ON THE MEAN VALUES OF L-FUNCTIONS IN ORTHOGONAL AND
SYMPLECTIC FAMILIES
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ABSTRACT. Hybrid Euler-Hadamard products have previously been studied for the Riemann
zeta function on its critical line and for Dirichlet L-functions, in the context of the calculation
of moments and connections with Random Matrix Theory. According to the Katz-Sarnak
classification, these are believed to represent families of L-function with unitary symmetry.
We here extend the formalism to families with orthogonal & symplectic symmetry. Specifi-
cally, we establish formulae for real quadratic Dirichlet L-functions and for the L-functions
associated with primitive Hecke eigenforms of weight 2 in terms of partial Euler and Hadamard
products. We then prove asymptotic formulae for some moments of these partial products
and make general conjectures based on results for the moments of characteristic polynomials
of random matrices.

1. INTRODUCTION

Estimating the moments of families of L-functions is a central theme in number theory.
These have extensive applications, such as to bounding the order of L-functions and to proving
results relating to non-vanishing. Moreover, the problems are interesting in their own right,
since, according to Katz and Sarnak’s philosophy [18], they are expected to illustrate the
symmetry of the families.

The most well-understood mean values are the moments of the Riemann zeta function. It
has long been conjectured that for every k > 0, as T'— oo, there is a constant cj such that

1
T

The second moment was established by Hardy and Littlewood [12],
Il (T) ~ log T7

T 2
T(T) 1= 7 [ 16+ i)t ~ e llog ) 1)

and Ingham [13] gave an asymptotic formula for the fourth moment,

I(T) ~ 5 (08T

o2
T
No other mean values of the zeta function have been proved. Conrey and Ghosh [5] cast (1)
in a more precise form, namely, there should be a factorization
o — ag . U9k,U
TR+ 1)

where

k2 m\2
wo=TI|(1-3) 25 g
p m>0
and g is an integer when k is an integer. The classical results of Hardy-Littlewood and
Ingham imply g1 7 = 1 and goy = 2. Conrey and Ghosh [6], and then later Conrey and Gonek
[7] used Dirichlet polynomial techniques to conjecture that g3y = 42 and gy = 24024,
respectively. Their method also reproduced the previous values of g,y but does not give

conjectural values for g 7 for k£ > 4. However, we do have a lower bound, and, assuming the
1
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Riemann Hypothesis, an upper bound for I(T"), for every positive real number k, that are
consistent with (1). See [25] for a brief survey and significant new results in this direction.

For the family of Dirichlet L-functions L(s, x4) with real primitive Dirichlet characters xq4
modulo d, Jutila [16] proved that as D — oo,

1 TN - J SR
DOEDL(WXCI) 4¢(2) 1} <1 plp + 1)> log D, (3)
and
i 1 QN# _M o 3
D, 2z, i %«m{l<l P+ 1) )“gD>- (4)

If we restrict d to be odd, positive and square-free integers so that ygg are real, primitive
characters with conductors 8d and with xgs(—1) = 1, then the corresponding results are

) I 1 1
Z 27X8d 4,1;!5(1_17(17"'1)) log D, (5)

0<d<D
and )
1 4dp* —3p+1
b1, P P 3
e wmfwﬂ@—fgﬁ%m, (6)
O<d<D 192 p>3 p*(p+1)

where the sum Zb over d indicates that d is odd and square-free, and D* is the number of
such d in (0, D].
Recently, Soundararajan [24] showed that

Zb 27X8d ~

0<d<D
1 12p° — 23p* +23p3 — 15p% + 6p — 1 6
1— log D)S. 7
184320};[3 ( P+ 1) (log D) ™)

Soundararajan also gave a conjecture for the fourth moment, but the higher moments are not
well-understood.

Another family of L-functions which has been considered by a number of authors arises
from S5(q), the set of primitive Hecke eigenforms of weight 2 and level ¢ (¢ prime). For
f(z) € S5(q), f has a Fourier expansion

z) = Z nl/ZAf(n)e(nz),

n>1

where the normalization is such that A;(1) = 1. The L-function associated to f has an Euler

product L) =3 Ar(n) _ <1 B )\f(Q)>_1 1T (1 () N i>_1,
e e o o

n>1 P#q

p

which we can express as

where o4(¢) = 0 and o/4(p) = as(p) if p # g. The series is absolutely convergent when Rs > 1
and admits an analytic continuation to all of C. The functional equation for the L-function is

M) = (L0) TG+ D) = (1)
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where €7 = q/?) #(q) = £1. We define the harmonic average as
A
h — L
Z Ap = Z an(f, f)’
f fess(a ’

where (f,g) is the Petersson inner product on the space I'g(g)\H.
It has been shown by Duke [8], Duke, Friedlander, and Iwaniec [9], and Iwaniec and Sarnak

[15] that as ¢ — oo,
S L5 ~ 1, (8)
!

and

Zh 1)? ~logg, 9)

and by Kowalski, Michel, and VanderKam [22] [23] that

Zh 3)° *(10g 0, (10)

and
YL~ o oz (1)

Following an idea of Katz and Sarnak [18] which associates a family of L-functions to a
corresponding symmetry group and asserts that the symmetry group governs many properties
of the distribution of zeros of the L-functions, Conrey and Farmer [3] gave evidence that the
symmetry type of a family of L-functions also determines the mean values of the L-functions
at the critical point. Precisely, they conjectured that in general

(L)F ~ _ MGk B(k)
& ; VLD ~ wa gy les Q™Y (12)
o(f)<Q

for some ay, gx, and B(k), where the L-functions are normalized to have a functional equation
s 1—s, 50 % is the central point; the family F is considered to be partially ordered by
the conductor ¢(f), and Q* is the number of elements with ¢(f) < Q; and V(z) is chosen
depending on the symmetry type of the family. Conrey and Farmer observed that gp and
B(k) depend only on the symmetry type of the family, while aj; depends on the family itself
and is computable in any specific case. In this shape, V(z) = |z|? for unitary symmetry
and V(z) = z for symplectic or orthogonal symmetry. The Riemann zeta function is viewed
as forming its own unitary family and has B(k) = k2. The family of Dirichlet L-functions
L(s, xs8a), where d are odd, positive and square-free integers is believed to have symplectic
symmetry. In this case, B(k) = k(k +1)/2 and

k(k+1)/2 (1-— L)fk + (1 + L)*k
ag,5p = 2 FIHD/2 H ) < VP VRl 4 1>. (13)

p>3

Remark. An equivalent form of ay, g, is

p>3 m=1

The family of L-functions L(f,s), where f € S3(q), is conjectured to be included in the
orthogonal symmetry type with B(k) = k(k — 1)/2. The constant aj o associated to this
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family can also be determined explicitly,

ot (=) G () ()] s

While the conjecture (12) is verified only for some small values of k, all the parameters
in the formula are fairly well understood, except for the constant gi. This is the motivation
for the random matrix model introduced by Keating and Snaith [19], in which statistical
properties of the Riemann zeta function are related to those of the characteristic polynomials
of large random matrices. Specifically, let U be an N x N unitary matrix. If we denote the
eigenvalues of U by e, the characteristic polynomial of U is

N

Zy(U,0) = JJ (1 - 7).

n=1
Keating and Snaith then proved that as N — oo,
G*(k+1)
G2k+1) 7’
where the expectation value is computed with respect to Haar measure on U(N), and G(z)
is Barnes’ G-function. Equating the mean density of the eigenphases 6,, to the mean density
of the zeros of the Riemann zeta function corresponds to the identification N ~ logT', and
hence N** gives the right order for the 2k moment of the zeta function. Also, based on the
fact that G*(k + 1)/G(2k + 1) = gy /T(k* + 1) for k = 1,2, and, conjecturally, for k = 3,4,
Keating and Snaith conjectured that this formula holds in general, that is

Conjecture 1. For k fized with Rk > —1/2, as T — oo,
G2(k + 1) 2
- t) 2k 1t~ Z T log T .
j/ 3 FITdt ~ any m T (oe T)

Extending their results to the symplectic and orthogonal groups, Keating and Snaith [20]
then derived conjectures for the mean values of L-functions in symplectic and orthogonal
families.

