GAPS BETWEEN ZEROS OF THE DERIVATIVE OF THE RIEMANN
E&-FUNCTION

H. M. BUI

ABSTRACT. Assuming the Riemann hypothesis, we investigate the distribution of gaps be-
tween the zeros of ¢'(s). We prove that a positive proportion of gaps are less than 0.796 times
the average spacing and, in the other direction, a positive proportion of gaps are greater than
1.18 times the average spacing. We also exhibit the existence of infinitely many normalized
gaps smaller (larger) than 0.7203 (1.5, respectively).

1. INTRODUCTION

The Riemann &-function is defined by
S(S - 1) —s S
§(s) = =5 *PPT(5)¢(s),

where I'(s) is the Euler I'-function and ((s) is the Riemann zeta-function. The &-function is
an entire function of order 1 and has a functional equation

£(s) =&(1—s).
The zeros of £(s) are identical to the complex zeros of the Riemann zeta-function. So if the
Riemann hypothesis holds, all the zeros of £(s) are on the critical line ¢ = 1/2, and so are
the zeros of ¢/(s). Assuming the Riemann hypothesis, we write the zeros of &'(s) as 3 + iy
(throughout the paper, the ordinates of the zeros of £(s) will be denoted by ~, while those of
&'(s) will be denoted by 71). For 0 < v1 < ] two consecutive ordinates of zeros, we define the
normalized gap
o(m) = - 71)1057?1-

The number of zeros of £(s) with ordinates in [0, T] is -7 log T+O(T'), so on average §(71)
is 1. In this paper, we are interested in the distribution of 4(7;). For a thorough discussion of
the motivations of the problem, see [9]. It is expected that there exist arbitrarily small and
large gaps between the zeros of £’(s). That is to say

liminf §(y;1) =0 and limsupd(y;) = oo,
mn s

where 71 runs over all the ordinates of the zeros of £’(s). We first establish
Theorem 1.1. Assume RH. Then we have
liminf d(v1) < 0.7203 and limsupd(vy1) > 1.5.
71 7

Remark 1.1. The existence of small and large gaps between the zeros of the Riemann zeta-
function have been investigated by various authors [14,5,6,12,17,2,3]. The current best re-
sults, assuming the Riemann hypothesis, assert that lim inf, 6(7) < 0.5155 and lim sup,, () >
2.69, where 7 runs over the ordinates of the zeros of ((s). It is not surprising that these results
are better than those obtained in our context. Let Z(z) = £(3 + z). The =-function is an
entire function of order 1 and real on the real axis. For such functions, it is conjectured that
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repeated differentiation causes the zeros to migrate to the real axis and also approach equal
spacing [7,10]. For a thorough discussion in this topic, see Section 2.2 [9].

We next define the upper and lower distribution functions

D*(a) =limsup D(a, T) and D~ (a) = liminf D(a, T),
T—o0 T—o0

where

D(a,T):(QlﬂTlogT>l >

0<m <T

5(n)<a
Little is known about D™ () and D~ («). It is expected that D*(a) = D™ (a) (= D(«a)) for
all a and that D(0) = 0, D(a) < 1 for all a, and D(«) is continuous. In a recent paper,
by developing an analogue of Montgomery’ result [13] for the pair correlation of the zeros of
¢'(s), Farmer and Gonek [9] proved that

D=(0.91) >0 and D~ (1) > 0.035.

That means that a positive proportion of gaps between the zeros of £’(s) are less than 0.91
times the average spacing, and more than 3.5% of the normalized neighbour gaps are smaller
than average. We slightly improve upon their first statement and show that

Theorem 1.2. Assume RH. Then we have
D~(0.796) >0 and DT (1.18) < 1.

Remark 1.2. It is possible that our theorems can be improved by using other choices of
coefficients. However, we have made no serious attempt to obtain the optimal results given
by this method.

In the context of the Riemann zeta-function, it is also known that a positive proportion of
normalized gaps between the zeros of ((s) are less (more) than 0.6878 (1.4843, respectively)
[19]. Other results involving the zeros of the higher derivatives of the Riemann ¢-function are
also proved in [1].

