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ABSTRACT. Combining the amplifiers, we exhibit other choices of coefficients that improve
the results on large gaps between the zeros of the Riemann zeta-function. Precisely, assum-
ing the Generalized Riemann Hypothesis (GRH), we show that there exist infinitely many
consecutive gaps greater than 3.033 times the average spacing.

1. INTRODUCTION

Assuming the Riemann Hypothesis (RH), we can write the nontrivial zeros of the Riemann
zeta-function as p = % + 17, where v € R. For 0 < v < v/ two consecutive ordinates of zeros,
we define the normalized gap

50) = (o =) 2.

It is a well-known theorem that the number of nontrivial zeros of {(s) with ordinates in [0, T']
is %TlogT + O(T). Hence on average 6(7y) is 1. In 1973, by studying the pair correlation of
the zeros of the Riemann zeta-function, Montgomery [8] suggested that there exist arbitrarily
large and small gaps between consecutive zeros of ((s). That is to say

A =limsupd(y) =o0 and p=liminfd(y) =0,
7 gl

where ~ runs over all the ordinates of the zeros of the Riemann zeta-function.
In this article, we will focus only on the large gaps. Our main theorem is

Theorem 1.1. Assuming GRH. Then we have A > 3.033.

Selberg [13] remarked that he could prove A > 1. Assuming RH, Mueller [11] showed that
A > 1.9, and later, by a different approach, Montgomery and Odlyzko [9] obtained A > 1.9799.
The work of Mueller [11] is based on the following idea.

Let H : C — C and consider the following functions

2T
M (H,T) _/ |H(L 4 it)|*dt
T

and
¢/L
AT = [ ST H( ity + )P,
—¢/Lr<y<or
where L = log % One notes that if
H,T;
h(C) — %2( ) aC)
A (H,T)
then A > ¢/, and if h(c) > 1, then p < ¢/7.
Mueller [11] applied this idea to H(s) = ((s). Using H(s) = 3, cp1-- d2.2(n)n"%, Conrey,

Ghosh and Gonek [2] deduced that A > 2.337. Here d.(n) is the coefficient of n~° in the
1

<1, (1)
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Dirichlet series of ((s)". Later, assuming GRH, they applied to H(s) = ((s)>_,<p1/2-=n"°
and obtained A > 2.68 [3]. By considering a more general amplifier

H(s) = ¢(s) 3 &Pl

ns ’
n<y

where y = T'/27¢ and P[n] = P(%), Ng [12] improved that result to A > 3. In the last
two papers, the assumption of GRH is necessary in order to estimate the discrete mean value
over the zeros in .#5(H,T;c). In connection to this work, we also mention a result of Hall
[7], who showed that A > 2.6306. The results in Hall’s paper are actually unconditional, but
a lower bound for A can only be obtained if the Riemann Hypothesis is assumed.

As an extension of Mueller’s idea, we are going to use

H(s) = Hi(s) + ((s)Ha(s),

e 11 () Pi[n] . (n) Po[n]
Hi(s) = S dratt)in] _ \ e aing
TR SLTOLIURPAR 01
n<y n<y
Here y =T?, 0< 9 <1<r,and Pi[n] = Pl(kiigz/ln), Py[n] = P2(101§)g{,n), where Pi(z), P2()

are two polynomials which will be specified later.

Remark 1.1. It is not clear how to choose some “good” r, Pi(x) and Ps(z) to get the
best result the method would give. Theorem 1.1 is obtained by numerically optimising over
polynomials P; (z) and P,(x) with degree less than or equal to 10. We note that Ng’s amplifier
numerically gives A > 3.023. It is probable that with a better choice of coefficients our theorem
can be significantly improved. Nevertheless, our primary goal here is to exhibit a more general
amplifier that could improve the work of [11],[3],[12].

The work was commenced while the author was visiting the University of Rochester. The
author would like to thank Professor Steve Gonek for his support and encouragement during
that time. Thanks also go to Professor Micah Milinovich for various stimulating discussions.

2. MAIN LEMMAS

We state our various lemmas concerning the “square” terms and “cross’ terms, which come
up in the evaluations of .#(H,T) and .#>(H,T;c).

Lemma 2.1. Suppose 0 < ¥ < % We have

2T (r+1)2 1
1 542 ar+17(logy) / (121 2
/T |H1(5 +it)|"dt T 1)) ; (1—2x) Py (z)*dz,
where ,
\" dr(pn)2
W TT(( Y ey
» p >0 p

The “cross” term of .#,(H,T) is given by

Lemma 2.2. Suppose 0 < ¥ < % We have

2T< ar 41T (logy)r+1)°

(5 +it)Hi(5 — it)Ha( + it)dt ~ T(r+ 1) (r(r+1)

1
| /0 (1 — 2)" D10, (2) Py(2)da,
where

Qulz) = /0 Py (e — 1)t



LARGE GAPS BETWEEN CONSECUTIVE ZEROS OF THE RIEMANN ZETA-FUNCTION 3

These lemmas are proved in Section 5. The other square term of .#(H,T) comes from a
theorem of Conrey and Ghosh (cf. Theorem 1 [1]).

Lemma 2.3. Suppose 0 < ¥ < % We have

(r+1)2

T L2 Nar+1T(10g?/) e A )2 — T 2) ) da
[ et +inpac SR [ o (07 R o) - 2R (@) Rrae) )

where

Ru(z) = /O " Py (e — ).

The next two lemmas concern the first “square” term and the “cross” term in the integrand
of /ZQ(H, T; C).

