LARGE GAPS BETWEEN CONSECUTIVE ZEROS OF THE RIEMANN
ZETA-FUNCTION. II

H. M. BUI

ABSTRACT. Assuming the Riemann Hypothesis we show that there exist infinitely many
consecutive zeros of the Riemann zeta-function whose gaps are greater than 2.9 times the
average spacing.

1. INTRODUCTION

Subject to the truth of the Riemann Hypothesis (RH), the nontrivial zeros of the Rie-
mann zeta-function can be written as p = % + 17, where v € R. Denote consecutive
ordinates of zeros by 0 < v < 4/, we define the normalized gap

5) = (7 = )2,

It is well-known that

T T
Z 1= —log— ~ 3= +O(logT)
0<~<T
for T > 10. Hence 6(v) is 1 on average. It is expected that there are arbitrarily large and
arbitrarily small (normalized) gaps between consecutive zeros of the Riemann zeta-function
on the critical line, i.e.
A:=limsupd(y) =00 and p:=liminfd(y)=0.
¥ 2l
In this article, we focus only on the large gaps, and prove the following theorem.

Theorem 1.1. Assuming RH. Then we have \ > 2.9.

Very little is known about A unconditionally. Selberg [16] remarked that he could prove
A > 1. Conditionally, Bredberg [2] showed that A > 2.766 under the assumption of RH
(see also [14,13,7,12,6,10] for work in this direction), and on the Generalized Riemann
Hypothesis (GRH) it is known that A > 3.072 [11] (see also [8,15,3]). These results either
use Hall’s approach using Wirtinger’s inequality, or exploit the following idea of Mueller
[14].

Let H : C — C and consider the following functions

M(H,T) = /\H (4 +it)|dt

and
o(H, T: ) / (3 +i(y+ )| da,
—c/L 0<7<T
where L = log % We note that if
MQ(HvT; C)
h(c) i = ———F———= <1
=", 1)
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2 H. M. BUI
as T — oo, then A > ¢/m, and if h(c) > 1 as T — oo, then p < ¢/7.

Mueller [14] applied this idea to H(s) = ((s). Using H(s) = }_, cp1-c d2.2(n)n"%, where
the arithmetic function di(n) is defined in terms of the Dirichlet series

C(S)k _ Z dk(sn)
n=1

1

- (0>1)

for any real number k, Conrey, Ghosh and Gonek [9] showed that A > 2.337. Later,
assuming GRH, they applied to H(s) = ((s) >, <y1/2-- n~*° and obtained A > 2.68 [8]. By
considering a more general choice -

logy
ns

d,.(n) P18/
a=cp ¥ T o)

nSTl/Z_E

)

where P(x) is a polynomial, Ng [15] improved that result to A > 3 (using r = 2 and
P(z) = (1 — 2)%°). In the last two papers, GRH is needed to estimate some certain
exponential sums resulting from the evaluation of the discrete mean value over the zeros in
My(H,T;c). Recently, Bui and Heath-Brown [5] showed how one can use a generalization
of the Vaughan identity and the hybrid large sieve inequality to circumvent the assumption
of GRH for such exponential sums. Here we use that idea to obtain a weaker version of
Ng’s result without provoking GRH. It is possible that Feng and Wu’s result A > 3.072
can also be obtained just assuming RH by this method. However, we opt to work on Ng’s
result for simplicity.
Instead of using the divisor function d(n) = da(n), we choose
h(n)P(ELT)

H(s) = ((s) ) ———24,

n
n<y

where y = T, P(z) is a polynomial and h(n) is a multiplicative function satisfying

| d(n) if n is square-free,
hin) = { 0 otherwise. (1)

In Section 3 and Section 4 we shall prove the following two key lemmas.

Lemma 1.1. Suppose 0 < 9 < % We have

M (H,T) = W /01(1 —z)3 (19_1P1(33)2 - 2P1(x)P2(:13)>dx + O(TL®),

where

and

P.(z) = /03? t"P(x — t)dt.

