NON-VANISHING OF DIRICHLET L-FUNCTIONS AT THE CENTRAL
POINT

H. M. BUI

ABSTRACT. Let x be a primitive Dirichlet character modulo ¢ and L(s, x) be the Dirichlet
L-function associated to x. Using a new two-piece mollifier we show that L(%7 X) # 0 for at
least 34% of the characters in the family.

1. INTRODUCTION

The behavior of L-functions and their derivatives inside the critical strip is a very important
topic in number theory. In this paper, we study the order of vanishing of Dirichlet L-functions
at the central point, s = % Let x be a primitive character modulo ¢, and denote by L(s, x)
the associated L-function. It is widely believed that L(%7 x) # 0 for all x. For quadratic
characters x, this appears to have been first conjectured by Chowla [5].

Balasubramanian and Murty [1] were the first to prove that a positive, though very small,
proportion of Dirichlet L-functions in the family of primitive characters, to a sufficiently large
prime modulus ¢, do not vanish at s = % This was subsequently improved by Iwaniec and
Sarnak [10], who showed that at least 1/3 of the central values L(3,Y) are non-zero for all
sufficiently large ¢. In this article, we give a modest improvement to the latter result. Our
main theorem is

Theorem 1.1. We have

ST 1> (034114 0(1) Y71

X (mod q) X (mod ¢q)
L(3,X)#0

where Y. denotes that the summation is restricted to primitive characters x.

Our method is to use a new two-piece mollifier, i.e. the sum of two mollifiers of different
shapes. As discussed in [3], it requires a significant amount of work in studying this and
other problems involving two-piece mollifiers, especially when the second mollifier is much
more complicated than the usual one (see the definitions in the next section). However, in
foreseeing how much improvement can be obtained, one can use some heuristic arguments
from the ratios conjecture [6] to express various mollified moments of L-functions as certain
multiple contour integrals. For a variety of examples of such calculations, see [7].

There has been a great deal of attention and extensive literature on the non-vanishing of
various families of L-functions at the center of the critical strip. Most notably, in connection
to this work we mention a result of Soundararajan [15], who showed that L(3,x) # 0 for at
least 7/8 of the quadratic characters modulo g. For results concerning the central values of
high derivatives of L-functions, see [11,13.4].
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1.1. Notation. For simplicity we only consider even Dirichlet characters x(mod ¢), i.e. such
that x(—1) = 1. The case of odd characters, x(—1) = —1, is similar. We let €, denote the set
of primitive characters (mod ¢) and let €, denote the subset of characters in €, which are

even. We put ¢ 7 (q) = $¢*(g) where
0" (q) = Y ud)e(r) = |6,
q=dr

. . ey . +
It is not difficult to show that |€,"| = ¢T(¢) + O(1). In addition, we write - (mod g)
indicate that the summation is restricted to x € %qu and we write Z;(mod g) to indicate that

to

the summation is restricted to the residues a(mod ¢) which are coprime to g. Throughout
the paper, we denote L = logq, y = ¢°, y1 = ¢"', y2 = ¢”2, Plm] = P(lolgog%) and

Q[m] = Q(loi?yém), where P(x) and Q(z) are two polynomials satisfying P(0) = Q(0) = 0.

2. MOLLIFIER METHOD

2.1. Various mollifiers. We first illustrate the idea of Iwaniec and Sarnak [10]. To each
character x € %j we associate the function

M) = 3 ) (1)

where X = (x,,) is a sequence of real numbers supported on 1 < m < y with ;1 = 1 and
Zm < 1. The purpose of the function M () is to smooth out or “mollify” the large values of
L(%, X) as we average over x € €,. Consider

SiM) = 3T LEOMG) and S(M) = T |L M)A
x(mod q) x(mod q)

m<y

The Cauchy inequality implies that

2
S (M
D ‘5}((1\/_/))‘ _ @)
x(mod q) 2
L(3,x)#0

Minimizing the ratio |S1(M)|?/So(M) with respect to the vector X = (w,,), the optimal

mollifier turns out to be
p(m)x(m) < logm>
M(x) = 1-—
() ngy vm logy

with 0 < ¥ < % The optimal proportion obtained in (2) is %, which corresponds to the choice
9=1.

There are two different approaches to improve the results in this and other problems involv-
ing mollifiers. One can either extend the length of the Dirichlet polynomial, y = ¢”, or use
some “better” mollifiers. The former is certainly much more difficult. For the latter, various
mollifiers have been recently proposed by combining mollifiers of different shapes. We give a
brief description of these mollifiers and explanation of their failure in applying to our problem
below.

Using Soundararajan’s idea in [14], Michel and VanderKam [13] studied the “twisted”

mollifier
M) =) “(m)X%)P[m] > M(m)X\(/TT%)Q[m]

m<y1 m<y2
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with e, being the root factor in the functional equation A(s, x) = e, A(1 — s,%), where

A(s,x) = (g)sﬂr(;)us, X).

However, the intricate analysis of the arising off-diagonal terms restricts the lengths to ¥ +
Py < % Under this limited condition, the optimal proportion obtained is again i. See the

3
discussion at the end of [13].

In [8], Feng introduced a mollifier for {(s) + fo/ g(sr} and applied it to various problems on the

distribution of the zeros of the Riemann zeta-function. In our case, that has the shape

p(m)x(m)Pim] 1 (A A x ) (m) x(m)Q[m]
M(x) = — .
We note that this is already included in the general mollifier (1) of Iwaniec and Sarnak.

