk)) — 2 zl: 8(X;, X‘k)]é(x',, a:)}

1
= ZE{exp("jkﬂ,t) [0((An-l/2ﬁk—Azn-lvk)2)+(>\n-1/.2ﬁk—A—?n-lfm
k=1

+O((An~28, — X2~ 1y,)2))An 1 Z 6(X3:Xk)] (Xt-,-'ﬂ)'}
j=k+m
< A%(K) - p(2dl,z). |

On the other hand, we have

l

AP > 3 8] exp(-Jurn)[1 - o2y - X~
k=1

x(l_,m—'lfz zl: J(Xj,Xk)JrA?n“l( i 5(X1,Xk)):2)

j-k-{—m i= k+m

—An"1/2 Z J(XJ,Xk)+z\n Y28 — Nen~ 'Yk] 5(Xh-'"'5)}
Jj=k+m

; |
> Z E{ exp(—Ji+1,0) [ — O((An~Y2B — Xn~1yp)?)
k=1 |

x(l — An~1/2 le 5(Xj,xk).+)\2n—1( i 6(9;},Xk))2)

J=k+m . o g=ktm

!
+(An7Y28, — N2l (,\n—l/2 Y 6K, Xe) - A

_ j=kJ‘m
(£ a0 0) ) (3 o 00) ).

By the arguments as for Afa) given before we can show that

! g \
n~! ZE{ exp(—Jr+1,1) ( Z J(XJ,XI;)) 6(X;,:1:)} < qS(K) p(2dl :r:)
k=1 j=k+m
1 1 5
n~1 Z E{ exp(""jk+1,l) E: 6(XJ, Xk)é(X,, :B)} < ¢(K)-£ﬁ(2dl, ).
k=1 i

i=k+m
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Hence we obtam that for some Ag > 0

¥}

AP > A2¢(K)—p(2dl z), A€ [0,X],

. " ] | v
which implies the desired result. T DA : O

We are now in a position to complete the proof of Theorem 3.1.
-J o ¥ 5 b =7 ] 2 oo I
Proof of Theorem '3.1./By (2.5) and (2.7) we know that
MM = 2248 1 AP < pi(2) — gi(e) < AP - AP + AP0 + 4P

By Lemma 3.2 ~ Lemma 3.5 we know that |p;(z) — gi (3:)| 5.}«,‘p.‘;(K)‘(‘l/n)1/2 p(2dl, T).
We now show that for any ¢ € [1,n] wvird aw o adt il

> (9:£5(0) = pi—;(0))
j=1
IfAe[O )\o] :c—(]a.ndz <n,thenlhs 0f(3 2) is less than

Z 421+ Aslz A(s Z .4(2)

j=1" j=1/ V =

<eEmTA @)

<A ZA?)} 2

(AR % J-‘"li-,;' (A

<A ZASI_’J #X4(80) (n” Z T 3”2@_. )

1 '_ll

i

in
H

<A ZA |+ ,\_2I¢(K)n_1/2.

r: Li-(‘-
Thus, it suffices to prove the followmg forr =0

: ‘!’—.‘ = =L - ; ;
| < ®(K)An~1/2, (3.3)

s |}
i 0

By the a.rgument as for I glven in the proof of Lemmia 3. 2 we can show that for
i>m+1 : .

|ZE E Pk*g;._J 0}3" £(0 ZZ Zpk*gt -j QJ:—kE(O)‘ -<-¢5(K)
Gz O (B} I=1 k=1j=m | !

i

By deﬁmtlon we know that for =0

LA

A(l)'— )\nfl/zz ( Z pr* gi-5(0 )9: k(0) — Brpr * g1 k(o))

k=1 “j=k+m

e oy T
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Thus, by computation we can show that the left hand side of (3.3) is less than.

o

i—

.

-m —m | o0 i ’
prrgi(0) Y pi(0)+ 2 Zpk*y:(ﬂ) ZPJ
k=1, 1=0 j=i—l—=k+41 . k=i—m+11=0 j=m
i ik ;
+ > mexal O)Zpg )<¢(K)
k=1i=(i—k—-m)V1 j=m,

which proves (3:3). Thus, the proof of (3.2) is complete.
Combining (2.5), (2.7) with Lemma 3.2 — Lemma 3.5, we can see that there are a
constant A9 > 0 and a generic polynomial with nonnegative coefficients ¢ such that

K(m,n) < M(K(m,n),  Xe€[0, )], ¥m<n.