Lemma 1.2. Suppose 0 <9 < 3 and P(0) = P'(0) = 0. We have

o0

ogy)? [* .
Z Hpp+ia)H(1 —p—ia) = ATL(]gy)/O (1—x)3Re{Z(ialogy)]B(j;:U)}dx

6m ,
0<y<T j=1

+0.(TL"*)
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uniformly for oo < L™, where
2P (u)Pjyo(u) | 20Py(u)Pjyo(u) | 40P (u)Pjys(u)

B(jiu) = - G +2)! (G +2)! (j +3)!
_(ji’;)! /O 1O~ — 1)7+2Py (u) Plu — t)dt
+L /ut(vﬂl — )T Py (u) P(u — t)dt — v t(ﬁ’l — t) P3(u)P(u — t)dt
G+ Jo ’ 65t ’ .

Proof of Theorem 1.1. We take ¢ = %_. On RH we have
ST JHG +iv o) = Y Hp+ia)H(1 - p—ia).
0<<T 0<~<T
Note that this is the only place we need to assume RH. Lemma 1.2 then implies that

AT (logy)* i (=1)7c*!
6m L2 1(2j + 1

/ +i(’y+a))’2da /1(1x)3B(2j':c)dx
) Jo .

/L 0<'y<T
Hence
—1 JC2J+1
1 Z] 1 22] 1 2J+1 fO 3B 2] l‘)d:ﬂ
2m Jo (1= 2)3(Pi(z)2 — Pi(z) Po(a))da

as T — oo. Consider the polynomial P(z) = ZJ]V‘;2 cjz?. Choosing M = 6 and running
Mathematica’s Minimize command, we obtain A > 2.9. Precisely, with

P(x) = 1000z* — 93322 4 301342 — 404752° 4 1929229,

h(c) = o(1),

we have
h(2.97) = 0.99725... < 1,
and this proves the theorem.

Remark 1.1. The above lemmas are unconditional. We note that in the case r = 2
apart from the arithmetical factor as being replaced by A, Lemma 1.1 is the same as
what stated in [15; Lemma 2.1] (see also [3; Lemma 2.3]), while Lemma 1.2, under the
additional condition P(0) = P’(0) = 0, recovers Theorem 2 of Ng [15] (and also Lemma
2.6 of Bui [3]) without assuming GRH, though the latters are written in a slightly different
and more complicated form. This is as expected because replacing the divisor function
d(n) by the arithmetic function h(n) (as defined in (1)) in the definition of H(s) only
changes the arithmetical factor in the resulting mean value estimates. This substitution,
however, makes our subsequent calculations much easier. Our arguments also work if we
set h(n) = d,(n) when n is square-free for some r € N without much changes, but we
choose r = 2 to simplify various statements and expressions in the paper.

Remark 1.2. In the course of evaluating My(H,T;c), we encounter an exponential sum
of type (see Section 4.2)

h(n)P(5")

S S ame( =)

n<y m<nT/2m

for some arithmetic function a(m). At this point, assuming GRH, Ng [15] applied Perron’s
formula to the sum over m, and then moved the line of integration to Re(s) = 1/2 + ¢.
The main term arises from the residue at s = 1 and the error terms in this case are easy
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to handle. To avoid being subject to GRH, we instead use the ideas in [9] and [5]. That
leads to a sum of type

10gy/n>

§ M P

n

n<y

This is essentially a variation of the prime number theorem, and here the polynomial P(x)
is required to vanish with order at least 2 at x = 0 (see Lemma 2.6). As a result, we cannot
take the choice P(x) = (1 — 2)3Y as in [15]. Here it is not clear how to choose a “good”
polynomial P(x). Our theorem is obtained by numerically optimizing over polynomials
P(x) with degree less than 7. It is probable that by considering higher degree polynomials,
we can establish Ng’s result A > 3 under only RH.

Notation. Throughout the paper, we denote

logy/n
[n]y = 10 .
gY

For Q, R € C*°[(0,1)] we define

Qu(x) = /0 Q@ —tdt  and  Ri(z) = /0 Rz — Dt

We let € > 0 be an arbitrarily small positive number, and can change from time to time.

