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Abstract

In this article, we prove that the measures Qp associated to the one-dimensional
Edwards’ model on the interval [0,T] converge to a limit measure Q when T' goes
to infinity, in the following sense: for all s > 0 and for all events Ag depending on
the canonical process only up to time s, Qp(As) — Q(Ay).

Moreover, we prove that, if P is Wiener measure, there exists a martingale (D;)ser
such that Q(As) = Ep(1a,Ds), and we give an explicit expression for this martin-

gale.

Keywords: Edwards’ model, polymer measure, Brownian motion, penalisation, local

time.



1 Introduction and statement of the main theorems

Edwards” model is a model for polymers chains, which is defined by considering Brownian
motion "penalised" by the "quantity" of its self-intersections (see also [4]). More precisely,
for d € N*, and T" > 0, let ]P’ ) be Wiener measure on the space C([0,T],R%), and
(Xt(d))te[o,T] the corresponding canonical process. The d-dimensional Edwards’ model
on [0,7] is defined by the probability measure Qr}d)’ﬁ on C([0,T],RY) such that, very

informally:

s _ exp(—ﬁfo A Xy dsa)
s @ _ (@ P (1)
T [exp( Bfo fo (X" — Xu )deu)}

where [ is a strictly positive parameter, and J is Dirac measure at zero.

(In this article, we always denote by Q[V] the expectation of a random variable V' under

the probability Q).

Of course, (1) is not really the definition of a probability measure, since the integral
with respect to Dirac measure is not well-defined. However, it has been proven that one
can define rigorously the measure Qgﬁi 2 for d = 1,2,3, by giving a meaning to (1) (for

d > 4, the Brownian path has no self-intersection, so the measure ngl )8 has to be equal

to ngl)).

In particular, for d = 1, one has formally the equality:

T T (o)
| s - xPyasau= [ (zapay @)
0 0 —00

where (L%),er is the continuous family of local times of (Xél))SST (which is Pgrl )_almost

surely well-defined).



Therefore, one can take the following (rigorous) definition:
exp (B (L) dy)
Py [eXp (—6 Jo (L) dy)]

Under @(Tl)’ﬁ , the canonical process has a ballistic behaviour; more precisely, West-

P

@g}):ﬂ —

water (see [22|) has proven that for 7" — oo, the law of % under Q%’”B tends to
+(Ope 5173 4 0_peg1/3), where 0, is Dirac measure at  and b* is a universal constant (ap-
proximately equal to 1.1).

This result was improved in [18] (see also [17]), where van der Hofstad, den Hollander

. XD |—ppl/3T
and Konig show that By

tends in law to a centered gaussian variable, which
has a variance equal to a universal constant (approximately equal to 0.4; in particular,
smaller than one).

Moreover, in [19], the authors prove large deviation results for the variable X7 under
Q.

In dimension 2, the problem of the definition of Edwards’ model was solved by Varad-
han (see [16], [8], [10]). In this case, it is possible to give a rigorous definition of
I:= fOT fOT ) (XS(2) — XP) ds du, but this quantity appears to be equal to infinity. How-
ever, if one formally subtracts its expectation (i.e. consider the quantity: I — IF’g? ) [1]), one
can define a finite random variable which has negative exponential moments of any order;
therefore, if we replace fOT fOT o (Xs(z) — Xq(f)) ds du by this random variable in equation

(1), we obtain a rigorous definition of Qg)’ﬁ . Moreover, this probability is absolutely

continuous with respect to Wiener measure.

In dimension 3 (the most difficult case), subtracting the expectation (this technique
is also called "Varadhan renormalization") is not sufficient to define Edwards’ model.
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However, by a long and difficult construction, Weswater (see [20], [21]) has proven that
it is possible to define the probability Qg‘?)’ﬁ ; this construction has been simplified by
Bolthausen in [1] (at least if 5 is small enough). Moreover, the measures (Qg? A )pery, are
mutually singular, and singular with respect to Wiener measure.

The behaviour of the canonical process under ngl )P , as T — 00, is essentially unknown

for d = 2 and d = 3. One conjectures that the following convergence holds:
Q¢ [|IXzl]] » DT

where D > 0 depends only on d and 3, and where v is equal to 3/4 for d = 2 and

approximately equal to 0.588 for d = 3 (see [17], Chap. 1).

At this point, we note that all the measures considered above are defined on finite interval
trajectories (exactly, on C([0,T],R)).

An interesting question is the following: is it possible to define Edwards’ model on tra-
jectories indexed by R, 7

More precisely, if P(9) is Wiener measure on C(R,,R?) and (X §d))s€R . the corresponding
canonical process, is it possible to define a measure Q@4 (for all 3 > 0) such that,

informally:

N
o exp (=4 3 J;7 o(x 1 = X(0) ds du) s
PO [exp (8 f3° J 0(x? — X(") ds du) |

In this article, we give a positive answer to this question in dimension one. The construc-
tion of the corresponding measure is analogous to the construction given by Roynette,

Vallois and Yor in their articles about penalisation (see [14], [11], [13], [12]).
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More precisely, let us replace the notation P®) by P for the standard Wiener measure and
the notation (XS(U)SGR+ by (Xs)ser, for the canonical process. If (F;)ser, is the natural
filtration of X, and if for all T' € R, , the measure @? is defined by:

e (<A dy)

P [eXp <—B S (Lh)? dy)} '

where (L%)rer, yer is the jointly continuous version of the local times of X (P-almost

surely well-defined), the following theorem holds:

Theorem 1.1 For all 8 > 0, there exists a unique probability measure Q° such that for

all s > 0, and for all events A, € Fy:
Qr(A) — Q(A). (3)

Theorem 1.1 is the main result of our article.