The paper is organized as follows. In the next section, we sketch the idea to attack our
theorems. Section 3 contains all the necessary lemmas. We prove Theorem 1.1 in Section 4.
The final section is devoted to Theorem 1.2.

2. INITIAL MANIPULATIONS

Throughout the article, we assume the Riemann hypothesis. We also assume that y =
(T/27)?, where 0 < 6 < 1/2, and r > 1. We let C denote some absolute constant which may
change from time to time. We let L = log % and define

L . )
fj:é/L DT <o |M (5 +im1 + it)[**dt
UM (L it)[2kdt

hk(a7M) =

9

where

a(n) F(losy/n
- 3 IR

n<y

for some arithmetic function a(n) and smooth function f(x). We will see later that in order to
prove Theorem 1.1 we would like to choose a(n) = d,.(n) for the large gaps, and a(n) = p,(n)
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for the small gaps, where d,(n) and p,(n) are the coefficients of n~* in the Dirichlet series of
¢(s)" and ((s)~", respectively:

C(S)r _ Z dr(:")
n=1

- and ((s)”" = LA (0 >1).

nS

n=1

In the case of Theorem 1.2, the coefficients a(n) are chosen to be supported on 1 and the
primes.
Theorem 1.1 is based on the following idea of Mueller [16]. Given that

liminf§(y1) = p and limsupd(v1) = A
71 Y1

It is easy to see that

wp/L 2T
/ Z |M (L + iy +it)|?Fat < (1+ 0(1))/ |M (L + it)|*Fdt
—mh/L oy <or T

wA/L
g/ D> IM(G iy A+ i)t
—mNLpos<or

So hr(pu, M) < 14 o(l) < hg(A, M). Clearly, hi(a, M) is monotonically increasing with
respect to a. Therefore, if hy(a, M) < 1 for some choice of o and M, then o < \. Similarly,
if hg(a, M) > 1 then o > p. Thus it suffices to show that

hi(1.5,M1) <1 and hy(0.7203, Ms) > 1, (1)

for some My and Ms.
To attack Theorem 1.2, we follow the setting of [4]. For 7{ < 71 < 7} three consecutive
ordinates of zeros of &/(s), let

5 () = (¥ = M)L/2w, and 5~ (1) = (v —+])L/2n.
Also let
So(y1) = min{0" (71),6 (1)}, and &1(y1) = max{6*(11),0” (1)}

We first establish the formula for the large gaps. We have, up to an error term of size
O(Tl_e),

2T yi+78t(y1)/L
/ M (% +it))Pdt = ) / |M (L +it)|*dt

T T<y<2T 77N —m6~(n)/L
7r/\/L w5t (m)/
< Z / (L +i(y1 +0)|)*dt + Z / (3 +i(y +1t) [t
T<n<2T ’T’VL T<m<2T
61 'Yl <)\ 61(’}/1)>)\
2T 7rz$ﬂL (m1)/
ghl(A,M)/ M (% +it)dt+ ) / (L +i(y1 +t))|dt.
T T<y<2T
01(71)>A
Hence
2T 71'5+ (71)/
(1 —hy(\, M))/ IM(%+it))Pdt+ O(T 5) < Y / Lti(y +t))[dt.

T T<m<2T
51 71)>)\
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Using Cauchy’s inequality, the right hand side is bounded by
= i :
() (2, ) (2, o) (7 ma)”
T<y1<L2T T<y1L2T
01(y1)>A
Thus, if h1(A\, M) < 1

e (L= A (J7" 1M (3 +inPdt

= ) 2
T<~ <2T 4r? (ZT<71§2T d(71)? ) ( T2T |M (5 + Zt)’A‘dt)
01 (y1)>A

+o(1). (2)

The small gaps can be treated in a similar way. Up to an error term of size O(T'~¢), we
have