Finally we mention a mollifier type of Lou [12,3]. Transforming in the context of Dirichlet
L-functions, this is

m<y1 m<y2

p(m)x(m)P[m] p2(m) x (m)x(n)Q[mn]
NI - -
vm
m<y1 mn<y2
Carrying out the evaluation of S3(M) in this case, the only factor involving P(x) in the
asymptotic formula for the cross term is P”(x). As a result, when P(z) = x, which is optimal

in Iwaniec and Sarnak [10], the cross term of Sy(M) vanishes. In fact, it turns out that the
optimal choice is P(x) = x and Q(z) = 0, and hence we do not gain any improvement.

2.2. A new mollifier. Instead we study a two-piece mollifier of the form (x) = ¥1(x) +
a(x), where

= 3 Hm () Pl

3

and =7
balx) = % T (log *M)(m)ﬂ(%m)x(n)cg[mn]’ 5

In the corresponding context of the Riemann zeta-function, this is a more natural mollifier for
¢'(s), and has been effectively used to show that more than 70.83% of the nontrivial zeros of
((s) are simple on assuming the Riemann Hypothesis and the Generalized Lindelof Hypothesis
[2].

To see that this is also a useful choice of a mollifier for L(%, X), we consider the question
of constructing a mollifier of different shape rather than the familiar type (1). In view of
the discussion in the previous subsection, we want our Dirichlet polynomial to contain the
character ¥ and not to involve the root factor €,. Informally we have

1 LEx pu(ma)pu(n)xX(mima)x(n)
TG0 " IO OLG — . 2 Tian @

mi,mz,n=>1

m17m27n)7 (4)

for some certain smooth function Q(u,v,w). We note that (3) is a special case of (4) by
choosing

Qu, v, w) = L™ (log u) Quvw].
Since (4) also covers the familiar mollifier (1), it is probable that studying the general mollifier

(4) would lead to better improvement.
Our Theorem 1.1 is a consequence of the following two theorems.
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Theorem 2.1. Suppose ¥1,195 < 1. We have

sl<w>:so+<q>( 1)+ 201 )) O(qL~1+*),

= /Ow Q(u)du

Theorem 2.2. Suppose ¥9 < 91 < % We have
S2(¢) = Ap™(g) + O(¢L™9),

where

where

1
A= PO+ 7911/1P'(x)2dx — 9 P(1)Q1 (1) +2192/ P(1 = 200 () da
0 0
1 1
o [P0 20w [ 1wl + % (-
0 0

0
2@1 192/ Q(x

Deduction of Theorem 1.1. We take ¥1 =¥ = 3, Q(z) = 0.9z and
P(x) = 1.05z — 0.052°.
These above theorems and (2) lead to Theorem 1.1.

2.3. Setting up. We collect the results in [10] to obtain

¢+1<q> S L () = P(1) + O(L~1+)

x(mod gq)
for 0 < ¥ < 1, and

e ST G 0n 0 = PP+ & [ P o)
¢t (q) 2 X 7t Jo

for 0 < ¥ < % Hence we are left to consider

I= ST LE 000, = 3 LGP (0e®)

x(mod q) x(mod q)

x(mod q)

and
J= ST LG 0wt
x(mod q)

2.4. Introducing the shifts. It is no more difficult to work with shifted moments. Instead
we will consider the following more general sums

)= 37 LG +a,0)ia(x), (5)
x(mod q)
ST LG+ @)L + B 0E (0 2(Y) (6)
x(mod q)
and N
Jale, B) = ) L(3 +a, x)L(5 + 8. X) |[a(x ) (7)

x(mod q)
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Our main goal in the rest of the paper is to prove the following lemmas.

Lemma 2.1. Suppose V3 < 1. Uniformly for a < L' we have
1
I<O‘) = 90+(CI> (792/0 y_a(l_x)Q(x)d:c — 7922Q1<1)) + O(qL_H_E),

Lemma 2.2. Suppose ¥y < 1 < % Uniformly for a, B < L™" we have

Ji(a, 8) = ¢ (q) dadb{ﬁl/ / / Y2y 8B gy b=y~ @+ (1 1 94+ 9a(b — u)) (8)

P(1- 7192%1—@’) +a)Q(z — u + b)dudzdt — / / yf“ygb qy(fyg)f(a+ﬁ)t(1 + d1a + V2b)

+ O(qL*HE).

P(1— 2029 4 )@ (x + b)dxdt}
a=b=0

Lemma 2.3. Suppose 99 < % Uniformly for a, B < L' we have

Jo(a, B) = ¢T(q) dadb{%/ / S0P (qyat0) @D (1 4 ¥(a + b)) (1 — 2)2Q(x + a)Q(x + b)dadt

1
+192/ / / / ygb+f3a*aufﬁv(qyg+b7u7v)—(a+ﬁ)t
0 0 0 0

(1+Y2(a+b—u—v))Q(x —u+a)Q(z — v+ b)dudvdzdt
/ / / ab+Ba— au a+b7u)—(a+5)t(1 + 192(& +b— u))Q(:L’ —u—+ G)Q1($ + b)dud$dt
/ / / aa+pBb— 6u a+b7u)—(o¢+5)t(l + 192(61 +b— u))Q(l‘ —u+ Cl)Ql (l’ + b)dudl’dt

+ O(qL™'"*).
a=b=0

_|_% / / ygbwa(qy;%)—(aw)t@ + J2(a + b))Ql(ac +a)Q1(x + b)dxdt}
0o Jo

The following corollaries are direct consequences.