Let us remark that if A, € F, (s > 0) and P(A,) = 0, then Q2(A,) = 0, since Q7
is, by definition, absolutely continuous with respect to P. Hence, if Theorem 1.1 is as-
sumed, Q%(A,) is equal to zero.

Therefore, the restriction of Q? to F; is absolutely continuous with respect to the restric-

tion of P to JF, and there exists a P-martingale (D?),>¢ such that for all s:
Q% \x, = DI.P ..

In our proof of Theorem 1.1, we obtain an explicit formula for the martingale (D?),>0.

However, we need to define other notations before giving this formula.

Let v be the measure on R*, defined by v(dz) = xdz, and let L*(v) be the set of

b}



functions g from R’ to R such that:

Aww@ﬂ%ww<xn

equipped with the scalar product:

<mhw=émmmhuwwm»

The operator K defined from L*(v) N C*(R%) to C(R%) by:

[K(9))(x) = 2¢"(x) + @

— zg(x) (4)

is the infinitesimal generator of the process 2R killed at rate x at level z, where R is
a Bessel process of dimension two; it is a Sturm-Liouville operator, and there exists an
orthonormal basis (e,),en of L?(v), consisting of eigenfunctions of K, with the corre-
sponding negative eigenvalues: —py > —p; > —ps > —p3 > ..., where p := pg is in the
interval [2.18,2.19].

Moreover, the functions (e,)nen are analytic and bounded (they tend to zero at infinity,
faster than exponentially), and e is strictly positive (these properties are quite classical,

and they are essentially proven in [17], Chap. 2 and 3; see also [6]).

Now, for [ € Ry, let us denote by (Y}”),er a process from R to R, such that:
e (Y,7Y),>0 is a squared Bessel process of dimension zero, starting at [.
e (V}Y),>0 is an independent squared Bessel process of dimension two.

Moreover, let f be a continuous function with compact support from R to R, , and let

M be a strictly positive real such that f(z) = 0 for all © ¢ [-M, M]. We define the



following quantities:
ARM(f) = /OOO AUE [0S 0 g 173y |
ARM(f) = ARY(T),
where f is defined by f(z) = f(—z), and
APM(f) = ATV (f) + ARV ().

With these notations, we can state the following theorem, which gives an explicit formula

for the martingale (D?).o:

Theorem 1.2 For all 8 > 0 and for all continuous and positive functions f with compact
support, the quantity APM(f) is finite, different from zero, and does not depend on the
choice of M > 0 such that f = 0 outside the interval [—M, M|; therefore, we can write:

AB(f) == APM(F). Moreover, for all s > 0, the density D? of the restriction of Q° to

Fs, with respect to the restriction of P to F, is given by the equality:

2/3 Aﬁ(L.—i_XS)
B8 _ pB%3s s
Dl = e e (5)

where LX< denotes the function F (which depends on the trajectory (X,)u<s) such that

F(y) = LY™ for all y € R.

Remark: The independence of A%M(f) with respect to M (provided the support of f

is included in [—M, M]) can be checked directly by using the fact that

(oxm ([ (0077 + p577] ay ) a6 Yﬁ))mzo (6)

is a martingale, property which can be easily proven by using the differential equation

satisfied by ey.



For I > 0, p € R and v > 0 let us now define the following quantity:

Kl(u) (U) _ Ocl(v)e’“’ E [G,Q IS V20 g, ' (7)

2
where a;(v) = \/ﬁe F/8v

denotes the density of the first hitting time of zero of a
Brownian motion starting at [/2 (or equivalently, the density of the last hitting time of
1/2 of a standard Bessel process of dimension 3), and (Vu(l/ Q’U))ugv is the bridge of a Bessel
process of dimension 3 on [0, v], starting at [/2 and ending at 0.

To simplify the notation, we set:

K ]_ 2 v 2,v
)= B0 Lt [, 0

for I > 0.
With these notations, Theorem 1.2 is a essentially a consequence of the two propositions

stated below.
Proposition 1.3 When T goes to infinity:
TP [67 S L+ F @) dy ]lXTe[O,M]} 0 9)
Proposition 1.4 When T goes to infinity:
TP [e*fi"’oo[Li”ﬁf(y)de]lXTzM} — KAYM(f) < oo, (10)

where K € R is a universal constant (in particular, KX does not depend on f and M ).

Moreover, for all v >0, x, € L*(v) and the constant K is given by the formula:

K:/ e”? (xvleo) dv < oo.
0



In the proof of these two propositions, we use essentially the same tools as in the papers
by van der Hofstad, den Hollander and Konig. In particular, for f = 0, Propositions 1.3
and 1.4 are consequences of Proposition 1 of [18].

However, for a general function f, it is not obvious that one can deduce directly our
results from the material of [18] and [19], since for X7 > 0, one has to deal with the
family of local times of the canonical process on the intervals R_, [0, X7] and [Xr, 00) as
for f =0, but also on the support of f. Moreover, some typos in [18] make the argument
as written incorrect. For this reason, we present a proof of this result in a different way
than was done in [18].

