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Abstract

We present a range of mesh-dependent inequalities for piecewise constant and continuous piecewise
linear finite element functions v defined on locally refined shape-regular (but possibly non-quasiuniform)
meshes. These inequalities involve norms of the form [|A%u|lyy..» ) for positive and negative s and «, where
h is a function which reflects the local mesh diameter in an appropriate way. The only global parameter
involved is N, the total number of degrees of freedom in the finite element space, and we avoid estimates
involving either the global maximum or minimum mesh diameter. Our inequalities include new variants
of inverse inequalities as well as trace and extension theorems. They can be used in several areas of finite
element analysis to extend results - previously known only for quasiuniform meshes - to the locally refined
case. Here we describe applications to: (i) the theory of nonlinear approximation and (ii) the stability of
the mortar element method for locally refined meshes.
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1 Introduction

Many classical a priori estimates for the error in a finite element approximation u to a solution v of an
operator equation take the form [[v — ul| () < C(hmax)® ¢ vl g7+ (q), for some s > ¢, where hmax is the
global maximum mesh diameter and H*(2) is the usual Sobolev space of index s on a domain £ . Since
modern applications produce meshes with significant local variation of mesh size, many authors avoid the

introduction of hyax and use instead localised estimates, such as

1/2
v = ullge @y < C S D W ollfey p (1.1)
(2)

TET

with 7 denoting a typical element of the mesh 7 and h, the diameter of 7. Other authors work with estimates
of the form

[t < Clollge gy - (1.2)

gl

*(dahmen@igpm.rwth-aachen.de), Institut fiir Geometrie und Praktische Mathematik, RWTH Aachen, Templergraben 55,
D-52062 Aachen, Germany

T(bf@numerik.uni—kiel.de), Mathematisches Seminar II, Christian-Albrechts-Universitdt Kiel, Olshausenstr. 40, D-24098 Kiel,
Germany

t(igg@maths.bath.ac.uk) Dept. of Mathematical Sciences, University of Bath, Bath, BA2 7TAY, U.K.

§(Wh@mis.mpg.de), Max-Planck-Institut Mathematik in den Naturwissenschaften, D-04103 Leipzig, Inselstr. 22-26, Germany

1T(stas@amath.unizh.ch), Institut fiir Mathematik, Universitdt Ziirich, Winterthurerstr 190, CH-8057 Ziirich, Switzerland



where h(z) is some positive “mesh-size” function, designed to reflect the local mesh diameter near each point
z . Estimates such as these allow quite general mesh refinement procedures including some produced by
adaptive algorithms (e.g. [21]).

Some finite element error analyses require, as an additional ingredient, certain fundamental inequalities
which have to be satisfied by the finite element functions. Examples are inverse estimates, which bound the
Sobolev norm of a finite element function in terms of its Sobolev norm of lower index, multiplied by a mesh-
dependent constant. These are used in many classical analyses, for example uniform norm error estimates for
finite elements ([8]) and stiffness matrix conditioning analysis in boundary elements (e.g. [24]). More recently,
inverse estimates have appeared also in the analysis of the mortar element method for PDEs, where negative
index spaces on lower dimensional manifolds appear naturally ([4]).

Classical inverse estimates (like classical a priori error estimates) are usually global: The mesh-dependent
constant in the bound grows as an inverse power of Amin (the global minimum mesh diameter). If the mesh
is strongly locally refined this bound is large and may not be useful. Thus analyses which make use of inverse
estimates often make the additional mesh assumption of global quasiuniformity (i.e. hyin ~ hmax), and so
most interesting adaptive procedures are then ruled out.

In this paper we prove a range of inequalities, including localised inverse estimates which apply to both
piecewise constant and continuous piecewise linear functions defined with respect to meshes of simplices on
domains in R?. The meshes are assumed shape-regular but need not be quasi-uniform. Our results include
estimates of the form

|h%ullwer o) < ClIlh*™*ul|pr(q) , for a range of nonnegative s (1.3)
and
|h**%u| Lo() < C||h®ullw=s.a(q) , for all nonnegative s, (1.4)

where a € R and h is the mesh-size function mentioned above. If the mesh is quasiuniform then A is bounded
above and below in terms of either hApi, or hpmax and these bounds reduce to standard inverse estimates. In
the locally refined case they represent localised inverse inequalities which may be considerably less pessimistic
than the classical ones.