Conjecture 2. For k fized with Rk > 0, as D — oo,

N [|Zn (U, 0)%] ~ (16)

Gk +1)y/T(k+1
Zb (3 xs)* ~ ax.sp (k+1)/I'(k+1) (log D)EG+D/2
Sy VG(2k + 1)T(2k + 1)

Conjecture 3. For k fized with Rk > 0, as ¢ — oo,

h ko G(k+1)/T'(2k+1) k(k—1)/2
2" L) ahoz¢G@k+1ﬂxk+1fbg® '

These conjectures are discussed in detail and extended to include all lower order terms in
the asymptotic series representing the moments in [4].

However, the drawback of the random matrix model is the absence of the arithmetical factors
ag. This can be obtained from number-theoretical considerations [3], [4], but then the random-
matrix contribution appears mysteriously. The question is how to treat the arithmetical and
random-matrix aspects on an equal footing.

Recently, Gonek, Hughes and Keating [10] proved, using a smoothed form of the explicit
formula of Bombieri and Hejhal [1], that one can approximate the Riemann zeta function at a
height ¢ on the critical line as a partial Euler product multiplied by a partial Hadamard product
over the nontrivial zeros close to 1/2+it. This suggests a statistical model for the zeta function
in which the primes are incorporated in a natural way. The value distribution of the product
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over zeros is expected to be modelled by the characteristic polynomial of a large random
unitary matrix, because it involves only local information about the zeros. Conjecturing
the moments of this product using random matrix theory, calculating the moments of the
product over the primes rigorously and making an assumption (which can be proved in certain
particular cases) about the independence of the two products, Gonek, Hughes and Keating
then reproduced the conjecture for the 2k moment of the zeta function first put forward by
Keating and Snaith in [19].

In our previous paper [2], we extended this approach to the 2k power moment of Dirichlet
L-functions L(s, x) at the centre of the critical strip (s = 1/2), where the average is over all
primitive characters x (mod ¢). These L-functions form a unitary family, so the results are
similar to the zeta function case. Here we show that the model introduced in [10] can be
adapted to L-functions with symplectic or orthogonal symmetry.

2. STATEMENT OF RESULTS
2.1. Symplectic family. The Euler-Hadamard product for the quadratic Dirichlet L-functions
is stated in [2] (cf. Theorem 1 there).
Theorem S1 Let u(x) be a real, non-negative, C* function with mass 1 and compact support
on [e!=1/X ¢]. Set

U(z) = /000 u(z)E1(zlogz)dz,

where E1(2) is the exponential integral fzoo e "/ wdw. Let X > 2 be a real parameter. Then
for d positive, odd and square-free,

L(4, xsa) = Px(xsa)Zx (xsa)(1 + O((log X)72)), (17)

where

Px (xs4) = exp ( > Mn)ng(n)) (18)

1/2
nx nt/2logn

A(n) is von Mangoldt’s function, and
Zx(xsd) = oxp (= L U((G = p)logX) ). (19)
p

where the sum is over the nontrivial zeros p of L(s, xsq). The constant implied by the O-term
s absolute.

We calculate the moments of Px(xsq) rigorously and establish:

Theorem S2 Let § > 0 and k > 0 fized. Suppose that X, D — oo with X < (log D)*~°, then

1
D~ Zb PX(Xsd)k ~ ay,sp(e” 1OgX)k(k+1)/2'

0<d<D

We note from Theorem S1 that L(1/2, xsq)Px (xsd) ™' = Zx(xsq)(1+o0(1)). This allows us
to derive the first two moments of Zx.

Theorem S3 Let § > 0. For X, D — oo with X < (log D)?>7%, we have

1 Zb 1 1 logD
_— L l7 P ~N ——
D* oZh (2 X8d) X(XSd) \/ie/y logX
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Theorem S4 Let § > 0. For X, D — oo with X < (log D)?>~°, we have

5 1 ( logD \°
Zb (4, x84)” Px (xs84) 2N12(g) :

0<d<D e7log X

We remark that these asymptotic results coincide precisely with the corresponding formulae
for the moments of the characteristic polynomials of random symplectic matrices if we identify
log D/e"log X with the matrix size. This is expected, on the basis of the heuristic arguments
given by Gonek, Hughes and Keating [10]. We hence conjecture that this holds in general.

Conjecture S1 Let k > 0 be any real number. Suppose that X and D — oo with X <
(log D)?~¢, then

il Zb Zx(xsa)* ~ Gk+1)/IT'(k+1) < log D )k(k+1)/2.
D 0<d<D \/G(Qk + 12k + 1) \e7log X

Combining the formulae for the first (K = 1) and second (k = 2) moments, (5) and (6),
with Theorem S2, Theorem S3 and Theorem S4, we see that, at least for the cases k = 1 and
k =2, when X is not too large relative to D, the k' moment of L(1/2,xsq) is asymptotic to
the product of the moments of Px(xsq) and Zx(xsq). We believe that this is true in general:

Conjecture S2 Let k > 0 be any real number. Suppose that X and D — oo with X <
(log D)27¢, then

Dl* ZbL($>X8d)kN<;* > 7 Px(xsa) >< > " Zx(xsa) )

0<d<D 0<d<D 0<d<D

2.2. Orthogonal family. The Euler-Hadamard product for the L-functions associated with
f € S5(q) can be proved by following step-by-step the corresponding calculation in [2] (cf.
Theorem 1 there).

Theorem O1 Let u(x) be a real, non-negative, C* function with mass 1 and compact support
on [e!=1/X ¢]. Set
o
U(z) = / u(z)Ei(zlogx)dx.
0
Then for f € S5(q),

L(f,%) = Px(f)Zx(f)(1 + O((log X)~?)), (20)
where
_ Ay(n)
Px(f) —exp(g nl/?logn>’ (21)
and
Zx(f) —exp< ZU 1—»p 10gX)> (22)
where ) _ ) .

and the sum in Zx is over the nontrivial zeros p of L(f,s). The constant implied by the
O-term is absolute.

The mean values of Px(f) can be established rigorously.
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Theorem O2 Let § > 0 and k > 0 fized. Suppose that X, q — oo with X < (log q)2_5, then

Zh Px(f)* ~ apo(e” log X)kE=1/2,

We note from Theorem O1 that L(f,1/2)Px(f)~* = Zx(f)(1 + o(1)). This allows us to
derive the first four harmonic moments of Zx.