The next sections of this article are organized as follows: in Section 2, we prove that
Propositions 1.3 and 1.4 imply Theorems 1.1 and 1.2; in Section 3, we prove Proposition
1.3. The proof of Proposition 1.4 is splitted into two parts: the first one is given in
Section 4; the second one, for which one needs some estimates of different quantities, is
given in Section 6, after the proof of these estimates in Section 5. In Section 7, we make

a conjecture on the behaviour of the canonical process under the limit measure Q.

2 Proof of Theorems 1.1 and 1.2, assuming Proposi-

tions 1.3 and 1.4

Let us begin to prove the following result, which is essentially a consequence of Brownian

scaling:

Proposition 2.1 Let us assume Propositions 1.3 and 1.4. For any positive continuous

function f with compact support included in [—M, M|, and for all



B> 0:

PP T | =B [S L+ WP dy | KBY3APM(f) < o0, (11)
when T goes to infinity.
Proof: Propositions 1.3 and 1.4 imply:
T P [e_ ffooo[L%-‘rf(y)de]lXTzo} — KAM(f) < .
Now, ((LyY)yer, —X7) and ((L%)yer, Xr) have the same law; hence:
T P [e_ ff‘;o[L%Jrf(y)]Qdy]lXTgo} —e' TP [6— ffooo[L;Ferf(y)de]LXTSO]
— TP [e‘ fi";o[L%Jrf(—y)]Zdy]lXTzo}

— KAYY(f) = K AUY(f),

T—00
which is finite.
Therefore:

T P [e_ S+ ()] dy T_> KALM(f) < 00.
— 00

Now, let us set: a = /3. By Brownian scaling, (LY",),er and (aLY),er have the same
law. Consequently:
PCT P | =B [ L+ ()] dy — TP [e—aff‘;c[LyTiﬁaf(y)de]

= TP [ Pttt s e ]

— K AYMe(f,) < oo,

T—o00

where f,, defined by f.(z) = af(za™1), has a support included in [~ Ma, Ma).
Therefore, Proposition 2.1 is proven if we show that AbMe(f,) = a APM(f).

Now, by change of variable and scaling property of squared Bessel processes:
AP (fo) = / AU [ 0T oo e i (yjhiey |
0
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_ /0 CUE [ea ™ [—(%z“+af(2))2+/ﬂ’ﬁ“]dzeo(ylMa)}
— /oo dIE [eﬁﬁ‘ﬁo [—(le,l+f(z))2+pa71Y1271]dzeo(&}/gi{l):|
0
—a [T aE [P0 e i yi)] —aatM). a2)
0
By replacing f by f, one obtains:
AY(fo) = a AZY(f), (13)
and by adding (12) and (13):

AV (f,) = a AP (),

which proves Proposition 2.1. O

At this point, we remark that A°(f) := A%M(f) does not depend on M (as written
in Theorem 1.2), since M does not appear in the left hand side of (11).

Now, let T'> s be in R,. One has, for all y € R:
~_X.
Lp=L{+ Ly~

where L is the continuous family of local times of the process (Xsiu — Xs)u>o0-
Therefore, for all 5 > 0:
P [e 8 /% L) dy) ].—S] —_P [e—ﬂffw<Lz+EyT:§S)2dy, ]_—S]

= B [P0 T F]

Under P and conditionally on Fj, (LY™**),cr is fixed and by Markov property, (X, —

Xs)u>o is a standard Brownian motion.
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Hence, if we assume Propositions 1.3 and 1.4, we obtain, by using Proposition 2.1:
eP(T=5)o” p [6—Bff°oo(13%)2 dy‘}-s] v Ka Aﬁ(L-JrXs)
T—o0 s
Moreover:

P(T=s)a® p [6—5 Jo () dy J-cs] < PT=5)0"p [e—ﬂ STy )? dy| ;S]
_ oP(T=5)a’p [ ~B [, 2dy]
<2Ka AP(0) < oo

if T'— s is large enough. On the other hand:

ePTo? p [ =B [ (L) 2dy} N KaAﬁ( ),

T—o00

and for T large enough:
ePToz |: -8 [T (LY) 2dy] > §QA6<O)

Now, for all 8 and f, A?(f) is different from zero (as written in Theorem 1.2), since it is

the integral of a strictly positive quantity. Therefore:

P [e—ﬁff‘;(LyT)Qdyu:s] pQQSAB(L?XS)
_> S
]P’[e—ﬂfio(L%)Qdy] o AP(0)

and for s fixed and T large enough:
P [e—ﬁ SO (LY)? dy’]_“s}

< 4ers < o0,
P [G*ﬁffio(L%)Qdy}

Consequently, for all s > 0 and A, € F,, by dominated convergence:

P [G*ﬁffio(%)zdyprs}
— P {]l
P [e—,B 122 (LY)? dyi| T—oo

0128 Aﬁ (L;+XS)
A5(0)

P |14,

Hence:
B B
2(A) — B(1y, DY),
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where D? is defined by the equation (5):

D s AN
: TA0)

This convergence implies Theorems 1.1 and 1.2. U

3 Proof of Proposition 1.3

If f is a continuous function from R to R, with compact support included in [—M, M],
one has:
P o= I L+ W) dy ]lXTe[O,M]] <P [67 S22 (L) dy ]lXTe[O,M]}

_3/2 [0 (V)24
—P [e 32 [22 (L) y]lxle[o,M/\/T}] (14)

by scaling properties of Brownian motion.