2T y+76T (11)/
/ IM(%+it)Pdt =) / M (L + it)?dt

T T<y <o /M=~
6+ (1) /L Tr,u/L
> ) / G+im+0))Pd+ > / (3 +i(n +t)%at
T<y<2r’ ~m™~(1)/ T<m<oT W/L
do(y1)<p do(m)=p
27
> hi(p, )/ |M (L +it)|2dt
i/ L , 2 : 2
Z / L +ilyn + )7+ [M(L+i(n —t)*)dt.
T<y <21 /™00 (1)/
do(y1)<p
Hence
27
(o (1, M) — 1)/ M3 +it)2dt + O(T"%) <
mh/L , 2 , 2
> / (L +i(y + )2+ M3 +i(y —t) ) dt.
T<y <21/ ™0(11)/
So(y)<p
Using Cauchy’s inequality, the right hand side is
1 1
o 2 2
< (7)(2,)
T<71<2T
do(m)<p
/L ) 4 ] 4 %
( > / (3 +ily + )+ MG +i(n — 1) )dt>
T<71<2T méo(11)/
do(7)<p
2T 3 3 2r A 3
< (3 2 ) (th,M) [ i initar)”
T<y1<2T T
do(y1)<p

Thus, if hy(p, M) > 1,

S s Pl M) PG +it)d)”

= 2T )
T<y<2T 2mpha(p, M) [ M (5 + it)|*dt
do(y1)<p

+o(1). (3)
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In the rest of the paper, we will illustrate the inequality hi(A\, M) < 1 < hq(u, Ms) for
suitable A, p, My, My, and evaluate the expressions in (2) and (3).

Remark 2.1. To exhibit the existence of positive proportion of large and small gaps, we need
to show that the orders of magnitude of the right hand sides in (2) and (3) are T'log T'. It will
be clear later in our proof that this requires

2T 2 2T
</ |M(;+z’t)|2dt) xT/ |M (L + it)|*dt.
T

T

This condition restricts the choice of our Dirichlet polynomial M.

3. AUXILIARY LEMMAS

We need various lemmas concerning divisor sums and other divisor-like sums. We first
introduce some notations which we will use throughout. Let A,(n) = A,(n,1), where

] Sade /)i

AT’(TL) S) = Z;}ozo dr(p‘])2p_']s

(0 >1).

Pn
We define
Fr(n) =]+ 00™),

pn
for 7 > 0 and the constant in the O-term is implicit and independent of 7. We note that

Ar(n,s) < d(n)F-(n) (c >71>0).
Lemma 3.1. We have

n)?  a,(logy)"” 2
S @80T L o (104,

=on L(r2+1)
where
2
1\" d-(p")?
T ((1 ) ),
p p) =P
Proof. The proof of this fact is standard. O

Lemma 3.2. There exists an absolute constant g > 0 such that

s drlmldrmn) arA;EQ(fff)r - O(d (n) Eyy (m) (log )™ ).

m<x

Proof. We note that G(m) = g(mn)/g(n) is a multiplicative function whenever g is (provided
that g(n) # 0). Hence

- dy(m)d,(mn) S dr(Pj)Q = dr(pj)dr(pj+>\)
S - () (S5
m=1 pin ~j=0 pMn *J=0
) 1\ & d,(p)?
= ((s)" A(n,s) ((1 — ) — >,
=) 57
for o > 1. The lemma follows by applying Theorem 2 of Selberg [18]. O

The following lemma is an easy consequence of Lemma 3.1.
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Lemma 3.3. Given that

n<y
Then we have

NP ! 21 2
. |M (L +it)|"dt ~ T02) /0 (I—2)" 7" f(z)"dx.

Proof. Using Montgomery & Vaughan’s mean value theorem [15] we have

i d () FCERP)
M(3 +it)|*dt ~ =1
| e 3T

n<y

/2T arT(log y)TQ

The lemma follows from Lemma 3.1 and Stieltjes integration. U

In order to estimate the nominator of hx(c, M) we will use Cauchy’s residue theorem. To
this end, we need a Dirichlet series for £”/&’(s). From the definition of the Riemann ¢-function
we have

o) = s C—/s
) Z(S)—L()Jr((), (4)
R e (0)

We modify Lemma 3.1 of Farmer & Gonek [9] to give

Lemma 3.4. Foro > 1,T < Ss < 2T and K a large positive integer we have

¢ L ak(n,s)
?(5) = 2+;1ns+0(1).