While some particular localised inverse estimates have been developed in the literature in connection with
special applications (e.g. [1], proved special cases of (1.3) and [18] proved special cases of (1.4)), we know
of no source in the literature for the general inequalities presented here. In fact (1.3) and (1.4) are only
examples of a range of inequalities which we prove. Some of these are elementary and others depend on a
rather more delicate analysis. A recurring elementary tool throughout the analysis is the use of mesh-size
dependent discrete P norms defined on the degrees of freedom of the finite element functions. Preliminary
manipulations using such ¢ norms can be found in [18].

A more sophisticated tool which we need is the scale of Besov spaces Bj(LP(f2)) of smoothness s and
primary index p, in which are embedded the Sobolev spaces W*P(Q). In fact we prove (1.3) by obtaining its
more general analogue in the Besov scale, which allows even p < 1 and a range of s up to the regularity limit
of u. On the other hand, (1.4) is proved using a separate and non-standard duality argument and holds for
all negative s and all 1 < g < oc.

A range of elementary inequalities (involving relations between different LP and ¢P norms) are given in
§82, 3, while the inverse estimates (1.3), (1.4) are proved in §4. In §5 we give localised versions of trace and
extension theorems for finite element functions using the same LP norm on the ambient space and on the
lower-dimension manifold.

The rest of the paper is devoted to applications of these inequalities. As mentioned above, one application
(in particular of (1.4)) is in the analysis of boundary element methods for operators on negative order spaces.
Since this is described in some detail in [18, 19], here we restrict ourselves instead to describing two other
applications.

Our first application is to the Jackson and Bernstein inequalities which arise in the theory of adaptive finite
element approximation. Recall that in a quasiuniform mesh we have h, ~ N=1/4 where N is the number of
degrees of freedom in the finite element space. The estimate (1.1) then reads (e.g. in the case t = 0):

[0 = ull 2y < ONT*/ o]l o gy (1.5)

When v fails to be in H*(Q2), but still possesses enough Besov regularity, then it is known (e.g. [13]) that
adaptive processes exist which ensure that the rate of convergence N —*/% of best finite element approximation



to v is still attained, but with [[v]| (@) on the right-hand side of the error estimate replaced by [|v||5;(12(0))-
This variant of the classical “Jackson-type” approximation estimate is given as part of the Appendix (in
fact for primary index 2 replaced by general p). The Jackson inequality is classically accompanied by the
“Bernstein-type” inverse inequality:

lullBs (Lr(0)) < C’Ns/d||u||Lp(Q) , for finite element functions u .

This is proved as the first application of our inverse inequalities in §6.

Our second application (§7) concerns the stability of the mortar element method in the case of non-
quasiuniform meshes on the subdomains. The mortar method seems to be particularly well suited for problems
with strong jumps in coefficients. Since one therefore expects to deal with possibly irregular solutions, the
use of nonuniform meshes appears to be very desirable. The so called dual basis mortar method has indeed
recently been shown in [22] to lead to stable and accurate discretisations for the much more flexible class of
shape regular meshes provided that a certain weak matching condition on adjacent meshes hold along interface
boundaries. Our objective here is to establish stability for this version of the mortar method without requiring
this matching condition. Aside from the inverse estimates from §3 we also make essential use of the extension
theorem in §5.

2 Preliminaries

2.1 Meshes and finite elements

Throughout this paper  denotes either an open polyhedron or (a connected subset of) the surface of a
polyhedron. In both cases, the dimension/surface dimension of € is denoted by d € N. Although most of our
results extend to general dimension d, we give the proofs for the cases d € {1,2, 3}.

A mesh T on ) is a decomposition

Q=U{r:7€T},

where the elements T are either intervals, triangles or tetrahedra. The elements have nodes and edges and
also (when they are tetrahedra) they have faces. For convenience we will always consider the elements to be
closed sets. We assume throughout that our meshes are conforming, i.e. if o, 7 € T, with 0 # 7, then o N 7
is either a vertex, an edge or a face. We identify two sets of points in 2 which are useful as index sets.

Let Ny denote the set of centroids of elements of 7. We identify ¢; € A with its counting index j and we
write j € Ny as well as ¢; € Np. The sets T and Np are in one-one correspondence and for j € Np, we denote
the element of 7 which contains ¢; by ;.

Also we let N7 denote the set of nodal points of 7. Similarly, we write i € N as well as z; € Ni.

Each element 7 has a diameter denoted h, and a volume |7| = fT dz.

