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1. INTRODUCTION

The location of the zeros of the Riemann zeta function is one of the most fascinating
subjects in number theory. In this paper we study the percent of zeros lying on the critical
line. With the use of a new two-piece mollifier, we make a modest improvement on this
important problem.

To set some terminology, let N(7") denote the number of zeros p = 5+ iy with 0 <y < T,
let No(T') denote the number of such critical zeros with 5 = 1/2, and let Nj(7') denote the
number of such critical zeros which are simple. Define xk and «* by
No(T) Ng(T)

w=lmint e w0 = iminf e

Selberg [S] was the first to prove that a positive percentage of zeros lie on the critical
line. There has since been a series of improvements, of which we briefly mention the work of
Levinson [Le] obtaining x > .3474, and the current record of k > .4088, k* > .4013 due to
Conrey [C1].

In this paper we show

Theorem 1.1. We have
(1.1) Kk > .4105, K* > .4058.

Our method is to revisit an old approach of Lou [Lo| by taking a two-piece mollifier (meaning
the sum of two mollifiers, each of a different shape). The details of Lou’s work never appeared
in print and there is some doubt as to its correctness. We have added innovations to Lou’s
approach by taking a longer mollifier (requiring delicate analysis of off-diagonal terms) and
by combining it with ideas of Conrey [C1] [C2].

One of the difficulties in studying this and other problems involving mollifiers is that it
takes a significant amount of computation to judge how much progress one makes with a new
idea. However, there are some heuristics that can save a lot of time. In particular, the ratios
conjecture [CFZ| can rather quickly allow one to express mollified moments of L-functions
as certain multiple contour integrals; see [CS] for a variety of examples of such calculations.
Even then, it takes some significant work to simplify these contour integrals into a form usable
for calculation. With some practice these calculations become routine, and we have made an
effort to describe the reasoning behind our approach.

2. REDUCTION TO MEAN-VALUE THEOREMS

2.1. The setup. The basic technology to prove that many zeros lie on the critical line is an
asymptotic for a mollified second moment of the zeta function. In this section, we recall how
to reduce the problem to such mean value estimates. This is mostly a summary of [C1].

Let ((s) =Y .2, n~® for s = 0 +it, 0 > 1. The functional equation states

€(s) =&(1—s), where &(s)=H(s)((s), and H(s)= %s(s - 1)%7511(%).
1



2 H. M. BUI, J. B. CONREY AND MATTHEW P. YOUNG

In its asymmetrical form the functional equation reads

C(s) = x(5)¢(1 =), where x(1—s)=2(2m) °T(s)cos(%).

To get a lower bound on Ny(T') it suffices to consider a certain mollified second moment of
¢ and its derivatives. This is well-known; see Section 3 of [C1], for example, so we shall simply
state the conclusion.

Let Q(x) be a real polynomial satisfying Q(0) = 1, and define

1d
V(s) = Q( = 72-)<(),
where for large T',
L =logT.

Suppose ¥(s) is a “mollifier”. Littlewood’s lemma and the arithmetic-mean, geometric-mean
inequality give

T
(2.1) B> 1 %log (;/1 V(oo + z't)|2dt> +o(1),

where o9 = % — %, and R is a bounded positive real number to be chosen later. Actually, by

choosing Q(x) to be a linear polynomial, one obtains a lower bound on the percent of simple
zeros, K.
We choose a mollifier of the form

¥(s) = ¥1(s) + ¥a(s),
where 1 and 12 are mollifiers of quite different shape. Here ¢ is mollifier of a familiar type
from [C1]. Let Pi(x) = >_; a;ja’ be a certain polynomial satisfying P1(0) = 0, P1(1) = 1, let
Y1 = T% where 0 < 0; < %, and use the notation

(2.2) Piln] =P (W),

for 1 <n < y;. By convention, we set P[z] = 0 for x > y;. With this notation,

o = 5 0P

n<y1

1
o0—3

For the second mollifier, we take

(2.3) Pa(s) = x(s+ 3 —00) p2(h)

hk<y>

joo—L pi—o0

hskl—s

Po[hk]

where ps(h) are the coefficients of 1/¢?(s) and Py(x) = > bjz’ is a polynomial satisfying
Py(0) = Py(0) = PY(0) = 0. Here yo = T% where 63 < 6; (we shall see later what conditions
are required on 6s). Note that (formally)

o~ p2(h) _ x(s)¢(1—s) 1

A < OOk

which explains why 12(s) may be a useful choice of a mollifier. Here 13(s) is of a somewhat
similar shape to a mollifier chosen by Shi-tuo Lou in [Lo]. Lou considered a mollifier of the
form L~2x(s) times a Dirichlet series that is roughly of the shape above, with the choice of
smoothing polynomial P(z) = x. Unfortunately, the details of the calculations are omitted,
and there is some doubt on whether the result is correct since our analysis suggests that P,
must vanish to third order; the presence of L2 is also suspect.

The method sketched in Section 3 of [C1] carries through with our choice of 1) = 11 + 19,
but there is one extra ingredient worthy of mention. To apply Littlewood’s lemma, one needs
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to estimate the integral on the right side of a rectangle, say at ¢ = 2. This can be done using
the trivial bound for o > %, say

(2.4) a(s)| < VE (%) L%
As long as 0 < 1 this is small for o sufficiently large. The point is that x(s) is small for large
o; a mollifier of the form x(1 — s) times a Dirichlet polynomial runs into problems for o large.

Theorem 2.1. Suppose 61 =4/7 —¢ and 03 =1/2 — ¢ for e > 0 small. Then

1 (T
(2.5) 7 [ Vet + Pt = oP.@. R.61.62) + o),
1
where ¢(P,Q, R,01,02) = c1 + 2c12 + c2 and the ¢; are given below by (3.2), (3.4), and (3.6).

2.2. Numerical evaluations. We use Mathematica to numerically evaluate ¢(P, Q, R,4/7,1/2)
with the following particular choices of parameters. With R = 1.28,

Q(x) = 0.492 + 0.604(1 — 2z) — 0.08(1 — 22)3 — 0.06(1 — 2x)® 4 0.046(1 — 2z)7,
Py (z) = 842706z 4 .008457212% + .09311723 + .1187882% — .06306875,
Py(x) = .024541223 — .006355662* + .00603128z°,
we have k > .4105. To get k* > .4058, we take R = 1.12, Q(z) = 1 — 1.03z,
Py(x) = .829473z + .010435822 4 .082009z° + 177482z — .09939975,
Py(x) = .0323061z> — .00553783z 4 .07695942°.
2.3. A smoothing argument. It simplifies some calculations to smooth out the integral in
(2.1). Suppose w(t) is a smooth function satisfying the following properties:
(2.6) 0<w(t)<1forallteR,
(2.7)

w has compact support in [7'/4, 277,

(2.8) w(j)(t) < A7/, for each j =0,1,2,..., where A =T/L.