Note that K(m,n) = 0if A = 0. It is clear that K (m,n) 1}5 contmuous mth respect
to A € [0,00). Thus, we can see that

Kmm) <1, YA<@)V i)*l,.mes_'n,_ :

which proves the desired result. The proof of Theorem 3.1 is complete. . A TR

By Theorem 3.1 we know that for any given € € (0,1) there is a constant A(e) > 0
such that

K(m,n)<e, VA< A(e), Ym <n,

and so- 5
an € Z 2dn L)< Z: gn(z) < Z pn(:c Z “(?dn,:r),

z€Z3 Tz€Z3 x4 n zeZ3 . T€Z3 z€Z3,mHn

if A < A(e). Remark that

7 —ATmn—An‘1/2Zﬁ +,\2 P e - (39
k=t k=1 | =

Thus we can find A; > 0 aﬁ.d.EO = (0; 1) such.‘thlat_

nlu tw

eogEexp( )\Tmn+)\n_1/22ﬁk A2 Z%)Segl
kb ‘ k=1 k=1

foral A€ [0,A\1), m<mandn>1.
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4. An Extention of Theorem 3.1

In this section we first prove a lemma (see Lemma 4.1 below) which concerns the

estimates of gm“' (z) for any given A € [0,00). Using this lemma we can derive an
estimate for the normalization constant with all coupling constants \ € [0,00) (see
Proposition 4.2 below). Let g be the measure on (Q', 7', P) defined by

i) = [ exp(~J7'7)dP.
A

In particular we denote y; ,, by ,un Lemma 4 1.(ii) can be thought of as an extension
of Theorem;3:1..: 1119 !

Lemma 4.1. (1) For any given ) € [0, 00) there are constants C,,Cs, € (0,00) such
that

(X = z) <'c’i’pc‘2,‘(z), Ve'e Z3, 1< n,s¢ [o, 1],
where p,(z) was defined in Sect.2. . _
(i) For any given ) € [0 oo) there is a consta.nt Cs.€ (0 ) such that

k1,1 (Xi = 7) - pi(2)] < Cs(l/n)*pen(x)
forz €28, se(0,i]andl<n. | |
Proof. (i) By Theorem 3.1 we know! that there is a constant Xj'> 0 such that
e (Xn = ) = pa(@)] < O(W)Pen(z), Yz € Z3,X€[0,Xo).

Let 7
) n/2) ‘n/2 [n/2] [n/2]
Ji(n) =272 "N 6(XG, X)) - An Y2 ZB + X7 Yy
i=1 j= z+mn k=1
! jz(n)= ‘)\n:1(2 Z : Z 5(X,,XJ)-- Xn_1/2 Z By,
i=[n/2]+1 j=([n/2]+1)V(i+m,) k=[n/2)4+1
+A2n ! z Y-
k-_[n/2]+1

If A €1[0,21/2Xy) and n > 1 is large enough, then
pn(Xn = z) < Eexp(-J; (n) Jz(n))ci( n,z)

us 1/2y i 1/2
e Z g[f::/z]([ﬂ/?]/ﬂ) (y)g:l“{’i(ﬂ] [n/2])/n) )\( ~ )
. yEZ3 ;
Loy oA f
\ ' < O(l Z pG n/2 pﬁ(n-[n/2])(m _"y)
yeZs

< O(1)P12n(z), <ol s 101

A T e U D AT i

A IV A VTR T TR RTOOG  Ft frpn mt
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where g, Mz) was defined in Sect.2. It follows that pn(X, = ) < O(1) pi2n(z),
A €0, 21/2)\9) By induction on k > 1 we can show that p, (X, = ) < O(1)Parsz,(T),
X € [0,2%/2)g). Thus we have actually proved that for any given A € [0, 00) there is
a constant Cy = C2()\) € (0, 00) such that

pn(Xn = 2) < 0(1)Pc;n(2), VzeZ’,Vn>1
From this we can see that there is a C4y(\) € (0, 00) such that
Eexp(—J%) = pa(Q) < Cu(V), Vo> 1L