Theorem O3 Let § > 0. For X,q — oo with X < (logq)?>™?, we have
1
h -1
N hL(f, )P ~

Theorem 04 Let § > 0. For X,q — oo with X < (logq)?>~%, we have
o 1 loggq
h 2 2
N hL(f,1)%P ~z ,
f (f?Q) X(f) 26710gX

Theorem O5 Let § > 0. For X,q — oo with X < (logq)?>~?, we have
Zh 8°Px ()7 121ﬁ<ev1(1)oggqx>3'

Theorem 06 Let § > 0. For X,q — oo with X < (log¢q)?>~%, we have
XL P @(;ffg&)ﬁ

As in the symplectic case, these formulae coincide with the moments of the characteristic
polynomials of random orthogonal matrices if log g/e” log X is identified with the matrix size.
We expect this to hold in general.

Conjecture O1 Let kK > 0 be any real number. Suppose that X and ¢ — oo with X <«
(log q)>=¢, then

h ko Gk+1) F(2k+1)< log g >k(k—1)/2
2 2 2/G(2k + 1)[(k + 1) \ 7 log X '

Combining the results (8), (9), (10), and (11), with Theorem O2-O6, we see that, at least
for the cases k = 1,2,3 and 4, when X is not too large relative to g, the harmonic & moment
of L(f,1/2) is asymptotic to the product of the harmonic moments of Px(f) and Zx(f). We
believe that this is true in general:

Conjecture O2 Let kK > 0 be any real number. Suppose that X and ¢ — oo with X <

(log q)>~¢, then
ijh L(f,1)F ~ (;h Px<f>’“) (ijh Zx(f>’“).

The paper is organized as follows: In the next section we consider the mean values of real
quadratic Dirichlet L-functions; The final section is devoted to the family of L-functions with
orthogonal symmetry type.
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3. SYMPLECTIC FAMILY
3.1. Proof of Theorem S2. We record a lemma from [2] (cf. Lemma 3).

Lemma 1. Let

Px (s, Xsa) = exp < > A<n)X8d(n)>,

nslogn
n<X
50 Px(xga) = Px(1/2,xs84), and let P%(xsa) = Px(1/2, xga), where

pyammzle_xM®>l 1 G+Xﬁgwl

ps
p<X VX <p<X

Then for any k € R we have
Px (s, x8a)" = P% (s, xsa)" (1 + O (X /049,
uniformly for o > 1/2.

Remark. We note that the O-term has been made a power in X. This can be done easily
with a little care when dealing with the error term. See the proof of Lemma 6 below.

The next lemma is standard.

Lemma 2. For m odd

b 2 :QDa(m) O(DY/2me
o;d;DXSd(m> 30) + O(DY?m?),

where a(m) = [, (1+ %)_1
Proof. We have

d Pxsam®) = D D> p= Y w1

0<d<D 0<d<D 12|d 0<i<vVD d<D/I?
(d, 2m)=1 (l 2m)—1 (d,2m)=1
= p Yy & wl) O(DY2me)
0<I<vD
(1,2m)=1

We observe that

1 H ‘1 _
0<I<vVD p|2m
(1,2m)=1

The lemma follows. ]

Remark. In particular, for m = 1, we obtain D* ~ 2D /3((2).

We now proceed with the proof of the theorem. We write P% (s, xgq4)* as a Dirichlet series

= au(m)xsaln) _ 7 () Xso)) R O
;:1 n p1<1(< 7 ) \/Ygsx< e )

We note that ax(n) € R, and if we denote by S(X) the set of X-smooth numbers, i.e.
S(X) = {n e N:pln—p < X},
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then ag(n) is multiplicative, and ag(n) = 0 if n ¢ S(X). We also have ai(n) = di(n) if
n € S(vX), and ax(p) = dp(p) = k. As in [2, Section 3], |ag(n)| < d3|g|/2(n) and we can
truncate the series, for s = 1/2, at DY,

ai(n n _ e
Pl = 32 ) oo/t (24
nes(X)
n<D?
Thus
S Pt = 3 S S ) + 0D, (25)
0<d<D nes(X) 0<d<D
n<D?

We first consider the contribution of the main terms n = m? in the sum. By Lemma 2,

2D ag(m?)a(m) 1/2 -1
j= 2D 5 awlmlatm) oy +).
3¢(2) > m t > m
meS(X) m<D?9/2
2tm

mg%9/2
The O-term is < D'/?*¢. As in (24), the sum in the leading term can be extended to all
m € S(X),2tm with the gain of at most O(D'~%/*t¢). Since ay(n) = di(n) for n € S(VX),
and ag(p?) = k?/2 for VX < p < X, the leading term of I is

N (iak<p2f)a<pf>>

3<p<X N j=0 P’
* A ) T (g o(s)
~ D 145 P 1+ +0(=
11 < Z “Hp+1) 11 2(p+1) p?
3<p<v/X =t VX <p<X

o T (- E4)

3<p<VX i=1
< 1
(-

3<p<VX b

< 1>—k2/2
1——

p
~ 2—k(k+2)/2D*(e’y IOgX)k(k+1)/2

(-5 (2)

p<VX j=1

The product can be extended to include all primes p as

I1 (<1;>k(k+1)/2(1+§;p%)>: I1 (1+O<p12)>:1+0(1).

p>VX p>VX
So

>—k(k+1)/2

VX <p<X

I=(1+0(1))D*aysp(e” log X)FFHD/2 4 O(DI=0/4%e 4 pl/2te),
The remaining terms in (25), by the Polya-Vinogradov inequality, contribute to
J< > nf< Dl
n<D?

Choosing any 0 < 1, and combining with Lemma 1, we obtain the theorem.
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3.2. Proof of Theorem S3. We divide the terms d < D into dyadic blocks. Consider the
block D; < d < 2D;. From (5) and (24) we have

Zb (3, x84)Px (xs8a) ' = Z a-1(n) Zb (5, Xs8d)x8d(n)

n
D1<d<2D; nes(X) D1<d<2D,
nSD?

+O(D] e, (26)

Since a—_1(n) is supported on cube-free integers, and ygq(n) = 0 when n is even, we can write
n = uv?, where u, v are odd, square-free and (u,v) = 1. From [24] (Proposition 1.1 and
Proposition 1.2), we obtain

> 7 L(3, xsa)xsa(n) =

D1<d<2Dq
0+ 0(1))\@@175321()21)1% D, B\l/(g) B 2\/53?(;)},1)1 Bl('rj/)%ogu L Eyn),
where
p 1 -
) :le (1 - (p+1)> ’
and

o (n) 3/4+9/2+e
) L Ei(n )‘ < D]
NZD

nSDf

The first term above will contribute to the main term in (26) while the second term only
contributes to an admissible error. We first consider the main term. Writing P = [], <p<x Ds
for n = uv? € S(X) we have v|P and u|(P/v). Noting that Bi(n) is multiplicative, the main
term in (26) is

ﬁal,Sle log D1 a_1(uww?) By (uw)
L= 3¢(2) Z uv
uwweS(X)
uvngf
u,v odd
(u,v)=1
_ V2ay,5,D1log Dy Z a_1(v?)By(v) Z a_1(u)Bi(u)
3¢(2) v '
v|P u|(P/v)
<D9/2 USD?/Uz

We can extend both sums to all of v|P, and u|(P/v), respectively, with the gain of at most
‘little o’ of the main term. Define the following multiplicative functions

Ty(n) =) al(h])lBl(h)v
h|n

and

_x a-1(h?)Bi(h)
To(n) = hz; W
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Then
B~ YVRsDLOs Dy (o)