2. VARIOUS LEMMAS

The following two lemmas are in [9; Lemma 2 and Lemma 3.

Lemma 2.1. Suppose that A(s) = Y 0 a(m)m~*, where a(m) <. m®, and B(s) =
> n<y (M™%, where b(n) < n°. Then we have

= w X(1—5)A(s)B(1 — s)ds = g b(n) g a(m)e| — ™)Y+o (yT/%+e)
270 J i n n c ’
n<y m<nT/2m
where a =1+ L1,

Lemma 2.2. Suppose that Aj(s) = > >, aj(n)n™* is absolutely convergent for o > 1,
1 <5<k, and that

nS
n=1 j=1
Then for any l € N, we have
0o k
D Ol I (D Sy
n=1 n’ I=ly...l; j=1 n>1 ne
(n7Hi<j l;)=1

We shall need estimates for various divisor-like sums. Throughout the paper, we let
F(n)=[[(1+0(™),
pln

for 7 > 0 and the constant in the O-term is implicit and independent of 7.
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Lemma 2.3. For any Q € C*([0,1]), there ezists an absolute constant 7o > 0 such that

—1
(i) Z h(an)Q(lan],) = C(logy)?h(a) H (1 + ;) Q1(laly) + O(d(a)Fry(a)L),

n

an<y pla
1
(11) Z<: h(an)Q([Zn]y) logn _ C(log y)3h(a) H <1 + ;) QQ([CL]y) + O(d(a)FTO (a)L2),

where

T30

Proof. By a method of Selberg [16] we have

h(an)  C(logt)? 2
> = h(a)H<1+p>

n<t pla

1
+ O(d(a)Fry(a)L)

for any t < T'. The first statement then follows from partial summation.
The second statement is an easy consequence of the first one. ([l

Lemma 2.4. For any Q € C*>([0,1]), we have

n)2p(n n - ogy)* [
Zh( )7p(n)Q(] ]y)H<1+2> :D(lgy)/o (1 —2)3Q(z)dz + O(L?),

2
n<y " pln p 6
where
A(p—1 2\ 2 1\*
D:H{l—l—@Z )<1+> ](1—).
» p p p
Proof. The proof is similar to the above lemma. O

We need a lemma concerning the size of the function F; (n) on average.

Lemma 2.5. Suppose —1 <o < 0. We have

S B0 (U et i (o] 1)
n<y " " | |

Proof. We use Lemma 4.6 in [4] that

> dk7(1n) (Z{L)J < L min {|o| ™, L},

n<y

We have
F.,(n) < H (1+Ap™ ™) = Zl_TOAw(l)

pln lln

for some A > 0, where w(n) is the number of prime factors of n. Hence

> ) (1) 7 QAT 5 O (W) it 1o 2,

n
n<y <y n<y/l

since dy,(1)A¥(") < 170/2 for sufficiently large I. O
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Lemma 2.6. Let F(n) = F(n,0), where

1
pln
For any Q € C*([0,1]) satisfying Q(0) = Q'(0) = 0, there exist an absolute constant 19 > 0
and some v < (loglogy)~! such that

A Qaba) = Y L) b ) (0,00
(b
i) F00) + 2 L azgqa,))

+O(Fry (b)L %) + O <F70(b) (Z) L‘2+5)
uniformly for o; < L=, 1 <j <3, where Uy = Uy(0,0) and Vi(n) = V1(0,n,0), with

Ui(s,a) = 1;[ {1 - ZF(Z’(Zi)i(ﬁ» 043)] (1 - p1+1+a1 > -

and

Vits,ma) = [ [1 _ 2F(p, a)F(p, 043)} _1.

(p)pstoa
pln

Proof. This is essentially a variation of the prime number theorem.
It suffices to consider Q(z) = }_ -, a;z’. We have

. a;j! wu(n)h(n) ds
Al(vavaabvg) ; Z 27_”/ ( ) WF(H,O@)F(H,O{S)F.

(log y)?