Corollary 2.1. Suppose 92 < 1. We have

1 * 1 — Y2 —1+e
S0+(q)x(n§£q)13(27><)1/12(><) 5 Q1(1) +O(L™7).

Corollary 2.2. Suppose ¥ < 1 < % We have

1
<P+1(Q) ST LGP 00E® = —LPO)QI) + 0 /0 P(1 - 20=2)Q(2)da

x(mod q)

_’_2791 0 P/( ﬁQ(é;x))Q(x)dx—i-O(L_l'i_a).

Corollary 2.3. Suppose 9 < % We have

1 1
@f(q) ST LG 00 = 3 /0 (1 - 2)Q(x)2dx + % /O (1 - 2)°Q/(x)%dx

9 1
2+ % [ Qapa o),

Collecting these results, we obtain Theorem 2.1 and Theorem 2.2.
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3. VARIOUS LEMMAS

In this section we collect some preliminary results which we will use later.

Lemma 3.1. For (mn,q) = 1 we have

ST xmxm) =5 3 uld)e(r).

x(mod q) gq=dr
rlmtn
Proof. This is standard. See, for example, Lemma 4.1 [4]. O
Lemma 3.2. Let ) p
Vig)= — [ ez, 9)
271 (2) S
Then for x € (€q+ and any B > 0 we have
_ x(m) m -B
L+ = 3 AELv( ) o),
m>1
Proof. Consider
1 s 82 ds
A=— X°e " L(3+a+sx)—
2mi J(g) S
We move the line of integration to Re(s) = —N, crossing a simple pole at s = 0. On the new

contour, we use the decay of e** and the bound L(o + it, x) < (q(1+ |t|))1/2_0 for 0 < 0. In
doing so we obtain

A=L(}+a,x)+O0X Ng").
We now take X = ¢'*¢ and choose N large enough with respect to €. Finally expressing the
L-function in the integral as Dirichlet series we obtain the lemma. (]
Lemma 3.3. Let

(k)= 37 L+ e )x()x(k).

x(mod q)
Then for (hk,q) = 1 and uniformly for o < L= we have
* 1 m _
A0 = @) X v () OB + a7, (10)

mk=h
where Ey(h, k) satisfies

Ei(h, k)
Y 1 < (yg)'/**=.

hk<y
Proof. In view of Lemma 3.1 and Lemma 3.2 we have
* 1 m _
=3 Y ude) S v () Ho ) i
q=dr rlmkth

The diagonal terms mk = h gives the main term visible in (10). All the other terms in (11)

contribute at most (mk = . q)
m .q m
Bi(h}) = V()
m%;h /m, q1+€

Using the estimate V(z) < (1 + |z|)~! one can easily show that

Ei(h, k) .
Z \/7 yq)l/2+ )
hk<y

The lemma follows. O
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Lemma 3.4. Let G(s) = e*'p(s) and p(s) = (@4BPAs* 1oy

(a+B)?
1 ds
+ _ - + -2
W) = 5z [, OO (12
where
S s) F(1/2za+s)r(1/2zﬁ+s) wd (5] — F(1/2—2a+5)r(1/2—26+5)
a,B F<1/22+a)r(1/22+5) a,B F<1/22+a)r(1/22+5)
Then for x € 6, we have
L x(m)x(n) .. (7wmn
Lt +a, X)L +8,%) = m%1 amrantara Was| o
—a—pf _
q X(m)x(n) . (7wmn
+<7r> Z>1 ml/2—apl/2—-8 Wa,ﬂ q )
Proof. This is Lemma 4.2 in [4]. O

Lemma 3.5. Let
+
Y LG+ a )L+ B, 0)x(h)x(k).
x(mod q)
Then for (hk,q) =1 and uniformly for o, 3 < L™ we have
. W+ (m) —a—f N wW— (m)
_ o+ a,B\ g q a8\ ¢
Bh k) = ¢ (q)( ;h ml/2+anl/2+3 + <7r> hzk m1/2an1/26>
where Ey(h, k) satisfies
Es(h, k)
> 2l — < (ygq)'/*e.
hk<y

Proof. In view of Lemma 3.1 and Lemma 3.4 we have

_ 1 d * W‘Iﬁ(ﬂqn)
= 32 mde(r) ml/2+ap1/2+8
q=dr rlmkxnh
—a—B . W (o)
1(4 _aplq )
+2(77) Z“(d)‘p(r) Z ml/2—apl/2—B" (14)
q=dr rlmh+nk

The diagonal terms mk = nh and mh = nk in the first and second sums on the right-hand side
of (14), respectively, give the main term visible in (13). All the other terms in (14) contribute

at most
(mk £nh,q)| .+ (7mmn
Es(h, k) = Z - Wa,@ — .
mk#nh mn q

Using the estimate Waiﬁ(x) < (14 |z|)~! one can easily show that

Ey(h, k) 1/2+
> < (yq) /7.
ey Vv hk

This completes the proof of the lemma. O
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1

Lemma 3.6. Suppose y2 < y1, |z| < (logy1)™", and that Fy and Fy are smooth functions.