Theorem 2.2. For any w satisfying (2.6)-(2.8), and 0 =1/2 — R/L,

(2.9) / W(®)[Vap(o + it)2dt = (P, Q, R, 01, 02)@(0) + O(TL~+),
—00

uniformly for R < 1, where ¢(P,Q, R,01,02) = c1 + 2¢12 + ¢2, and where these constants are
given below by (3.2), (3.4), and (3.6).

We briefly explain how to deduce Theorem 2.1 from Theorem 2.2. By choosing w to satisfy
(2.6)-(2.8) and in addition to be an upper bound for the characteristic function of the interval
[T'/2,T], and with support in [T/2 — A, T + A], we get

T
(2.10) / Voo it < e(P.Q.R 1, 80(0) + O(TL ),

Note w(0) = T/2+ O(T/L). We similarly get a lower bound. Summing over dyadic segments
gives the full integral.

3. THE MEAN-VALUE RESULTS

Writing 1) = ¥1 + 12 and opening the square, we get
/\VW:/Vw1\2+/|V\2w1w2+/m2mw2+/va2\2 = h+ho+Tia+Ia

We shall compute the integrals in turn. It turns out that I is asymptotically real.
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3.1. The main terms. Recall the conditions on @, P;, and P» stated in Section 2.1.
First we quote Theorem 2 of [C1].

Theorem 3.1 (Conrey). Suppose 61 < 4/7. Then

T
(3]‘) / |VT/}1(O'0 + ’Lt)|2dt ~ Cl(Plv Qv Rv el)Ta
1
as T — oo, where

(3.2) c1(P1,Q, R,0,) —1—|—/ / 2RU ( )+91Q( )P (u)+61RQ(v)Pi(u ))2dudv.

This is the unsmoothed version, but the smoothed version follows easily from this.
We handle the other terms as follows

Theorem 3.2. Suppose 0y < 61 < 4/7. Then

(3.3) Iis = / w(t)|V 2B (00 + it)dt = e1@(0) + O(T/L),
where

92 r_d ) RlOr (y=a)+uf(a=b)

o 1\y—x ubva(a— o
(34) c12 =42 dody // / (1—w) Q(—xb1 + auby)
0<a+b<1
0<a,b
Q(1 + yby — bubs) Py <a: +y+1—(1—u) 22> PY((1—a—b)u)du dadb.
1 r=y=0

Theorem 3.3. Suppose 05 < % Then
(3.5) I = / w(t)|V2|al2(00 + it)dt = csi(0) + O(TL ),

where

(3.6) ¢ = gdedy U/// (1—r)t 02 ety —oly+r)—ul@+r))

e 2Rty =o kD =TI Q (0 (—y + u(x 4 1)) + (1 + ba(z +y — v(y +7) — ulz +71))))
2Bt 1Az ty=oly+r)—u@ ) O (hy (—z + v(y + 1)) + t(1 + Oa(z +y — v(y + 1) — u(z +71))))

(x+r)y+r)Py (1 —u)(z+7)) Py (1—v)(y+7)) dtdrdudv] rmy=0 "

Remark. Note that cp is real so that I15 ~ Ijs.

3.2. The shift parameters. Rather than working directly with V'(s), we shall instead con-
sider the following two general integrals:

(3.7 e )= [ w)C(h + ki + 8 - Taloo + i)
and
(3.8) (a, B) = /_ w(t)C(E + a +it)C(L + B — it) (o0 + it) dt.

Our main goal in the rest of the paper is in proving the following two lemmas.
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Lemma 3.4. We have

(3.9) Iz (o, B) = ciz2(a, B)w(0) + O(T'/ L),
uniformly for o, B < L1, where

0P e
10) cuad) =1 [ [ [ -6

0<a+b<1

Py <x +y+1—-(1-uw) zl> P/((1 —a—b)u)du o dadb.
Lemma 3.5. We have
(3.11) Ix(a, B) = e2(, B)@(0) + O(TL™),

uniformly for o, B < L™, where

2
19 (1 — pylyBa—vl+n)Taty—u(o+r)
(3.12) ca(a, B) = 3dx2dy [//// r)

(4 (2 4y — 0y + 1) — (e + 1)) (Tl VI Hat8) (1 1)y 1 1)

)
Pl((1—u)(z+7)Py((1—v)(y+7)) dtdrdudv] rmy=0 "

We now prove that Theorems 3.2 and 3.3 follow from Lemmas 3.4 and 3.5, respectively. Let
I, denote either I;5 or Is. Note

(3.13) I = Q(l%}i)Q(longjﬁ)l*(mﬁ)‘

a:B:—R/L'

We first argue that we can obtain either ¢, by applying the above differential operator to
the corresponding c, (e, §). Since I, (a, 8) and ¢, («, 5) are holomorphic with respect to «, 8
small, the derivatives appearing in (3.13) can be obtained as integrals of radii < L~! around
the points —R/L, using Cauchy’s integral formula. Since the error terms hold uniformly on
these contours, the same error terms that hold for I, («, 3) also hold for I,.

Next we check that applying the above differential operator to ¢,(«, 3) does indeed give c,.
Notice the formula

314 igraa) X" = Apogr)x ™

Using (3.14), we have

— — 2 12
@19 Qir i) mragenen =gzl | [

0<a+b<1
1
/O w?(1—u)(yy "y5") " (yiys “*T) P Q(—x61 + auba) Q(1 + yb1 — buby)
0
P (x—l—y—l—l —(1-uw) 2)132;’((1 —a—b)u)du} dadb.
91 r=y=0
Setting a = = —R/L and simplifying gives (3.4). A similar argument produces (3.6) from
(3.12).

We prove Lemma 3.4 in Section 5, and Lemma 3.5 in Section 6.
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4. VARIOUS LEMMAS

In this section we gather some miscellaneous results that are more or less standard. These
will be used to calculate the constants ¢, («, 3), and we place them here to avoid interrupting
the forthcoming arguments.