The sum over n converges absolutely. Hence

Al(y’Q;a’ b’g) - Z ajj! 1~/(2) <y> M‘F(na QQ)F(n7a3)%'
J

= (log y)J 2mi o) e p(n)nstar

The sum in the integrand equals

_ 2F(p,ag)F(p,a3)\ _ Ui(s,a)Vi(s, b, a)
QO p(p)pstor )_ (L +s+a)?

Let Y = o(T') be a large parameter to be chosen later. By Cauchy’s theorem, A;(y, Q; a, b, o)
is equal to the residue at s = 0 plus integrals over the line segments Ci={s=it,t eR,|t| >
Y}hC={s=0+iY,——5% <0 <0}, and C3 = {s = ~Tey T i, |t| <Y}, where ¢ is
some fixed positive constant such that ¢(1+ s+ 1) has no zeros in the region on the right
hand side of the contour determined by the C;’s. Furthermore, we require that for such ¢
we have 1/((o + it) < log(2+ |¢t|) in this region [see 17; Theorem 3.11]. Then the integral
over Cy is

< Fry(b)L (log Y)? /Y7 <. Fpy (b)L72Y 72F¢,
since 7 > 2. The integral over Cs is

< Fry(b) L7 (logY) /Y7t <, Fp (b)L72Y 32,
Finally, the contribution from Cs is

' [y —c/logY y —c/logY
<rotogyy (L) T wmm(L) T e
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Choosing Y < L gives an error so far of size O, (Fy, (b)(y/a) ™V L™2%¢) + O.(Fy, (b)L™47¢).
For the residue at s = 0, we write this as

Z a;jj! 1?{ Y\ Uils,)Vi(s,b,0) ds
= (logy)J 2mi a C(1+s+ap)? sitl’
where the contour is a circle of radius < L~! around the origin. This integral is trivially

bounded by O(L~2) so that taking the first term in the Taylor series of ((1+s+ay) finishes
the proof. O

Lemma 2.7. For any Q, R € C*°([0,1]), there exists an absolute constant 7o > 0 such that

As(y,Q, R;a1,a2,01) = Z h(alaﬂ)h(alm)Q({allZ]ler)f([alaﬂ]y)Vl(alanm)

ar1a2l<y
a1m=<y

= Ug(log y)4h(a1a2)h(a1)Vl(alag)Vg(al)V3(CL2)V4(a1a2)
la1]y
[ e, — O (sl it -+ Olds(an)d(an) Fr (ara) )

uniformly for oy < L™, where

=T (=22 [ 22 0 5) 0+ 22) J(-)

Va(n) = pH (1 i 2v;<p>>‘1, V(n) = pH (1 .\ ;) (1 N 2v;(p))—1
and
Vi(n) = H [1 . QVL(P) (1 . 129) <1 . 2v;(p)>—1} -

Proof. The proof uses Selberg’s method [16] similarly to Lemma 2.3. One first executes
the sum over m, and then the sum over [. ]

Lemma 2.8. For any Q, R € C*>([0,1]), we have
Q) Z h(lil2)h(l)Q([L]y) R([lila]y)

lyly T

F(ll, OéQ)F(lllQ, ag)V1 (lllg)VQ(ll)Vg(lz)W(lllg)
1112<y

logy // (1— 2Py N Q@) R(x — t)dtrdz + O(L),
0oy logp iph Q) Rl

1+ayq _ 1) l l%-ﬁ-al
(plbaz) (plil2, a3)Vi(plil2)Va(l1) Va(pl2) Vi(plilz)

W (1
Ogy / / Lsg (L= 2Py~ mOF 0B Q) Rz — by — to)dtrdtada

t1+t2<z

pl1l2<y

+O(L°)
uniformly for o < L_l, 1 <5 <5, where

6
— H( Vi(p)Vs(p)Va(p) +4F(p)2V1(p)V2(pM(p)) <1_1> _

p p
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Proof. We consider the first statement. We start with the sum over I on the left hand side

of (i), which is
A

l2<y/ly 2
(I2,l1)=1

As in how we prove Lemma 2.3, this equals

2 [l1]y
{miw(1-1) foogurwiw) [y tariu), - win+ow, @)

P
where

Wi(n) = H (1 n 2F(P)V1(p)V3(p)w(p)>1'

b
pln

Hence the required expression is

2 2
I (1- 1) Jaomye 3o P2l .