Lemma 2.4. Suppose 0 < ¥ < % We have

ar 1T L(logy)"+1*

(
Z Hyi(p+ia)Hi (1 - p —ia) 270 ((r + 1)2)

T<y<2T

/1(1 - x)(r+1)2—1 <P1 (z)? — 20(r + 1) Py (x) ' cos(alogyt) Py (x — t)dt) dx.
0

0

Lemma 2.5. Suppose 0 < ¥ < % On GRH we have

. . ar+1TL(log y)(r+1)2 ! r(r4+1)—1
CHo(p+ia)Hy(1 — p—ia) ~ 1—2x A(r,9;2)dz,
2z, O ) o Ol 1) o Y (r:%:2)
where

Alrdiu) = (1 (iaL)™)Qy (u) Pa(u)
—0(r + 1) /0 YU Q, (u — ) Py(u)dt — dr /0 yioQ, (u) Pa(u — t)dt

+€O; /Ou Py — ) < i (;) M Ru1(u) + P2(u)> dt.

n=1

We prove Lemma 2.4 and Lemma 2.5 in Section 6 and Section 7, respectively. The second
“square” term is given by Ng (cf. Theorem 2 [12]).

Lemma 2.6. Suppose 0 < ¥ < % On GRH we have

2 o0
2 arTL(logy)r+D o1
Z [CHa(p + ia)|” ~ AT (2T (r2) ; R Z ialogy)! B(r, 9, j; ) |dz,
T<~<2T j=1
where
B(r,0,jiu) = —— [ #1R_1(u)Ry—i(u—t)dt
J:Jo
0 v 0 L
+77,“ tﬂRr(u)R,,_l(u—t)de’,"/ Ry _1 (u) Ry (u — t)dt

min{j,r—2} 1\ T u
—0r'(r) Z (J —(n)lz?" (—:221- 1! / tr—1(9_1 - t)j_nRr+n+1(U)P2(U — t)dt.

n=—2

Remark 2.1. It is possible to establish these above lemmas for real » > 1 by using the
Selberg-Delange method (cf. Chapter I1.5 [14]). However, we are not going to elaborate in
this direction here.
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Remark 2.2. We note that Lemmas 2.1-2.4 are unconditional. Lemma 2.5 and Lemma 2.6, as
mentioned in [12], can probably be proved only assuming the Generalized Lindel6f Hypothesis
by following the work of Conrey, Ghosh and Gonek [4]. Even this assumption may possibly
be removed since an upper bound for the sixth moment of Dirichlet L-functions L(s, x) on
average is sufficient for the main theorem in [4]. If so, our Theorem 1 would hold on assuming
only the Riemann Hypothesis.

In Section 8, we illustrate how our theorem follows from Lemmas 2.1-2.6. Throughout
the paper, we denote L = log %, e(z) = 2™ To facilitate the proofs of some lemmas, we
sometimes allow o € C. However, « is always restricted to a < L™'. We also assume that
y=TY, where 0 < ¥ < 1/2, and r > 1.

3. INITIAL MANIPULATIONS FOR LEMMA 2.5

By Cauchy’s theorem we have

Su= S CHlp+ia)Hi(1—p—ia) = —— / < (s — i) () (1 — 5) Ha(s)ds,

T<A<2T 2mi S €
where € is the positively oriented rectangle with vertices at 1 —a + (T + «), a + (T + «),

a+i(2T +a)and 1 —a+i(2T 4+ «). Here a = 1+ L~! and T is chosen so that the distances
from T + a and 2T + « to the nearest v are > L. Now for s inside or on ¢ we have

Hl(s), HQ(S) < ylfUTE and C(S) < T(lfa)/2+5.

Also, for each large T', we can choose T” such that T —2 < T’ < T, T’ + « is not the ordinate
of a zero of ((s) and ¢'(o+iT") /¢ (o +iT") < L?, uniformly for —1 < o < 2 (cf. [5]). A simple
argument using Cauchy’s residue theorem then yields that the contribution of the bottom
edge of the contour is < yT%/2*¢. The same argument holds for the top edge. Hence the
contribution from the horizontal lines is O(yT"'/2+%).

We denote the contribution from the right edge by

1 a+i(2T—|—o¢) CI
Ji(Hy, Hy) = —— / S (5 — ia)C(s)Hy (1 — 5) Ha(s)ds. @)
270 JariTra) €
From the functional equation we have
¢ , X , ¢ ,
—(1—-—s—ta)="(1—-s—1ia) — =(s+1iq). 3
R ( ) . ( ) R ( ) (3)

Hence the contribution from the left edge, by substituting s by 1 — s, is
1 a—i(2T+a) CI
— (1 —=s—ia)C(1 —s)Hi(s)H2(1 — s)ds
270 Jomi(T+a) €
1 a—i(2T+a) X/ C,
= x(1—3s) <(1 —s—ia) — Z(s + ioz)) C(s)Hy(s)Ha(1 — s)ds

TM a—i(T+a) X
= —J3(H1, Ha) + Jo(Hy, Ha),

where
1 a+i(2T+a) C/ ‘
T ) = 5 V(1= )% (s — i)(() Ha (s) Ha(1 — s)ds, (4)
2mi a+i(T+a) ¢
and
1 a+i(2T+a) X/
J3(Hy, Hy) = / (1 —s+ia)C(1 — s)Hy(s)H2(1 — s)ds.
2mi a+i(T+a) X
Thus

S1a = Ji(Hy, Hy) — J3(Hy, Hy) + Jo(Hy, Hy) + O(yT"/?¥).



LARGE GAPS BETWEEN CONSECUTIVE ZEROS OF THE RIEMANN ZETA-FUNCTION 5
The evaluations of Ji, Jo and J3 will be carried out in Section 7.

4. AUXILIARY LEMMAS

In this section, we present all the lemmas which we will require for later calculations. We
recall a lemma from [4] (cf. Lemma 2).