Here we have written

K ak(n)
ax(n,s) = ; L(s)"

where A) Fh=0
—A(n if k=
ok(n) = { Ap_y % Alog(n) ih>1.

Remark 3.1. The function Ay for k > 0 is the k-fold convolution of the von Mangoldt

function, defined by
(_ g'(s)>k s Ax(n)

C n=1 n’
Proof. We start with formula (7.1) in [9]
€y )+ (C/Os)
A A ORGS0

In view of (4), this is equal to
~An) | L(s) +(¢'/O)(s)
O D P ESUIO )

Our goal now is to approximate the last term by a Dirichlet series. We have for ¢ > C' (see
Theorem 5.17 [20])

n=1

(loglogt)?

¢(s) = O((logt)®) for o >1— log 1

9
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and

Cloglogt
C(s)#0 foraZl_ﬂ'
logt
With the choice 6(t) = — (loglogt)? and ¢(t) = bloglogt, Theorem 3.11 [20] gives
logt
' 1 Cloglogt
S(S) =0 0! uniformly for o > 1 — Lloglogt
¢ loglogt log ¢

An easy application of Cauchy’s theorem leads to
AN
loglogt
¢ (s)=0 log ¢ uniformly for o > 1 — Coﬁ.
¢ logt
Also, we deduce from (5) that

s 1 1
L(s)=-log—+ 0| —— dr .
(s) g5 -+ <\3\ +2>, and L'(s) < BES

Hence for 0 > 1 and T < $s < 277, T large enough, we have

¢ (£) @
Hence by (6),

o)1)
F0 = 2= A (§) oo 5 (- o)

1
< -
=2

I

¢
n=1 k=
+0(2 X 4+ (TL)™Y).
Using the definition of the k-fold von Mangoldt function, this can be written as

" ] * Alog)(n
Z, = +Z ( Z(A’“L(;\)Lfl)( )>+O(2K+(TL)1).

k=0
The lemma follows.

Lemma 3.5. Let 0 = 14 L~'. Then for x > 0 we have

1 /"“QT 2" RGO OoR(T)  ife=1
= 5 — :
270 Joyir  L(s)F OK(|101gm|) otherwise,

where s = o +1iT.

Proof. Using (7) we have
—k
L(s)™® = 1+ O((log)™)) <; log ;) .

The case x = 1 follows immediately.
For x # 1, integration by parts leads to
it

x = k /2T oL/ (s)
% - dt.
ilogzL(s)k|, ~ ilogz Jp L(s)kt!

Using (7), this is

<

1 1+ k’/QT dt < L
| log z| v 7(1/2log T /2m)k+1 |log z|

The proof is complete.

The next two lemmas concern various sums involving ag(n).
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Lemma 3.6. For ay(n) defined as in the previous lemma we have

- ok, (n) _ [ —rlogz +0(1) yr=0
T = 2L T S e ooy k=1

As a consequence, for x < TY? we obtain
K —k k+1
L ak(n)A (n) ¥ (log )
= TN — ] —= 1L O(K).
Z;}@ mgﬁz s+ 0K

Proof. We will just prove the first statement. We need to separate the cases k =0, £ = 1 and
k > 2. We have

To(z) = EE:A(n);h(n) ::4,252 EB%§E)§&1£§)

n<z <z P
1 A, 1
_ _Z(ng) (p) o)=Y B2 L on)
p<z b p<a P
= = —rlogz+ O(1).

