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AnHOTanNsA

MpbI npejicTaBiseM MOJENb JIAHHOTO HAKDPBITHS aJjredpaunte-
CKUX MHOTOOOpa3uil crenenu 3, Jjisi KOTOPOil HAKPBITUE SABJISIET-
Cs1 KOHEYHBIM HAKPBITHEM IJIQJIKUX [TPOEKTUBHBIX MHOT000Pa3uit ¢
IJIAJIKUM JIMBU30POM BETBJIEHUS.

1 BBenenme

[Iycts k — noste xapakrepuctuku (). XopoIo H3BECTHO, YTO BCAKUN MOP-
pU3M IPOEKTUBHBIX MHOT0OOpas3nii ¢ : T — S HaJ k, KOHEUIHBIH CTEIeHn
2 B 0011€i TOUKE, MOYKHO JIOIMOJHUTH KOMMYTATUBHOM JIMarpamMMoii
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C TVIAJKUMU TTPOEKTUBHBIMU MHOTOOOPa3USIMU S u T, TaKuUM 00pPa3oM,
YTO Og ABJIAETCA OMPAIMOHATIBHBIM MOP(MU3MOM, g7 ABJISIETCS OUpAIno-
HAJIbHBIM OTOODAKEHIEM U ) SIBJISIETCS] KOHETHBIM HAKPBITHEM CTEIleHN
2. MHOXKeCcTBO TOYeK BETBJIEHHT KOHEYHOI'O HAKPBITUS CTENEHW 2 IJIa/l-
KUX [MPOEKTUBHBIX MHOIO0OpA3Wil ABISETCS TJIAKUM JTHBU30POM.
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B sT0it 3aMeTKe MBI JOKaXKEM aHAJOTMIHYIO TEOPEMY JIJIsi TPOWHBIX
HAKPBITHUIT, HaJT COBEPIIIEHHBIM TI0JIEM, XaPAKTEPUCTUKA KOTOPOrO HE PAB-
Ha 2 nin 3. XopoIire MOJIe/ I TPONHBIX HAKPBITUI BasKHBI 7SI KOHCTPYK-
uu Mojiesieil paccaoenuit (Ha | 6a30it JIF0OOH PA3MEPHOCTH ), B T€X CJIyda-
sIX, KOIJIa IPYIIIa CHMMETPHI TeOMETPUIECKOTO ODIIETo CJI0S JTOMYCKAeT
CIOPBEKTUBHBII TOMOMOPGU3M Ha CHMMETpPUIECKYIO rpytiny Sy, Hampu-
Mep, it paccyoeHnii Ha noBepxaocTH Aeib [lero crenenn 6 [1]-[4].

Ecte obmmpaas urepaTypa mpo TPOWHbBIE HAKPBITHS IIOBEPXHOCTEI],
eM. [5-[9]. B [8] mokazama Teopema Jijist TPOHHBIX HAKPBITHIA TTOBEPXHO-
cTefl, ToXoXKast Ha TEOPEMy B 9TOH 3aMeTKe; CTpaTerus JOKa3aTeIbCTBa
CBSI3HA C KJIACCHIECKUM peIlleHneM KyOrmdaecKoro ypasHenusi. Hara ctpa-
Terusi CBI3aHa ¢ TeOMeTpHUeil u ¢ JieTajJbHBIM UCCJIeJ0BAHUEM BETBJICHUS
B KOpasMmepHocTd 1 u 2.

Mpbr cTponMm 1;: T — S Takum 00pa3oM, UTO JMBU30D BETBJICHUS SB-
nsercd riagkuM. C Ipyroif CTOPOHDBI, B T€OMETPUUICCKUAX TPUIOXKEHUIX
BCTPEYAIOTCST MHOTO (HEIMKJINIECKUX ) HAKPBITHI MJIaJIKUX TPOEKTUBHBIX
MHOT000pa3uil crernenu 3, y KOTOPBIX JINBIU30D BETBJICHUS UMEET O0COObIE
TOYKHU, HATIpuMep 6-ro mopsiaka ¢ 6 KacrmaMu JIeXKAIMUMEA Ha KOHUKE, JJTs
obrmeit mpoeknuu riakoil Kyouanoii noepxuoctu [10]. Takoe HakpbiTHe
BIIOJIHE PA3BETBJIEHO (M€OMETPUYECKH, TOJIBKO OJIMH Mpoobpas B T') TOJIb-
KO HaJ[ KACIIAMM, HO MIOC/Ie IIPUMEHEHMS HAIEH TPOIE/yPhl CTAHET TAKUM
HAJT TIEJILIMU KOMIIOHEHTaMU JTUBU30Pa BETBJICHUS.