We are concerned with inequalities for piecewise polynomial functions on 7 in the two most important
cases:

So(T) = {v:9Q = R: 0ing(r) is constant, 7 € T} (2.1)
S1(T) ={u: Q2 — R:wuis continuous and u|, is affine,7 € T} . (2.2)
For each j € Ny, let x; € So(T) denote the characteristic function of 7; and for each i € N7, we define

¢; € S1(T) to be the “hat” function with values ¢;(x;) = d;;, for i,j € Ni. Each u € S;(T) then has the
familiar expansion:

U= Z ujX; , withu; =u(e;), ue S(T), (2.3)
JENo

u= Z uig; ,  with u; = u(z;) , ue S (T) . (2.4)
i€N1

If Q is a d—dimensional surface in R, the surface derivatives of a sufficiently smooth function u : Q@ = R
on (plane) surface elements 7 € T are defined by introducing local (d + 1)-dimensional Cartesian coordinates
so that the first d coordinates lie in the tangential plane through 7. Let k. denote the mapping from local to
global coordinates and put @, := u o k,. Then, for any a € N¢, we define

0%u| = (0%0,) ok, ' : 7 > R

T



Similarly, we put

Vu := (Vi) okt i 7 — RE,

T

Note that, by using this definition, Leibniz’ rule for differentation of products of functions holds as usual. At
various places in the text, we consider polynomials on elements 7 € 7. In the case of surfaces this notation
has always to be understood in the sense that the function, in local coordinates is a polynomial.

2.2 Mesh regularity

Definition 2.1 Two vertices x;,x; are called neighbouring if there is an element 7 € T such that z;,x; € T
(i.e. z; and x; are connected by an edge of the mesh). Two elements 7,0 € T are called neighbouring if

TNo £ (.
We shall consider classes of meshes which satisfy the following weak regularity assumptions.
Definition 2.2 For K > 1 and € > 0, Mg . denotes the class of meshes T which satisfy

h; < Kh, , for all neighbouring elements 7,0 € T (2.5)
and |7|>eh®, forallTeT . (2.6)

When d > 2, it may be shown that for the conforming meshes considered here, the “shape regularity”
assumption (2.6) implies the “local quasiuniformity” or “K-mesh” condition (2.5), and so in this case the
meshes could be characterised by the single parameter e. However in other situations it is of interest to
consider locally quasiuniform meshes which are not shape regular, and so we choose to keep the parameters
K and ¢ separate in our analysis.

Notation 2.3 Throughout the paper, if A(T) and B(T) are two mesh-dependent properties, then the inequality
A(T) S B(T)
will mean that there is a constant C depending on K and € such that
A(T)<CB(T), foral T e Mg, .
Also the notation
A(T) ~ B(T)

will mean that A(T) < B(T) and B(T) < A(T).

In some situations we will be considering other parameters as well. If the constants in the estimates are
independent of another parameter, say a € [a, @], we shall write explicitly, “A(T) < B(T) uniformly in « €
[a,a]” or “A(T) ~ B(T) uniformly in o € [a,@]”, as appropriate. This means that the equivalence constants
may depend on o and @ but not on a € [a, ).

For our later estimates we need to introduce a mesh dependent function h on €2, such that the value of h
on any 7 € T is proportional to the size of elements of 7 near 7. To this end, for ¢ € N1, we introduce the
subsets of T

T(z;) :=={r € T : 7 has a corner at z;} . (2.7)
Then we set
h; == max{h, : 7 € T(x;)} ,

and we define h € S1(T) to be the interpolant of these values, i.e.

h= Z higi . (2.8)

1ENT



Our aim in this paper is to create methods of analysis which are relevant to locally refined meshes and to
exploit them in several applications. To this end, information about the mesh being used will be contained
in the function h defined above and this plays a key role in most of our estimates. In some situations we also
need to include a global mesh parameter. For this we avoid using the maximum or minimum mesh diameters,
given by hpyax = max{h, : 7 € T} and hyi, = min{h, : 7 € T}, but choose instead to use the cardinality
of the mesh N := #N;. Note that asymptotically it is unimportant whether N is defined as the number of
nodes or elements since it follows from the conformity of the meshes that

#No ~ #N1 . (2.9)

Since adaptive techniques try to construct a good approximation for a minimal N, estimates involving N are
more natural in the context of adaptivity than those involving hpyin Or hmax-

Remark 2.4 Since mig h(z) = _rnji\}l h; > 0 any power h® is well-defined, for s € R.
re 1ENL

Throughout the paper we will frequently use the estimates in the following proposition without further
reference.