4.1. Approximate functional equations. In the calculation of I;5 we shall need the fol-
lowing approximate functional equation with one long sum.

Lemma 4.1. Let 04, _g(l) =Y 0y a=b®. For L? < |t| < 2T and uniformly for a, f < L™!,

(4.1) (G +a+it)(s—B+it)= Z we—l/ﬂ +O(T 1),
=1 '

Remark. The exponential decay effectively means that [ is truncated at 7°. An essentially
identical proof could truncate the sum at 72%¢ but it would not help the later arguments.

Proof of Lemma 4.1. Consider the following sum

Ua B A4

where V' is a parameter to be chosen momentarily. Using the formula e™® = 2%” J ) I['(s)x~*ds,

we get
1 . )
A=— [ VT(s)((53+a+it+s)((3—B+it+s)ds.
27 (1)
Next we move the line to 0 = —1 4 ¢, crossing poles at s = 0, 5 —a—it, 5 L+ B—it. Using the

bound ((o + it) < |t|%_‘r for o < 0 and the exponential decay of the gamma function, we get
A=CE+atit)c(E - B+it) + OV Vel 4 v=ttey?),
Thus taking V = T finishes the proof. [l

A key step in asymptotically evaluating I is finding an asymptotic for the “twisted” second
moment of zeta. This is essentially implicit in [BCH-B] but we cannot quite quote the result
we need. Nevertheless, we state the following without proof

Proposition 4.2. Suppose w satisfies (2.6)-(2.8), and a and b are positive integers with
ab < T'=¢. Then uniformly for o, B < L™, we have

(4.2) /oo (%)_itw(t)c(é ta+it)(E+B—itydt= Y w/w Vi(mn)w(t)dt
- am=bn T2 2 -
+ ) / Vi(mn) = - w(t)dt +O(T~/?).
am=bn mi_ﬁnz t 2m
Here Vi(x) is given by
(Y ae
Vil@) =55 @ <27rx) e

2
where G(2) = €%’ p(2) and p(z) = %

Remarks. G(z) can be chosen from a wide class of functions; we made this choice since it
has rapid decay and vanishes at 2z = £(a + ). This result is “easy” in the sense that with
ab < T'~¢ only the diagonal terms contribute to the main term (one easily bounds the off-

=T P 0o(LY)

diagonal terms by repeated integration by parts). Also note (%)
for ¢t < T, which is implied by the support of w.



MORE THAN 41% OF THE ZEROS OF THE ZETA FUNCTION ARE ON THE CRITICAL LINE 7

4.2. Exercises with Euler-Maclaurin. We need to evaluate various sums to which we apply
the Euler-Maclaurin formula. We collect these formulas here.

Lemma 4.3. Suppose | is a nonnegative integer, x > 1 is real, and s is a complexr number
with |s| < (logz)~1. Then

1
(4.3) Z n11+5 (log(z/n))! = (log x)”lxs/ z**a'da + O((log 3x)").

n<x 0

Proof of Lemma 4.53. A simple application of the Euler-Maclaurin formula gives
1 T
> i log(a/m) = [ 71 (ogan/t)'dt + O((log 30)").
n<zx 1
We make the change of variables t = 2!~ to obtain the desired expression. (I

Lemma 4.4. Suppose z < z, |s| < (logz)™!, k is a positive integer, and that F and H are
(fized) smooth functions. Then

o E42e (1) ()

- og z)" ! —u)logz
= ((; gi 1))!,23/0 (1—uw)tF <1 _d-wlogz log)ai & ) H(u)z*du + O((log 32)k1).

Remark. By repeatedly using Euler-Maclaurin we can express this as a k-fold integral. It
turns out that this multiple integral can be computed explicitly enough to reduce to a single
integral as above.

Proof. We proceed by induction. For k = 1, a minor variation of the proof of Lemma 4.3 gives
that (4.4) is

o [t L/logz — (1 —wu)log 2 us
(log z)z /0 F< log 2 )H(u)z du+ O(1),

as desired. Now suppose k& > 2. Write the left hand side of (4.4) as

4p) YLy el plosla/m) st/ m)y p los(e/m) og(n—ts/m)y

T+s 1+s -1 —1
T L, m logxz  log(n~lz) log z logn=1z

By applying the induction hypothesis to the inner sum over m we get that (4.5) is

(4.6)
/01 Jus—s (1 —u)k—2 (log z)k_1F<log(x/n) (1 (1= log(z/n)))H(log(z’/n)v>dv

(k-2 ~ nltus log © log(z/n) log =

+ O((log 32)F1).
We again apply a minor variation on Lemma 4.3, this time to the sum over n which gives that
(4.6) is
(4.7)

—s VA —o)k=2 b e log z 1 —v)ulogz
z (logz)k/o ((k:—)2)‘/0 ZTusvyk 1F<1_(1_u)logx_( lo)g:c )H(uv)dudv

+ O((log 32)F1).
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Now we perform some elaborate changes of variables: first v — 1 — v, followed by v — v/u,
and finally u — u + v to give

1 1 1
ogz // b2 p (11— 282 4 B985 f(w)dudy + O((log 32)" ).

log T log
u+v<1
0<u,v
The integral over v can now be calculated to finish the proof. (I

In the special case z = x we obtain
Corollary 4.5. Let assumptions be as in Lemma 4.4. Then

(4.8) Z dk(n)F(log(ff/n))H(lOg(:U/n))

1+
i s log log

ogx 1
_ Sgg_il)) - /0 (1 — W) F () H ()" du + O((log 32)"1).

We finally need one other result in this circle of sums. This result is important for us
because it saves one log when |o| is taken to be a fixed positive constant.

Lemma 4.6. Suppose —1 < o < 0. Then

(4.9) 3 di(n) (%) <. (log 32)* L min(jo|~, log 3z).

n

n<x

Proof. We use an elementary approach with induction. The case o = 0 is implied by Corollary
4.5, so suppose o < 0. Note that

1 Yy
4.10 <1 t~odr <1 —Ly—e
(1.10) S <t [l

m<y
This proves (4.9) for k = 1. Suppose k > 2. Then using (4.10),

S () < £ o () )

n<x n<lx

Now apply the induction hypothesis to finish the proof. (I
4.3. A Mellin pair. Recall Pi[n] is given by (2.2). Then for n < y;, we have

a; a;it! 1 s ds
(4.11) Pi[n] = Zm(bgyl/n) z@.:(l%fln)im/(l) (%) pEng

For n > y1, the right hand side vanishes and therefore agrees with Pj[n] in this case also.