Therefore,

pa( X1 = 2) < f exp(=Ji") f exp(~ i} )P
{Xi=z} &

S C4(A)M1(Xl = 16) S O(l)ﬁCﬂ(m)? Vz € Z31 ! S. mn,

which proves (i).
(ii) From our definitions we see that p (X; =) = -gf"f’}\(m). By Theorem 3.1 we
know that if X € [0, Ao)

i (Xi = 2) — pi(2)] < O)(U/n)*per(w),  1<1<n.
We remark that if [ < 271/%n

pri(Xy=xz) = (exp( n/2 1/22 Z 6(Xi, X;)

i=1 J_l+m"
l
FA(n/2) 02 Zﬁ N fy,;)d(xl,m_)). "
2—1 )
By Theorem 3.1 again we know that if A € [0, 21/ 2X0) | |
l1,4(Xi = z) — pu(z)| < o0()(I/n)*pala), 1<1<27n.
If 1 > 271/2n, by (i) we know that 81
(X1 = z) — pi(e)| < O()(U/n) *poale),  Va € Z°. |
Therefore, if A € [0,21/2)),
|ty (Xi = z) — pu(z)] < Ca(l/n)bea(a), . Vo € Z°..

By induction on k > 1 we can show that the above estimate also holds for’ W
[0,2%/2)¢) (of course, the constants C» and Cs depend on k > 1). This then ends the
proof. O
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Proposition 4.2. For any given A € [0,00) there are Cs,Cs € (0,00) such that

Cs < Eexp(-J™™) < Cs, 'ma€[Lm],¥n 21

Proof. The upper bound is an immediate consequence of Lemma 4.1 (i). We need
only to show the lower bound. Let {X '} be an independent copy of {X } under a
finite measure fin, and fin(Xi, = @1, -+, Xy = k) = fo(X], =21, X], = = )
= fa (X, = @1, X5, = 2x)- By, Lemma‘ 4.1 (i) we know that there is a constant
C7(X) € (0, 00) such that '

n~?Ep, ii@(‘x,-,xg)

i=1 j—l

—n—l/zzzzuﬂ Xi = )un(X; =2) S Cr(N), Vn21.

i=1 j=1 z€Z3
For convenience we may assume that n is even. By Jensen’s inequality we have

n/2 n/2
Eexp(— 2" > E;, ex-p( 2252 SN 50, X )
‘ i=1 j=1
n/2 n/2
>Ez,,» -e;sc_p( ( fin /21) 121/2)\71—1/2]5:ﬁ /2225 Xi, X; ))
A =1 j=1
> Eg. lexp( 21+1/2)\C’ (M) (Ez, 1)),

We remark that E;‘ o= (B, 1% = (E exp(— a ;;/2))2 Then, there is a constant,

Cs € (0,00) such that Eg /21 > Cg()\) n21, )\ € [0 Ao), which 1mp11es
Eexp(~J7 ™ ) .z_cs(a\) exp( 21/2)\07(/\)08( )7h-

By induction on k > 1 we can show that Eexp(—Jﬁ‘;,z’?! ?_A,) 2 C(k), ¥n > 1 for some
constant C(k) € (0,00). This proves the desired result. O

5. Proof of Theorem 1.1 =31 i o]

Let M > 1 be a given integer. For k € [1,n] we let A(k,n) = E?ikpj({)) For k> M
we let

'7(]5”{ ZZ Z Zpt Y)pi-i(Y)pi—;(y)-

i=1 j=kVil=jV(k+i) yeZ?

s S Ll i ST

A Ay

s Ut



Discrete Edwards Model in Three Dimensions 1049

To define y(k,n) for k < M —1, let us first introduce some notations. Let Jf;‘iﬂ(m) =
n=1/2 et Zfz_-(u+1)v(s+k+1) 6(Xy — X, ), and

n—k i+k :
ar(k)=n"1%" (EJ(XnXi+k) Y (X, Xjpk) — 2kp§(0)),
i=1 j=i—k+1

n—k
as(k) =n~1/? Z B6(Xi, Xipr) (I ks + Tt hiikn)»