Hence, the right hand side of (14) is decreasing with 7', which implies (for 7" > 1):

T
TP [6* JE LY+ f ()2 dy ]lXTe[O,M]] < epT/

dul? [67 Joa et ]lxue[o,M]]
T-1

T
< e”/ duP [effooo[_(LZ)QerLz] o ]IXue[o,M]]

T-1

by using the equality

/ pLy dy = pu.
R

By dominated convergence, Proposition 1.3 is proven if we show that:
/ duP [effooo[_(LZ)zJ“pLz] dy ]lxue[o,M}] < 0. (15)
0
In order to estimate the left hand side of (15), we need the following lemma:

Lemma 3.1 For every positive and measurable function G on R x C(R,R,):

/0 T PG, L) du = /R da /0 T AE [Gla,Yy)]
13



where the law of the process (Y}”)),er is defined in the following way:
o fora>0, (Y, ,")>0 is a squared Bessel process of dimension zero, starting at l.

o fora >0, (Y ' )y>0 ts an independent inhomogeneous Markov process, which has
the same infinitesimal generator as a two-dimensional squared Bessel process for
y € [0, a] and the same infinitesimal generator as a zero-dimensional squared Bessel

process for y > a.
o fora <0, (YY)yer has the same law as (Y, ")yer-

Proof: For a > 0, let B be a standard Brownian motion, B an independent Brownian
motion starting at a, and let us denote by (7;);>¢ the inverse local time of B at level 0,
and To(a) the first time when B reaches zero.

By [|7] and [3], for every process (F,)u>0 on the space C(R;,R), which is progressively

measurable with respect to the filtration (F,).>0:

Am%E / m/ daE[F, (20, (16)

where Z(-%) is a process such that 749 — B forr < 7 and 249 - = Bl for s < Té“).
Tl

+Ty " —s

By applying (16) to the process defined by F,(X) = G(X,, L?), and by using Ray-Knight

theorems, one obtains Lemma 3.1. Il

An immediate application of this lemma is the following equality:

/ duP efoo [—(LY)? pLy]dy]lXuE[O,M]:|

M Y2 Y
:4 a | ME —Wwﬂmﬁﬂ. (17)
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In order to majorize this expression, let us prove another result, which is also used in the

proof of Proposition 1.4:

Lemma 3.2 For alll >0, p € R and for all measurable functions g from Ry to R, the

following equality holds:

E{efo""[—(Yz“:’o)Qwiﬁ%]dy g< / yﬁodyﬂ _ / K® () g(v) do. (18)
0 0

where Kl(“)(v) is defined by equation (7).
In particular:

E [efooo [~ 07002 +Yi%] dy} = _f(l(P)

where

RO — /0 K9 () dv.

Moreover [(l(P ) is bounded by a universal constant and:
/ K dl < oo.
0

Proof: The process Y} is a local martingale with bracket given, for y > 0, by:

Yy
(Via Yiohy =1 [ ¥y do.
0

Therefore:

y _ (1/2)
Yio =285 a0
where BW/?) is a Brownian motion starting at [ /2. Moreover, since Y, stays at zero

when it hits 0, the hitting time of zero for BY/?) is § = [ V% dx. Hence, the change of

variable s = [/ V% dx gives:

(o) S
/ (b —Y%) Vi dy = / (n—2BY?) ds.
0 0

15



Therefore, one has the equalities:

E {efooo [~ +u¥io] d </o Y% dy)} = [efos(u—2B§”2))dsg(S)]
[ enson]e e s
0

Now, this formula implies (18), since the density at v of the law of S is equal to o;(v)
and the law of (Bél/”)sgv, conditionally on S = v, is equal to the law of V#/2%) (see, for
example, [5]).

It only remains to prove the integrability of K, l(p ). One easily checks that:

Kl(p) ) [efos(pf2B§l/2))ds] '

Hence, if one sets:
f(z) = Ai273 (22 — p)),
for the Airy function Ai (which is, up to a multiplicative constant, the unique bounded

solution of the differential equation Ai”(z) = z Ai(x)), the process N defined by:

t
N = F(BY) exp ( [ o280 ds)
0

is a local martingale.

Moreover, since p is smaller than —2!/3 times the largest zero of Airy function, the
function f is strictly positive on R, and N is positive. By stopping N at time S, one
gets a true martingale since 0 < Nyyg < ||f]]s0 €”*, and by Doob’s stopping theorem and
Fatou’s lemma, one has:

g < 102D

f(0)

Since Airy function decays faster than exponentially at infinity, the boundedness and the
integrability of K l(p ) are proven. O
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It is now easy to prove that Lemma 3.2 implies Proposition 1.3: by using this lemma,
the definition of Y}, and Markov property at level a, one can see that the left hand side

of (17) is equal to:

l

[e%9) M
/ dl / da K'E [efo“[—%y)“pﬂy] ‘5(;’2] (19)
0 0
Now, f({%a is uniformly bounded and —a? + pxr < % for all z € R; hence, the quantity

(19) is bounded by a constant times:

M oo
eMet/t / da / di K",
0 0

which is finite.

Hence, one has (15), and finally Proposition 1.3. U

Remark: Proposition 1.3 remains true if one replaces p by any real p’ which is strictly
smaller than —2'/% times the largest zero of Airy function (for example, one can take

pr=209).

4 Proof of Proposition 1.4 (first part)

The purpose of this first part is to prove the following proposition, which, in particular,

gives another expression for the left hand side of (10):

Proposition 4.1 For u,v,t,l > 0, let us define the quantities:

Jl(u, /U) —F 672 fou Rg/z) dw XU(QRg/z))] ’ (20)
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where x, is given by (8) and (Rg/Q))wzo is a Bessel process of dimension 2, starting at

1/2;
t
Ji(t) == / Ji(t —v,v)dv (21)
0
and for all t € R,

TP () = e’ Lysg Ji(1).