5. THE CROSS TERM
In this section we prove Lemma 3.4.

5.1. Averaging over t. As a first step, we show

Lemma 5.1. Suppose 01,0 satisfy

5 5 2
(5.1) 591 + 05 < 2, §91 + 592 < 4/3, 0y < 64.
For any B > 0 we have, uniformly for o, 3 < L1,
(5.2)
n h)o, —g(l _ st N8
Lia(a, B) = Z p(npa(h) T s )Pl[n]P2[hk]e l/T3/ <27> w(t)dt + Og(T/LP).
n<y1; hk<ys (hkin)> —oo 24T

hl=nk
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Remark. When 0; = 4/7 then (5.1) translates to 02 < 4/7.

Proof of Lemma 5.1. Inserting the definition of ¥; and 1, we have

h)Py[n|Ps[hk

(53) I12 Z Z M /'[/2 1[ ] 2[ ]J 2,

n<y1 hk<yz h’kn)
where

o h N —it 1 . 1 . 1 .
(5.4) ha= [ w®) (%) XG +it)C(E +a+it)¢(L + B — it)dt
From the functional equation of ¢ ( + B —it) and the approximation
t\—P
1 _ 1oy = (= -1

(5.5) W3+ 8- +it) = (5=)  (1+0™),
we get

60 = [ w(e) (o) e ating - s+ ina+0o(r)

s 2m nk

Applying Lemma 4.1 to (5.6), we have

a,—p(l) _ >
(5.7) J12 2270 ’llﬁ( )e Z/Tg/

1 2 -0

w(t) (%)_5 (%) a4+ 0(T).

The t-integral takes the form wg (5= log %) where wo(t) = w(t) (5) P This explains why
we took one long sum in the approximate functional equation above — the sum over [ is
automatically truncated by the decay of wy. The diagonal terms hl = nk give the main term
visible in (5.2). To complete the proof, we need to bound the off-diagonal terms (those with
hl # nk). We accomplish this with Lemma 5.2 below. O

5.2. Bounding the off-diagonal terms. Let C' denote the contribution to Ii2(a, 5) from
the off-diagonal terms, so that

(58) C — Z M(n)MQ(h)O—Oi,—/B(Z) Pl[n]Pg[hk}e_l/TsljB(ilog ﬁ)
n<y1; hk<yz (hklnﬁ 2m nk
hl#nk

Lemma 5.2. Suppose 01,05 satisfy (5.1). Then for any B > 0 we have
(5.9) C<pT/LP.

The proof is fairly lengthy and we shall state and prove various intermediate lemmas within
the body of the proof.

Proof. First note that an easy integration by parts argument shows
(5.10) wo(z) <p T(1 4 Az)~ B,
for any B > 0. Similarly, for each j =1,2,..., we have
(5.11) %wo( ) < T (1 + Ax)™B
Define f by nk = hi — f. Write C = C’ + C” where C’ corresponds to the terms with

(5.12) || < AR
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By (5.10), we have C" < T—20% by taking B large enough with respect to ¢, and bounding
everything trivially. Also note that a trivial bound on C’ gives

!
(5.13) C' < T > T
n<y1; hk<ys (hkln)2
hl=f+nk
0<|fl< A ey yo

< Tey1y2,

where the error term comes from letting n, k, and f vary freely and bounding the number of
values of h and [ by the number of divisors of f + nk.
Suppose now that (5.12) holds. A simple approximation of the logarithm gives

1 nN o f f?
(57 108 ) = T (5 +Ozm)):
By the mean value theorem and (5.11), we then get (recall A =T/L)

1 hl f 9
14 —log—) = L
(5-14) w0(27r ©8 nk‘) w0<27rhl> +O(L%).
Using (5.14) and the trivial bound used to prove (5.13), we then have
n h)og —g(l _ — e
Gy o= Y Aol p ) p g (52 / )+ O™ = yy).
) (hkin)2 2mhl
n<y1; hk<yz

hl=f+nk
0<|f|<A~1teh
Since y1y2 = T91192 < T?7¢ by (5.1), this error term is O(T'~¢).
The next step is to eliminate k and express the equation hl = f + nk as the congruence
hl = f (mod n). Set k = (hl — f)/n so that k = 2(1 + O(A™1*¢)). Note that
S

(5.16) Rufhi) = Po[ "2 (1= Y] = Pprjm) + 0(a 1),

which uses the fact that L P[z] < 1 for # > 1 (recall that P5(0) = 0 so that P[] is
continuously differentiable at x = y3). There is a small problem for z < 1 since Py[z] is
really only defined for > 1. However, the terms with h%l/n < 1 are not included in the
sum since the sum over f is empty unless hl > A'=¢ so that h%l/n > hA'=¢/n > Al=¢ /y;.
The requirements (5.1) imply that 6; < 1 so that h?l/n > T°. Thus we obtain by a trivial
estimation

_ p(n)pz(h)oa,—5(0) 2 —1/T3 =~ f 1—e
(5.17) C = Y hl Pr[n|Po[h2 /n)e~ Y g (2 hl)+O(T ).
n<y1; h?1/n<yz; f#0
hl=f (mod n)

We relaxed the condition |f| < A~!*¢hl without introducing a new error term due to the
decay of wg.
Now consider the inner sum over [ above, namely

Oa.—p(l _1/T3 —~
pin )= Y PO ppy ey (L),
1<nys/1%; 140
hl=f (mod n)

so that

C = Z :u(n)NQELh)Pl [n]D(h,TL, f) + O(Tlfs).
n<y1; h? /n<yz; f#0
The plan is to apply the Voronoi summation formula to D(h,n, f). In order to easily quote
results from the literature, we shall treat the case a = 8 = 0; versions of the Voronoi formula
exist for general o, _g(l) (e.g. see [M], Lemma 3.7). Since a and f are small, the methods
will carry over essentially unchanged to the more general case.
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Lemma 5.3. Let n(q) be the arithmetical function defined by n(q) = 3_,, pgf, where the sum
is over primes, and let

_ip 2y~ (S
(5.18) g(l) = I" Py [h21 /e w”(zmz)'
Suppose that (h,n) =b, n = bny, h = bhy, and b|f. Then D(h,n, f) = Dy + Dg, where
G9)  Dar = 2z -1 - 200)) + L5 [ g0)0ge + 2 — 2,
1 1 N1

and for any B > 0, we have

(5.20) Dp < T¢(

NG N T'/3p2/3 (1 N |f|Ah>—B
| f] |fI2/3 nys
If bt f then the sum is void, i.e., D(h,n, f) = 0.