1,1
=1

where Jf}t}w = Jf";im(O). In general, a; (k) # 0, if k < M —1. Tt is easy to show that
a2 (k) is bounded uniformly on n > 1. Let y; be the positive solution of the following
equation: . : ,

Ay? = Nyag(k) — oq(k) = 0. (5.1)
For short, we let (k) = v(k, n) —y(k+1,7n). We now let 3(k) = ypfor 1 <k < M—1.
Using this we can define y(k,n) for 1 < k < M — 1. Having B(k,n) and y(k,n), as in
Sect.2 we can define jlkni‘ Let |

‘I,""t. = exp (/: P (u, X_(n)(u))du),

where X" was defined in Sect.1, and 1 was defined in Sect.4. For short, we let
¥ ="g;. For 1 <k < n, welet p(k) = p(k,1), where plk,v) = E¥Y exp(—Jl-k,’,?);
Further we let .p"(M, ¥) = p(M,) and

o) = (E%i) y 1-) (9,71(%) i ;)p(k,w), 1ghSM -1

For short, we let p'(k) = p'(k, ). In this section we will mainly prove that there are
constants § € (0,1) and C, ¢’ € (0,00), independent of M, such that

i : L) i ] JC3e i
lo(k) = p(k + 1)| < Cn~? (%) +Ck™2, M<k<nVn>1, (5.2)
PR - k=D <CrTT, R<MVn> 1 o (53)

By (5.2) and (53) we know that there is a cd1'1§ta’nt_6” € (0, oo), independent ofM ;
such that 1o ' " ' o
; mn/n -
Jpma) = p' (D] £ O(1)n™ + C'M ™ +0(1) / z~%dz,! )
Mim. (1.0

where {m,} satisfies (1.1). Since lim,—co m,/n = 0 and M > 1 is arbitrary, we get
that lim,_, 0 |p(my) — p'(1)| =0 for all 1. Rémark that

p(man, ) p'(1,9)
¥ plmn, Q)7 s
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From these expressions we see that the assertion of Theorem 1.1 is correct, provided
(5.2) and (5.3) have been proved. The remainder of this section is devoted to the
proofs of (5.2) and (5.3).

Let us introduce some other notations.

X = M7V 3" 8(Xy, Xik) — An"H2 (m = Dpi(0) + A0~ (m — 1)3(k),

i=I+41 - ,
= TRHLX | FRELA k - ' ,
Jn= 1; Fidgii +’\J1,—z!_;::+k,n’ i
i—k n—k
Cxe(@) =M TVEY S, Xk) + 3T 3T L8y, Xgs)
B 110 S Lot j=itk+1
X2 (n — k)pi(0) + N0 (n — k)F(K).
For short, we let xF = x*,. It is obvious that J H.l”\ is equal to
Ly 1, S 1,n

1,1

T M AT = AT 2RB(E + 1, m) + N2 k(K + 1,n),
and x% is equal to |
i+k | { (! =
Xe(@)+ XA Y 8K, Xjk) — AT 2kpy(0) + XNn LA (K).
IFieh it ,
We remark that for any given mg < oo there are constants C;,C, € R! such that

l—z+y+Cilz—yP <e ™V <l-aty+Colz—yP, >0, y<mg, (54)

which will be denoted by e7**¥ =1 -z +y + O(1)|z = y|* ‘This kind of estimates
will be used many times in the following discussions. Let us first prove a lemma.