Then, there exists a subset E of R, , such that the complement of E is Lebesgue-negligible,
and for all T € E:

PP [ei JE B+ f ()1 dy ]lXTzM]

00 Y 2 v M
= /0 dIE [ewa(_[Yl )i g, <T— / Y} dy)] . (22)

[e.9]

Moreover, for all measurable functions h from (Ry)?* to Ry, and for all | > 0:

) b 0
/ dbE{efo <Yﬁb>2dyh( / Yindy, / Yﬁ’bdy)]
0 0 b
:/ h(u,v) J,(u,v) dudv. (23)
(R4)?

and for all measurable functions g from Ry to Ry :

/ dbE[efommf’b)zdyg( / Yﬁ’bdy)] = / g(t) Ji(t) dt. (24)
0 0 0

Remark: In Proposition 4.1, it is natural to expect that E is empty, even if we don’t

need it to prove our main result.

Proof of Proposition 4.1: Equation (22) is a consequence of (23) and (24); therefore,
we begin our proof by these two equalities. By monotone class theorem, it is sufficient

to prove (23) for functions h of the form: h(x,y) = hi(z)h2(y), where hy and hy are

18



measurable functions from R, to R,.

By Lemma 3.2, for all [ > 0:

E |:€_ Joo (V)2 dy hs </ YZJO dy>:| = / KZ<U) hz(v) dv.
0 0
Hence, by applying Markov property to the process Y, at level b:
- v dy "y _—
dbE [e™ Jo Vi) Y by Yy dy ) he Y dy
0 0 b
- O dy "y °°
= dbE |e™ ot hy Y dy Kys(v) ha(v) dv
0 0 0
9] 00 b
N / dv hy(v) E {/ dbe=Jo O dy (/ v’ dy) Ky (v)] : (25)
0 0 0

Now, the function § from R, to R, given by:

Y /
is) = int{y € Ry, [ VY df =)
0

is well-defined, continuous, strictly increasing and tending to infinity at infinity.

Hence, one can consider the process (QS))SZO such that:

ng) _ Yly(s)
One has:
5 ds ds
dy(S) = )/lg(s) - Tslw
and the s.d.e.:

) — ) 2d
dQV = 21/ dBy ) + 2dij(s) = 2dB, + Q—(lf

where B and B are Brownian motions: the processes Q™ and 2R™/? have the same

law.

By a change of variable in (25) (b = g(s),y = g(u)):

) b [e's)
/ dbE[efo (Vi) dy ( / Yi’bdy) hy ( / Yﬁédy)}
0 0 b

19



— dv hy(v) E [/ dg(s)e” FETOY2 dgu) hi(s) Kyﬂ“)(“)}
0 !

/OO dshy(s)e 2l R du M
0 2Rgl/2) )

which implies (23).

The equality (24) is easily obtained by applying (23) to the function h : (u,v) = g(u+v).

Now, it remains to deduce (22) from (23) and (24).

For all measurable and positive functions g, one has, by Lemma 3.1:

/ dT g(T)P [e‘ S LG+ (W) dy ]lXTZMi|
0

= /0 dl /M daE{e—fi’io[Yf?ﬁf(y)]Qdyg( / Ylffady)]

On the other hand, by applying Markov property (for the process Y, ,, at level M), and
by using the fact that f(y) = 0 for y > M, one obtains, for all positive and measurable

functions h; and hs:

o 0o o v 2 M 0
[ daE{ef—oo[W(y)] “p, < / Yﬁady) hy ( / Ylf’adyﬂ
0 M —00 M

00 00 M
:/ dl/ dbE[ — 2V ]dyhl (/ Ylydy)
0 0 —00
2
d o
fo ( yM b) th (/ Yf,’ledy> |Y2M
0 b

where YYlM7b is a process which has, conditionally on Y, = [’, the same law as Yy .

Now, by putting the integral with respect to db just before the second expectation in the
right hand side of (26), and by applying (24) to g = hs, one obtains that the left hand

side of (26) is equal to:

:/OoodzE[ @) (/]:Ylydy) /Ooohg(t)JYlm(t)dt .
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Hence, by monotone class theorem, for all measurable functions i from R? to Ry:

0o 0o M 00
/ dl / daE[eff‘io[‘/fﬁf(y)]Qdyh( / Vi dy, / Yf’ady)}
0 M —oo M
00 o Y 2d 0o M
:/ dlE[e‘foo[Yl + ) y/ h</ Ylydy,t> Jyﬁf(t)dt]
0 0 —00

By applying this equality to the function h : (u,v) — g(u + v), we obtain:
/ dT g(T) P [e— S LY+ S () dy ]1XT>M}
; >

= /00 dT g(7T) /oo dlE [e—fﬁo[Yle(y)fdy
0 0

M
JYZJW (T - / }/ly dy) ]lfiv[oo v dy<T:| .