Then
$ di(n) <?J2) o) <101gy1/n>F2<1(1gy2/n>
= on \n og Y1 0g Y2
(log y2)* /1 k-1 (1 —z)logys k-1
= — 51 — Fill———— | F 1 .
Proof. This is Lemma 4.4 in [3]. O

Lemma 3.7. Suppose —1 < o < 0. We have

ST S

n<y

Proof. This is Lemma 4.6 in [3]. O

3.1. Mellin transform pairs. Let P(z) = )5, a;z’ and Q(x) = dis1 bjz?. We note the

Mellin transform pairs
aiz'! 1 yl
Plh] = S — h™"d 15
1= 2 gy 27 oy 1)

and

il
j] y2 u
h™"%du. 16
Z (log y2)I 2mi /(2) uitl (16)

7j>1

4. EVALUATING [(«)

4.1. Reduction to a contour integral. We recall that I(«) is defined by (5). Writing out
the definition of Ms(x) we have

o= L (log*u) (h)pu(k)Q[hk] T I )Y
I(a) Lhkzgw NI X(%q) L(% + a, )X (h)x (k).

By Lemma 3.3, we can write I(a) = I'(a) + O((y2q)"/**%), where

iy 9T (@) x—=* (log ) (h)u(k)Q[hk] m
o= L hk<ys Vhkm?!/2te V<q1+5>'

mk=h
Using (16) and (9) we obtain
“(a) bjj! + (loghy)p(ho)pu(k) ds du
I'a)="* J ( >//eq1+s =
L Z; (logy2)d \ 2mi mkzhzl]m (hihgk)V/2+uml/2+ats 5 i+l
The sum in the integrand is
_d Z* pu(he) (k)
DY iy 1P (hok) 2 24ats |
Hence () A
I/Oé :7SD q ]] '7_[// Oé, , 17
where

1" 52 (1+5)s u * M(hQ):U’(k) @ du
() 2m Z 1/2+u+y 1/24uy,1/24a+s s w1’
mk=h1hs 11 (ha2k) m
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We note that here and throughout the paper, we take 7,71, v2 € C and 7, v1,72 < L~!. Some
standard calculations give

e h1/2+u+’7(h2k)1/2+um1/2+oc+s

Cl+a+v+u+s)C(1+2u)
CA+y+2u)(1+a+u+s)’

(18)

where A(a,~v,u,s) is an arithmetical factor given by some Euler product that is absolutely
and uniformly convergent in some product of fixed half-planes containing the origin. We first
move the u-contour to Re(u) = §, and then move the s-contour to Re(s) = —(1 —&/2)d, where
6 > 0 is some fixed small constant such that the arithmetical factor converges absolutely. In
doing so we only cross a simple pole at s = 0. By bounding the integral by absolute values,
the contribution along the new line is

< g~ HA=e/200 8 (yoq™1)?.

Thus
CQ+a+v+u)C(l+2u) du
Cl+v+2u)(1+a+u)ut!

+0(q°).

27

1
"(a,7) = — /(5) yb A(a, v, u,0)

Moving the contour to Re(u) < L~ and bounding the integral trivially show that I (e, y) <
L7. Hence by the Cauchy theorem we have

0

—I"(a,y)| = Ki(e) + Ka(o) + O(L), (19)
0y =0
where o ) d
1 u l+a+u U
Kl(a) - M/(Ll) y2A(a707u70) C(l—{—a—l—u) uj+1
" C(1+20) d
1 14+ 2u) du
K = —— SA .
2(0() 20 (L—l) Yo (Oé, 07 u, 0) C(l + 2u) UJ—H

4.2. Evaluation of K;(a) and Kj(«).
Lemma 4.1. With K;1(a) and Ki2(«) defined above we have
A(Oé, 07 07 O) (log y?)j+1

1
Ki(a) = — ) /0 v "0y 1 O(1) (20)

and
A(a,0,0,0)(log y2)7
2(j + 1)!

Proof. We shall illustrate the proof for K;(a). The case of K2(a) can be treated similarly.

By bounding the integral with absolute value we have K;(a) < L+, Denote by K/ () the
same integral as Kj(«) but with A(a,0,u,0) being replaced by A(c,0,0,0). Then we have
Ki(a) = Kj(a) + O(L7). As in the proof of the prime number theorem, K} () is captured by
the residues at u = 0 and u = —a, with an error of size O((logy2)~?) for arbitrarily large B.
Also, we can express the sum of the residues as

l+a+u) du

1<
A(a,O,O,O)Qm,j{yQ CA+a+u) wtl’

1

Ks(a) = +O(LY).

where the contour is a circle with radius =< L™ enclosing the origin. We note that this
is trivially bounded by O(L/T!). Hence taking the first terms in the Taylor series of the
zeta-functions we obtain

1 du .
u 9
Ki(a) = A(oz,O,O,O)—2 ij{% 7( Wi +O(L7).
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We use the identity

1 —
L :/ poru-tgy y Y2
a—+u 1/yo a+u’

which is valid for all complex numbers o, u. The contribution of the second term to the integral
is

1 du
—A(a,0,0,0)y, “*— ¢ ——F—.
(0,0, 0)y 271 j{ (a4 uw)uitl

This integral can be seen to vanish by taking the contour to be arbitrarily large. Thus

S| du dt
Kl(Oé) = *A(O[,0,0,0) /l/yzt 277'(‘2 (ygt) ﬁ?+O(LJ)
1 1 )7 dt ,
- —A(a,0,0,0)/ podos )T dt ) 1y
1/y2 J! t

We can write it in a compact form as in (20) after the substitution ¢t = y, (1= O

4.3. Deduction of Lemma 2.1. By Lemma 4.1, (19) and (17) we have

I'(a) = ¢ (@) A(2,0,0,0) <ﬁz /0 , Q@) da — %le) +0(gL™1).