Lemma 5.1. Let f be'a’ measurable function and 1 < j; < -+ < jm < 1’ Then

) o132 |
, E/ exp(—Jy,n — sxu DI f (X1, -+, Xy )lds < O(VE|f(Xegy -+ Xoin )|
{ 0 v . A = LA G

Proof. Using (5.4) we can show that 'the left hand side of the above estimate is less
than O(DE exp(=J71 " = JHY) £ (X, -+, Xj,,)|, Using Lemma 4.1 we can show
that the above quantity is then less than O(1)E|f(Xs;,, - -+, Xej,.)|- This proves the

desired result. O

Since y(k + 1,n) < O(1)logn/k, we can use Lemma 5.1 to show that there is a
constant 6 € (0, 1) such that :

1

f EW exp(—J; , — s (4))5(Xs, Xiy) (n—lzk»y(k + 1,n) +n" tks|y(k)|
0

o) | 5
+|Jf;l"'\ = J} = sxE 4 sxu (z‘)[?)ds < O(1)n=3/? (%) _
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From now on, § is always assumed to be a constant in (0,1). By (5.4) we know that

n—k 1
n~2y / BT exp(—Jp """ = sxh)8(Xi, Xip4)ds
i=1 70

1

n—k .1
=n"12% / EWexp(—Ji, — sxk())d(X;, Xiti) [1 = M = M i
i=1 V0

i+k
A 2hB(k + 1) = M0 by(k + 1n) — An Y2 Y 6(X;, Xjpk)
j=i—k+1

+Asn ™ 2kpy (0) — s\ K (k) + O(1)(TEE — Ji . — sxh + sx (W] s

5 n—~k .1 _
=0n™ () +n7 2 3 | B exp(= T — sxe (3K, Xiv)
i=1

X {1 — M e — A ik T Aﬁ“"l/?k@(k +1,n)

|
| |

itk ¥ AR
“anT2s N (X, Xjk) +/\sn_1/2kf?k(0)Jd3- (5.5)
j=i—k+1 itd) "7

Using this we can show that p(k + 1) — p(k) is equal to
1 ' i _'~-_" IFEN L i i } { 1 |
-/ EV exp(—jf’f;l’)‘ ~ sxF)xkds
0 ‘
n\9 S PO - k+1
= O(l)n_l (_) +An~1/2 E / BYexp(—J] ,,— Sxk(i))5(Xi,Xi+k) [I—AJI ;I-l ik
k =1 0 . ’. . . E] :J ‘

i+k
M ik + T PRBR 4+ Ln) = An72 3" 6(X;, Xjea)
' ' g=imk+l Y
+Asn-1/2kpk(o>}ds = (An'2p(0) = X25(K)) p(k), (5.6) |

where (k) = fol Ev exp(—jf;l”\ — sx*)ds.
Let 6, be the shift operator, and

] utk
Yi(k) = An~1/2 Z D e, X,

u=i—k+41 v=i+1

Vo(i, k)= sdn™ Y2 03 - 8(XysXubs) = Yilk).
u=i—k+1
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Using Lemma 5.1 we can show that
1
/ i (0)EW exp(—JFEhe < sxk 1 )V2(4, k)ds < O(1)n~ k2.
0
Since %{i},.k) < 0, we can use, (5.4)/and Lemma A.1 below to show that

1
| Buen(- Th = )X, Xerg)ds

(4

= 0(1)?’1_1 k“1/2 f E‘I’o ?-/n‘IJ(:-I-k)/n 1 o gk/npk(O)
=0 ( | §
| .

x exp(— Jfﬁl 2 - sxn k + Y, (z k))d

= o k2 [ 0B e CTR <o)
x(1+ Y, (i, k) +0O(1 )Yz(z,{c))ds 4y g

=01)n" 1k 1/2+Pk(0) / E‘I’exp( ij;l;g — sxhoi) (L + Y,(i, k))ds
O’ l 1ie, 1 ":
(1)n—3/2( k) +Pk(0) / E‘I’exp( T syb Y+ BTG, k))ds (51)

lf‘ & :".‘.I.A"'

for some § € (0,1). By computation we can show that there is & € (O 1) such that

EY(k) An“”zkﬁ(k—l—l n)+O(1)n__3/2k3/2( k) .
fatid. 3 2.06({8)2 = dgxo 0 ox S N

Thus the left ha.nd 51de of (5 7) is equal to

A ._ 7.n“ rl s -
0(1)" ;3/2(2,) +pk(0)/ ET exp( J’H'1 A sxﬁ)
X (1 + 52 2kpi(0) —AnT /2 kB (k +1,m))ds