We note that a_1(p) = —1, a_1(p?) = 0if p < VX, and a_;(p?) = 1/2if VX < p < X.
Some straightforward calculations then give, if p < VX,
1(p)Bi(p) | aa1(W)Bilp) _ . p

o
1+ + e
p p plp+1)—1

and, if VX <p <X,

~1(p)B ~1(p*)B 1
L4 ac1@)Bip) | a1 (p?)Bi(p) _1_+O<2>
p p 2
Thus
L o~ Y2mspDilog Dy I1 <1—p ) I1 <1—1+O< >>
3¢(2) pp+1)—1 2p p?
2<p<VX VX <p<X
Dy log Dy ( 1) < 1)1/2
~ 21O 1- = 1- =
6¢(2) 11 p 1 p
2<p<VX VX <p<X
\/§D1 log D1
3¢(2) evlog X
The error is, as Bi(n) <1,
d(uv?)logu d(v?) d(u)logu
R D D i D DD Dl (27)
uveS(X) veS(X) ueS(X)
We define
B d(u) B 1
flo) = Z uo H (1—po)2
ueS(X) p<X
Then

F'lo) = ~2f(0) 3 B2

a
p<X P

Thus the sum over uis — f'(1) < f(1) 3 < x logp/p < (log X)3. We also have 2_ves(X) d(v?) /v <
[L<x(1- 1/p)~3 < (log X)3. So J; < D1(log X)%. Hence, choosing any 6 < 1/2,

V2D; log Dy

3¢(2) evlog X + O(D(log X)G).

> 7 L3, xsa) Px (xsa) "' = (1+0(1))
Dy<d<2D;

Summing over all the dyadic blocks and combining with Lemma 1 we obtain Theorem S3.
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3.3. Proof of Theorem S4. Consider the dyadic block D; < d < 2D;. From (6) and (24),
we have

> VL xsa) Pi(xsa) 2 = Y oaln) > " L(4, X8a)*Xza(n)

n
D1 <d<2D1 nES(X) D1 <d<2D1
nng

+o(D! DL~ 50/4+e) (28)

As in [2] (cf. Lemma 7), we can assume that a_a(n) is supported on cube-free integers.
Since xgq(n) = 0 when n is even, we can write n = uv?, where u, v are odd, square-free and
(u,v) = 1. Using Proposition 1.1 and Proposition 1.3 in [24], we have

> g saln) = (14 of1)) 2D DT A Balu) /o

Dy <d<2D; 18¢(2) o(u)
d(u)l
+0 (Dl(lOg le%) + Es(n),
where )
1 1 4 -
Bs(n) = 1+-+— — ) :
2() g( p p? plp+1)
and

a_a(n) 3/4+30/4+e
FEs Dy
2~ Bl )‘ <

So we can write the main term in (28) as, say, I2 + J2. We have

ds(uv?)d(u) logu
Jy < Di(logDy)? Y 3 )ui) g
weS(X)

< DillogDy)? Y d3(v?) 3 W‘

v
vES(X) ueS(X)

As in (27), the sum over u is < (log X)7, and the sum over v is < (log X)5. Hence Jo <
D1 (log D1)?(log X)*3. So the main contribution to (28) is

ag,spD1(log D1)? 3 a2 (uv?)d(u) By (uv)

I

18¢(2) weSiX) o(u)v
uvngf
u,v odd
(u,w)=1

ag,sp D1 (log D1)? Z a_3(v*)By(v) Z a—z(u)d(u) B (u)

18¢(2) P v wiEw) o(u)

U<D0/2 u<DY Jv?

We can extend both sums to all of v|P, and u|(P/v), respectively, with the gain of at most
'little o’ of the main term. Define the following multiplicative functions

Ty(n) = 3 22 Bo(h)

™ a(h) ’

_ \— a—2(h?)Ba(h)
Ty(n) = hz; W
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Then
o~ P e
as,spD1(log Dq)3 T a_s(p*)Ba(p)
(p) + —————
18C(2) 2<EX < s p )
az,spD1(log D1)? a_y(p)d(p)B2(p) , a_2(p*)Ba(p)
wee (14 gy ),

We note that ag g, ~ 274 [locpex (1 - 1/p)Ba(p)~". So

O 3 o a_s(p?

We have a_s(p) = —2, and a_s(p?) = 1 if p < VX, a_s(p?) = 2 if VX < p < X. Some
straightforward calculations then give, if p < VX,

Thus

o ) ()

2<p<VX b VX<p<X
D1 IOg D1 3
18¢(2) \evlog X )

Choosing any 6 < 1/3 and summing over all the dyadic blocks, the result follows.

4. ORTHOGONAL FAMILY
4.1. Proof of Theorem O2. We require some lemmas. We begin with a standard lemma
[11].
Lemma 3. For m,n > 1,

Mg = 3 (5

d|(m,n)
(d,g)=1

Also if p is a prime and p # q then

v =3 () - (2 ) o

r=0
s =3 (G ) = (2 ) e

The next lemma is a particular case of Petersson’s trace formula.
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Lemma 4. For m,n > 1, we have

S8 Ap(m)Af(n) = S — T (my ),

where Oy, is the Kronecker symbol and

J(mn) = QWZ S(m,n; cq (4w\/mn)7
cq

c>1

in which Ji(x) is the Bessel function of order 1, and S(m,n;c) is the Kloosterman sum
ma + na
S c) = el ——— ).
(m,n;c) Z e< . >
a (mod c)
Moreover we have

J(m,n) < (m,n,q)"?(mn)t/2Teq=3/2.

The above estimate follows easily from the bound J;(z) < x and Weil’s bound on Kloost-
erman sums.

We mention a result of Jutila [17] (cf. Theorem 1.7), which is an extension of the Voronoi
summation formula.

Lemma 5. Let f: RT — C be a C™ function which vanishes in the neighbourhood of 0 and
is rapidly decreasing at infinity. Then for ¢ > 1 and (a,c) =1,

c;dm)e(af‘)ﬂm) = 2 [0 sy
_2ﬁn§d(m)e<_‘c‘m> /[)M}Q)(M\é%)f(x)dx

1Y dm)e <’C”> / (47“0%) f(z)dz

m>1

Lemma 6. Let

Px(f,s) = exp ( Z n/zjic(;il)’

n<X
so Px(f) = Px(f,1/2), and let P)*(’k(f) = P)*(’k(f, 1/2), where

—k —sign(k)
Pt = 1 (1-22 )7 (1 MR Sy T

s 25 s Ap2s
p<Vv'X p b VX <p<X p P
Then for any k € R we have

Px(f,s)F = P 1 (f,8)(1+ Op(XH/6T)),

uniformly for o > 1/2.
Proof. Let N, = [log X/log p|, the integer part of log X/logp. Then

Px(f,s)* = exp(kz Z +O‘f())

p<X 1<j<N,

Y+ s (p) A
— exp</<: Z Z = f() + k Z f(sp)>,
p<VX 1Sj<Np Ip VX <p<X P
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since N, =1 for \/)7<p§X. We have

B\ (p) | K2p(p)%) &) . 1/ kA r(p)  K2Ap(p)*)’
(1— pen + o2 = exp &gn(k)zf pe — 5%