Since this equality is true for all g, there exists a subset E of R, , such that the complement

of E is Lebesgue-negligible, and for all T € E:

P [e— 2 A+ ()2 dy ]1XT>M]

o M [y 2 M
= /O dlE {e S )] dy Ty (T— /_ VY dy) 1 fMooYlydM},

[e.o]

which implies (22). O

5 Some estimates

In this section, we prove the following propositions, which give estimates for the different
quantities introduced earlier in this paper. In the sequel of this paper, C' denotes a

universal and strictly positive constant, which may change from line to line.
Proposition 5.1 For alll,v > 0, up € R, one has the majorization:
Kl(u) (v) < Clv73/2e(u72.9)u712/81;’ (27)

where K" (v) is defined by (7).
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Proposition 5.2 For all M > 0, the random variable fOM Yy dy admits a density Dy

with respect to Lebesque measure, such that for all u > 0:
(Dyy % Kl(p))(u) < Cpre Mt
where Cyr, vy > 0 depend only on M.

Proposition 5.3 For all l,u,v > 0:

—2.9v
T ) < S /s

(u+v)yvv ’
and

C
Jy(u,v) < NG e 28v—pu

if u> 2 (recall that Jy(u,v) is defined by (20)).
Moreover, the function x, from RY to R (recall that x,(l) =

fized l,v > 0 and u going to infinity:
e’ Ji(u,v) — (Xoleo)eo(l).
Proposition 5.4 For allt > 0:

e” Ji(t) < C (1 + %) :

where Ji(t) is defined by (21).

Moreover, forl fived and t going to infinity:
e’ Ji(t) — Keo(l),

where K is the universal constant defined in Proposition 1.4.
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(28)

K ) s in L2(v), and for

(30)

(31)



Proof of Proposition 5.1: For all [ > 0, the process V#/2%) is_ by coupling, stochas-

tically larger than V(2% Therefore, by scaling property:

E [o-200 v/ du] <E [672 S v dui| ) [67203/2 Jo Vi@V du]

Now, the Laplace transform of fol 0D gy, (the area under a normalized Brownian ex-

cursion) is known (see, for example, [9]); one has, for A > 0:
E [e‘”ol v d“] =27\ i g un (/)1
n=1

where —u; > —uy > —ug > ... are the (negative) zeros of the Airy function.

Therefore
1/2,0) >
v U 1/3
E |:€—2f0 \% du:| S /87TU3 E :6—2 /Bunv
n=1
and:
o2 Jy Vi du o= 29 . (21/3u,,—2.91)v
0 E e ) (32)
n=1

3/2

since v3/? is dominated by e%01?.

Now, 2'/3u; > 2.91; hence, for v > 1, the infinite sum in (32) is smaller than

(o)
1/3, _
2:6 (21/3u,—2.91)

n=1

which is finite, since u, grows sufficiently fast with n (as n?3). Consequently, for v > 1:
B [672%’ vz du] < O o2

This majorization, which remains obviously true for v < 1 if we choose C' > ¢2?, implies

easily (27). O
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Proof of Proposition 5.2: In [2], the density of the law of fol Yy dy is explicitly

given:

Di(z) = wi (—1)" <n + %) o (n+3) w2,

n=0

This formula proves that D; is continuous on R* and that for z > 1:
Dy(z) < me™ @=/8 i (n + %) o (nth) w2 < Ce™. (33)
n=0
Moreover, D; satisfies the functional equation:
Dy (z) = (%) v D, (%) )
which proves that, for x < %:
D;(z) < C g=3/2e 4/ < C.

This inequality and the continuity of D; imply that (33) applies for all z € R*.

By scaling property of squared Bessel processes, the density D), exists and one has:

1 T
Dul) = 301 (37)
which implies
C -
Therefore, for all v > 0:
(Dyr * KM (u) = / Dy (u—v)KP (v) dv
0
0
C 1 v 2
S ~ e_(0'7/\1u2)u/ lU_3/2€_l /8v dv.
M? 0

The last inequality comes from the fact that p — 2.9 < 0.7, which implies, for 0 < u < v:

u—v
M?

u—v

1
+(p—2.9)v§—( e +O.7v> §—(0.7/\W) u.
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Now, the integral fou lo=3/2e1/8v gy is proportional to the probability that a Brownian

motion starting at [/2 reaches zero before time w.

Hence:
/u Z’U_3/26_l2/8v dv < 06_l2/8u,
0
and finally:
C _ u 2\_72 m
(DM « Kl(p))(u) < We 0.7u/(1+M?2)—12/8

< % o2/ (i) 2 /8u)

< W{W’
which proves Proposition 5.2. O

Proof of Proposition 5.3: By definition of J;(u,v), one has:
Ji(u,v) < E [xo (2REP)].

Now, the majorization (27) implies:

Xo (2RYD) < Co™32e 290 (RS/Q))Q/%.

By using the explicit expression of the Laplace transform of the squared bidimensional

Bessel process (see, for example, [15]), one obtains:

Ti(u,v) < O p=3/20-29v v o—12/8(utv)
U+ v

which implies (28).

In order to prove (29), let us consider, on the set of measurable functions from R
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to Ry, the semi-group of operators (®°),>q associated to the process 2R (twice a Bessel
process of dimension 2), and the semi-group (&38)820 associated to the same process, killed

at rate z at level z.

For all positive and measurable functions v, and for all [ > 0, one has:

[@*()](1) = E [p(2R{™)]. (34)
[B(0)](1) = B |20 8 e 2R (35)

Now, let us observe that the measure v on R is reversible, and hence invariant by the

semigroup of 2R. Since, for every measurable and positive function 1,
~ 2
(Fw) < (@ W) <o @),

one gets

18 @) < [ w2y = [1¥1lEag, (36)
+

The inequality (36) proves that the semigroup ($%),>¢ can be considered as a semigroup

of continuous linear operators on L*(v).