Kaxk mokaszano B [11, Exa. 3.1|, Takux Mozeseil HAKPBITHiT TTOBEPXHO-
creii crenern > 4 kak B (1) He cyIiecTByoT, B 00IIEM CJydae.

Pabora BTOporo aBropa ordactu nojyiep:kana rpanromM NSE 1601912
u Jlaboparopueit 3epkasbhoit cummerpun HUY BIIS, rpant I[Ipasu-
tesibctBa P® Jlorosop Ne 14.641.31.0001.

2 KoHeuHbIE HaKPbITA M BETBJIECHUE

[Iycts k mosie m S 1itajikoe MHOrOooOpasue HaJl k, TO €CTb, OTJETIMAas
reOMETPUIECKH IeJiasi cxeMa KoHedHoro tuia Hajl k. Hopmammsanus S
B KOHEYHOM paciupenun 1nojs k(S) JaeT KAaHOHHYECKOEe COOTBETCTBUE
MeK Ty KOHEUHBIMH DACIIUpeHusMEU k(S) ¥ CBSI3HBIMU HOPMAJIbHBIMA k-
CcXeMaM# ¢ KOHEYHBIM CIOPBEKTUBHBIM MopdusMom Ha S. MHOXKeCcTBO
TOYeK, e Mopdusm T — S He 3rajeH, ABIIeTCd 3aMKHYTHIM TOIMHO-
xxectBoM Z C T, KoTopoe



e pasHO 1 TOrJa M TOJILKO TOIJA, KOIa ACCOIMUPOBAHHOE PACIIAPE-
ure k(S) He cenapabesbHO;

® uMeeT KOpa3sMePHOCTh 1 WK ITyCTO, TI0 TeOpeMe YUCTOTHI 3apUCCKOTO-
Hararer, B nporusaoM ciaydae [12, Thm. X.3.1].

CrenoBaTeIbHO, €CJIM CYIIECTBYET JUBU30P C IIPOCTBIMU HOPMAaJIbHBIMU
nepecedenusivu D C S, D = Dy U---U D,,, ¢ HenpuBoguMbiMu D; J11st
BCeX 1, Takoil, 910 T X g (S \ D) — S sTa/bHO, TOra MHOKECTBO TOUEK
BerBsienns (obpas Z B S) umeer dopmy |J,.; D;, ans vHekoropeix I C
{1,...,n}.

[Tocsie BBIGOpaA KOHeYHOrO pacuiupenus k(S), roBopsi 0 BeTBJIEHUH,
MBI UMeeM BBujy BerTBjaeHue 1 — S, rae T HOpMaJsm3aius S B 9TOM
pacrimpennn k(S).

i€l

3 OcHoBHOI1 pe3yabTaT

[Iycts k comepiienHoe 1ojie XapakTepUCTUKHU, He paBHOil 2 wim 3, S
IJIaJIKOEe TTPOEKTUBHOE MHOTOOOpasume HaJl k u 1 TPOeKTUBHOE MHOT000-
pasue ¢ mopcdusMoMm Ha S, crernenu 3 B obIeit Touke. Ecim pacimmpenue
nosieit k(7T")/k(S) nukam<aHO, TO TAKOH-’Ke apryMeHT, KaK W sl JBOM-
HBIX HAKDBITHI, JaeT KOMMYyTaTuBHyto juarpammy (1), riae E TS
IUKJITYHOE HAKPBITHE IVIaJKUX IIPOCKTUBHBIX MHOroobpasuii crenenu 3
¢ BeTBJEHHEM HaJ TyaakuMm auBu3opoM S. Kak m B ciaydae JIBOMHBIX
HAKPBITU, HEOOX0IMMO pas3perierue ocobeHHocTeil na S; Halpumep, J1o-
CTaTOYHO NMETH:

(R) BitozkeHHOE paszperiieHne 0coOGeHHOCTel AUBU30POB HA S 1OCIe10Ba-
TeJIbHOCTBIO Pa3/lyTHUil ¢ TJIaJIKUM IEeHTPOM.

Koneuno, 1o umeer mecro, Korja xapakrepucruka k pasaa 0 (Xupo-
Haka). Korma xapakrepuctuka k MOJOKHUTEIbHA, 9TO UMEET MECTO JJIsI
dim(S) < 3 (rpuBmanbuo juis dim(S) < 2, reopema AGbsiHKapa s
dim(S) = 3).