Lemma 4.1. Suppose that A(s) = > 3%, a(h)h™=*, where a(h) < d,,(h)(logh)" for some
non-negative r1 and ly. Also let B(s) = ;. b(k)k™*, where b(k) < dy,(k)(log k)2 for some
non-negative r9 and lo. Then we have B

1 a+1i2T b(k) "o
X(1 = $)A(s)B(1 = s)ds = — > a(h)e(—h/k) + O(yT'/?+e).

270 Jarir k<y kT /27 <h<kT/m
Lemma 4.2. For (h,k) =1 with k > 0, we define
= (%)
L(s,h/k) = " (o > 1).
n=1

Then L(s,h/k) is regular in the entire complex plane except when k = 1. For k =1 we have
L(s,h/k) = ((s) and the function has a simple pole at s = 1 with residue 1.

The proof of Lemma 4.2 is trivial. The L-function defined above is a special case of the
Lerch zeta-function.

Lemma 4.3. For (h,k) =1, we define

Q(s, o, h/k) = — i Aln) e<";”h> (0 >1).

m,n=1
Then Q(s,a,h/k) has a meromorphic continuation to the entire complex plane. For a # 0,
Q(s,a,h/k) has

(i) a simple pole at s = 1 with residue

msnsfia

C(1—ia) ifk=1

—1 .
p(1—m),\(f5571+m) if k= p/\ >1
0 otherwise;

(ii) a simple pole at s = 1 + i with residue

_C(l—i—ZCK) R 7o'
R g(l p'*).

Moreover, on GRH, Q(s,a,h/k) is reqgular in o > 1/2 except for these two poles.

Proof. For 0 > 1 we have

k k/d
Q(s,a,h/k) =Y L(s,—ah/k)L(s — io,a, k) = Y Y *L(s,—ahd/k)L(s — ia,ad, k),  (5)
a=1 d\k a=1

where L(s,h/k) is the function defined in the previous lemma and
L(s,a,k)=— > Amn™",  (0>1),
n=a(mod k)

with >_* denotes summation over a coprime to k/d. It is known that L(s, a, k) has a meromor-
phic continuation to the entire complex plane and is regular on o = 1 except for a simple pole
at s = 1 if, and only if, (a,k) = 1. Also, by Lemma 4.2, L(s,—ahd/k) is regular everywhere
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except for a simple pole at s = 1 (when d = k). Thus, by (5), Q(s, a, h/k) has a meromorphic
continuation to the entire complex plane and if « # 0, Q(s, a, h/k) has simple poles at s =1
and s =1+ ia.

From Lemma 4.2, the residue at s =1 is

(1 —ia) if k=1
. > A(kn) ¢ 1o )
L(1 —io k k) == T = S (e k=0 > 1
n=1 0 otherwise.

To evaluate the residue at s = 1 + i, we note that in (5), L(s — i«, ad, k) is regular on
o =1 unless d = 1. In the case d = 1, it has a pole at s = 1+ i« with residue —1/¢(k). Hence
the residue of Q(s,a, h/k) at s = 1+ i is

k 00

1 . ' 1 cr(n
_m Z L(1+ia,—ah/k) = —m Z nﬁizo)ﬂ

where ci(n) is the Ramanujan sum. From Titchmarsh [15], this is equal to

(1 +ia) Z-a:_C(l—l-ioz) ia
o] dZ“;u(d)d o) g(l p).

a=1 n=1

The lemma follows. U
We need a lemma to deal with product of several Dirichlet series (Lemma 3 of [3]).

Lemma 4.4. Suppose that A;j(s) = > <, a;j(n)n™* is absolutely convergent for o > 1, for
1 <5<, and that a

The previous three lemmas lead to the following.

Lemma 4.5. Assume GRH. Let k € N with k <y. We define

Q*(S,a,k):ZM, (6)

h=1 h#
where ‘
a(h) == Y dpyr(n)Pin]A(u)u’®. (7)
nuv=~h
n<y

Then Q*(s,a, k) has an analytic continuation to o > % except for possible poles at s =1 and
s =1+ ia. Moreover we have

Q" (s, k) < y'/*T",
fors+ L7 <o <a, |t|<T and|s—1],[s — 1 —ia| > 1.

Proof. For x a character (mod k), the Gauss sum 7(x) is given by

() = ;:x(h)e(:)-
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It is standard to show that

el 4 )= ST T(Ox|— -
(%)= wam 2,7 (T)

d|(h,k) x(mod k/d)

Inserting this into (6) leads to

@0k =Y r Y U,

dlk x(mod k/d)

where -

As,d) = hz_:l ‘W (o >1).
By expanding Pi(z) = 3,5 cjz? in (7) we obtain

Q*(s,a,k) =) <1ogy> Qj(s, . k),

>0
where 5
1 o j
Qj(s,a k) = Z Sk Z T(X)X(—d)@fl(&d, z)|2=0,
dlk x(mod k/d)
a.(hd)x (hd) dyt (m)y* A ()
A(s,d;z) = s , and a,(h) = — Z e
h=1 nuv=~h
n<y
Let
F(s,r,x) =[]0 = x(p)p™)
plr
We note that
x(n)dy11(n o X (w)A(u)
A(s, 1;2) = (; otz ) (37X)<—z:1u5_m :
n<y u=

Hence, by Lemma 4.4,
A(s,diz) = Y Au(s,hu; 2)Ag(s, ha, ) As(s, ha, haha),
hi1hohs=d

where

x(hn)dy41(hn)y?
(s,h;2) Z ns (7in)? ,

n<y/h
S h l X )L(S)X)F(S7Z7X)7
(n,0)=1
x(hn)A(hn)(hn)™®
As(s, b1y =— > >

(n,l)=1

It is obvious that A; and As are regular everywhere except when y is principal. In this case
Aj has a simple pole at s = 1. Also, assuming GRH, A3 is regular in ¢ > 1/2, except for a
possible simple pole at s = 1 + ia. Thus, A(s,d;z) is regular in o > 1/2 with the possible
exception of poles at s = 1 and s = 1 + ia. Hence the required continuation of Q*(s, «, k)

follows.