Moreover, the infinitesimal generator of 2R, killed at rate x at level xz, is the opera-
tor K defined at the beginning of our paper. Hence, if (e,)nen is an orthonormal ba-
sis of L?(v) such that e, is an eigenvector of K, corresponding to the eigenvalue —p,

(—p=—po > —p1 > —p2 > —p3 > ...), one has, for all n:
D (e,) = e "5 e
Now, for all ¢ € L?(v), one has the representation:

Y= Z<¢’en >en:

n>0
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and, by linearity and continuity of Ps:

B() = S e P Plen e (37)

n>0

In particular:

19 ()32 = D e 2 ((Plen ))* < 2> " ((Ylen ),

n>0 n>0
which implies:

2% ()| 2) < e[| L2y (38)

Moreover, one has the equality:

"B () — (len) Z (0=pm)2 (e ) en,

which implies that

(W) — (Vo) o
in L?(v).
Now, by definition:

Juw) = (8"(x)) (O (39)
where x, € L?(v), by the majorization (27).

Hence, in L?(v),

™ Jo(u,v) — (Xul€0) €o
§—00

where J,(u,v) is the function defined by:

(Jo(u,0)) (1) = Ji(u, v).
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In order to prove the corresponding pointwise convergence (which is (30)), let us observe

that for all ¢ € L*(v), I > 0:

B 0] < BpeR)) < (Blwer!)?)"

[0 (o) wenpa]
<|[ swenra) "

< 1Yl 2w)- (40)

IN

Here, we use the majorization pf) (x,y) <y, which comes from the fact that the transition

densities of a bidimensional Brownian motion are uniformly bounded by 1/27 at time 1.

By (40), one has for s > 1,1 > 0, ¢ € L*(v):

e (&) O = (WleoeoD] =1 (e (w) = {¥leo) eo) (1)
= 7| (&' ("1 (1) = (Yleo) eo) ) (0]
< ef |[ePeTVE L () — (¥leo ) eol[r2(v)

— 0.

S§—00

By applying this convergence to x,, one obtains the pointwise (and in fact uniform)
convergence (30).
Now, it remains to prove (29).

For s > 1,1 >0, by (38) and (40),
[@* ()] = [[@(@* ()] < [12°7 ()|220) < €7 V][] 1200, (41)
By (39), and by semigroup property of ®, one has for u > 1, [,v > 0:

Ji(u,v) = [ (Jo(1,0))](D)- (42)
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Moreover, by (28):

Ji(1,v) < 0672.9%71/26712/8(1%)’

which implies:

bl
)l <0 [T et g

0 v

< Co—58 L+w

N v

< _6—5.611

= ,

and
C
||J.(1,U)||L2(V) S ﬁe—z&)‘

For u > 2, we can combine (41) and (42), and we obtain:

C
Ji(u,v) < C’e_p(u_2)‘|n].(17U)||L2(y) < %6_"“_2‘8”7

which is (29).

The proof of Proposition 5.3 is now complete. U

Proof of Proposition 5.4: Let us split the integral corresponding to J;(t) into two

parts:
(t=2)+
At) = / Ji(t —v,v)dv,
0
t
B(t) = / It —v,v) do.
(t—2)+
One has:

P At) = / Ty o di(t — v, v) e dv;
0
where, by (30):
Ty ysodi(t —v,v) e” — e (xy]eq ) eo(l),
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for [, v fixed and ¢ tending to infinity. Moreover, by (29) and the fact that p—2.8 < —0.6:

¢ C
Ly Ji(t — v,0) et < —=e 28vmpltv)tot < — =060,

Vo VU

which is integrable on R, .

Hence:
e A(t) < C, (43)
and by dominated convergence:
e A(t) = K eg(l), (44)
—00

where [ is fixed and
Ko [ b
0

is the constant defined in Proposition 1.4. The majorization (43) implies that K is
necessarily finite.

The integral B(t) can be estimated in the following way: by (28),

t —2.9v
e B(t) < e”t/ e e~ U1% dy

(-2, VY

< il
-t 0 Vv

< Ce™ o8t
TVt
C
< —. 45
< (45)
Proposition 5.4 is a consequence of (43), (44) and (45). O

The estimates given in this section are used in the second part of the proof of Proposition

1.4.
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6 Proof of Proposition 1.4 (second part)

In this section, we estimate the right hand side of (22), which is, by Proposition 4.1,
equal to the left hand side of (10) in Proposition 1.4.

We need the following lemma:

Lemma 6.1 For all M > 0, and all functions f,g from Ry to R, :

o) M 0o
/ dIE {ef—“io<[%y+f<y>]2+p%y>dy9 (/ Y dyﬂ < ¢y / g
0 —00 0

where C'; > 0 is finite and depends only on M.

Proof: One has the following majorization:

o M y 2 y M
[Faspcrntoning ()]
0 —00

%) 0 y)2 y M
< eMp2/4/ dlE {ef—oo[(yl ) +oY; ]dyg (/ Y/ dy)} (46)
0 _

[e.o]

since f is nonnegative and —z% + px < p?/4 for all x € R.