Proposition 2.5 Let T € Mg .. Then

(a) hy < h; < Kh, forall 7€ T(z;), i €N

(b) K thy < h; < Khy, for all pairs of neighbouring vertices z; and x; € N.
(¢c) For all j € Ny,

hy. < min_ h; < h(¢;) < max h; < Kh,, .
T]_ieTjﬁNl ¢ = (])_ieTjﬁNl t= T

(d) For all j € Ny,
Chgj S |T.7| S hg] °

(e) For any two points x,y € Q, let |A (x,y)| denote the length of the minimal path inQ connecting x and y
and Cq denote the minimal constant such that, for all z,y € Q, |A(z,y)| < Cq |z —y|. The function h is
Lipschitz continuous with Lipschitz constant satisfying

L<C(K-1)/e, wuniformlyin K >1,
where C' depends only on Cq and d.

Proof. The proofs of (a) - (d) are trivial. To obtain (e), first observe that by the definition of h we have, for
any j € Ny and any = € 7,

Vh(z) = Vh(c;) = V(h = h(c)))(e;) = > (hi = h(c;))Véi(cy)
€T NN

Now using the shape regularity property (2.6), it follows that |V¢;(c;)| < C(ehr;)~! where C only depends
on d. Also, for i € 7, N N7, we have

1—-K)h;, < min_ h; — max h; < h;—h(c;) < max h;— min_ h; < (K —1)h,,
( ) i _iETjﬁNl ¢ iETjﬁNl t= (]) _iETjﬁNl ¢ i€TjﬁN1 2_( ) i

and thus
IVhA|| L) < C(K —1)/e

uniformly in K .

Now take any x,y € Q and recall that 2 is connected. Let A denote a shortest path in 2 connecting x and
y. Since the element in 7 are simplices the restriction of A to any 7 is either empty or a straight line. Choose
a minimal sequence (7’,’);-11 in 7 such that ;, N A =: A;A;41 for 1 <i<m —1and A; =z, A,,, =y. Then,

m—1 m—1
h(z) = h )] < Y7 10 (A) = b (A1)l < D0 IVl oo () 145 = Aiia]| < VAl oo o 1A
i=1 i=1
K-1
< CallVhllpwg) |z —yl < CCa—— |z —yl.



2.3 The Sobolev norms

For 1 < p < oo, we introduce the usual space LP(Q2) with norm [|-||z»(). Extending this definition to 0 < p <1
we obtain a quasi-norm which satisfies the modified triangle inequality |lu + v|| 1. o) < Clllull Lo () + V[ 1o (o)]

with C := 2Y/P=1 For further details on L? spaces with p < 1, see [13, 14] and the references therein. The
case p < 1 will become important in §6.

We introduce the usual Sobolev spaces W?9P(Q2) and we note that for s € (0,1), these are equivalently
defined using the Slobodeckij norm :

1/p

v v(y)l”
||v||WS P(Q) - ||v||LP(Q)+//%dl'dy

(see, e.g., [20, Section 6.2.4]). In the special case p = 2, we write ||{|;:(q) = [|llyy:2(q)- For negative —s,
W=54(Q) is the dual space W=%4(Q) := (W?%P(Q))" with % + % =1, p < 00, endowed with the dual norm.
The norms can also be used when ) is a d-dimensional manifold in R¥*!, d = 1,2 (see, e.g., [18], [19]).

2.4 The /’ norms

Let v = (v;)icz € R? be a vector with Z denoting its index set. Then, as usual, we write

2\ /P )
Wiy = (30, 0il") " forpe (0,00),  and |[vl|m(z) = maxloi| : € T}.
If w = (w;)iez, then we define the ¢2 inner product and the pointwise product, respectively, by:

(v, W)P () = szwz , VW = (jw;)ier -
i€l

If f is any function on Q, we introduce the discrete norm of f on Ny and on N; defined by

1/p

1/p
fllerne) = § D 1F ()l o Nl vy = { > |f(m,~)|p} ;

FENO ieEN

when these quantities are well-defined.

3 Estimates in / and L? norms

3.1 Relations between discrete and continuous norms

Proposition 3.1 Let pg > 0 and a < @ be given. Then, fori =0 or 1,

AUl gy ~ 1Pl 5 uniformiy in w € Si(T), p € [po,00] and a € [aa] . (3.1)

Proof. Throughout this proof the relations < and ~ will hold uniformly in p € [pg, o] and a € o, @]. First
consider py < p < 00, observe that for any f € LP(f2), we can write

1/p
I vy ~ 4 o0z [ g0 (32)
JENO
Thus if we consider any u € So(T), we have,
1/p 1/p
1B ull oy ~ 4 Y BEP |7 ule;)I? ~ D7 hlep) P u(ey) P = b7l ) -
J€No J€No



This estimate is uniform in u € So(7), p € [po, ) and « € [, @.
On the other hand, suppose u € S1(T). Since, for all j € Ny, ul,, is a polynomial of degree 1, it follows
by a simple scaling argument that

1/p

1/p
{/ |u(m)|pdx} ~ |Tj|1/p Z |u(z;)|P , uniformly in j,p € [py, ) .