To bound Q*(s, a, k) we will need to bound A(s,d; z). In the considered region we have

Aj(s,h, 1) < T°,



8 H. M. BUI

for 7 = 2,3 and if h,[ divide d (cf. (3.10) [3]), and (cf. (50) and (54) [12])

y'/2T= if y is principal
Te otherwise.

Ai(s,h; 2) < {

Hence in the region under consideration we have

yY/2Te if y is principal

A(s, d; z) < { Te otherwise,

uniformly for |z| < L~!. Applying the Cauchy integral formula with a circle of radius =< L=*
leads to

Y]
@A(& d; z)]2=0 < {

Combining this with (9) we obtain

Gak) « T b (00l S o)

yY/2Te if y is principal
Te otherwise.

dlk x#xo(mod k/d)
d1/2
< Té((y/k)l/QZd_l_kl/QZd—l)
d|k w(d) d|k
< y?7e,
Thus, by (8) the lemma follows. O

We require the following version of the Landau-Gonek explicit formula [6].

Lemma 4.6. For x > 1 we have

Z xf = —EA(x)+O(xlog(:vT)loglog:U)

2
T<~y<2T

+O<10gxmin <T, <§>>) +O<Lmin (T, 10;))

where (x) denotes the distance from x to the closest prime power other than x itself, and
A(z) =logp if x is a positive integral power of a prime p and A(x) = 0 otherwise.

We also need various lemmas concerning divisor sums and other divisor-like sums. We first
introduce some notation which we will use throughout. Let D,(n) = D,(n,1), where

Dy(n, 5) = (i d’“fﬁ”)g(s)r - 11 <<1—;>Tiw> (0> 1),

m=1 Pl j=0

We define
F.(n)=]Ja+00(p™)),
pln
for 7 > 0 and the constant in the O-term is implicit and independent of 7. We note that
D, (n,s) < dr(n)F-(n) (c >71>0).
Lemma 4.7. For f € C1([0,1]), there exists an absolute constant 1o such that

5 dr(kzngbf [kn] _ Dr(?%gy)r gr_1[k] + O(dy (k) Fry (k)L™ 1Y),

n<y/k
logy/k

5o MO g itogy [ et (SELE < t)ar s 0 (9P ). (10)

n<y/k
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and
5 Aol _ D™ [ ot (8
rfk mnl-ic I(r) 0 "\ logy
+O(dy (k) Fry (k) L"),
where

u = ' v —t)dt.
ua) = [ e~
Proof. We note that (cf. Lemma 4 [1])

(

n<y
uniformly for all k. Hence by Stieltjes integration we have

n n } /k o r—1 B
5o et _ B0 [T iy + 0(a, 8, (012
n<y/k " e g

Substituting logn/logy = t, the first statement of the lemma follows.

We will now only prove the second statement as the last statement is similar. We note that
the terms for which n = p*, where A > 2, or n is a prime divisor of k may be included in the
error term. So

Z A(n)d,(kn) f[kn] = rd, (k) Z ;ng flkpl + O(d; (k) Fry (K)).

nl—ia 1—ia
n<y/k p<y/k

By the prime number theorem and Stieltjes integration, the above main term is
y/k q
o) [ o lknldn -+ O () Fo (1),
1
We obtain (10) by the substitution logn/logy = t. O

We need a lemma concerning the size of the function F;,(n) on average.

Lemma 4.8. For any 19 > 0, we have

Z dm (k)drzk(k)FTo (k) < [Tr2,
k<y
Proof. We have
Pol) < T[(+ 45™) = Yo nmm vt
plk nlk

for some A > 0, where w(d) is the number of prime factors of d. Hence

dpy (K)dyy (k) Fry (K Aw) dpy (kn)dy, (kn
Z()()()<<Z Z()()

k nltmo k
k<y n<y k<y/n

Aw(n) T T
<< L’rl’r’g Z dni—(i:l‘—o)d Z(n)
n<y

< Lrl T2 ,
since A% d,., (n)d,,(n) < n™/? for sufficiently large n. O
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Lemma 4.9. We have

Z dr(k)2 — ar(lOgy)T2 + O(Lrgfl)7

= k I'(r2+1)

and

> Do) _ el 0 | e

r(r

k<y

Also let
A(n) = JJ(1 = p~H).
pln

Then

d,(k)A(k (1 r(r+1)
: (k)A(k) _ ary1(logy) + oLy,

= (k) C T(r(r+1)+1)

Proof. The first statement is a well-known result. The other two statements can be proved
very similarly with minor changes. ([l

The above lemma leads to

Lemma 4.10. For f € C*([0,1]), we have

2 ar(logy)™ [* 2 2
Z dr(kL f[k] — 7’(1 gy) /0 (1 —:E)T _lf($)dm—|—0(LT —1),

2
= I'(r?)
and
Dry1(k)dy (k) f[k] _ ari1(logy) t+) /1 1)-1 1)-1
= (1 — ) D=L () de + O(LTr D1y,
;;; k L(r(r+1)) 0
Proof. These formulae easily follow from Lemma 4.9 and Stieltjes integration. O

The next lemma is an easy consequence of Lemma 4.7, Lemma 4.8 and Lemma 4.10.