Proof of Lemma 5.3. Note that (5.11) implies

c f1A
(5.21) Jgt) <t 21 <1+ T )

Then with z = ny/h?, f = bf1, we have
D(h,n, f) = > d(D)g(0).
I<wx; l=h1 f1 (mod m1)
By partial summation, noting g(z) = 0,
S R A (CTRD SR

1 I<t; I=h1 f1 (mod n1)
The Voronoi formula (see Exercise 7 of [IK] p.79, for example) gives that
(5.22) > d(l)=M + E,

I<t; I=h1 f1 (mod n1)

where

¢(Zl)t(10gt +2y—1-2p(m)), E < (nit)*(v/n1+t73).
1

Write D(h,n, f) = Dyr + Dg corresponding to (5.22). That is,

Dy — f’i:;l) /z g (H)t(logt + 2y — 1 — 2n(m))dt.
1 1

M =

Integration by parts gives (5.19).
As for the error term, a straightforward computation with (5.21) gives

| f’ A x 131 T1/3+p2/3 | f| A B
e 'V L —

Consequently, (5.20) follows. O
Now we return to the proof of Lemma 5.2. We show

Lemma 5.4. Assume (5.1) holds. Then

(5.23) C = Co+O(T'*),

where

n n| o(n nya/h?
5.24) Co=> S % a )“Q?H[ M;{)/ P ) (tog t + 2y — 2n(ny))dt.

1—
n<y1 h<nya/A1== bl f; f#0 Al=e/h
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Proof of Lemma 5.4. Write C = Cpj+Cp+O(T~¢) according to the decomposition D(h,n, f) =
Dy + Dg, and similarly Cy; = C1 + Cq according to the two terms of (5.19). A direct appli-
cation of (5.20) shows

y5/2y2 y5/3y2/3
e J1 e Jd1 2
CpxT A + T ALS

which is < 717 since (5.1) holds.
Now we bound Cj. The point is that essentially f < h/A, yet h < /nyz = O(A™¢), so
that the sum over f practically has no length. Explicitly, we have

B
GeT ), nh‘AQh‘<<T1+EZ 2w ’
1

n<y1,h? /n<ys, f#0 n<y1 h<\/y1y2

which after writing n = bnq, gives

B
o < T1+5< Y1Y2 ) Z Z <<T2+5 <\/y1y2>
T

b<y1 n1 <y1/b
Since (5.1) holds, we have 0; + 62 < 2. Taking B = 2(1 — W)_l gives C1 < T°.
By definition,

nya /h?

-y y y AR [T e ost+ 2y — 200

n<yy h< /g f#0 1

so that Cj is given by the same expression except the integral has lower bound at A€/, /y1ys.
Again, the point is that essentially 1 < |f| < ht/A'=¢. An argument similar to that used
above in bounding C4 shows that Cy = Cy + O(T7). O

Now the proof of Lemma 5.2 is reduced to showing Cy < T//L®. We arrange Cj as follows

h y1y2/h?
(5.25) Co = Z M()/ t—le—t/T35’152dt,
h<yiyz/Al—¢ h Al=e/h
where
Sp = unPlnP2h2tn¢(n1) logt + 2v — 2n(ny)),
2
h2t/y2 <n<y ™
and

So = Z wo(f/2mht).

blf; f#0
Lemma 5.5. We have
(5.26) S < T,
uniformly in h and t.
Lemma 5.6. For any B > 0, we have
(5.27) S, <p LB,

An easy application of Lemmas 5.5 and 5.6 finally completes the proof of Lemma 5.2, since
they show Co < T/LB. O
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Proof of Lemma 5.5. Recall that b = (h,n), so that Sy takes the form
> wo(f1/2what).
f1#0
Let X > 1 be a parameter. Then by Poisson summation,
Zwo q/X) = —wp(0 +Z/ wo(u/X)e(—uk)du
q#0 keZ
= —T0(0) + X 3 wp(kX).
keZ

Since w has support in [T'/4, 2T, we have wg(0) < T (recall wo(z) = w(z)(z/27)~? and that
B < 1/logT). The support of wy also implies that k& =< T/ X so that the sum over k also gives
O(T). Note that if X > 27T then the sum over k is identically zero. O

Proof of Lemma 5.6. This is essentially a variation on the prime number theorem.
To begin, write n = bn; where (ny,h1) = 1. Then

¢()

1

S = > 11(bn1) Py[bni] Pa[bh3t /n4]

bh2t/y2<n1<y1/b
(n1,h1)=1

(logt + 27y — 2n(n1)).

For simplicity, consider
: Z p(n)Pr[n] P[R/ n]

for a parameter R > y;7° (in our application, R = bh?t > A'=¢ > ¢, T¢). We will show
(5.28) S < L7,

A straightforward modification of the method gives the same bound for S;.

By convention, P;[n] is zero unless 1 < n < y;, and similarly P»[R/n] = 0 unless R/ys <
n < R. The condition n < R is implied by the condition n < y;. By taking Mellin transforms
of P; and P» (that is, using (4.11)), we get

a]j'bkk“ o u(n) ds du
ZZ )k Z 27m (36) vi(y2/R) plts—u gitl kil

(log y1)7 (log y2)

The sum over n converges absolutely now, so that
ajj'bkk:' ( 1 )2/ / s 1 ds du
— R)" . :
Z Z (logy1)i(log y2)* \2mi/ /(o) J(32) yily2/R) C(1+s—u)sitlyktl

Now change variables s — s + u, so that with

1 du Y1y2
5.29 F R — w77 — J1J2
(5.29) (5) 2mi /(28)90 (u+ s)itlyk+l’ o R’
we have
a j'bkk' 1 / 1
5.30 J ;———F(s)ds.
(5.30) ZZ (log y1)7 (log y2)* 2i J Ners) (5)

In the integral representation (5.29) for F'(s), we initially suppose Re(s) < 2e.