Similarly for k£ =1,

Ti(z) = Z (Alog)(:)Ar(n) _ Z Mlog p)2 A, (pt)

n<lx pr<z

— ZM+O(1):M+O(I)'

p<z p 2
Now for £ > 2 we have
To(z) = Z (Ag— 1*A12g ZZ A(logp) 2Ak 1( 5)Ar(n)
n<x n<x pA|n
log p)2Ar_1(2)A,(n
5 BRI L ooy
n<z pln
=y loel g At 1oy 0y )
p<z n<z/p

We are going to prove by induction that there exists an absolute constant 7y such that for
k>1

n rimn T'k r\m)1ogx k _
s A drtmn) _ ALY L 0, (m) By (m) g ). ©)

n<x

For the base case we have

ZM:ZM

< n A p>\
= 3 BB o) ()

= rA,(m)logz + O(d,(m)Fr(m)).
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Now for k£ > 1,
Z Ajir(n ) ZZ (log p)Ag( )A (mn)
n<x n<z pA|n
log pAr(2)A, (mn
=y ’“(’;) ) O (m) oy ) o )
n<z pln
logp Ai(n mnp) k
=2 2 + O(dy (m) Fry (m) (l0g 2)").
p<z n<z/p

Using the induction hypothesis and the prime number theorem, the main term is

rk log p) A, (m z\*
= 5y 0 WD) (04 T ) sy (a,(0) ) 10"

" p<a p

R A, (m)(log z)k+! k
= it 1)1 + O(d,(m)Fr,(m)(log z)%).
This completes the proof for (9).
Now using (9) in (8) and the prime number theorem we deduce that for £ > 2

k! (log p)*A (p)< x>k_1
Tp(x) = ! log — + O((log z)*
k() (k—l)!; 5 s ((log z)*)
¥ (log x)k+1
= W + O((logaz)k)
The proof of the lemma is complete. O

Lemma 3.7. Uniformly in k we have

ap(mn)d.(n) _ r*(logm)F*1(logx)Ft!
5 <
~ n (k+ 1)!
As a consequence, for any fized 9 > 0, we have
S ) )

n

log )~

n<lz

Proof. The arguments of the first statement is similar to those of the previous lemma. For
the second statement we have

Fr(n) <[+ 4p ™) =) d ™A@,

pln

for some A > 0 and where w(d) is the number of prime factors of d. Hence

ar(n)dy(n)Fr(n) a,(jn)d,(jn
3 () 5 A o i)

n<z n<w ji<z/n J
¥ (log )k +1 AYM . (n)(logn)k+!
(k+1)! & nltmo

< (logz)k+,
since A d,.(n)(rlogn)*/(k+ 1)! < n™/? for sufficiently large n. O
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4. PROOF OF THEOREM 1.1

We first consider the large gaps. We are taking a(n) = d,(n), i.e.

dr(n) f (SE2")
_ gy
M(s) =) —— =%
n<ly
Using Cauchy’s residue theorem we have
. . 1 " :
> MG ioP=g [ G (s = MM = s,

T<~ <2T

where ¢ is the positively oriented rectangle with vertices at 1 —a + (T + t), a + (T + t),
a+i(2T +t) and 1 — a + i(2T + t). Here and throughout the paper a = 1 + L~!. Now for s
inside or on € we have
M(s) <y oT".
As in [8] (Chapter 17), we can choose T” such that T+ 1 < T" < T + 2, T" + ¢ is not the
ordinate of a zero of ¢'(s) and (£”/¢')(o+4T") < (log T)?, uniformly for —1 < o < 2. A simple
argument using Cauchy’s residue theorem then yields that the contribution of the bottom edge
of the contour is < yT¢. Similarly, so is that of the top edge.
Now from the functional equation we have
f// ] §/I ]
?(1 —s—it) = —?(s +it).
Hence the contribution from the left edge, by substituting s by 1 — s, is
1 a—i(2T+t) 5//
— (1 —s—it)M(s)M(1 — s)ds
20 S i1t 3
1 a—i(2T+t) é-//
2mi Ja—ire) €
We note that this is precisely the conjugate of the contribution from the right edge. Thus, up
to an error term of size O(yT*),

1 a+’i(2T+t) é—//

Z |M (L + iy +it)]? = 2§R< / (s —it)M(s)M(1 — s)ds>. (10)

T<y1 <27 2mi Jarirtn) &

Using Lemma 3.4, we can write the expression in the above bracket as

L+ I+ O(TL"™), (11)
where
L 2T )
L =— M(L +3t)|°dt
V=g [ P
and

a+i(2T+t) :
A e MM(S)M@ — 5)ds.
211 ati(T+t) 22} ns—*
Note that we have moved the line of integration in I; to the 1/2-line with an admissible error
of size O(yT*).