Lemma 4.11. We have

dry1(h)Pr[h]d (k) Polk]  ary1(log y) Dt _ D10 () Py ()
h%y h F(r+1)F(r(r+1))/0 (1-2) (@) Po(w)de,
h=kn
Z A(n)dr(h;f;[_}idr(k)]j[k] ~ rar logy T *+1 / / 7‘ —lyiatp(x _ t)P(;v)dtda:,
hk<y
h=kn
and

Z A(n)dry1(h) Pr[h]dr(F) Polk] ray4q(logy)r+H*+1

h’“’?fy hn—te L(r+ D0 (r(r+1))

/ / _ T‘(T+1 -1 zatQ (l’—t)Pz( )dtdx,

where each formula is valid up to a saving of L in the error term.

Lemma 4.12. Assume RH. Let

g(k) =[] —p").

plk
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Then we have, for some 19 > 0,

S dr(;g?lz;f)(k) _ (Z (7“) (—ia }ogy)a) dr(m) O(an L—1>,

!
= = \J 7! p(m)

Proof. We first consider the generating series of the above sum

_ = de(km)g(k)
_kzzl o(km)ks

By multiplicativity we have

i) = 130000 ] <Z;°iodr<pf+A>g<pi>/w<pi+A)pfs>

N e ) S N 2 de(p)g(P) /e (p)p7
—  Zi(s,0)Zs(s, ) (11)
say. We also decompose Zy(s, @) as
Z1(sv0) = o (s (12)
where
s = -3 (- ) (5422)
e

The product for Z11(s, ) is absolutely and uniformly convergent for o > —1/3, |a| < L™1.
Hence it represents a bounded analytic function of s and « in that region. We next consider
Zs(s, ). We have, for s = o + it,

B () (o) o

Furthermore, we note that (cf. [12])

00 dr A 1 —r—1 L
.Z% gﬂ(i’jﬂ)) = <1 — ps+1> d-(P")(L+O0(p~'77)).
]:

It is then standard to verify that

0 i+ j -r A
ZWMP]):<1_Z)1 ) dz(f)\))(l_‘_O( —1—0'))'

Combining this with (11) and (13) we obtain

dT](f;A) (1 4 O(pflfcr))‘l _ rpfsfl+ia|fl S dr(m)iﬂ'o(m), (14)

Za(s. )] < ]

p*|m

for some positive constant 7y, in the region o > —1/3, |a| < L™1. Here 9 = 1/3 is admissible.
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Now by Perron’s formula

dr(km)g(k) 1T
kz<y o(km) 2w )iy His,0)"od
MMMH -
+O<ydT(m); p(km)k <1’ Ullogy/kl)) "

By splitting the sum in the O-term into the ranges [1,y/2), [y/2,3y/2) and [3y/2, o), we find
that the sum is
< ydr(m) Fr, (m)
Um
We now move the line of integration in (15) to 0 = —1/4 and use Cauchy’s theorem. On RH

C(s), C)h e (L[t (021/2+e, s 1> 1),
so by (11), (12) and (14) we have

Hisa) <. Ued, (mniFTO (m)

on the new path of integration. So the contribution along the horizontal lines is
ydy(m)Fr,(m)
15

< Um ,
and that along the left edge is
Ued,(m)F;,(m)
D
Thus, taking U = ylogy leads to
T 8 ' FT —
ZM :R685:0<H(8,a)y> +O<d(m)0(m)L 1>. (16)
w(km) s m
k<y
To compute the residue, we use the Laurent expansion of each factor in
H(s, a)% =((1+s—ia) " Zyi(s,a) Za(s,a)y*C(1 4+ 5) s~ 1.
We have
C1+s)st = s 1 +as+azs®+...),
1 2
y* = 1+ (logy)s+ (Oi‘y) 24,
ne  :
C(1+s—ia)" = f(—ia)+ f(—ia)s + f(2'm)32 +...,

where we put f(z) = ((1+ 2z)~". It is standard to check that
fO(—ia) =r(r—1)...(r—j+1)(=ie)" 7 +O(Jo|"7T)  (0<j<n).

We also note that since Z11 (s, «) and Za(s, «) are analytic and uniformly bounded in o > —1/3,
la] < L™1, by Cauchy’s theorem

3\’ 9\’
<83> Z11(0,a) < 1, and <6s> Z5(0, ) < dy.(m)/p(m).
The analyticity in « also implies that
Z11(0,a) = Z11(0,0) + O(|er]) = 1+ O(lal),

and
Z5(0, a) = Z5(0,0) 4+ O(|e|dr(m) /o(m)) = dr(m)/¢(m)(1 + O(|ar])).
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Thus the residue at s =0 is

au, (log )" ) (—ie) 213" (0, @) 25" (0, )
Ress—o = Z ot v !
u1t+uz+uzt+ustus=r 12 U3 U4 U5
log y)"2 f(43) (—i d,
_ Z (Ogy) f ( ZOé) le(0,0J)ZQ(0,0é) +0 (m) L—l
_ ug!ug! ¢(m)
ug+uz=r
_ < Z (—iozlo;gy)“? (7" >> d,(m) —{—O(dr(m)Ll).
2wt \w)) e T\ )
Combining this with (16), the lemma follows. O

5. PROOFS OF LEMMA 2.1 AND LEMMA 2.2
From Montgomery-Vaughan’s mean value theorem [10] we have
27 2 2
) d k)* Pk
M, = / |Hy (3 +it)Pdt ~ T “(;1”
T k<y
By Lemma 4.10,

ar 1T (log y)r+1?
T((r+1)2)

1
M, ~ / (1 — 2) 1P (2)2da.
0
This proves Lemma 2.1.
For Lemma 2.2, we first move the line of integration to s = a = 1+ L~!. As in Section 3,
the contribution from the horizontal lines is < yT'Y/4t¢. Now we have