Combining the above estimate with (5. 6) and Lemma A. 2 (i) ‘below we see that
p(k + 1) — p(k) is equal to L C 91

byap ] Hide od B

5 n—k .1 -y X .
o()n~! (%) + An~Y/? Z f BV exp(—Ji , — sxk(1)6(Xs, Xitr) (2)\5n_1/2kpk(0)
j=1 v 0 | vz 1A
itk _
—xn"is Y a(xj,xjs;k))ds = (Vo (k) = X*5(k)) (k). (5.8)

Jj=i—k+1

T R A e S P e S P i g ey (n f v

&
i
B
#
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As the argument given for (5.5) we can show that

/0 Ev B}_Cp'(—jin —SXk (Z))J(.X“ XH_k)ds:O(l)n—Ii/Z (%) 5+pka(0)ﬁ(k). (59)

Thus, by Lemma A.3 below, Lemma A.2. (11) and (5.8) we know that p(k + 1) — p(k)
is equal to '

01! (E) & (2).2kpl_;~;.(0) ~ NE§(Xy, Xz1) Za(xj,xj+k))

/A j=1

1 B s
X / E¥ exp(—J " — sxk)sds = Q(.l)n“l(%)- +O0()k2,

if k > M, which proves (5.2). ' s

We now prove (5.3). By (5-8), (5.9) and Lemma A.3 below we know that p(k +
1) — p(k) is equal to woe sl
{ i [ A s 8% S.00 bins ! Tor 2lo { detrn ‘ ST
el 18 )

& . 1! | = - f FOYTE: LED W ‘
O(1)n~! (E) — X0y (k) / B exp(—Jy 11 — sx%)sds — X (0 (k) — 7(k))a(k),
0
if k< M — 1. We remark that HANTRRES
1 . L Ao snnad siomq b 42wy A
fo BY exp(-Jy7 1 ~5x})sxhds = ~E¥ exp(-Jy 71t —xk) +p(k) = —p(k)+p(k).

Using the similar argument as in the derivation of (5.5) we can show that there is
d € (0,1) such that ' ) | |

T X TR ﬂ TF\ (1o £TL) D)
/ BT exp(~Jf 11 = sxk)0(X;, Xiys)sds = 0(Un=*K2(2)" 4 pu(0)a(h).
0
It follows that O]

1
f E¥ exp(—JiH"™ — syk)sxkds
S 2)sXnd

n

=0~ (g

g 1 E
) X0 [ B exp(-JE — sxkyods,
0
which implies that

! Fk+1,\ ny4
|| B ep(- T — axb)ads = A28 (k) + 28) + Ot~ (%) -
0
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Therefore, by (5.1) we know that p(k'+1) = p(k) is equal to .

-1 P al(k) - O'S]_(k) g
o= (3¢ + 2y - (L 4 w2 - N30 ) ot

own(2) + Lo,

if K < M — 1. Using this we obtain that

1p(k+ 1) - ( _((:))) (k)‘ <O, k<M1
for Borite BoRaaHE 68 (O, 1). In other words,
Ip (k ok 1) Pk <omn ™+, E<M-1.
ThlS proves (53) S | :

Thus we complete the proofs of (5.2) and (5.3), provided Lemma A. l — Lemma

A3 bel(ow have been proved. | ; _ .
{=A} d - 2b {7 | k'3

Appendix

We now state and prove Lemma A 1 — Lemma A.3.

Lemma A.1. There is a constant s€ (0 1) such that
=i w190 tsds ghds s
/ E‘I’exp( inl,’:—sxn k)(l—!—Y(z k))d
0

/2 —4 ' & k oy
=0m(5)7 "+ [ BEew(- I - axh) (1 + BTG, B)ds
i " i 0 - c.1 ¥ h
Proof. We only prove the following:

1
5oeis ko 8/2—8
/ B(exp(~TEEY — sxb_y) - exp(= T — s s =00 (5) . (A
0
If (A.1) is indeed true, then wé can repeéj’h the argument given in (5.5) and get that

' ~ o ka3/2=8
| / B exp(— /i — sxb_o) [T k) - BY G B)ds| < o) (2)

Combining this with (A.1) we get the desired restlt.