Teopema 1. [Tycmw k cosepuwernoe noie Tapaxmepucmury, He pasrot
2 uau 3, S enadkoe npoexmusrnoe muozoobpasue wad k u P: T — S
MOPPUSM NPOEKMUBHBIT MHO2000pa3UL, KOHEewHbIT cmeneHu 3 6 obuiet



mouxke. IIpednonootcum, wmo (R) evwnoanerno dan S. Toeda cywecmsyem
KOMMYMAMUBHAA OUAZDAMMA
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¢ 2AG0KUMYU NMPOEKMUBHHMY MH02000pasuamu S u T, marxum obpasom,
Ymo

® 05 OUPAUUOHANLHBIT MOPPHUIM;
® 01 OUPAUUOHAALHOE 0MOOPAHCEHUE;

® 1) KOHEUHOE HAKPLIMUE CMENEHU 3, C BEMBAECHUEM HAOD 24040KUM
dusuzopom 6 S.

Jlokasameavcmeo. Kak yrke yromsnyTo, B ciaydae mukanaaoro k(1) /k(S)
5T0 Jocturaercs ¢ nomorneio (R), mpespaiiast 1uBu3op BeTBIICHUS B [THi-
BHU30D C IPOCTBIMU HOPMAaJILHBIME IIEPECEIeHUSIMI U TIOBTOPHO pa3 lyBast
KOMIIOHEHTBI [T€PeceYeHrii ap KOMIOHEHT JMBU30Pa BETBJIEHUS, JOCTH-
ras TJIaJIKOCTH JIUBU30pa BerBaeHns. CyInecTBEHHBIM IS BTOPOro miara
sIBJIsieTcsl HaOJII0IeHne, YTO KOMIoHeHTa Y nepecedenuss D; N D;, i # j,
KOMIIOHEHT JIMBU30Pa BETBJIEHHUS C IMPOCTHLIMUA HOPMAJbLHLIME IIepecede-
ausvMu D = Dy U -+ - U D,, (10Iy9eHHbIM Ha [IEPBOM IIAry) MOXKET ObITh
OJIHOM M3 JBYX TUIIOB, B 3aBHCUMOCTH OT TOIO, COJEPXKHUT JIA JUBU30D
sersienns s k(T)/k(S) pasmyrus Bly S MCKIIOUNTEBHBIN JAUBA30D
pasyTus Kak OJHy U3 KOMIIOHEHT. IlycThb £, cooTBETCTBEHHO M, 0003HA~
JaeT IUCI0 KOMIOHEeHT Y C D; N Dj, 11 HEKOTOPBIX ¢ # j, I KOTO-
PBIX UCKJIIOYATEIBHBIA JuBu30p Bly S saBasgercs, nin HeT, KOMIIOHEHTO
JBHU30pa BeTBiieHust. (/711 IpocToThl, MbI MPOIOIKAeM 0603HAYATH S,
JlayKe ecjIi Ha [EPBOM IIary HaJi0 OMpAIMOHAJLHO PeobpPa30BbIBATH. )
Pazmysas Y, j1j1s1 KOTOPOro UCK/IIOYUTEIbHBIH JTUBU30D He SABJIAETCA KOM-
[IOHEHTO! JUBU30pa BETBJIEHUsI, KOIJIA 9TO BO3MOXKHO, a B IPOTUBHOM
ciydae, pasiayBast Jiroboit Y, mbl moaygaem, masa (€,m) # (0,0) mapy
(¢',m'), ns S" := Bty S, kotopasi Menblie, dem (£, m), B Jekcurpadu-
YECKOM IOPSIJIKE.



B HenmukImIHOM ciIyvae, Mbl IPUMEHsIEM TaKON-2Ke TePBBIil Mar, mpe-
Bpalliasi JIUBU30D BETBJIEHWUs] B JIMBH30P C MPOCTHIMU HOPMAJILHBIME TIe-
pecedenusivi, ¢ iomorpbio (R). Tereps nuBusop BeTBIIeHUsT UMeeT KOM-
HOHEHTHI JIBYX BUJIOB: HEKOTOpbIE, Hanpumep Dy U --- U D,,, ¢ mpocTbiM
BeTBJIeHNEM, U jipyrue, D U---U D!, ¢ noaabiM BeTBIeHIeM. Mbl Oyiem
cauTaTh, 9To Bee D; u D!, HENPUBOIUMBI.