1

C(s) = Z E+O(L)-
n§T1/2
Hence
2T 2T
M= | C(+it)Hi(} — it) Ho(2 + it)d / Z Hy(1— ) Ho(s)dt
T n<T1/2
2T
+O<L/ \Hl(;—it)Hz(;Jrit)\dt)+O(yT1/4+f), (17)
T

where s = a + it. Here the line of integration in the first O-term has been moved back to the
%—line with an admissible error. By Cauchy’s inequality and Lemma 2.1 this term is

2T 1/2 , poT 1/2 .
< L(/ H (3 +it)]2> </ Ha(L —|—z’t)|2> < TIP3/,
T T

Furthermore from Montgomery-Vaughan’s mean value theorem, the main term is asymptotic
to

T Z dri1(h d (k)PQ[k].

h,k<y
h=kn

So, by Lemma 4.11,

ar og y)r+L? ! -
F(:erl()lFi:U()r 1)) /0 (1 —2)"CT=1Q, (2) Pa(x)da.

Mig ~

This proves Lemma, 2.2.
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6. PROOF OF LEMMA 2.4

We have
| | dyp1 () P[] dy (k) PLIK] %
S = Z Hi(p+ia)H (1 —p—ia) = Z T 1=ia i Z z
T<~y<2T h,k<y T<y<2T
= 1 + -[1 + I25

where I, I1 and I are the contributions of the terms h = k, h > k and h < k, respectively.
In view of Lemma 4.10

TL ~— dy1(k)2P k]2 ap 1 TL(log y)r+D? /1 2
=== ~ 1— )0t p (2)2da. 1
2r 2 k N CET D A () dw (18)
k<y
Next we note that Iy = I;. We obtain from Lemma 4.6 that
T dr1(h) PR dvia (B)Pr[K] | (R dr11(h)dr11 (k)
L = —— p— Al = Llog L _— T
! o 2 pl=ia i p) oLl 3 h
h,k<y k<h<y
drs1(h)dr+1(K) drs1(h)dr+1(K)
oL —_— 7 oL = I
* ( 2 o)t 2 " hlogh/k
k<h<y k<h<y
We denote these four terms by I11, I12, I13 and 114, respectively. We have
[ 3 A(n)dyi1 (h) Pi[h]dyi1 (k) Py K]
1 2 hn e '
h,k<y
h=kn
Using Lemma 4.11 we get
Da, T 1 r+1 241
I ~ (7’ + )CL +1 Ogy / / 'r+1) -1 wctpl(x . t)Pl( )dtdl‘. (19)
2r0((r +

Combining (18) and (19), we obtaln the main term in Lemma 2.4.

We are left show that the error terms Ii5, I13 and I14 are admissible. The bound for 15 is
trivial,

1
1 © - c.
2 <T7 Yy o <yT
h,k<y

To estimate I13, we write h = uk + v where |v/k| < 3. We observe that (h/k) = [v/k| if u is
a prime power and v # 0, otherwise (h/k) > 1. So

1 1
I <<T5< Do st h> < yT*.
uk<y 1<v<k/2 h,k<y
Finally for I14, we note that logh/k > logh/(h — 1) > 1/h. So I14 < y*T¢. The proof is
complete.
7. PROOF OF LEMMA 2.5

7.1. Evaluation of J;(H;, H2). We truncate the Dirichlet series of the product of the first
two terms in (2) at T1/2,

! , A(m logn
i(s—za)((s) = — Z mSL()éL,g—i—O( Z anL_l)

mn<T1/2 n>T1/2

= - Y _Alm) +O(L?).

s—iaps
mn<T1/2
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Hence

1 a+i(2T+a) A(

)
H,, H = —— 7H 1 —s)H>(s)d
J1(Hy, Ha) 277 oricrse <ET1/2 mtays (L — 8)Ha(s)ds

2T+«

+O(L2/ |H1(a + it)Ha(1 —a—it)|dt).
T+a

As before we can move the line of integration in the O-term to the %—line with an admissible

error of size O(yT¢). The same argument as in (17) then implies that the O-term is <

TL™++5/2 From Montgomery-Vaughan’s mean value theorem, the main term is asymptotic

v T S A(n)dy 41 (h) Py [W)d, (k) P[k]

2 hn—io
h,k<y

h=kmn

Thus, by Lemma 4.11,

(r+1)2+1
(7“ ;ﬁlr)((jﬂrili(l}‘(zi(y) / / 1 _ :E r('r+1 -1 zcxth(m _ t)Pg( )dtdx (20)

7.2. Evaluation of Jy(H;, H2). We recall that

Ji(Hy,Hy) ~ —

1 a+i(2T+a) C/
R ) = 5 [ T ) s ) o) 1~ s

By Lemma 4.1 we obtain

Jo(Hy, Ha) = Z dr(k)kw Z a(h)e(—h/k) + O(yT?**e),

k<y kT /2 <h<kT/m
where '
= Y dpyr(n) Pr[n]A(u)u™,
nuv=~h
n<y
We write

“(s.0.k) ia h/k:)

h=1
From Perron’s formula, we have
1 et KT\ ds
h * k)| — kT* 21
S aenm - [ @ean () Trour. e

h<kT/2m

Lemma 4.5 asserts that Q*(s, «, k) has at most two poles in o > % at s=1and s = 14+ia (we
are assuming that o # 0). Hence we move the line of integration in (21) to o = ap = % + L7t
and obtain
1 a+iT ET\%d
a9 Q*(S,Oé,k?) <> j

271 a—iT 2T

1 ag—1iT ag+iT a+iT kT d
+</ +/ +/ >Q*(S,Oz,k)< > )
21\ Jo—ir ag—iT ag+iT 2m s

where R; and Rj4; are the residues of the integrand at s = 1 and s = 1 + ¢« respectively.
By Lemma 4.5, the left edge of the contour contributes

= R+ Ritia

< yT1/2+E.