P 1<y

[t1]y
F(ll, ag)F(ll, 013)‘/1(ll)VQ(ll)V4(l1)W1(l1) /0 yialtlth([ll]y — tl)dtl + O(Ls).

Using Selberg’s method [16] again we have

S P By, ) (01, ) Va () Vall) Va0 W 1)
n<t
< N
=11 {W2<p>‘1 (1 - ;) }(l 5’;) +0(L7)
for any t < T, where

Wa(n) = [ {1 N 4F(p)2V1(p)Vzp(pM(p)W1(p) }—1.

pln

Partial summation then implies that (3) is equal to

I {mio o (1= ) J 200 [ 1wyt e — s + o027

p

It is easy to check that the arithmetical factor is W, and we obtain the first statement.
For the second statement, we first notice that the contribution of the terms involving
p~® with Re(s) > 1 is O(L6) Hence the left hand side of (ii) is

o 3 MOEREIQUDL) 1, ) (141, ) VA (1) Va () Va1 Vi (1)

1+a
1112<y l l '
(log p) R([pl1l2]y) 6
Z p1+a4+a5 + O(L )
p<y/lil2

(p,l1l2)=1
The same argument shows that we can include the terms pl|l;l3 in the innermost sum with
an admissible error O(LS), so that the above expression is equal to
log p h(ll2)h(l)Q([l1]y) R([phl2]y)
2D e 2

1+a4+a5 llll-‘roq
p<y Lil2<y/p 2

F(ll, OéQ)F(ZIZQ, 043)V1(lllg)VQ(ll)‘/é(lQ)‘Q(lllg) + O(LG).
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We have |
Z 8P _ logt + O(1)
p<t
for any ¢t <T. The result follows by using Part (i) and partial summation. O

3. PROOF oF LEMMA 1.1

To evaluate M1 (H,T), we first appeal to Theorem 1 of [1] and obtain

MET) = T Y h(m)h(n)P([m@)P([my)<m,n)(logﬂm,n)?M_l)

mn 2mmn

m,n<y
+0p(TL™8) + 0.(y*T")
for any B > 0, where « is the Euler constant. Using the Mobius inversion formula

(mo) =S S utarf (5 ).

lm djl
ln

we can write the above as

Py HO g APl P, <1Og 2 1) +OR(TLP).

mn
1<y d|l m,n<y/l

T
2mmn*

< Tzd(f)Q< > d(:)leogd < TILS.

<y n<y/l d|l

We next replace the term in the bracket by log

This produces an error of size

Hence

o) > h(lm)h(ln) P([lm]y) P({in]y)

M(H,T) = TZZ—2 (L—logm—logn)—l—O(TLS)

1<y m,n<y/l mmn
l h(in)P([In],)\?
TLZ%}E)( 3 ( )n([ ]y)>
<y n<y/l

Ty () Z/ AU n) Pl Pl g | s,
<y m,n<y/l

The result follows by using Lemma 2.3, Lemma 2.4 and Lemma 2.5. Here we use a fact
which is easy to verify that C2D = A.

4. PROOF OF LEMMA 1.2
We denote H(s) = ((s)G(s), i.e.

n<y
By Cauchy’s theorem we have

> H(p+ia)H(1 - p—ia) =
0<~y<T

1 /
— C—(s)ﬁ(s—i—ia)((l —s—ia)G(s+ia)G(1 — s —ia)ds,
2mi Jo ¢
where C is the positively oriented rectangle with vertices at 1 —a + 4, a + 4, a + i1 and
1—a+4T. Here a = 1+ L~ ! and T is chosen so that the distance from 7T to the nearest y
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is > L~!. It is standard that the contribution from the horizontal segments of the contour
is O (yT"/?*e).
We denote the contribution from the right edge by N7, where