Huckpnvunant k(7)) /k(S) onpenensier KBajpaTHdHOE PACIITPEHHE
k(S) ¢ BerBernem B Dy U- - -UD,,. PaznyBas nepecedenust nap KOMIOHEHT,
MBI JJobuBaeMcst Toro, uro D; N D; = 0, nis i # j.

Mar yrBepxaem, uro D; N DY, = (), aus Beex ¢ u i'. D1o cepyer u3
TOrO0, ITO IIpoobpas D!, B TBOHOM JTUCKPUMUHAHTHOM HAKPBITHH OBLI ObI
HenpuBO M. MBI paccy:k/1aeM OT IPOTUBHOTO, 3aMeHsist S CTPOroil res-
3eu3anmeil JJOKAJILHOIO KOJIbLa S B 0OIIEl TOYKE OJHON M3 KOMIIOHCHT
D; N Dj,. MbI no-nipekaeMy nMeeM KyOHUecKoe paciinpeHre I0Jist Bblde-
TOB O0INEHl TOYKH, ¢ HETPUBUATHHBIM JUCKPUMUHAHTOM, UTO JIaeT IHK-
JITYIECKoe KyOMdecKoe paciiupeHue JTUCKPUMIHAHTHOTO HAKpbIThsi. OHO
JIOJIZKHO MTPOMCXO/INTH U3 IUKJIMIECKOTO KyOUIeCKOTO paCIIupeHns] BHU-
3y, 3aMeHOil 0a3bl K JIBONHOMY HAKPBITHIO, ¥ MbI IIOJIyIaeM TPOTHBOPE-
que.

Mozer ciyuanrhbest, aro Dj, N DY, # 0, nia nexoropwix @' # j', HO To-
r/1a, Kak B HAYAJ/Ie JI0Ka3aTeIbCTBA, Mbl HCIIPABUM 3TO PA3/LyTHEM KOMIIO-
nenT nepecevenntt D), N DY, Mpr oty aunm 1i1ajikuit JUBU30D BETBJICHHUsT
U, CJIeJI0BATEILHO, TIAQJIKYI0 MOJIEIb HAKPBITHUSI. ]
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MODELS OF TRIPLE COVERS
ANDREW KRESCH AND YURI TSCHINKEL

ABSTRACT. We exhibit, for a degree 3 covering of algebraic varieties,
a model where the covering is a finite covering of smooth projective
varieties branched over a smooth divisor.

1. INTRODUCTION

Let k be a field of characteristic 0. It is well known that any morphism
of projective varieties ¢): T — S over k, that is generically finite of degree
2, can be put into a commutative diagram

T-%~T

JF 0
S-2£-8

with smooth projective varieties S and T', such that og is a birational
morphism, g7 is a birational map, and 1 is a degree 2 finite covering. The
branch locus of a degree 2 finite covering of smooth projective varieties
is a smooth divisor.

In this note, we establish an analogous theorem for triple covers, over
perfect fields of characteristic not equal to 2 or 3. Good models of triple
covers are important for the construction of models of fibrations (over a
base of arbitrary dimension), when the symmetry group of the geometric
generic fiber admits the symmetric group &3 as a quotient, as is the case
for fibrations in sextic del Pezzo surfaces [1]-[4].

There is an extensive literature on triple covers of surfaces, e.g., [5]-
[9]. In [8], a theorem similar to the one in this note is proved for triple
covers of surfaces, by a method related to the classical solution of a cubic
equation. Our approach is more geometric, and is based on an analysis
of ramification in codimension 1 and 2. _

We produce ¢: T' — S, ramified over a smooth divisor of S. By

contrast, many of the (non-cyclic) degree 3 coverings of smooth projec-
tive varieties that occur naturally have singular branch locus, such as

Date: November 1, 2018.



2 ANDREW KRESCH AND YURI TSCHINKEL

6-cuspidal sextic with cusps on a conic as branch locus of a general pro-
jection of a smooth cubic surface [10]. Such a covering is totally ramified
(geometrically, only one pre-image in T') only over the cusps; after the
procedure described here has been applied there is total ramification over
entire components of the branch locus.

As explained in [11, Exa. 3.1], models of degree > 4 covers of surfaces
as in (1) do not exist in general.

Acknowledgments: The second author was partially supported by NSF
grant 1601912 and by the Laboratory of Mirror Symmetry NRU HSE,
RF Government grant, ag. No. 14.641.31.0001.