T
< yl/ZTE(kT)“O/ T
-T
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Also, the contribution along the horizontal lines is
kTH)®
< yl/QTa( T) < 327",

Thus
> a(h)e(—h/k) = Ry + Riyio + O(yT'/?*e 4 43/2T°).
h<kT/2m
We now compute the residues Ry and Riiiq. Let Q(s,a,h/k) be as in Lemma 4.3. Then

we have
Q*(‘S? «, k) = Z (M_l(zzpl[h]@(sa a, h/k)

h<y
Hence by Lemma 4.3(i), we obtain
€1 —ia) if K =1
kT dT+1(h’)P1 [h] ¢ —1 .
= 20 Z h x p(l—ia)k(lofgfum) if K = p)‘ > 1
h=y 0 otherwise,

where K = k/(h, k). Also, by Lemma 4.3(ii) we have

1+ic io )
Ritvia = — 1 (kT> Z dr+1h<1}i)ifl [h] C(l + ) H(l _pza)'

1+ia\ 21 = Kivp(K) T
Thus
T _ dry1(h)Pi|h]d (k) Pk
T h,k<y
h=kn
T Z logp Z dr11(hk) Py [hk]d,. (p k) P [p K]
(I—ia)A(] — p—1+i
2n 1<pA§yp (1=p ") (};Lf);l "
kSyﬁjA
0o (TN o~ dos (WA ()P Tlonc L =07) e
1+ia \ 27 hk—ie (hK)iep(K) '

hk<y

We denote the three main terms by Jo1, Joo and Jog, respectively. The first expression

follows from Lemma 4.11. By noting that ¢'(1 — ia)/¢(1 — ia) = (ia)~! + O(1), Jo1 is
asymptotic to

a1 T (logy) " +1’

1
2mial (r + 1)I(r(r + 1)) /0 (1= )" D71Qp () Pa () da (22)

For the second expression, we first note that the contribution of the terms for which A > 2,
or p is a prime divisor of h or k is

dr41(h)dy (K) (r+1)2

LT g N <TL .
h.k<y
h=nk

Hence, we have, up to an error term of size O(TL(T“)Z),

g, - T log p ) dy41(R)Pi[h]d, (k) P2[pk]
22 o2 = pl—ia _ h

h<y,k<y/p
h=nk
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By Lemma 4.11, the sum over h and k is

logy/p

ar+1(10g y)(?"-‘rl)Q / Togy T’(T+1)—1 log y/p
(1 —x)P — ,
Lir+1)IT(r(r+1)) Jo o @ z) Py logy v )de

up to an error term of size O(L(’"*l)Q_l). The contribution of this O-term to Jos is < TL+Y?,
Hence the leading term of Jos is

rar1T(logy)r+1*

logp
_27rF(7“ + )T (r(r +1)) 2 pl—ia — 19(10)»

where

lcigy/p o /
9(p) = / 5y m7”(7“—%1)—1QT(1 — )P, <lgyp _ x) dr.
0 ogy

Now from the prime number theorem, it is standard to check that

log p y -1
A = O(1).
Z pl—za -1 i + ( )
p<y

So by Stieltjes integration,

lo Y g(t)dt ! ,
Zpl_ifzilg(p):/l gtﬁ_)m +0(1)=10gy/0 g(y")y*'dt + O(1).

Py
Thus
?”ar+1T(10gy ) b? / / (r+1)—1, iat
~ —x)"\ W Po(x — t)dtdz. 2
Jo2o T2 (r + ) (r £ 1)) Qr(z)Pa(v — t)dtdx (23)

We are left to evaluate J23. Using the M6bius inversion

D=3 S ums( %),

ml|h n|m
mlk
the sum over h and k is
dT+1(h)P1 p|kn/m( - pia)
Z hk—io ZZ hkn) (lﬁ) ’ (24)
h,k<y m|h nlm Plm
m|k

By writing hm and km for h and k, respectively, the above expression is

3L 5 P gy ) D)

m<y h<y/m k<y/m nlm

We let

Hp|k(1 - pla)
o(k)
It is standard to verify that f(k) is multiplicative. Hence the sum over n is

> = I ( - ) =50 T2 ) IO - i)

nlm plm plm plm

ptk plk

fk) =
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This can be simpliﬁed further as

Hp\k Hp (1—p (1+wz)) H(l _p—(l+io¢)) _ W’
plm
plk

where
A(m) = H(l — p—(l—i-iOt)) and g(k) = H(l _ pia).
plm Dl
So (24) is equal to
Z A(m) Z dy41(hm)Py[hm] Z dr(km)g(k;)Pﬂkm]‘

h1+ia
m<y h<y/m k<y/m

By Stieltjes integration and Lemma 4.12, the sum over k is

dr<m><z’": (;) /ly/m ((.—mlogtv Pylmildt + Pz[m]) +O(dAm)lWTO(m) L_l)
j=1

o(m) i~ ltlogt m
- <Z () 25 Rt + ) o #72)

Using Lemma 4.7 and Lemma 4.8, the contribution of the O-term to Js3 is

< TLrJrl Z dT+1 (m)dr(m)F‘m (m) < TL(T+1)2+E

= p(m)
Now Lemma 4.7 gives
Z dpi1(hm)Pi[hm]  Dypyi(m)(logy)
1+ic -
hgim h I(r+1)
lolgy/m 1 /
/ S grymiatpy (28U ) gt 4 O(dyg (m) Fyy (m)LT).