We need to develop the analytic properties of F'. It turns out that F'(s) is an entire function
of s and has good growth properties. First, if x < 1 then by moving the contour far to the
right we get the uniform bound F(s) < (1+|s|)™~!. Even when z > 1 we can do this, which
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shows that F is entire. Next suppose that = > 1. In this case, we show that if |s| > (logz)™*

we have a formula for F' of the form
(log z)¥ _ (log )3~ i
(5.31) Z Chkl T ’ Zdﬂ e O((1+sh™7h),
1<k 1<j

for certain constants c; ., dji,; (we will give them explicitly below). With the formula (5.31)
it is straightforward to prove (5.28) as in Chapter 18 of [D] for example. It is a key point that

S

i (B2) * = <£) becomes small for s with negative real part.

We prove (5.31) now. Since x > 1, we move the contour far to the left, crossing poles as
u = 0,u = —s. The new contour is again bounded by (1 + |s|)™/~!, accounting for the error
term in (5.31). The residues can be expressed as contour integrals of the form

1 du

5.32 —
(5:32) 271 ?{ (u+ s)itlyktl
with one a small circle around u = 0, and the other around u = —s (if s = 0 then it is just

one contour integral around u = 0). Consider (5.32) on the circle of very small radius (small
compared to |s|) around u = 0. By the binomial theorem,

(u +1s T sJ+1 Z (j +l> (E) '

Inserting this into (5.32) and reversing the order of summation and integration gives

JHN o 1 w_ du (1) (logx)
]+1Z ( >8 i P ¥ k1 _Z(_l) j ) st — )l

<k
This accounts for the first term in (5.31) above. The second contour around u = —s can
be reduced to an instance of this previous formula after changing variables v — u — s. This
switches the roles of j and k, and multiplies by z7%. O

5.3. Reduction to a contour integral. Next we express the main term in (5.2) as a contour
integral. By (4.11) (and similarly for P»), we have

588) hu(ed) =m0 ¥ o (LY / / [, T i

p(n)pua(h)oe —5(l) dzdsdu l—e
Z k) 1tu §+512+z gitlqyi+l + O(T )

hi—nk (B
A calculation gives

p(m)pz(h)oa,—p(l) _ Cl+u+s)((l+atut+z)((l-B+u+tz2)
(5:34) Z +un2+812+2_ Cl+2u)(l+a+s+2)C(1—B+s+2)

A(Sa u, Z),
hl=nk

where A(s,u, z) is a certain arithmetical factor that is given by an Euler product that is
absolutely and uniformly convergent in some product of fixed half-planes containing the origin.
We first move the s and u contours to Re = §, and then move the z-contour to —24/3, where
0 > 0 is some fixed constant such that the arithmetical factor converges absolutely. By doing
so we only cross a pole at z = 0. On the new line we simply bound the integral by absolute
values, giving the following contribution to I

d
<@ (Fz) <77,
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since 61 + 62 < 2. Thus

s a;bjily! l—e
(5.35) Lis(a, B) _wo(O)%: oz )i (o 72)7 Ko+ O(T),
where
(5.36)

(1 LA+ u+8)C(1+a+u)(l—B+u) dsdu
K”_(?m') /)/( YT T ou)c( Fat e —Brs) w0

5.4. Evaluation of Ki5. We now evaluate K19 asymptotically; this is somewhat subtle. Con-
sidering the pole of ¢(?(1 + u + s) at u = —s, we are wary about moving contours into the
critical strip. To get around this delicate issue, we shall separate the variables s and u.

First notice that by moving the contours of integration to € < 1/L, and bounding the
integral with absolute values, we see that K15 < L™/ (which translates to showing I12(c, 8)
is asymptotically constant as T' — oo, consistent with successful mollification). Let K/, be the
same integral as K9 but with A(s, u,0) replaced by A(0,0,0). We check in Section 5.6 below
that A(0,0,0) = 1, a result we now use freely. Then we see that K1o = K}, + O(L771).

Next we replace ¢2(1 + s + u) by its Dirichlet series and reverse the orders of summation
and integration. This cleanly separates the variables s and uw. Thus we get

(5.37) K= 2. d(:)KlKQ’
n<ya
where
_ L my ! -
(5.38) Kl_gm' ()<n> CA+a+s)C(1—p+s) sttt
1 y2\u (L +a+u)((l—f+u) du
(5.39) Ky = i /() <;> C2(1 + 2u) uitt

Here we were able to truncate n at yo < y1 by moving the u-integral far to the right.
We compute the s and u integrals separately with the following

Lemma 5.7. Suppose i > 1, j > 3. Then we have
1 d?

5.40 K= [ az—Py 1 ] O(L—3),
(5.40) VS g € @y tlogm /) 4O
and
] —aoa+bB .
(541) K, = Aloslyz/n)’ // o2 (12) dadb + O(L/1).
(j—2)! n
a+b<1
0<a,b

Proof of Lemma 5.7. We first work on K;. An argument on the level of the prime number
theorem shows that K is captured by the residue at s = 0, with an error of size (logy; /n)~4
for arbitrarily large A. Since n < y9, we have logy;/n > logyi/y2 = (01 — 02)L so that this
error is satisfactory (if we had y; = yo the error term would be more delicate; see Lemma 6.1).
A similar approximation argument shows that
1 Y1\°® ds i—3

Ki= 5= $ (2) (a+s)(=8+s)5 + 0L,

where the contour is a small circle enclosing 0.We calculate this integral exactly as

o n))t o n)) ! o n))"”?
Ky = (cap) LI (o ) REME ) Lo

When i = 1 we interpret 1/(i — 2)! = 0. This can be expressed in a compact form as (5.40).

+O(L73).
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Now we compute Ks. As in the computation of K7, the prime number theorem shows that
we can replace the contour by a small circle around the origin with radius =< L~!, with error
O(1). Then on this contour

1 1 du ;
5.42 Ky=4— ¢ ¢" : oL’ 1),
(542) 2 Qwi%q (a+u)(—p+u)ui~1 +0( )
where ¢ = y2/n. Observe the following identity
1 1 —a—u
(5.43) = / rotu=lgy 4 4
a+u 1/q a+u’

valid for all complex numbers a+u and positive g. We apply this identity to Ks, expressing the
main term as the sum of these two terms. The latter term can be seen to give no contribution
to Ky: it is
o 1 1 du

211 J (o +u) (=8 +u) w1’
which vanishes as can be seen by taking the contour to be arbitrarily large. By reversing the
orders of integration we have

4q

K“‘/l et L f gyl o).
R PR (R "

We use (5.43) again but with the lower boundary of integration at 1/qr. Again we get K as
the sum of two terms, with the latter term vanishing (using j > 2). The former term is

1 1 1 d
4/ / i f(qrt)“.ul dtdr,
1/qJ1/qr 211 ul

which can be calculated as

4 ot Y2\
. / / ro‘_lt_ﬁ_l(log rt—)]_2dtdr.
(] - 2)' 1/qJ1/qr n

Changing variables by r = ¢~%,¢ = ¢® and simplifying gives (5.41). O
5.5. Final simplifications. We are finally ready to finish the proof of Lemma 3.4.