Now, for all positive and measurable functions h; and hs:

/OOO dIE {effoo [~ ) o Jaw g, </(; Y dy) o </0M Y dy)}
[t (i) o[ )
- /Ooodz /OOOK;”)(U) hi(v) dvE {hQ (/OMYlydyH :

by Lemma 3.2.
By additivity properties of squared Bessel processes, the law of fOM Y)Y dy is the convolu-

tion of the law oy of [; Yydy and the law o of Y dy.
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Since by Proposition 5.2, g9 has the density D), with respect to Lebesgue measure, we

have the equality:

E[hg (/OMYlydy)} :/Ooodthz(t)/otal(du)DM(t—u),

which implies:

/OOO dIE [effoo[(yzy)2+p‘/ﬂdy h (/(; Y)Y dy) hy </0M Y)Y dy)}
:/Ooodl /OOOKl(p)(v)hl(fu)dv/ooodthg(t)/Otal(du)DM(t—u)-

By monotone class theorem and easy computations, for all positive and measurable func-

[Fanfrio ([

:/Ooodtg(t) /Ooodz /Otal(du) (K” % Dag)(t — u).

tions g:

Now, by Proposition 5.2:
(K" % Dag)(t —u) < Care™,

and

t
/ Ul(dU) < 1,
0

since 07 is a probability measure.

© 0 v\ 2 y M &
/ dlE [ewaYl ) ]dyg (/ vy dy)} < C—M/ g, (47)
0 —00 Unm Jo

The majorizations (46) and (47) imply Lemma 6.1. O

Hence:
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After proving this lemma, let us take T € E and € > 0; by splitting the right hand

side of (22) into two parts, we obtain:

TP [6_ S22 LS+ f()]? dy ]lXTZM] =L+ I,

where:
L= / AR {efi(—[%y+f<y>]2+plﬂy)dy
0
(») M
JYlpM (T — /OO }Gy dy) ]].fl\io Yly dy¢[T—e,T}:| 9
and

M
(p)
Jpr (T _/ ng dy) ILfiV[OO Yly dy%[T—e,T] QO KGO(YEM),

and

M
(p) 1
(1= [ )t <€ (14 )

Since:

/‘00 dlE |i€fbio(_[yly+f(y)]2+PYly)dy:|
0
< Me*/4 / T AE {efom [—(Yﬁ’ofﬂyxf’o]dy]
0
— o Mp?/4 /OO Kl(/?) dl < oo,
0

one obtains:

o0

Y 2 y
L. — K [ dE {efMoo(‘[Yl HJ oy, >dyeo(YlM)] = K AYM(f) < o0,

T—o00 0
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by dominated convergence.

On the other hand, by Proposition 5.4:

L. <C / h dlE {ef”io([%uf(y)]ﬂpny)dy
0

M —1/2
: (1 + (T—/_ v’ dy) ) ]lf”ioYl”dye[Te,T}] ’

and by applying Lemma 6.1 to the function g : ¢t — (1 + (T — )" Y2 Lycp_ey:
L < CCyle +e). (49)
Therefore, by combining (48) and (49):

lim sup |e”" P [e—ff"oo%*f@””y ILXTZM} — KA ()] < CChle+ Vo),

TeE, T—oco

and by taking ¢ — 0:
PTP [e_ JE L+ ()2 dy ]lXTzM] o K AY(f). (50)

Now, let us prove the continuity, with respect to 7', of the left hand side of (50).
If Ty € Ry and T < Ty + 1 tends to Tp, then P-almost surely, L7 tends to L7, and
Ly < L7, forall y € R,

Since y — LY. ., + f(y) is square-integrable, by dominated convergence:
To+1

[ s = [ s

o0

Another application of dominated convergence gives:

P [e*ffooo[ﬁ%ﬁ(y)P dy ]lXTOZM] _P [e_ S, +F ()] 0 (51)

Sy Tx, >l |
To= T—To

Moreover:

P [[Lxp>m = Lxpoml] S P3Et€ [Th, T], X, = M] — P[Xp, = M] =0,
0
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which implies:

P [e, I LS+ £ (y)]? dy ]1XT2M] _P [6* I LS+ F(y)]? dy ]]'XTOZM:| | — 0. (52)
—10

The convergences (51) and (52) imply the continuity of:
T s TP [e— S L+ ()] dy ]lezM} _

Since F is dense in R, we can remove the condition 7' € E in (50), which completes the

proof of Proposition 1.4. O

7 A conjecture about the behaviour of Q°

In this paper, we have proven that one can construct a probability measure corresponding
to the one-dimensional Edwards’ model, for polymers of infinite length.

Moreover, there is an explicit expression for this probability Q.

Now, the most natural question one can ask is the following: what is the behaviour of
the canonical process X under Q° ?

At this moment, we are not able to answer this question, which seems to be very difficult,
because of the complicated form of the density D? of @‘st, with respect to Pz,.
However, it seems to be reasonable to expect that X, has a ballistic behaviour, as in the
case of Edwards’ model on [0, T]; one can also expect a central-limit theorem.

Therefore, we can state the following conjecture:

Conjecture: Under Q°, the process X is transient, and:

Q° (Xt — +oo) =Q’ (Xt b —OO> =1/2
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Moreover, there exist universal positive constants a and ¢ such that:

’Xt’ SN a/@l/?)

t t—ooo

a.s., and such that the random variable

| Xi| — aB'/%t
Vit

converges in law to a centered gaussian variable of variance ¢ (the factor /2 comes
from Brownian scaling).

It is possible that the constants in these convergences are the same as in [18|, despite the
fact that we don’t have any argument to support this. It can also be interesting to study
some large deviation results for the canonical process under Q?, and to compare them
with the results given in [19]. On the other hand, if the proof of the conjecture above is
too hard to obtain, it is perhaps less difficult to prove, by using Ray-Knight theorems,
some properties of the total local times (LY ),er of X, which are expected to be finite

because of the transience of X.
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