2. FINITE COVERS AND RAMIFICATION

Let k be a field and S a smooth variety over k, i.e., a separated geo-
metrically integral scheme of finite type over k. By the normalization of
S in a finite field extension of k(S) we have a canonical correspondence
between finite field extensions of k(S) and connected normal k-schemes
with finite surjective morphism to S. The set of points where such a
morphism 7" — S fails to be étale is a closed subset Z C T which is

e equal to 7' if and only the associated finite field extension of k(.S)
is inseparable;

e is otherwise of pure codimension 1 or empty, by the Zariski-
Nagata purity theorem [12, Thm. X.3.1].

Consequently, if there exists a simple normal crossing divisor D C 5,
D = DyU---UD,, with D; irreducible for all 7, such that T'xg(S\D) — S
is étale, then the branch locus (the image of Z in S) is of the form (J,.; D;
for some I C {1,...,n}.

Once a finite field extension of k() has been specified, when we refer
to the branch locus we mean the branch locus of 7' — S, where T' is the
normalization of S in the given field extension of k(S).

3. MAIN RESULT

Let k be a perfect field of characteristic not equal to 2 or 3, S a smooth
projective variety over k, and T a projective variety with morphism to
S that is generically finite of degree 3. If the field extension k(7)/k(S)
is cyclic, then an argument just as in the case of double covers yields a
commutative diagram (1), where Y: T — S is a cyclic degree 3 covering
of smooth projective varieties branched over a smooth divisor on S. Asin
the case of double covers, a form of resolution of singularities for divisors
on S is required; for instance, it is sufficient if the following is available:
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(R) embedded resolution of singularities of divisors on S by iterated
blow-up with smooth center.

Of course, this is available (Hironkaka) when k has characteristic zero.
When k has positive characteristic, this is available for dim(S) < 3 (triv-
ial/classical for dim(S) < 2, due to Abhyankar for dim(.S) = 3).

Theorem 1. Let k be a perfect field of characteristic not equal to 2 or
3, S a smooth projective variety over k, and ¢b: T — S a morphism of
projective varieties that is generically finite of degree 3. We suppose that
(R) holds for S. Then there exists a commutative diagram

T-%Z-T
¢ Ltﬁ

with smooth projective varieties S and f, such that

® 05 is a birational morphism;
e o7 is a birational map;
® ¢ is a degree 3 finite covering, branched over a smooth divisor of

S.

Proof. As mentioned, when k(T')/k(S) is cyclic this is achieved by apply-
ing (R) to make the branch locus into a simple normal crossing divisor
and repeatedly blowing up components of the intersection of a pair of
components of the branch locus to make the branch locus smooth. Es-
sential for the second step is the observation that a component Y of an
intersection D; N D; (i # j) of components of the simple normal cross-
ing branch locus D = Dy U ---U D,, (achieved by the first step) may
be assigned to one of two types, according to whether the branch lo-
cus for k(T)/k(S) of the blow-up Bfy S has the exceptional divisor as
a component. Let ¢, respectively m denote the number of components
Y C D; N D; for some i # j, for which the exceptional divisor of B/y.S
is, respectively is not, a component of the branch locus. (For simplicity
of notation we continue to write S, even though the first step potentially
makes a birational modification.) By blowing up some Y for which the
exceptional divisor is not a component of the branch locus whenever this
is possible, and otherwise blowing up any Y, we obtain for (¢, m) # (0, 0)
a pair (¢, m') associated with S’ := BlyS that is smaller than (¢, m) in
lexicographic order.

In the non-cyclic case we proceed with the same first step, making the
branch locus into a simple normal crossing by applying (R). Now the
branch locus has components of two kinds: some, say D;U---UD,,, with
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simple ramification and others, D] U --- U D!, with total ramification.
We adopt the convention that the D; and D}, are all irreducible.

The discriminant of k(7')/k(S) determines a quadratic extension of
k(S) with branch locus Dy U ---U D,. By blowing up intersections of
pairs of components, we achieve D; N D; = () for i # j.

We claim that D; N D), = ( for all ¢ and ¢'. This follows from the fact
that the pre-image of D), in the discriminant double cover would be irre-
ducible. We argue by contradiction, replacing S by a strict henselization
of the local ring of S at the generic point of a component of D; N D).
We still have a cubic extension of the residue field of the generic point,
still with nontrivial discriminant, and this yields a cyclic cubic extension
of the discriminant cover. This must be obtained from a cyclic cubic
extension below by base change to the double cover, and we have a con-
tradiction.

We may have Dj,ND, # () for some i’ # j', but then as described at the
beginning of the proof we may deal with this by blowing up components
of intersections Dj;N D’,. Then we have a smooth branch locus and hence
a smooth model of the covering. O
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