>

(200

So
(p)’ + o (p) A 1
P)*(,k(f,s):exp<k >N oy .pjsf +E Y <;&m+ok<]ﬁa)>>.
pevxizt 7 VE<p<x
Therefore
" T+ o (p) 1
Px(f,s)*Px o(f,5)7" —exp(—kz > Z f +0k< > pga>>.
p<VX J>Np VX <p<X
The argument in the exponent is
1
<k Z po(Np+1) + Z
p<vVX \F<p<X
<k Z Z (]+1)/2 + Z 3/2
QSJ'S% Xl/(j+1)<p§X1/J \/7<p<X
1 1 l/6+€
<k Y 76 + iz <k X~
2<j< 2L
Hence Px(f, s)kP)*Qk(f, §)~1 =14 Op(X~1/6%¢) as required. O

We proceed with the proof of the theorem. For k > 0, the above lemma gives Px(f)F =
(1+0(1)) Py, (f), where

kX E2Xp(p)2\ 1
1 (1_ p{/(f)+ f(p>> ‘

2
VX<p<X P

—k
Pean =TI (1-248 +7)

p<vX p
The second product is, using Af(p)? = Af(p?) + 1,

kxp(p)  E*Xp(p)? | K2Ag(p)? 1
[T (0 -0+ = o))

2
VX <p<X P

S a1 <<1 . k2> N k;f/(f) N k2>\f(p2)>.

2 2
VX <p<X b b
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We have, from Lemma 3,

As(p) ko di (p7) )
(1 - ]91/2(1—1—1/]9)) = > mkf(p)

§>0
] 2] A 2r
_2; L+Up%§:<@—¢>_<j—%—g> s
Jj=0 =
p2itl) 2j+1 2j+1 2r-+1
Ft b () (£ e
= ZB 7‘/2 ’
r>0
where
_ dy.(p™) 2j 2j
and
_ di(p™ ) 2j+1 2741
ﬁ@ﬂr+1”‘2;p%q1+1mﬂﬂ4<<j—r>_<j—r—1>>
So

Pe()f = (+o(1) [] <1+;) 11 (Zﬁp, T/2)>

p<VX p<VX 120
2 2
11 L +Mﬂm+khw)_
2p pl/2 2p
VX <p<X

Writing the above as QT where

= TL(+2) Moo T (1+5)

p<vX p<vX VX<p<X

and

T=> An

n>1

We have that v(n) is multiplicative, and v(n) = 0 if n ¢ S(X). Moreover, when p < VX,

p) = :
") B(p,0)
and when vX <p < X,
k iy
‘ 71“;2/2}7 ifj=1
_ k2/2 o

0 if j > 3.
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o M) (Y

We have

p<VX p<v'X
1 —k2/2 1 k(k+1)/2
I (-;) M- s
VX <p<X p<VX
~ a0 log X)Fk-D/2, (29)

as the last product can be extended to include all p since (1— 1/p)Fk+D/28(p, 0) = 1+0(1/p?).

It is standard to check that v(p’) < 2kj(ﬁ)j. So y(n) < 2k <« plte where w(n)
is the number of distinct prime factors of n. Also, as in (24), we can truncate the series T at
¢” and have

T = Z V(H)MJFO(Q—&)/ME).

NG

Applying Lemma 4, we obtain

Zh T — 1+O< Z |7(n)|neq3/2> +O(q*50/4+6)
I n<q®

= 14 O(q—3/2+29+6 + q—59/4+e>. (30)
Choosing any 6 < 3/4, the result follows from (29) and (30).

4.2. Proof of Theorems 03-04. For f € S5(q), and 1/2 < ¢ < 1, we consider

1 USA(f,s+ L)k ds
A = — Z N7 27
k(f’ U) 21 (c) (\/6)]@/2 S

2

I

where £ = 1 or k = 2. Moving the line of integration to s = —¢, and applying Cauchy’s
theorem and the functional equation, we derive that Ag(f,U) = L(f,1/2)F — e’}Ak(f, 1/0).

Also, expanding A(f, s + 1/2)* in a Dirichlet series and integrating termwise we get

. Ar(m) 2rm
Ai(f,U) mzzjl NG W1<\/§U>, (31)
m m 7T2’I7’L
As(fU) =) « \)/Ani;( )W2<4qU > (32)
m>1
where
1 _.ds
Wi(z) = 2m,/()f‘(s+1)x 2,
and
Walz) = QLM TGt m—s%.

We have Wi(x) = O (x~¢) and also, by moving the line of integration to Rs = —1 + e,
Wi(z) =1+ O(x'7¢), and

1\1 1
Wa(z) = —<1 - q> ng + qu +O(z'79).
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For k = 1, taking U = ¢", where 7 is fixed and to be chosen later, we obtain L(f,1/2) =
Ai(f,q") +€ep Ar(f,q7"). We have Px(f)~" = Px _,(f)(1+o0(1)). So

Px(f)™ = (1+o1) [] Q_Aﬂm+1> 11 O_AAM+AAM3

p<vVX VPP ek VP 2p
= treme 11 (- )
AL, (-5 R ) (%)
where
s () I (e o

Let us write the last two products in (33) as

Bi(n)As(n)
T = —_— .
| n%:l NG

We have that 8;(n) is multiplicative, and $1(n) = 0 if n ¢ S(X). Moreover, when p < VX,

; -1 if j=1
= 1+1/p 1
fi’) { 0 if j > 2,
andwhen\/f<p§X,
e
Bi(p’) = 2(1+1/2p) ifj=2
0 if j > 3.

It is easy to see that |31(n)| < 1, so as in (24), we can truncate the series at ¢’ and obtain

T, = Z Bl(n\)/%f(n) + O(q_60/4+5). (35)
nes(X)
n<q®

We write the truncated series as R;. Using the bound on Wj(z) and Lemma 4 we have

_ n 2tm
Ef:h efA(fa R = ) %m(qm_n);h epAs(m)As(n)

m>1
neS(X)
n<q’
2
< q—1/2+6 Z (mn)e Wi <ql?—271ln>‘ < q—77+0+e. (36)
m>1

n<q?
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Also
2mm
h h
S ganm = 5 () 52 vt
m>1 \/7 g'/> f
nGS(X)
n<q
/81 27‘(‘7‘& —3/92 € 27Tm
= Z Y, 2 ) TOld 2N (mn)<|Wh )| ) (37)
nesS(X m>1
n<q n<q’

The error term is < ¢~ 1+%+7%€, The main term is

Z ﬁl —|—O< —1/4-n/2 Z >_ Z Bi(n) + O(q~V/A/2H0/25e),
\F nes(X) K

nes(X n<q?
n<q n<q’

The sum, as in (24), can be extended to all n € S(X) with the gain of at most O(¢g~%/?%¢).
Thus, choosing any 0 < 6 < n such that § +7n < 1,

= ¥ /31 (q0/2Fe 4 g1/ An/240/2 ke
nes(X)
~ 11 (1+ mp)) 10 ( B1(p) 51<p2>>
3
pg\/y P \/X<pSX p p
1 1 1
~ 1—— 1-—— 4o =
pgy( p“) ﬁgq( priz’ <p2>>
1 1 ¢(2)
~ 4(2) H (1_]?) H <1—p> Ne”logX' (38)
p<VX VX <p<X

The result (8) and (33)-(38) together complete the proof for Theorem O3.