Expanding M (s) we have

X de(m)dy () f[m)f [an(n) 1 [oHi@TH0 Y
B= 3o Sy e e ()

m,l<yn=1 k=0 a+i(T+t)
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Here we denote f (M) by f[m]. Using Lemma 3.5, we can decompose I as I; + I22, where

logy
K —k
T LN " dp(m)dy (1) f[m] f[lJou(n)
Ii=g- 3 >, <2> it )
f
and
K
dr(m)d,(D)|ag(n)[ (1 \*
Ip< > > z — .
W;lgy k=0 ” log mn mn
l#£mn

We first treat the error term. We note that
ap(n) = —A(n) < logn, and ag(n) = Ap_1 * Alog(n) < (logn)**!.

Hence ( ) ()
d,(m)d,(l I \?
Iy < — log n)&+1. 12
22 Zl; [[log L | (mn) (logn) (12)

We now separate whether |log #| > 1 or |log %\ < 1. The contribution of the terms
|log -L-| > 1 to the right hand side of (12) is

dr(m)d, (1) <= (logn)K+! .

m,l<y n=1

For the remaining terms, let us assume that | < mn (the other case can be done similarly).
We write mn = [+ r, where 1 < r < [. Then we have | log —| > r/I. Hence the contribution
of these to the right hand side of (12) is

< Z Z LK+1 < y?LK—f—QT
m,l<y 1<r<l
Thus
Iy < yL* (KL)K 442 L5+2, (13)

Now for the main term we have

T 7L\ Far(n d,(m)d,(mn) flm] flmn
121:%22<2) uln) 5 dolm)ds o)l f o],

n<y k=0 m<y/n

From Lemma 3.2, using the Stieltjes integration we obtain

dr.(m)d,(mn) flm] flmn ar A, (n Y/ (oo )1
3 el finlfnn] - gedeln) [ g

m - T(r?) u
+O0(dr (1) Fry ) (log )™ ).

On one hand, the contribution of the O-term to Is1, using Lemma 3.7, is

K —k
< T(log y)r2_1 Z Z <§> ‘ak (n)|drén)Fm (n) < TKLT2, (14)

n<y k=0

[flul f[un]du

m<y/n

On the other hand, Lemma 3.6 and the Stieltjes integration yield that the contribution of the
main term to Is; is

/ /y/v ( r+1 +ZK: zrlogv/L) )(bgu)r%1f[u]f[uu]dudv+O(TKLT2).

uvl—zt
=0

27TF
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Substituting u = y'~* and v = y" leads to

r 241 K E .
271;?72{2 / / (1—ay™ ””(—<7"+1>+Z (T,Z,) )f(fc)f(w—n)dnderO(TKU ).
—~ k!

Hence, combining with (13) and (14) we have
T(logy)~ +1
L, = 2 g?JQ / / (1—z) ! ztn[exp(rn) (r + 1)]f( Vf(z — n)dnda
wl(r
+0(yL2’"(K L)) + O(? LX) + O(TKL™) + O(TL” 1 (3r/ K)¥).

We can ignore the error terms by choosing, for instance, K = (loglogT)? and y = T 121K
We next take the integration of (10) from —ma/L to ma/L and combine with Lemma 3.3.
Simple calculations then give

L2 fo @ M(l — )t [exp(m) —r — 1] f(2) f(z — n)dndz
Jo (1 =)L f(2)2d |

With the choice r = 2 and f(x) = 1 + 7z — 1.522 we obtain hy(1.5) = 0.9998.
Similarly, for a(n) = u,(n), we have