s

PO A TR e v R L P s AR SRS ST A LR
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We now prove (A.1). As in the proof of Lemma 5.1 we can show that

1
i . . k\3/2-6
| BE eI k(T - I+ s st s <o) (5)

Thus, by means of (5.4) we can show that Lh.s. of (A.1) is equal to

ky\3/2-6 ! Th-+1,0 % Fh+1,) k+1 k
0(1)('—) +A EY exp( Jl n— k SXn--k)-(Jl,n. T J -k & .S‘Xn SXn—k)ds

n
T (a) —'i;[o L ‘SXn p i v—-nzk-f-luz—: o
kﬁ(k+1,n))+s,\n—1/2 D (X, Xy) ——_‘sAn_l/gkpk(O)J_dqj (A2

v=n—k+1

We let ¢, = n —n?/3v (k(k/n)E',), for some &' € (0, 1/2). Then, as in the proof of
Lemma 5.1 we ‘¢an show that ' ' \

by L U—in
n~?EQ ei‘cp( Jk+1 AL sxn ) Z: Z 5 Xu,X
v=n—k+1 u=1

I S <0(1)( )’2 |

v=n—k+1 u=1

fo<v—-—u<i, a.nd v 2n—k+ 1, we can use Taylor’s expansmn to show that

/ EUexp(—JIHY —sxh_)6(Xy, X,)ds -
0

1

:/ E\Il,exp(fjftl’)‘ —sxﬁ)d(){u,Xy),d‘s;

ik % e f
X[L+ O = FUM + sxh_y — sxb)]. (A3)

As in the proof of Lemma 9.1 we can show that
1 qerds odovirn " o {
] B exp(~ T4 — X)X, Xo) (TEr Lk = TEAY) + slxh g — xkl)ds
. :
1-6 '

<o) () ).

Using ¥ = ¥, ufn T, O(lc/n)1 ¢ we then show that Lh.s. of (A.3) is equal to (u
v —ty)

ky\1-6 y &
O(1) ('_) pvfu(O) +]?v—u(0) A E?O,u/n exP(""Jlk,_;;l’A 7 SX:i)dS

i n
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By Taylor’s expansion we can 'show that

1
) k1. k
| B en(-TE — sxkyas = o) + o) (£)'
0 ! n
if u>wv—t,. This préi\fes that ‘l.h.'s‘-:.. of (A3) is equal to

Om)(£) ™ po-a(0) + oo 01508

This proves that rhs of (A.2) is of order O(1)(k/n)%/ 28 which implies the desired
result (A.1). O

Lemma A.2. (i) There is a constant 6 € (0, 1) such that
1 1 L
fo B ép(— T}, sxk(0))0X, Xib) Tt + Ty 4,0)d0
= o@n=( k) + PUVES(Xs, Xerk) (EH s + I i)

(ii) IF k > M, then

i ‘. .
_ i n _
n1/2p 1(0) Z E‘S(qu Xz+k)(Jf-z}~: z+ thj:{-lk yit+-k, n) O(l)n W2 (F) + T(k)
i o AL

Proof. (i) We will mainly prove the following: - H2OR \
/(; Elexp(—Ji ), — sxn(i))d(X.,;,X‘i+k)Jf,"I!';}'i+kds
aja (N5 k]
= 0(1)n 3/2(,];) +p(k)E5(X;,xi+_k)Jf,;g,,. e (A.4)

For this purpose we choose three sequences 1%t {qn} and {l,} such that
(i) n>ra>qgn>ln >1, n>1,

(ii) rak~! = (n/k)%,
() g /bn = (n/R)'~%, 5
and g

(iv) it Sutt K B(X,, X,) = (n/K)%, for i € [rayn =72,
where 61,62,53 € (0,1) are constants. Let

k+1 Fh+1 (Woely 5 (UG sk =1
L(S,-Z,TL) Jl Ji=gn J1,+q n+AJlﬂ—9nii+f1n,ﬂ +SX:'—q,, +sX£+qn,n'

LS s TR LR T T v
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Then jf,n + 8xXn(i) = L(s,4,n) + O(k/n)'~%. Thus, Lh.s. of (A-4) is equal to

i+k

n=1/2 - Z > / E¥ exp(— an.*SXﬂ(z))ds+O(1)n_3/2(k)

u=i—[,+1 v=i+1

- n wd
=0(1)n 3/2(‘5) +n1/2 / E'I’D (i= qn)/n'l'(z+qn)/n1
z,y€Z3

xexp( L(S:Z:n))I{X,...q"—z Xitan=y} Z Z Quzu('y-m)
; i u=i=ly+1 u—=+1 !