For k = 2, we take U = 1 and obtain L(f,1/2)? = 2A42(f,1). We have Px(f)™? =
Pi_y(F)(1 + o(1)). So

2 2
e = o) I (1-M2 4 1) [ (1o 2, 20

p<V/X VP b VX <p<X VP g
~ a4 0(1))161:/[Y ((1 + 2 - p12> - 2(1 n ;) AJ:/(g) n )\f;p2)>
()22,

using Af(p)? = As(p?) + 1. Let us write the last two products as Q21> where

3 1 2
Q= ]] <1++2) 11 (1+>,
p<VX por VX <p<X P

and
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We note that Q2 < (log X)3. We have that 82(n) is multiplicative, and B2(n) = 0if n ¢ S(X).
Moreover, when p < VX,

2(1+1/p) e
, _1+31/p+11;102 ifj=1
B2(pj) = 153/pF1/p° ifj =2
0 if j > 3,
and when VX < p < X,
2 e

‘ —1527p ifj=1

B(P) =3 o7 if j =2

0 if j > 3.

It is easy to see that |B2(n)| < d(n), so as in (24), we can truncate the series Ty at ¢’ and
obtain

T = Z Bz(n\)/)if(n) +O(q—60/4+6)'
nes(X) "

n<q’

We have

LML = 2 > Ay, () 22 Arlms(e)

m>1
nes(X)
n<q’

—|—O(q_59/4+6).

We write this as Iy 4+ Jo, say, where Iy and Jo are the diagonal and the off-diagonal contribu-
tions respectively.

We first consider Is. We have

I, = 2 Z d(”)52(n)w2<4772n>

nES(A;() q
=q . n2
oy X R (2) o 3 )
neS(X) nesS(X)

The O-term is
d(p —4
r[@+()—H% ))«II@—) < (log X)*.
p<X p p<X
The error involving logn can be treated as in (27), and is < (log X)®. So
d(n)B2(n
Iy =(140(1))loggq Z ()7€32()+O((10gX)5).

nes(X)
n<q’
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The sum, as in (24), can be extended to all n € S(X) with the gain of at most O(g~%/?%).
Hence the above expression is

(1+ o(1))logg Z + O((log X)®)
nes(X)
(p)Ba(p) | dp?*)Ba(p?) 5
= (1+o0(1))lo 1+ - + O((log X)?)
ng££< » p? > ’
B 1+1/p) 3
= (1+0(1) logqp<Hf< 1+3/p+1/p)+p2(1+3/p+1/p2)>
o+ 1 0g X)°
\/Yggx <1 I +o<p2>> +0((log X)?)
- oromtiosa 1 (1=3) T1 (1=7) o
p<VX P /xepex g
_logg
Q2 2¢Ylog X

For J3, using Lemma 4, we have

Jo <K Zd(mdn

n<q®
< q—1/2+9+6+q—50/4+e'

4m’m _ _ .
WQ( p >‘(mn)eq 3/2+q 60/4+

The proof of Theorem O4 is completed by choosing any 6 < 1/2.

-3

4.3. Proof of Theorem O5. Again, we first need a truncated series for Px(f)™>. From

Lemma 6, we have

_ Ar(p) | 1\? 3Ar(p) | 9(p)?
Px(H=0+o1) I] (1-L=+- [T (:- + .
) pS\/Y< VP p) \/)7<p§X< VP 2p )

Using Lemma 3, the expression in the first product is

<1+6+p62+p13> <3+8+ 2>)\f1(/2)+<3+3>/\f(p2)_>\f(p3)

p p p) D p3/2 7

and that in the second product is

9 3Xt(p) | 9As(P?)
<1+ >_ pl/? * 2p

So we can write Px(f)™2 as Q3T3, where

6 6 1 9
Q=[] (1++2+3> 11 <1+2),
v S R S A p

and
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where B3(n) is multiplicative and £3(n) = 0 if n ¢ S(X). Moreover, when p < VX,

3+8/p+3/p? e
- 1+6/p+g/p2f1/p3 ifj=1
) 3+3/p 1f g 2
Ba(p?) = § THOIpHO/p2 TP 7 (39)
“TReprep e =3
if j >4,
and when VX < p < X,
3 T
' — 17073 ifj=1
Ba) = gy =2 (40)
0 if j > 3.

It is easy to see that |83(n)| < ds3(n), so as in (24), we can truncate the series T3 at ¢’ and
obtain ( (
B3(n)As(n) —60/4
Ty = PSAINY 0 (g=00/4+),
3 Z /n +0(q )
nes(X)
n<q’

We write the truncated series as R3. Letting U = 1 in (32) and U = ¢~ " in (31), where n

is fixed and to be chosen later, we obtain L(f, 1)? = M; + €, Ms, where

d(l) ( 2m ) (47T2l>
M; =2 1% Wol —— 1 As(DAf(m), 41
1 %; Jim 1 RVE 2 q F(DAf(m) (41)
and ,
d(l) < 2m ) (471' l)
My =2 %% Wol —— ) A¢(DAf(m). 42
) lzm:\/% W quara )W =5 )M OAs(m) (42)
4.3.1. Contribution from M;. From Lemma 3 and Lemma 4, we deduce that
h B B3 (uv) 2mmu
; MiR3 =2 mz>1 " ﬁmUW1<q1/2_n>X1(mU)7 (43)
weS(X)
uv<q’

where

() [ 4x?
X1(mv) = —=Wa| — ) (01,0 — J (I, mv)).
' ; Vi 2( q ) l

As 6 and n will be chosen to be small later (360 +n < 1/2), throughout the proof we can restrict
the sum over m to mv < ¢®, for some A < 1. The contribution of the other terms, using the
bound on W7, is simply < ¢~ for every A > 0. The bound on J(I,mv) from Lemma 4 and
the bound on Wa(z) give

d 4r?

Xim) = Wywy () 4 () V255 24)

d(mv)

2y/mu
The contribution of the O-term to (43) is bounded by

d
g L/2re Z (mw) Z 3&“) < g mHoTe,

m<ql/2=n ueS(X)
v<q?

q 1/2+4€,—1/2+4¢
log —p — + O((mv)""q ).
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Thus
b B Bs(uv)d(mu) 2mmu q —ntO+e
Zf: MRz = 2 w7 ) 108 e +0(q ). (44)
wveS(X)
uv<q®

4.3.2. Contribution from ey M. Applying Lemma 3 and Lemma 4 we have

,6’3 uv) 2mmu
> MeMyRy=2 ) W Xo(mw), (45)
f m>1 q1/2+77
quS(X)
uv<q’

where

Xo(mv) = 1/22\[ <4WQZ>J(ql7mv)

I>1
l 4l

= Z Z S(ql, mv; cq)Jl( mv)WQ( T > (46)
c>1 1>1 q 4

The sum over ¢ for which ¢|c, using Weil’s bound for Kloosterman sums and J;(z) < x, is
< (mv)1/2+eq—2+e Z € < q—1/2+e' (47)
I<q
For (¢,q) = 1, we have
S(ql, mv; cq) = S(I, mvg; ¢)S(mv,0;q) = —S(I, mvg; c),

since S(mw,0;¢q) is a Ramanujan sum with ¢ prime and (mv, q) = 1. Thus we need to study

Z Z S(1, mog; )Jl( T’)Wg(‘fl). (48)

:1 >1

Using Weil’s bound and the trivial bound Ji(z) < z, the tail of the series for ¢ > ¢*
O((mw)/?eqg=1+¢) = O(¢~1/>+). We are therefore led to consider the terms ¢ < ¢>.