It is now sufficient to verify that A(0,0,0,0) = 1. Taking o« =y =0 and v = s in (18) we
have

A(0,0,s,s) = Z* __pho)p(k) =

mk=h1ho (hl th‘m) 1/2+s

for all s. This completes the proof of Lemma 2.1.

5. EvALuATING Ji(av, )

5.1. Reduction to a contour integral. We recall that J;(«a, ) is defined by (6). Writing
out the definitions of Ml( ) and Mas(y) we have

l](log *p) (h) u(k)Q[hk] + _ _
cy il S LG+ )L + B X)),
hl];y; thk x(mod q) ’

By Lemma 3.5, we can write Jl(a B) = Jfr(a, B) + Ji (a, B) + O((y1929)"/*+%), where

N u() PlI) (log #2) (Wu(k) QLK) . (7mn
Ji (o l; lh Vihkml/2+apl/2+8 Was q
hk:<yy2
mlh=nk

and

J;(a,ﬁ):w(q) (Q)a N 1) Pl1) (log #42) (h) (k)Q[hk]W;ﬁ<m>.

L T = ~/lh ml/2—apl/2—-8 q
hk<y2
mk=nlh

The treatments of J; (a, ) and J; («, 8) are similar. In fact, it is easy to show that

Ji (@, 8) = (¢ P+ O(L™)J{ (-5, ~a).
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Using (15), (16) and (12) we obtain

o) = S g () Ly o (2)

* w(l)(log =) (h) (k) ds du dv
Z 11/2+u(hk) /2 Hvm1 /2 atspl/246+s g it pitle

mlh=nk

The sum in the integrand is

d v p(D)p(he) (k) '
DY e mnk ll/””hi/ﬂvﬂ(h2k)1/2+”m1/2+a+8”1/2+'8+5 7=0
So
+(q) aibjiljt 9
JH(a,B) = -2 ! Tl 8|
(@ h) L ”221 (log 1) (logy2)7 97" ) 4=0
where
J{(a7577) = (27_”) / / / G gaﬂ < ) y1y2
Z () p(he) (k) ds du dv

1/2+v+y g gl ggtle
T ll/2+uh1/ (hok)V/2+vml/2tatspl/2+B+s s utlo

Some standard calculations give

* () p(ho) p(k) _
Z . ll/2+uh}/2+v+7(h2k)1/2+vm1/2+a+sn1/2+,8+s N (21)
CA4+a+B8+2s)C(1+u+v){(1+8+~v+v+s)C(1+2v)
C(l+a+v+s)CA+8+u+s)C(1+B+v+s5)C(1+v+2v)’

where B(a, 8,7, u, v, s) is an arithmetical factor given by some Euler product that is absolutely
and uniformly convergent in some product of fixed half-planes containing the origin. We first
move the u-contour and v-contour to Re(u) = Re(v) = §, and then move the s-contour to
Re(s) = —(1 — €)d, where d,¢ > 0 are some fixed small constants such that the arithmetical
factor converges absolutely and 97 + 92 < 1 —e. In doing so we only cross a simple pole at
s = 0. Note that the simple pole at s = —(a + 8)/2 of ((1 + a + 8 + 2s) has been cancelled
out by the factor G(s). By bounding the integral by absolute values, the contribution along
the new line is

mlhiho=n

B(O[,B,’Y,U,’U,S)

< gD (y1y)° < g HTERAI2),
Thus

J{(avﬁaﬁy) = (21) /5)/ ylygB a, B, v, U,V 0)

(I+a+B8)1+u+v)((1+B8+v+v)((1+2v) du dv
C(l +a+v)((1+ 4+ u)C(1+ B+ v)((1+ v+ 2v) uitl vitl
We now take the derivative with respect to v and set v = 0. We first note that by moving

the contours to Re(wi) = Re(wz) < L~! and bounding the integral with absolute values, we
get Ji(a, B3,v) < L'*7. Hence by the Cauchy theorem

+O0(q79).

H@By| =citatp (Lum,m " Lu<a,5>) Loy, (22)

=0

oy
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where
1\2
Lll(aaﬁ) = (27’(@) /(Ll) /(;U y%y%B(O&,ﬁ,O,U,U,O)C(l+U+U)
1 C(1+pB+v) du dv
C14+B+u) 1+ a+v)C(1++v)dut! dvit!
and

1 2
Lip(a.f) = (= / / Yy Bla, 8,0, w0, 0)C(1 + u + v)
271'2 (L*l) (L*l)
1

¢'(1+ 2v) du dv
CA+B+u) 1+ a+v)(1+2v) duit! dvitl’

5.2. Evaluation of Li;(a,3) and Lia2(a, B).
Lemma 5.1. With Lii(«, B) and Lia(«, B) defined above we have

. [ logyr)(1 — 202y (1 2l=e)yi
Lii(a, B) = —(logy1)" ™ (log yz)]H/ / yy Bllog ) . o) + ( 4 )
0 0 7! (’L — 1)'
1 Y _ )it » )
(a( 0og yQ;fx u) + (:IE] _ui)‘ >dud:r + O(LH—]—I) + O(Lz—l-‘rs) (23)
and
. . Yo (l—x)\;5 Yo (l—x) \i—
Lis(a,8) = (logy1)" ' (log ya)? /1 Blogyi)(1 — 2(191 )) + (- 2(191 )) '
’ 2 0 il (i—1)!
a(log y2)$j+1 a! i+ji—1 i—14
<(]+1)'+]' d:L’—i—O(L J )+O(L 6).
Proof. We shall illustrate the proof for Lii (e, ). The case of Lia(a, 5) can be treated simi-
larly.