1 a+iT /
N =— x(1—s— ia)c—(s)g(s +ia)2G(s + ia)G(1 — s — ia)ds. (4)
2mi a-+1 C
From the functional equation we have
¢ X ¢
—(1—s5)==(1—-5)— =(9).
c (1—s) N (1—3s) c (s)
Hence the contribution from the left edge, by substituting s by 1 — s, is
1 a—1iT CI
ot E(l —35)C(1 = s+ia)((s —ia)G(l — s+ ia)G(s —ia)ds
T Ja—i

— L a—iT &/ —s _gs — s i1 S — i —_ s i s —ia)ds
= om <X<1 ) C())C(l +ia)(( )G(1 — s + i) G( )d

= —Np+Ni+ O (yT'/#),

where

a—1

a+iT . 1
Na(B,7) = 1/ &(1 —5)C(1 —s+ia)((s —ia)G(1 — s +ia)G(s —ia)ds. (5)

2mi a+t X
Thus
> H(p+ia)H(1 - p—ia) = 2Re(N1) — Na + O (yT"/**9). (6)
0<~<T

4.1. Evaluate N>. We move the line of integration in (5) to the i-line. As before, this
produces an error of size O (yT"/?>*¢). Hence we get

I e 1, 2 1/2+e
/\/2:% ;(§—zt—za)‘H(§+zt)| dt + O:(yT ).
l1-o

From Stirling’s approximation we have

Xf/(l —it) = —logi + 0@t (t>1)
X 2 27 -

Combining this with Lemma 1.1 and integration by parts, we easily obtain

_ ATL(log y)?

Ny —
2 127

/01(1 —z)3 <q91P1 (z)? — 2P1(x)P2(a:)> dz+O(TL?).  (7)

4.2. Evaluate Ni. It is easier to start with a more general sum

a+i(T+a) / m "
M) = g [ (S Y M)
h(n)P(|n -
(et

n<y

so that N1 = Nj(—ia,0). From Lemma 2.1, we obtain

n<ly m<nT/2m
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where the arithmetic function a(m) is defined by

CI
¢

By the work of Conrey, Ghosh and Gonek [9; Sections 5-6 and (8.2)], and the work of Bui
and Heath-Brown [5], we can write

Ni(B,7) = Q(B,7) + E + O.(yT"/*+¢),

s+ B)Cls () Y M)

m<y m=1

(8)

where
h(ln)P([In]y,) p(n
0(8,7) = S MIPUnly) 1) 5 ©)
In p(n)
In<y m<nT/2m
(m,n)=1
and
E <<B,€ T.,E/ﬂ_B + y1/3T5/6+a‘
for any B > 0.
Let
/ D
n
s a)cs + e =30 2. (10)
n=1
From (8) and Lemma 2.2 we have
Z h l1m1 llml] )g(lzTTLQ).
I=l1l2
m=mims
lim1<y
(ma,l1)=1
Hence
h(lllgn) ([lllgn 7’L
QB = > Lo Z h(im)P(limily) D g(lams).(11)
l1lon<y I1m1<y mo<nT/2mmy
(m17 ) 1 (mg,lln):l

Lemma 4.1. Suppose a and b are coprime, squarefree integers. Then we have

G(z;a,b) = Z g(an)
(n"b%x |

- ST G- B )G~ BE(b, 6 +7)F(azh, —5)

1_’811 =asas 2

1— ! 1
5 (S S B e - PO P

1- v a=aza3 plb
a7 1 log p
1y —%% pPaj 1 — p~(1+8- 7 ¢(L= M) E(pb)F(pazb, =)

tr Y (CI (1+8)+Y llogp 1)4(1 +7)F (b, 7)F (asb)

a= a2a3 p|b

1 log p
—x Z plaj 1 —p- (1+B)C(1+7)F(Pb,7)F(pa2b)

a=pazas

+0g.((log ab)' ez (log x) 7).
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Proof. 1t is standard that up to an error term of size Op . ((log ab)' ™z (log z)~?) for any
B > 0, G(z;a,b) is the sum of the residues at s=1—-,s=1—+ and s =1 of

x? g(an)
s ns
(n,b)=1
Combining (10) and Lemma 2.2, the above expression is
s A(ain) 1 1
L2 G a2 ) (2 )

a=aiazas (n,b)=1 (n,a1b)=1 (n,a1a2b)=1

8

xs 1 A(ain)
= = Z 3 7(— Z TES-H? )C(s—i—'y)((s)F(alb,s—i—'y—1)F(a1a2b,s—1).
_ aja
a=aiazaz 192 (n,b)=1
We have