Where qu iy = Pag, —k—(i—u) * (pi—upv—ipi—}-kw- ) Let qu i u(:c) be equal to
Z [p2qn—k (i—u) (z) - ~ P2gq, (E)]pz_. 2)pu ~i{z — Z)Pa+k—v($ . z)
zeZ3 LR lexy s, v
= T(??i;n—k—(i—u)-ka(x) —qu,, (z)),

where 7 = ¢((i — u)(v — i) + (i — u)(i + k — 'v) Ll ('v' -“—fz'-)r("iE Y Qit}))ﬁ3/2-; and o =
(t—u)(v—14)(i+k —v)7%2. Then

of 1 Y

Qu,iw(Z) = pag, (z) Z Pi—u(y)pu-— z(y)Pz+k~—v(y) + Qu,i,o(Z).
yezs i. ) PO

Therefore, Lh.s. of (A.4) is equal to

_ayg NS g e o e b0 WA |
O(1)n 3/2(-5’;) +n 1/2/0 EWo,(i—g,)/n ¥ (i+¢n)/n,1 €xp(—L(s,4,n))ds

i EEAND _
XYY B X)X, X) 2 Y / B20,i-qyn
u=i—Il,+1 v=1i+1 i x y€Z3

z+k

X (i4g,)/n,1 €xXp(— L(sz n)) Z S THE (e x.+q.,~u}qu=rv(y x)‘il
u=i—Il,+1 v=1i+1

The last term in r.his. of the above estimate is denoted by R. As in the proof of
Lemma 3.2, we can show that '

{ A

|P2g,, —m (z) — p2qn (:E)I < O(l)__'p4qn (3:)
if m > 0is'even. Thus, by Lemma 4.1 we ¢an show that |R| is léss t'har'; SE

i+k

=172 Z N (7 ’““ <0(1) 1,2 k~1<@(l)n*3’2(,;)(6-

u=i—l,+1 v=i+1
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Using this estimate wé show that Lhis. of (A.4) is equal to-

. 1
{ O(l)n—s/z(k) +n—1/.2f Eexp(:L(s-,i,n))II'U‘(i_qn)/n\I!(an)/n,lds
1 i+k

% Z Z E6(X,,X,+k)6(Xu,X)

u—z-l +1 'u._z+1

= O(l)n_—sl2 ( k) + E‘S(Xh X%+k)J1 i :H—k
’ A1
-/0 Eexp( L(S v, n))‘I’O (1"qn)/ﬂ‘II(l+t1u)/ﬂ 1ds.

o ) PP EN - AL EEITAN

As in the proof of Lemma A 1 we can show that

i 'f_i 13l

T ' 3/2-6
[ E exp(—L(s, i,n)) ¥, (,_q,.>/,,w(,+q,,>,n lds = 0(1)( ) + (k).
Thus we ﬁnally obta.m that Lhs, of (A 4) 1s equal to

3. O(:!-)n—s/z ( k) + ‘n,"1/2 ( )E(S(X'" X""'k)‘]l i1 H—k’
T, ~ k) 2 L \ 13 B
which proves (A 4)

Similarly we can show that

BT = 05K X S
gL — Japre

= 0(1) _3/2 (k) + P(k)EJ(X17Xz+k)Jz sitkiitk,n

Thus we complete the proof of (i). -
(ii) By computation we can easily show the desired result. O

Lemma A.3. There is a constant 6 € (0, 1) such that’
1 _ 5
B [ wep(=T = sx)O0 XerDB(Xs, Xpra)ds
R
= O~ + BA(X, Xes )6, Xyoi) (k).

The proof of Lemma A.3 is quite similar to that of Lemma A.2 (i) given before,
so is omitted here.
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