This is more intricate than the previous section. We cannot move the contours into the
critical strip due to the pole of {(1 4+ u+v) at u = —v. We will need to separate the variables
u and v first.

Note that by bounding the integral with absolute values, we get Lii(a, 3) < L. We
denote by Li;(a, ) the same integral as Li;(«a, 8) but with B(«, 3,0, u,v,0) being replaced
by B(a, 3,0,0,0,0). Then we have Lii(a,8) = L (e, 8) + O(L7~1). We will later check
that B(0,0,0,0,0,0) =1 (see the end of the section), a result we will use freely from now on.

Changing the orders of summation and integration we get

1
(e, B) = Z gNanz, (24)
n<y2
where
Ny = y\"__ 1 du
U o -y \n/) ((L+8+wu)ut!
and
Nl L[ (B C0sry @
27 omi w-y\n/) CA+a+v)((1+p+v)vitl

We have restricted the summation in (24) to n < yo by moving the v-contour far to the right
otherwise.

We first work on Ni;. We note that since n < yo, we have logy; /n > (¥ —¥2)L. Hence as
in Lemma 4.1, the prime number theorem shows that Ni; is captured by the residue at u = 0,
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with an error of size O(L~?) for arbitrarily large B. Taking the first term in the Taylor series
of the zeta-function and using the trivial bound lead to

N = ( ><5+ ]
Thus

Ny = <ﬁ(10g§'/1/n)z + (lo?zyi/:’f))‘l_l> 4 O<L172)

We next evaluate Njo. This is more subtle since an error term of size O(1) is not sufficient
for our purpose. Let X = o(q) be a large parameter which we will specify later. We define
the line segments

Flz{w:(51+it'|t|>X}

lo={w=0+iX: % <0<}
and

Ty = {w =% +it: [t| < X},

where §; < L™1, and ¢ is some fixed positive constant such that ((1+ a + v){(1 + 8 +v) has
no zeros, and 1/((o +it) < log(2 + |¢|) in the region on the right hand side of the contour
determined by |JT'; (see Theorem 3.11 [16]). By Cauchy’s theorem we have

Ni2 = Resy—g + Res,—_g + R1 + Ro + Rg3,
where R;, Ry and R3 are the contributions along I'1, I'y and I's, respectively. We have
Ry < (log X)?/X7 <« X77%¢, Ry < (log X)?/ X7+ « X—9714¢
and

A —c/log X
Ry < (log X)i+2 (f) .

We choose X =< L and obtain an error of size O(L™7%¢) + O((%2)"VL?), for some v =<

(loglog q)~*.
Now the sum of the residues can be written as

1 y2\" 1+ B+w) dv
270 n) ((I1+a+v)((1+p+wv)vitl’

where the contour is a circle with radius < L~ enclosing the origin. This integral is trivially
bounded by O(L?). Hence by taking the first terms in the Taylor series of the zeta-functions

we get
1 y2\’ (a+v) dv 1 ) .
NlQ__Tm () (B+U)UJ+1+O(LJ )+O(<n> L).

We use the identity
1 — /1 tﬂ—i—v—ldt + (y2/n)—,8—v‘
6+v n/ya B+v
The contribution of the second term is

AN (a+v) dv
_<n> 27ri7§(6+v)vj“'
For j > 1, this can be seen to vanish by taking the contour to be arbitrarily large. Thus
we = = [, P () @ rowo((7) )
Jyo 2mi vitl ¢ n

-~ / t5<a(10g3{2t/”) + Uogzat/n)~ 1>dt+ (- 1)+O<<12> L€>

n/yz j! (] - 1)
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1—u)

Changing the variable t = (y3/n)~( we obtain

1 —B(1—u) § -1
Nyp = _(10gy2>/ (?/2> (a(uloglyz/n) +(u10gy2/n') >du
n/Jo An 7! (7 —1)!

+O(LI Y +0(<‘7f> LE).

Collecting the evaluations of Ni; and Nis we get

NulNiz = —<10gy2> (5(10gy1/n)i+ (logyl/n)z‘—1>

n il (i—1)!

[) T (et

+O(Li+j2)+0<<y2> Li1+5>.
n

By Lemma 3.7, the contribution of the O-terms to Li;(c, 8) in (24) is
< O(LiJrjfl) + O(Liflﬂ-:)‘

For the main term, we use Lemma 3.6. Simplifying we obtain (23). O

5.3. Simplification. We collect the evaluations of L11(«, 5) and Li2(a, §) to obtain

V20t (q)C(1+ o+ f)
1L

Jif (a, B) = J{ (o, B) + O(qL™"*%),

where J{(a, ) is equal to

/ / Yo 6U< (log 1) P(1 — 20=2) | p/(1 — W)) <a(logy2)Q(fL‘—u)+Q’(x—u)>dudx
_%/0 (B(logyl) (1 2202 +P’(1—192<;1‘“’0))> (a(logyz)Ql(x)+Q(m)>dx