A( ) %(3+5)+Zp|bpsl?—¢ﬁzil if e =1,

. Z ain _ " logp fa —»

ns—i—ﬁ 1—p—(s+8) 1 ’

(n,b)=1 0 otherwise.
The result follows. O

In view of the above definition, the innermost sum in (11) is
G(nT/27rm1; 12, lln).

We then write

6
Q(B,7) = 9(87)
j=1

corresponding to the decomposition of G(x;a,b) in Lemma 4.1.
We begin with Q1(8,7). Writing Iyl for I3, and m for my, we have Q1(f,) equals

_(T/Qﬂ)lfﬁ B B h(l1l2l3)h(l1m)P([llm]y) _ _
oS- saa mhl;@ W = F(ly, =B +%)F(Lly, —B)
lim<y
u(n)h(n)P([lllglgn]y)F B . —
ngy/zlllzl?) (p(n)nﬁ (?’L, /6+7) (n, 5)

(n,lilalzm)=1
From Lemma 2.6, the innermost sum is

P([hlals)y) | 26P'([Lilals)y)
(logy)2 logy

U1V1(l112l3m)( + 52P(U1l2l3]y)>

+O(Fyy (lilalsm)L™3) + O, (Fm(llezgm) ( ? Z z3> L2+€>.

By Lemma 2.5, the contributions of the O-terms to Q1(8,7) is O(TL?¢). Hence

F(ly, =B +7)F(lil2, —B)
Tty
l1l2

Q1(8,7) = —Un(T/2m) PC(1=B+)C(1-8) >

l1l2<y
<A2(yaP7P”;llal27_B) 2@A2(Z/7P7P/§l1,l27—/3)
5 +
(log y) logy
+0.(T L),

+ B2 As(y, P, P; 14, 1o, —5)>
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Using Lemmas 2.7-2.8 we obtain
A(T/2m)' =P (log y)*° boeore _
01(6,7) = AL LB 1 i) [ [ [T apynn
Plr—t 26Py(x —t
pre (=t , 2t
(logy) logy
Here we have used a fact which is easy to verify that UyUsW = A.

For Qy(8,7), we write the sum >, , as 32 +>_,,, since the function h(n) is sup-
ported on square-free integers. In doing so we have Qa(f3, ) equals

T/2m)1 = h(l1lal3)h(lim)P([lim ! lo
(T/2m) - Y (Lalal3) h(lym) P([ly ]y)(C(lJrﬁ_,y)Jrzp g )

+ ,32P1(l‘ — t1)>dtdt1d$ + Og(TL9+E). (12)

_ i+ _ 1+8— _
1 v l1l2l3<y l1l2 Vlgml K C pll1 T
lim<y
n)h(n)P([l1lslsn
FU)F(il—y) S H0APAhblnly) b p,, )

n)n”y
n<y/l1lal3 gp( )
(n,l1l2lzm)=1

RCLLE 3 Wbl h(hm)P(hmly) g, o

1- v l112l3<y lll;‘f"Yl?)ml—y
lim<y
logp — p(n)h(n)P([lLlzlsn]y)
F(n)F(n,—). 13
pzn pl_t,_ﬁ_-y_l go(n)Tﬂ (n) (TL, fY) ( )
n<y/lil2l3

(n,lﬂglgm):l

We consider the contribution from the terms Zpl ;,- From Lemma 2.6, the sum over n is

< L7 4+ Fr (lilalsm) L3 + O, (FTO(z11213m) < z ly z ) L‘2+5>.
1la2l3
Hence the contribution of the terms 3~ to Q2(8,7) is