Proof. We pick up our calculation with (5.35) and (5.37), getting

oo ) = @0(0) ¥ () (X ot e + O(T/).

= log y1) log y2)

Using Lemma 5.7 we now compute these sums over ¢ and j. We have

21.: _ d;:ljly[em_ByPl(ery N logyl/nﬂx:yzo + oL,

logyr ~ logy
which we write in the slightly more convenient form as
1 d2 By log yl/n _
_ az—By p ( 7” O(L73).
Z (logy1)2dwdy[y WYY Togyn Mamymo ™ )
The sum over j is
1 —aa+bs 1
3 = 4llosw/n) [ &) (e by 2 gy 1 o)
J

(log 12)? log yo
0<a+b<1
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With this, and recalling wg(0) = T~%@(0)(1 + O(L™!)), we have

AT P0(0) T s d(n) (1og(ya/n)?
(5-44) " Tia(e, B) = (logy1)? dzdy [yl ’ ; n  (logyz)?
0<a+b<1 =Y2

(@)wﬁbﬁ P (3: +y+ M)Pg((l —a-— b)log(yz/mﬂx:y:odadb +O(T/L).

n log 11 log 2
Finally we apply Lemma 4.4 to the sum over n (with k = 2, x = y1, 2 = y2, s = —aa + bf3,
F(u) = Pi(z +y+u), Hu) = u?PY((1 — a — b)u)) to finish the proof of Lemma 3.4. O

5.6. The arithmetical factor. Here we verify that A(0,0,0) = 1. To do so, we compute
A(s, s,s) and verify it is 1 at s = 0. In view of (5. 34) we have

p(n)pa(h Ua 5 p(n)pe(h)oa,—a(l)
A(s, s, 8) Z Z 1+2s .
hi=nk hk”l hl=nk hl

For hl fixed, the sum over nk is 3, #(n) which picks out h =1 =1. Thus A(s,s,s) =1 for
all s!

6. THE SECOND DIAGONAL TERM

Our goal in this section is to prove Theorem 3.3. The overall strategy is roughly the same
as that in Section 5.

6.1. Reduction to a contour integral. Recall Iz(a, 3) is defined by (3.8). Writing out the
definition of 19, we have

<6 1)
p2(h1)po(ho) Po[hik] Palhoks) / . X o |
w(t)¢(5 +a+it)((5 + B —it)dt
h1ZJ:L2 hihakyky _ <h2k1) ()¢(3 )¢(5 )
k1,k2

We apply Proposition 4.2, writing Iz(«, 8) = I)(a, 8) + IJ(«, B), where I} can be obtained
from I, by switching @ and —f and multiplying by (%)_O‘_B =T 4+ O(L™"). Thus

(6.2) I)(a,B) = /_OO () Z (bzbﬂ'J' Z o (hi)pz(he)

1 1
10gy2)l+j P A (hlhgklk}g) §+an§+5

/// Yy \'(t Gk, ds du
2mi (1) J() J) hlkl hoko 2mmn z gttl g d+1 77

Next we compute the arithmetical sum as

l\.’:\»—‘

(6.3) 3 p2(ha) p2(he)

1 i 1 1
hibaamhakn (hlkl)§+s(h2k2)§+um§+a+zn§+5+z

(st u)cl+ats+ )1+ B8+utz)(1+a+p+2z)
B C(1+29)CQ+2u)P(1+B+s+2)CQl+a+u+z)

where B(s,u,z) is an arithmetical factor converging absolutely in a product of half-planes
containing the origin. Hence

= [0 B (L) [ f e (1) 9

C(1+s+u)d ((1—|—a+s+z)§(1+ﬂ+u—|—z)((1—|—a+6+2z) ds du
CU+25)C1+ 201+ B +s+2)C(Ltatutz) sl

B(s,u, z),

dt.
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Now we take the contours of integration to & > 0 small, and then move z to —§ + €, crossing
a simple pole at z = 0 only (since G(z) vanishes at the pole of ((1 4+ «a + 5+ 2z)). The new
line of integration contributes

2\ 0
(6.4) < T <y12> = O(T"),

since fy < 1/2. Write I}(a, 8) = Ihy(a + B) + O(T'7°), where I5(c, 3) corresponds to the
residue at z = 0. Then

folc, 8) = @ _bibyit
(6.5) Tio(00) = DO+ 5) ) oy 2

where

o 1)2/ / sru B(s,4,0)C(1+ 5 +u)’C(1+a+s)C(1+B+u) ds du
2= \2nmi 2112921+ 20) (1 + B+ 91+ a+u) st witl

Using the Dirichlet series for ¢5(1 + s+ u) and reversing the order of the sum and integral, we
get

J2:2d5m (2m>//Bsu0 yQ)W

m<y2
(I4+a+s)C(1+B8+u) ds du
21290+ 20+ B+ 9)C(1 tatu) s W’
Taking 6 =< L~! and bounding the integrals trivially shows Jo < L+9~1. In particular, we can

use a Taylor series so that B(s,u,0) = B(0,0,0) 4+ O(|s| + |u|) to write Jo = J} + O(L772),
say. Now the variables are separated so that

’ d5(m)
(6.6) Jp=> Ll
m<ys
where
1 Y2\ 5 14+ a+s) ds
6.7 L =— = —,
(6.7) T o (5)< ) C2(1+25)C%(1 4 B + s) sitl

and Lo is the same as L1 but with i replaced by j and « and 8 switched. Next we need to
use the zero-free region for ¢ to move the contour to the left of 0. Unfortunately, an error of
size O(1) is not sufficient for our application so we need a more subtle argument. We have

Lemma 6.1. With Ly defined by (6.7) and for some v =< (loglogyz)~! we have

Y2 3(54‘5)2 ds
6.8 L —4— =
(6.8) ! 27 <m) a+ts s1

where the contour is a circle of radius one enclosing the origin.