We write this in a more compact form as

+
Ji (a, B) = go()((lL—l—a—i—B dadb{ // Pyt P (1 - 2078 4 6)Q(x — u + b)duda

+ O(qL™1F*).
a=b=0
Next we combine J; (o, 8) and J; (o, ). We recall that essentially J; (o, 8) = (q_o‘_ﬂ +
O(L™1))J{ (-8, —a). Writing

212921 0 a abP( ( +a)Q1($+b)dudaz}

Ba ab—Lu _qiafgyl—aa —Bb+au

Y1 Y Ya
Ula.fi) = e
Using the integral formula
1— —a—pf 1
i = les2) /0 Aty (25)

we have
1
U, B;w) = Ly 5" (14 Wra + d2(b — »/(wwb%<“@wt
0

Simplifying we obtain (8).
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Finally we need to verify that B(0,0,0,0,0,0) = 1. Lettinga=p=y=0andu=v =s
in (21) we have
3 () pCh) (k)

B(0,0,0,5,5,5) = (mnlhihok)/2+s

mlhiho=nk
for all s. This completes the proof of Lemma 2.2.

6. EVALUATING Jo(av, )

6.1. Reduction to a contour integral. We recall that J(«, ) is defined by (7). Writing
out the definition of My(x) we have

_ 1 (log #p1) (h1) pu(k1) Q[h1 k1] (log xpt) (ho) p(k2) Q[hoks]
JQ(O[”B) o h1k17h22/:€2ﬁy2 hikihaks
S° 7 LG+ o)L + B X)X (hok)X(haka).
x(mod q)

By Lemma 3.5, we can write Ja(a, 8) = J5 (o, B) + J; (a, B) + O((y3¢)"/**¢), where

IS (o, 5):%(@1) Z* (1og*u)(hl)u(kl)Q[hlkl](log*M)(hg)u(kz)Q[thg]W;ﬁ<wmn)

L2 hik1,hoka<yo h1k1h2k2m1/2+0‘n1/2+5 q

mhoki1=nh1ko
and J; (a, f) is equal to

" (q) (q ) e h 3 « (log*p)(h1)p(k1)Q[h1k1](log xp1) (ho) p(k2) Q[hoks] W, (Wmn> .

L? Vhikihakoml/2—anl/2=8
hiki,hoko<ya LRLIR2R2 q
mhike=nhoki

Using (16) and (12) we obtain

ot bl (1P 7)o
T f) = T > (1og;2)i+ﬂ' (27”) /(2) /(2) /(Q)G(s)gi,ﬁ(s)<ﬂ> ys "

i,5>1

s

Z* (log #p1)(h1)p(k1)(log *p) (ho) (k) ds du dv

(h1 k) /20 (hoky )1/ 2H0m1 /2 atspnl/24B+s g gyitl pi+l”
mhoki=nhiks

The sum in the integrand is

d? Z * (b)) p(he) p(ka) (k)

1/2 172
dyldvgml2h2k1:nllhlk2 ll/ +u+71l2/ +U+’72(hlkl)1/2+u(hsz)1/2+vm1/2+o¢+sn1/2+6+5

Y1="72=0

As in the previous sections, up to an arithmetical factor C'(«a, 8,71, 72, u, v, s), the sum in the
integral is
C(Ql+a+8+29)(1+a+vm+u+s)((I+L+yv2+v+s)(1+m+y2+u+v)
(I+atut+s)((I+a+v+s)((1+mn+ut+v)((1+y+u+wv)
C(1+2u)¢(1+20)¢2(1 +u +v)
¢(1 +ﬂ+u+s)§(1+ﬁ+v+s)§(1+m +2u)§(1 +’Y2+2’U)‘
Here C(a, B,71,72,u,v,s) is an arithmetical factor given by some Euler product that is ab-
solutely and uniformly convergent in some product of fixed half-planes containing the origin.

Again we first move the u-contour and v-contour to Re(u) = Re(v) = ¢, and then move the
s-contour to Re(s) = —(1 — ¢)d, where 6, > 0 are some fixed small constants such that the

X
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arithmetical factor converges absolutely and 25 < 1 — ¢. In doing so we only cross a simple
pole at s = 0 and the contribution along the new line is O(¢¢). We denote

Cl+m+7+u+0)(l+u+v)

1
J/ s M1 =\ 5 / / u+vC s My N1, )2, Uy ’O
2(@ B, 71,72) (27TZ> ) J(®) Y2 (2 8,m,72,4,0,0) Cl+y+u+v)(L+vy2+u+v)

CA+a+B)C1+a+y+u)(1+ B+ +v)C(1+2u)l(1+ 2v) du dv
(I +a+u)ld+a+v)((1+8+u)C(1+ 8 +v)¢(1+y1 +2u)((1 + 72 + 2v) uitl pitl’
so that

+0(¢" ).