_ log p dy(l1)d(l2)d(l3)d(m)
TL!
< > 1 Iilalsm

pll1
l1l2l3<y
lim<y

1+ Fry (llalsm) L™t + By (Llalym) | —2 L*
Iilals

log p da(l1) -
5 1+e 9+¢
< TL § o1, (14 Fry(lh)L71¢) <. TL=.
p\h
1<y

The same argument shows that the last term in (13) is also O.(TL*¢). The remaining
terms are
(T/2m)' ™ ¢

A=) X

h(l112l3)h(llm>P([11m]y>
1115 I3m1 =

l1l2l3<y
Iim<y

F)F(hl,—y) Y. & (”>h(’2(i ;Zﬂ?l?’n]y)p(n)zr(n,—fy).
n<y/lilal3

(n,l1lalzm)=1
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Similarly to Q1(/3,7), we thus obtain

A(T /27 1—vy lo 10 ~/ 1 prx pz
0x(pm) = AL BN C 15y [ [ [yt
6 ¢ o Jo Jo
Pz —1) (P(aj —t) N 2vPy(x —t1)
The fourth term Q4(f8,7) is in the same form as Qs(3,7). The same calculations yield

(logy)? logy
) (lo 8 ~1 1 T
Qi3 = SRSy sy [ M- ey

Pi(z)P(x — t1)dtidx + O (TLTe). (15)

+ ")/2P1 (1‘ — tl)) dtdt1dx + Og(TL9+€). (14)

To evaluate Q3(3,7), we rearrange the sums and write Qs(3,~) in the form

_(T/Q?T)l_7 B log p h(plllglg)h(llm)P([llm]y)
=) X

1= plilals<y P = 1)p l1l;+7l3m1*7
lim<y
n)h(n)P(plilalsn
F(pl)F(plila,—y) > )M )(TL()[Z')} 230y) by P, —).
n<y/plilals ¥

(n,plilalzm)=1
By Lemma 2.6, the innermost sum is

P,/([pllbl?)]y) QVP,([plllQZS]y)
2+
(logy) logy

UrVi(plilalzm) ( + ’YzP([Plll?li’»]y))

+O(Fry (phlalym) L™ )+O<m(plll2z3m>< Y ) L‘2+5>.
plilals

The contribution of the O-terms, using Lemma 2.5, is O.(TL°*¢). The remaining terms
contribute

Uy (T/2m)' log p F(pl)F(plily, —)
a1 =7) Z 16— r
(1 ~) plila<y (p T 1)p“/ iy K
(AQ(:I/) Pu P”; ll)pl27 _/7) 2’%/42(2% P7 Pl7 ll)pl27 _/7)
(logy)? logy

In view of Lemma 2.7, this equals

+ 'YQAQ(:U, P7 P7 llapl27 _f)/)> .

1 h(plila)h(l
~UU(T/20)' (g (1 =) Y ot M)
2

pl1l2<y

[l1]y
F(pl) F(plil, —)Va (plala) Va () Va (pla) Va (plals) /0 y P (], — 1)
(P([Plll2]y) . 2vPy([plila]y)

+ vQPl([plllQ]w) gt + O(TLY).

(logy)? logy
From Lemma 2.8(ii) we obtain
T/27)1=7(1
QB(ﬁa’Y) ( / ﬂ-) ( Ogy / /tt >0 1 — 33 ﬂ/(t_tl)_ﬂbttlp(l’ — t)
3 t<x
t1+t2<x

<P($ — tl — tg) 2’}/P0(l‘ — tl — tg)

2 9+
Pi(x — t1 — to) | dtdt dtad TLO*Y1
(log )2 log y trh-h 2)> 1tz Ol )
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The term Q5(3,7) is in the same form as Q3(f,v). The same calculations give

A(T/27)(log y)° L
i(8,7) = - ( /W;(Ogy) ¢(1 +7)/ /t‘>0 (1 —a)3y~rh=Bt2gy
0 tHzt_sz
Pi(z)P(x — t; — to)dt1dtadr + O (TLOTE). (17)

Finally, we have Qg(3,v) = Og(TL™®) for any B > 0.
Collecting the estimates (6), (7), (12), (14)—(17), and letting § = —ia, v — 0 we easily
obtain Lemma 1.2.
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