2 fo x %(1 — :c)TQ_l [exp(—rn) +r— 1]f(55)f(37 — n)dndx

Jo (1= 2)* =1 f(w)2dr

The choice r = 2 and f(z) = 1 + 4.4z + 2.322 yields h(0.7203) = 1.000002.
This is precisely what we require in (1). The proof of the theorem is complete.

hi(a, M) = o(1) + «

hi(a, M) = o(1) + «

5. PROOF OF THEOREM 1.2

In this section, we shall choose our Dirichlet polynomial to be of the form
M(s) = Mq(s) + My(1 — s),

1+Zf
<y

This type of Dirichlet polynomial has previously been employed by Soundararajan in [19].
We first consider the denominator of hy(c, M). We have

where

2T

2T 2T
/ |M (% +it)|*dt = 2/ | My (3 +it)2dt + 23%( M(L+ it)th>.
T T T

By the Montgomery & Vaughan’s mean value theorem [15] we obtain

2T
My(L +it)?dt ~T
T
and
2T f 2

/ | M, (L + it)|2dt ~ (1+Z >

T p<y
Hence

/2T|M(§+it)|2dt~ <4+22f 2) (15)

T Py
For the nominator, as in (11), we have

ST MG +im +it)? = 2R(J1 + o) + O(TLT), (16)
T<vy <2T
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where

L 2T

Jo= [ MG i), (17)

47T T

and
1 a+i(2T+t) X —it)
Jy = Z nssn ! M(s)M (1 — s)ds.
27” a+i(T+t) n—1 n

Since

M(s)M(1 — s) = My(s)* + 2M;(s)My (1 — s) + My (1 — 5)?,

we proceed by writing, say, Jo = Jo1 + Jog + Jo3.
As in the previous section, noting that o (1) = 0, we obtain

Jor < (KL)X. (18)
Also
Jop = 2% D Z ( ) —(’” +O(y(KL)K+! +42L5),

p<y k=0
We note that

—logp ifk=0
ap(p) = { (logp)? if k=1
0 if k> 2.
So
lo 1 —210 L
p<y

Similarly we have

K _
ZZ f[P ag(p )+ T Z Z L kf[P]f[Q]Oék(PQ)
pl—it 9 1—it
2m 2 (pa)
" <y k=0 P,q<y k=0
FO((KL)KH! 4 425,

Now the first term is precisely the main term of Jos. Furthermore, it is standard to verify
that the second term is

4T Z log plog q(logp + log q) f[p] f14] +O(T). (20)

2 LQ 1—it
T p#q<y (pq)

We next take the integration of (16) from —mwa/L to ma/L. Combining (15), (17)—(20) and
ignoring the error terms (by choosing some admissible K and y as before) we easily obtain

hi(a, M) = o+ gi(a) + g2(a) + o(1),

where

(o) = —ézpéy( —2logp/L) Sln(walogp)f[]?]/p
=Ty S S ’

and
4,4y logplog gsin(THEEL) £p) £q)/(LPpg)

) =z 25, S0P/ ’

i —ef1 - 250 g (),

‘We now choose




14 H. M. BUI

where ¢ is some constant which we will specify later. Then from the prime number theorem
and the Stieltjes integration we have

AUc+ V2
hi(a, M) = hi(a,c) = a+ T2+ U®) +o(1),
where . )
U:/ (1 —u)*sin (T)du’
0 U
and

1 1
V= / / (I —u)(1 —v)sin (@) sin (Lw) sin (w)dudv.
o Jo 2 2 2
The optimal choice of ¢ will then be
V +VV2 4803
202 ’

With the help of Maple, we can verify that hq(1.18,¢_) = 0.9995 and h1(0.796, c1) = 1.00006.
We are left to prove that

C4 —

(J2T | M (5 +it)|2dt) "

TL™ 1, 21
(S zar 00)2) (S (M (3 1 it)Adr)” 2y

and 2T 2
([7 IM(L +it)|*dt)
ha(p, M) 71| M (% + it)[4dt
Following the arguments of Fujii [11] one can show that
> dm)P<TL
T<m<2T

The estimates (21) and (22) now just follow from [4] (see (16) and (17)). This completes the
proof of the theorem.
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