Y1="2=0

q) bibjiljl 9%
5 J
iz;l (log y2)"+7 Oy1072 2(a, B,71,72)

We now take the derivative with respect to 1,72 and set 71 = v = 0. We first note that
by moving the contours to Re(u) = Re(v) = L~! and bounding the integral with absolute
values, we get Ji(a, 8,71,72) < L'™7. Hence by the Cauchy theorem

* _ i+j+1
m'JQ(OQﬁv’Yl?’YQ) S - C(l +a+ 5) (LQI(aﬂ ﬂ) + LQQ(CM, ﬂ)) + O(L J )7
where
L21( - <21) 'H)C(a,ﬁ,(),O,u,v,O)
" ¢'(14u+wv)? 1 du dv
<< A+ uto) = T )g(1+5+u)¢(1+a+v)ui+1uj+1
and
Ly(a,B) = <21> // Yot C(a, 8,0,0,u,v,0)¢(1 4+ u + v)
< C’l—i—a—i—u) B ¢'(1+ 2u) >
C(l+at+uw)A+p+u) C1+F4+u)C(1+2u)
< ¢(1+8+v) B ¢'(1+ 2v) ) du  dv
(A+at+v)((1+B+v) C(I+a+v)((1+20))utt it
6.2. Evaluation of Lg;(a, 8) and Laa(a, ).
Lemma 6.1. With Lai(c, 3) defined above we have
_ (ogy)™ ! d® [T abiga 2(z+a) (z+1b)
In(o.) = CBE o [t ap U

+O(Li+j) -I-O(LH-E) +O(Lj+€).
Lemma 6.2. With Los(c, 3) defined above we have

i d? Lo e eu—ge (T — U+ a —v+b
Los(a, B) = (logy2) +J+1ddb{/ / / y2b+6 o - ) (= i dudvdx

7! 4!
-3 / / grHpaen x_um) (fj:b)lj;ldudx (26)
By T
+% /01 ygbwa (ﬂzi—:ai;rl (azj—i__i_b)lj;ldfﬂ} - + O(L7) + O(L*+5) + O(L3+°).
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Proof. We shall illustrate the proof for Laa(a, 8). The case of Lai(a, ) can be treated simi-
larly.

We first note that by bounding the integral with absolute values, we get Las(a, 3) < LI+,
We denote by Lb,(c, ) the same integral as Los(a, 8) but with C(«,(,0,0,u,v,0) being
replaced by C(a, 3,0,0,0,0,0). Then we have Loo(a, B) = Ly (a, B) + O(L*T7). We will later
check that C'(0,0,0,0,0,0,0) =1 (see the end of the section), a result we will use freely from
now on.

Changing the orders of summation and integration we have

1 , .
Lig(a, ) = Y ~Na(a, 5, 1) Na(B, . ), (27)
n<y2
where
Na(a, B,1) = — / w2\ Cl+atuw (2w ) du
’ 2mi (L-1) \ 7 Cl+a+u)(1+8+u) C1+8+u)C(l+2u))utl

This integral has been implicitly evaluated in the proof of Lemma 5.1. Collecting the infor-
mation from that we get

No(a, B,i) = (log y2> /01 (Zj) o (B(UIO%!M/n)i + (UICﬁ%{;)i_l>du
<B(log:t/2/n)i+1 N (logy2/n)i> Lo 1)+0(<y2> L5>'

(i41)! i! n

NO[—=

Hence

No(a, B,4)No (B, v, j) = N21+N22+N23+N24+0(Li+j1)+0(<‘7f) Li+5>+0<<?f> Lj+€>,

where
—a(l—u)—B(1—v) i i1
Nop = <log> < ) <ﬁ(u10§!y2/n) —i-(m(zf%{;) )
(s | sy,
(j—1!

Nyy = _;<10gy2>/ <y22>_0‘(1 u)(ﬁ(uloiyg/n)i N (ul(z?f{?;yl)

a(logys/n)*t | (log y2/”)j>du

N

(7+1)! 4!
—B(1-v) i+1 i
_ 1 Y2 Y2 (log ya/n) (log y2/n)
Noz = 2<log ) <n> ( i+ 1) + f
<a vlong/n (vlogyg/n)j—1>dv
(j—1)! ’

and

N, — 1(Blogyz/n)™ | (logya/n)" (allogys/n)’*t  (logys/n)!
24 = 7 - + - - + - .
(14 1)! i! (j+ 1) J!
By Lemma 3.7, the contribution of the O-terms to L, (v, 8) in (27) is
<L O(L) + O(L7*) + O(L7+9).

For the main terms, we use Lemma 3.6. Simplifying we obtain (26). O
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6.3. Simplification. We collect the evaluations of Loj (v, §) and Laes(a, ) and have
_ Vot ()1 +a+B)

T a0 5) 0 T, 8) + O(aL™+),
where
d2 1
Jg(a’ﬁ) = dadb{;/oy yZOélFFﬁCL(l o l’)2Q(l' + CL)Q(I' + b)d$

1 x x
+ / / / Yot im0 (w4 a)Q(x — v + b)dudvda
0 0 0

1 x
/ / ys P Q (e — u+ @) Q1 (x + b)duda
0 0

N[ =

1 T 1
-4 /0 /0 Y3 (2 — u+ a)Qy (o + b)duda + L /0 ys Qi (@ + ) Qi (z + b)dw}
a=b=0

Next we combine J (a, ) and J; (a, ). Essentially we have J; (a,8) = (q*a*B +
O(L™1))JS (=B, —a). We proceed as in the previous section. Writing

yab+ﬁa—o¢u—,3v _ qiafﬁy—ﬁb—aa—i—ﬁu-i—ow
V(e Biu,v) = =2 P 2

Using (25) we get
1
Vi Bi0) = L (1 ot b == 0) [ (g
0
Simplifying we obtain Lemma 2.3.

Finally we need to verify that C(0,0,0,0,0,0,0) = 1. Taking o = 8 = = 72 = 0 and
u = v = s we have

* h h k k
C(0,0,0,0,s,s,s) = ) (ha) pu(ha) p( 11)/2{82) 1
mlohoki=nl1hiks (mnl112h1h2)
for all s. This completes the proof of Lemma 2.3.
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