We fix a C* function £ : RT — [0, 1], which satisfies £(z) =0 for 0 <z < 1/2 and &£(z) =
for > 1. We denote by X, the weighted inner sum in (48),

muv 7T2
X = Zd\(/ll)S(l,qu, )J1< Mlq >W2<4ql g(l)

1>1
BRI Y

Applying Lemma 5 we have

2 & 4
X, = CS(TI’LU,O;C)/ (logﬁ+’y)J1(W
0

Tm ) <47;2x g\x/)gx

—Q%Zd(l)b’(ql - mv,O;C)/O %(42@) (C w?”)w2<4 :x>5(\%lx
)

—l—iZd(l)S(ql—i—mv,O;c)/ K0<47r;/E (C x?”)w2(47;2$>5(f/)§x.

0
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Using [21] (cf. Lemma 6 and Lemma 8), the contribution of the second term to Xa(mwv) is
< (mo)2q1re <« gV (49)
and that of the third term to Xy(muv) is
< (mo)2gie e ) U2 (50)

To deal with the contribution of the first term to Xo(mv), we first remove the weight £(z),
which we can do with an admissible error

2 i [ o o (2

c<q?
< q—l/Q(Iqu)Q < q_1/2+6-

It remains to study
4 1 o0 4 A7z d
il 2S(mv,();c)/ (log@+’y)J1 (W xmv)W2< il x>x
Vi o e 0o c e\ g ¢ ) Ve

(65)—1

= 2 Z S(mwv,0; ¢ /Ooo(log \Qﬁ ¥)J1(2vxmu)Wa(c :z:)jlf

c<q
(e,9)=1

Using the integral formula for Wy (z), this is

1
— | 2Z,(25 + DT (s +1)%¢,(2s + 1)L(s)£ (51)
211 (c) S
where
S(mv,0;c
Ll = 3 S0,
c<q?
(c,q)=1
and

o /
L(s) = / (log % + ) J1(2vEme)z 5" 2 d.
0 ™
Applying [21] (cf. Lemma 3 and Lemma 4) and using the functional equation of I'(s), the
integrand in (51) is

(q(2s+1)
sinms

<(mv)5_1/2<1 g4 —+27+ I;(lj:s)>>.

The contribution of the O-term to the integral is easily seen to be O(q*?":*l/ 2+€). The remain-
ing term is an odd function of s. Moreover, the function is holomorphic in the strip |Rs| < 1,
except for a single pole at s = 0, and decreases exponentially in vertical strips. We denote by
X/} (mv) the contribution of this to Xo(muv). Shifting the contour to Rs = —¢, we deduce that

s—1/2 /
2X5(mv) = Ress— <7r 0—as(mo)(mo) <log 74 2y + L 1+ s))>

F(s) = 7T<0'_23(m1}>cq(28 + 1)_1 + O(q_4c+€)>

sin Tx Am2mo r (
d(mwv) q
log .
vmu Am2mo

(52)
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From (47), (49), (50) and (52), we obtain that
d(mv) q

2v/mu 8 472m

The O-term contributes to (45) an error of size

d
q—1/2+e Z (mv)—1/2+e Z 31(;0) < q_1/4+77/2+9/2+6.

Xo(mv) =

—1/2+¢
" + O(q ).

m<ql/2+n ueS(X)
v<q?
Thus
h _ B (uv)d(mo) 2mmu q —1/4+1/240/2+¢
> MepMyRy = Y W RyEe log = — +0(q ). (53)
f m>1
weS(X)
uv<q®

4.3.3. Total contribution. From (44) and (53), the main term of the third moment of Zx(f)

is
63 d(mv) 2mu 2mu q
Z Z m e ql/2—n i ql/2+n log A2mu’

n<q

We denote by M~ and M ™ the sums involving —n and +7 respectively. Using the integral
formula for Wi (z), the sum over m,u and v in M~ is

1 mv q1/2—77 K] q ds
i 1) log 4 %5
2mi S ! uvZ:n %: <27Tmu ©8 Am2mo s
1 2mv \° 0 ¢\’ ~— d(mv)]ds
271 (c) (S + )uvzn <Uq1/2+77> 83 |:<47T2U> ; m$+1 s
We have
d(muv
Z <ms ) = C(S)Qd(v)Bv(S)a
where

Hence the integrand is

1/2 / /
(s + mznd ( 2m") Bu(s+ )[log4 +22(s+1)+§2(s+1) .

We shift the line of integration to ®s = —1/2. On this line, as X < (log ¢)?>~?,

1
5+1<<H< 1/2><<1—I<1+ 1/2><<q’

p*v p=X

and

5+1 <<ZT2<<

p Hv

So the integral along Rs = —1/2 is < n3/2¢g=1/44n1/2+¢ Thus the main contribution to the
contour integral comes from the multiple poles at s = 0, which, with respect to ¢, gives a
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polynomial in logq. To find the leading term, we can replace all {(s + 1) factors by 1/s and

so obtain
1 1/2—m\ S 2
Z d(v 1)Ress= 03 <q ) <logq ——+ O(logn)>
2mu s

Uv="n

_ (12— 77§ (1+7) 3" d(v)By(1)((log q)* + O((log g)*log n)).

uv=n

Similarly to M ™, adding up M~ and M ™ we obtain

= %oy B S 0 B.(1) (o) + O(l0x)* o)
nES(X uv=n
n<q
+O(q_l/4+n/2+30/2+6). (54)

Let I3 be the main term in M. Again we can extend the sum over n to all n € S(X),
with the gain of at most O(q~%/?*€). We note that the function f(n) = >_,,_, d(v)B,(1) is
multiplicative. Thus

- (800, IT (X290 5 awm) + 0
p<X 3520 uv=pJ

The sum over u, v is
G+DE+2) JG+1)
2 2p
Using (39) and (40), after some calculations we have that the expression in the bracket is, for

p <VX,
6 6 1\ ! 1\?
<1++2+3> (1-),
p p p p

(420 300()

(55)

and, for VX < p < X, is

Thus
(log 9)° 1y’ 9
I; ~ —24 1— - 1——
’ 6 H P H 2p
p<vVX VX <p<X
1 log q 3
~ . (56)
12v/2 \ e log X
We now need to show that
d3 log q
J3 = Q3 Z Z d(v logn—o<(logx)3). (57)
nes(X) uv=n
We note from (55) that > . d(v)B,(1) < dg(n), so
d3(n)%logn
J 6 —_
5 < (log X)5 > -
nesS(X)

As in (27), the sum is < (log X)!°, so J3 < (log X)1¢.
Choosing any 0 < 6 < 7 such that 36 + 7 < 1/2, the theorem now follows from (56) and
(57).
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4.4. Proof of Theorem O6. From Lemma 6, we have

_ Ar(p) | 1\! ANr(p) | 8As(p)?
Px(H™=0+o1) J] (1-L=+- I (- + .
pS\/Y< VP p> \/Y<p§X< VP P >

Using Lemma 3, the expression in the first product is

10 20 10 1 20 20 4\
<1++2++4>(4++2+> (7)
p P p p D

p3 p® ) pi/2

15 6\ Ar(p? AN Ne(03) No(pd
+<6++2> f(p)—<4+) f§72)+ 1P,

p p p p/, p p

and that in the second product is

8 4N 8\ (p?
(145) - ), 6
p p p

So we can write the above as Q47T4, where

10 20 10 1 8
Qs = <1++++> <1+>,
4 H p P2 B ph H P

PS\/Y \/Y<p§X
" Ba(n)Ag(n)
4 (M)A (N
=)
n>1 \/ﬁ
Here $34(n) is multiplicative, and B4(n) = 0 if n ¢ S(X). Moreover, when p < VX,
( 44-20/p+20/p*+4/p3 £ 1
©1+10/p+20/p2+10/p3+1/pt 1y =
6+15/p+6/p° 7o
j 1+10/7’+20/P42+41;)/p3+1/p4 iy = -
= + p
Ba(p’) _1+10/p+20{p2+210/p3+1/p4 if =3 (58)
1+10/p+20/p2+10/p5+1/p? if j=4
0 if j > 5,
and when VX < p < X,
4 e
. T1+8/p ifj=1
Ba(p?) = ﬁ if j =2 (59)
0 if j > 3.