0 logy

Again, the contribution of this O-term to Jog is < T Lr+1)%+e, Thus, up to an error term of
size O(TL(r+D*+e),

¢(1 + i) (T) 149 (1og )t §~ Desa(m)ds(m)Am)

Jag = —
2 1+ia \27 L(r+1) =~ o(m)

logy/m

7=1
By Lemma 14 and Stieltjes integration the sum over m is

10 p 1 r (r+1)— 1
i [ i

logy
(—ialogy) .
(;()MR 1[z] + Pofz ])dtdx+O(L (r+1)-1y

We note that

¢(1+ia) (T>1+i°‘ _ Tt + o).

1+« 27 2mio
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Hence, substituting 1 — log z/logy by z leads to

2
J23 N a +1T1+zcx logy 1'+1) / / . r(r+1 1try7iozt
2mial(r + DT (r(r + 1)

Py(z—1) < Zl (;) WRj_l( )+ Pg(x)>dtdac. (25)
-

7.3. Evaluation of J3(H;, Hy). We will first consider
1 a+i(2t+a)
Ju(t) = 2/ C(1—s)Hy(s)H2(1 — s)ds.
T Ja+ti(t+a)

As before, we move the line of integration to the %—line. The contribution along the horizontal
lines is O(yt'/4*¢). The integral along the left edge is

1 2t4-a

L C(3 +it)Hi(3 —it)Ha (3 +it)dt.
27 Jita

Hence, by Lemma 2.2 we have

ar41t(logy) "+ /1 r(r4+1)—1
1-— ()P,
Jalt) 270(r + 1)T(r(r+ 1)) Jo (1-2) Qr(w) Po()dx
FO(yt/ ey + O(tLI -1, (26)
By Stirling’s formula we have
Kl(l — it +ia) = —logi +o@t™)  (t>1)
X 2 2 -
Hence
2T "
J3(Hy, Hy) = —/T log %Jz;( )di

2T+
—i—O(/ ' \x(l—a—it)((a—i—it)Hl(a—l—it)Hg(l—a—it)\dt)
T+« t

The integrand in the error term is < yT~1/2%¢. So the O-term is bounded by yT'*/2*<. Hence,
integration by parts leads to

Ju(2)

J3(H1, Ha) = —(log T) (J4(2T) — Ju(T)) + 0(‘ /TZT dtD + O(yT/?*e).

In view of (26), we deduce that

r TL(1 (r+1) 1 B
_2;’1;—(; n i)org(iz?“ 1) /0 (1-— x)r(r-i-l) 1Qr(x)P2(x)d:L‘,

This, (20), (22), (23) and (25) establish Lemma 2.5.

J3(Hi, Ha)

8. DEDUCTION OF THEOREM 1.1

In this section, we will demonstrate how Theorem 1.1 follows from Lemmas 2.1-2.6. Our
arguments show that we can choose v = % —¢. Hence Lemmas 2.1-2.3 give

M(H,T) ~ a1 T(logy) "0, (27)
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where
U = # /1(1 _ )(r+1)271P ( )2d
= F(('r n 1)2) ; X 1\x X

2 ' 1 r(r+1)—1 P d
+F(7“+1)F(r(r+1))/0 1-2) Qr(z) P (z)d

2 1 s2
+F(T)2F<T2)/O (1 - x) 1(Rr—1(1’) — Rr(x))Rr_l(l‘)dl‘.

Now from Lemma 2.4,

c/L T (r+1)2
[ G i+ a)Pda~ By, (28)
—¢/L p<y<or T
where
1 ! 2 ¢ sin(L)Py(z — t)
- - - (r+1)*—1 . 2
Wi (D) /0 (1—x) Py (z) <cP1(:1:) 2(r + 1)/0 - dt) dz.
Similarly, by Lemma 2.5 we have
¢/L T(1 (r+1)2
2%(/ Z CHQ(p—l-’LOé)Hl(l —p—ia)da> ~ Ayr41 (Ogy) ‘/27 (29)
—c/L T

T<y<2T

where

Y2 = F(T—i—l r(r+1)) / (1—a) r(r+1)- (2cQT( VPy(x)
ct o oo (et .
—(r + 1)Py(z >/ sin(§ )Ci( )dt—QT’QT( )/ 51n(2)P2( t)dt

0 t
c/2 _2
+Py(z / / S =20 e p (2 4yt
c/2
1)( ) / / cos((t = 2)n)y t" Py (x — t)dndt
) 25 +1 —c/2

Furthermore, we note that R(ialogy)’ = (—1)!(alogy)? for j = 2I, and R(ialogy)? = 0 for
j =201+ 1. Hence Lemma 2.6 gives

+ 2
2j+1<r
+ D T
2j4+2<r

C/L a, T]O (7,.+1)2
[, S ittt i ~ By, 0)
—C

T
T<y<2T

where

1 i 1)J 241 1 )
Vs = T(r )ZF(rQ) Z 22(] 1)(27 T 1)/ (1—2)" 'B(r, 3,2j;2)dz.

Here B(r,6,j;x) is defined as in Lemma 2.6.
Combining (27), (28), (29) and (30) we obtain that

1Vi + Vo + Vi
he)= =L 2T 53 4 o(1).
2 U
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Consider the polynomials Pi(z) = > . cjz? and Py(z) = > <M d;x?. Choosing r = 2,
M = 10 and running Mathematica’s Minimize command, we obtain A > 3.033. Precisely,
with

Pi(z) = —3+97x — 173022 + 1483023 — 7024824 4 17221725 — 15480525 — 10955527

+1888952° + 1302887 — 18629820

and

Py(x) = —258+ 92452 — 9677027 4 4288883 — 85614721 4 59282925 + 1692102°
49462427 — 71627428 + 230263z° 4 154420210,
we have
h(3.0337) = 0.998885... < 1.
This and (1) complete the proof of the theorem.
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