+o(L ™ +0((£)7L),

Proof. Let Y = o(T) be a large parameter to be chosen later. By Cauchy’s theorem, L; is
equal to the sum of residues at s = 0 and s = —a, plus integrals over the line segments v; =
{s=it,t eR [ 2 Y} e ={s=0+iY, — 55 <o <0} and y3 = {s = — ;5 +it, [t| <YV},
where c is some fixed positive constant such that C(1+2s)((1+4 S+ s) has no zeros in the region
on the right hand side of the contour determined by the ;. Furthermore, we require that for
such ¢ that 1/¢(o + zt) < log(2 + |t]) in this region (see [T] Theorem 3.11). Then the integral
over 71 is < (logY)3/Y? < Y2 since i > 3. The integral over 7o is < (logY)?/Yit! <« Y2,

Finally, the contribution from ~3 is < (logY)? (R) o/log¥
error so far of size O((y2/m)~V L) + O(L~2).

Choosing Y =< logys gives an
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Next we work with the sum of residues which can be expressed as

1 (LY (1+a+s) ds
2mi m/ C2(1+ 25)C2(1 + B + s) sitl’

where the contour is a circle of radius =< 1/L. This integral is trivially bounded by O(L~3)
so that taking the first term in the Taylor series of the (’s finishes the proof. ([l

Next we calculate the integral in (6.8) with the following

Lemma 6.2. Fori > 3 we have

1 Yo\ (B+s)? ds  d? (x+log2) ! 1 -9 a(fom) (Y2 O
%meQJ a+sy4‘—m¢@_2yﬁ;“‘“> ¢ ()

Proof. Let N be the integral to be computed. We begin with the identity

z=0 '

2
(B+s)% = ie(6+8)w

d$2 x:O,
whence
d2 1 ¥\ 1 ds
dx? (@) pmo’ L OEE 1(@) 2mi 7{ “m) + 55071

Taking a power series, we have

x4 log )t 1 sl=itl
Nﬂ@z}j( lfm).f ds.

21 a+ s
>0 +

As there are two poles inside the contour, it is easier to compute the residue at infinity. In
other words, change variables s — 1/s to get

(x+log2) 1 [ sit2
N = mc___ ds.
1) Z ! 27ri7§1+as 8

1>0
Taking a power series of (1 + as)™!, we get
(z +log 2)! kL k+i—l—2
M@:ZZN”ZH@Mfsld&
1>0 k>0
The integral picks out I = k + i — 1, giving
Y2\i—1 (CL' + log yz)
N 1 Z
L

k>0

Now separate the variables ¢ and k by the following trick (with B(z,y) denoting the standard
beta function)
1

1
(k+i—1)! El(i —2)!
followed by the usual integral representation definition of the beta function, getting
(:E—{—log%)i_l 1 Z 22 k k$+10gy2)
(i —2)!

Of course the sum over k is easily computable which completes the proof. O

=B(i—1,k+1)

Ni(z) = du.

k>0
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Applying Lemmas 6.1 and 6.2 to (6.6) gives

4
(69) Jj= (2_2)18_2), ) din) T €5+ og(un/m)) 'y -+ log(ua/m) !

. —au—LFv
/ / U)J_Qe_ax“_ﬁy” (%) dudv} —_—

LH—J 7 Z d5 )+ O( (Lz 34— 3)Le Z ds(m) <y72>7'/)

m m

m<ys m<ys2

Applying Lemma 4.6 and noting max(i + 1,j + 1) < i+ j — 2 since 7,7 > 3, shows that the
error terms above are

< LH*]'*Q +LE(Li+1 Lj+1) < Li+j*2+€.
Thus inserting (6.9) into (6 5) and recalling I}(a, 8) = I5o(a, B) + O(T*~¢) gives

16w (0 o . ds(m) (z +log 32)(y + log 22)
I, ) = —— a+ﬁ dedy / / z(B—au)+y(a—pv) Z -

4
s (log y2)
log 42 log 2 —au—pv
Pg(u _y P )Pg((l _p)Y e m ) (@) dudv} + O(TL ).
log y2 log y2 m z=y=0

We write this main term in a more convenient way as

162/11\(0 / / z(B—ow)+y(a—Bv) Z d5(m) (%> —au—pBv
(o + B)(log y2)° d:chy m  \m

m<y2
log &2 log &2 log 2 log £2
(a:+ gm)(y—i— g’")Pﬁ'((l—u)(z—l— & m
log y2 log y2

g Y2
PY((1— Y ) dud .
)) <( U)(y + log Y2 )) Y U:| z=y=0
Now apply Corollary 4.5 to this sum over m to get
2w(0) / / / rytyfla—o ) oly=u(z+n)
1 = Y Y=
409 = 51t ) o)

(z+n)(y+ )P (1)@ +7) Py (1= o)y + 7)) drdudv] _ +O(TL).

r=y=0

To form Is(a, 3), recall that we need to add I and I, where I} is formed by taking I},
switching o and —f3, and multiplying by T-*#. Letting

Bla—v(y+r))+aly—u(z+r) _ p-a—p, ~alz=v(y+r))=Aly—u(z+r))
Ya Y2

a+ B ’

(6.10)  U(aB) =
we then have

2w
($+r)(y+r)P ((1—u)(az+r P (1—v)(y+ ))drdudv]

Now write

ey T O(TLTIFE).

Ula, ) — y2e—rn)ratimaterny L= (T V0 e
’ 2 a+f

Using the integral formula
1—z o p

1
= 1 _t(a+ﬂ)dt
a—|—6 ng/o z 5
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and simplifying, we finish the proof of Lemma 3.5.

6.2. The arithmetical factor. Here we compute B(0,0,0). The first thing to notice is that
since B is holomorphic with respect to «, 5 near the origin, we have B(0,0,0) = By(0,0,0)(1+
O(L™1Y)), where By is B specialized with o = 8 = 0. For this choice of a, 3 and with u = z = s,
the expression (6.3) simplifies greatly. Thus

h h
By(s, s,s) = Z p2(ha) pa( 22+S'
hikam=hakin (h1k1hokamn)2

Making hiks = l; and hok; = I3 be new variables and using Zh“ pa(h) = p(l), we get

Bo(s, 5,5) = plaullz)
) 9 1
lmeton (Lilamn)2+e
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