It is easy to see that |B4(n)| < di(n), so as in (24), we can truncate the series T at ¢’ and
obtain

Ty = Z @L(Tl;)f)?;f(n) + O(q_59/4+6),
nes(X)

n<q’
For n < ¢, where 6 < 4/33, Theorem 1.2 and Theorem 4.1 in [22] give

mu)d(mv m2mu
Zf:h L(f,%)4/\f(n) = ;ﬁzzd( 7)5( )W2<4 q )10g47r2qmv

uwv=nm>1
+MOOD (n) + O(n3/4q71/12+e)_ (60)
The off-off-diagonal term is given by

4 1 ds dt
MO9P(p) = — - / / I(n;s,t)——,
() Vv (2mi)? Sy Jos) ( )S t
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where
I(n;s,t) = T(1+s) 01— s)TA+HTA—t) [J¢(1£s+1)

L5 e ponD) plaD) ) g~ plw)

Ds aD o« w?
aAD|n (w,aAD)=1
1 log ™" 1 +23 sp oy sy
0gq — log D = < p 1 g T S

logp I’
1 —log D 2 -2 1+t
<ogq og Dw? + zv;p T =27+ 5 ))
p

1 1
<210gq log nw* +QZ pofq +2Zpoﬂ — 4

plaD

+I1:,(1is)+I;(lﬂ:t))(—2log27r+zCl(lj:sj:t))

2712 sin? 7t
— 4(log 2m)° — 4log 2 (1ts=+t)
(cost 4 cos s)? + 4(log 2m) &<m Z §

1 !
—1—22(1isit)+22/C(lj:sj:t)i_(lj:sj:t)}
We note that I(n;s,t) is even in both s and ¢. Thus
1 41(n;s,t) I(n;0,t)
MOOD - - - ) _ iy
(n) 4Res _t_oi\/ﬁst Resj—g————= it

As we are only interested in the leading term, which is expected to involve two factors of
log g, we are allowed to simplify the expression for I(n;0,t) by dropping terms like I'(1 +
t),> logp/(p—1),~7,I'/T(1£t),... and replacing ((1 +t) by +1/t. We are thus led to study

1 1 A2D\ (A aD) pla w
e} 3 (52) Shaotpe 5 o

aAD|n

2 4
Klogq logml;> <1ogq — long2> + 752],

where the term 4/t? comes from the sums of ¢”/¢ and (¢’'/¢)(¢'/¢). This is bounded by

(log q)*(logn)* d(D) _ (logq)*d(n)*(logn)*
) < .
\/ﬁ aAD|n a \/ﬁ

Thus the contribution of MP°P(n) and the O-term in (60) to Z}} L(f, L)*Px(f)~* is at most

Q4(10gq)2 Z d4(n)d(n)4(logn)4+O(q_1/12+39/4+€)_
nes(X) n

As in (27), this is
< (log X)™(log q)* + O(q~/12+30/4+<), (61)

So the leading term of Zf (f, 2)4PX(f) is expected to come from
254 Ar2mu q
Qi ) Ly 3 dmdine) 2< p ) log = —. (62)

nES(X) uv=nm>1
n<q’
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Using the integral formula for Wa(x), the sum over m,u and v is

1 w)d(m q s g ds
2mi Fls+1) Cq (25 +1 Z Z m <47r mu> log A’mu s

(¢) uv=nm>1
_ 1 * 0 q d(mu)d(mv) ]| ds
= 5 /(c) I'(s+ 1)2Cq(25 +1) — <> Os |:<4ﬂ.2,0> = ms+1 :| s
e e dmu)d(mv) _ ¢(s)
mu)d(muv s
mz>1 ms = C(Qs)d(u)d(U)Bu,U(S)a
where B

- (3af + 2a 4 2B)p° — aff
Fure) = pgu <1 T (a+ DB+ Dp (1) >
PPl

Hence the integrand is

4 s s
T(s 4 1)2¢, (25 + 1)s(c(2<(s—:—11))) Z d(u)d(v)< qu> Byw(s+1)

¢ 5 ¢ B
[log4 —|—4C C((s+1))+Bu’v(s—l—l)].

We shift the line of integration to Rs = —1/2 + €. It is easy to check that on this line, as
X < (logq)*?,

Bup(s+1) < H <1 1/2+€> < H < 1/2+e> <d5

(s+1)—

P*lu p<X
pPllv
and
6
B 1/2+6
p Hu
PPl
So the integral along Rs = —1/2 + € is < n3/2g=1/2+€_ Thus the main contribution to the

contour integral comes from the multiple poles at s = 0, which, with respect to ¢, gives a
polynomial in logq. To find the leading term, we can replace all {(1 + s) factors by 1/s and
so obtain

241(2) 3 d(u)d(v)Bu,v(1)Ress:o8—16 <4:2u> <logq - % +O(log ”)>

uv=n

1 6 .
=62 uzn d(u)d(v) By,u(1)((log ¢)° + O((log ¢)° log n)).
We first consider the contribution of the main term above to (62), which is
(log q 54
I .
47 360¢(2 Qi 2, Z d(u (1)
S(X) uv=n
n<q

Again we extend the sum over n to all n € S(X), with the gain of at most O(q~%/%¢). We
note that the function f(n) =53, _, d(u)d(v)Bu »(1) is multiplicative. Thus

= S0 T (S22 S i) Bustr)) + 004 77

p<X ]>0 uv= p]
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The sum over u, v is

- o o
(j+1)+j(j+1)1+%i+(] D‘é(‘”l) (11+11//pp) .

Using (58) and (59), after some calculations we have that the expression in the bracket, for
p < \/)7, is
10 20 10, 1\7' 1\~ 5,1 10, 5 1
st gts) (1) (ot et s
p p p p p p p

o) (3 ()

and, for VX < p < X, is

(63)

-1
1
<1+ 8> <1 —8+0<2>>.
p p p
Thus
(log ¢)° 1\ 1\° 8
I ~ j— 1-- 1-=
© o 1l P? y) Al p
p<vX VX <p<X
6 6 6
o—s (108 q) 2 L L (logg " (64)
360 eYlog X 1440 \ e7log X
We now need to show that
_ dy(n) _ [ logq
Ji=Qq g(:x) » uzn d(u)d(v)By,(1)logn = 0( fog X7° ) (65)

We note from (63) that > .. d(u)d(v)By (1) < da(n), so

dy(n)?1
Ji < (log X)'© Z M.
nes(X)

As in (27), the sum is < (log X)'7, so Jy < (log X)?7.
Choosing any 6 < 1/9, the theorem now follows from (61), (64) and (65).
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