Z'GTjﬁNl

(Note that the usual scaling argument is still valid even for p < 1, since the function u + [|u||Lr(q), although
not a norm, is still a continuous function of u .) Hence, inserting this in (3.2), we get, uniformly in u € S;(7),

1/p

1/p
1Bul| o) ~ & Y B ml > ()P ~ {Z hfﬁdIU(ﬂcé)lp} = [|h* Pul| o)

JjENO i€T; NN €N

as required. (In the second last step we have used the fact that the mesh is conforming and shape regular and
so the number of elements attached to any given node is bounded over all meshes in the class Mg ..)
The remaining case of p = oo follows by similar arguments. ]
The following corollary identifies two simple special cases of Proposition 3.1.

Corollary 3.2 There holds

Z h(cj)d ~ Z h(zi ~1,

FENO i€EN

Hh*d/p ~ N1/p , uniformly in p € [pg, 00) .

Lr(Q)

3.2 Estimates between different /# norms

First we recall some inequalities satisfied by £ norms.
Proposition 3.3 a) Let 0 < p < p' < oco. Then, for any index set Z,

Wl z) < sz - (3.3)
b) Let 0 < a < B < o0 and a <p < 3. Then

b2 —1-8252 if <o,

ol sy < Wl Il it = {57 i (3.4)
Proof. To prove (3.4), we use Holder’s inequality to obtain (for finite f3):
P _ af=r BE o b=z BE=a
(o e e O e PR (1 P
On the other hand, if 8 = co we can write
a l—«o
o ) < IallS llalllt (3.5)

and together these two estimates prove (3.4).
It can be easily checked that [[ul|je 7 < [[ul|saz) for any 0 < a < co. Inserting this inequality into (3.5),
one obtains [[ul|;,z) < |lul[sa () and hence (3.3) follows. ]
The next two propositions contain inverses of inequality (3.3). These can only be obtained at a cost of
either an N-dependent factor (Proposition 3.4) or a weighting by a negative power of h (Proposition 3.5).
The exponent p};%,p appearing below should be understood as 1/p, if p' = cc.

Proposition 3.4 Let 0 < p < p' < o0. Then, ifi =0 or 1,

[[aller <N“’ llallerr () (3.6)



Proof. Recalling (2.9) we have

[l = @GP epn < - Pl e =N ([ .
(N W) =T & W ' (M)

=P (N; i

Proposition 3.5 Fori=0,1,

(' —p)

vy S 1057 wll gy wniformly inw € B and po < p <3/ < oo. (37)

Proof. We give the proof for i = 0. The case i = 1 is analogous. Take any u € RV and define u € Sy ()
by requiring u(c;) = u;, j € No. Then, by Proposition 3.7 below, we have |[ul[rr(0) S [[ullzw (). Using

Proposition 3.1 we obtain [[h%/Pu|sn,) < |Ih/P |, (No)- Then (3.7) follows by replacing u by h~4Pu. =
From this we have the immediate corollary:

Corollary 3.6

(' —p)

bl p;) S [ 277 |l ;) » uniformly in u € RVi aeRandpy <p<p <o .

3.3 Estimates between different L? norms

The following result is obtained directly from Hd&lder’s inequality.
Proposition 3.7
lullze) Sl ey 5 uniformly in po <p <p' < oo and u € L (Q). (3.8)

In the following generalisation of Proposition 3.7, we balance powers of h inside the right-hand norm with
an appropriate power of the global parameter N outside.

Proposition 3.8 Fori = 0,1, the estimate
lullze ) S NN ull Lo q) (3.9)
holds uniformly inu € S;(T), po <p<p <occand 0<6< ”;Tj,p .

Proof. We give the proof for i = 0. The case ¢ = 1 is very similar.
(a) Let u € So(T). Then using (3.6) with i = 0 and with u replaced by h%/Pu and then (3.1), we obtain

/

the required result in the case § = Z=2,

pp’
(b) More generally, consider 0 < 6 < %. Then we can choose p” € (p,p'] such that § = %. Then by
(3.8) and part (a), we have [[u||Ls(0) < [lull Lo (@) < N9||hd9u||Lp:(Q), as required. |

Finally we obtain an inverse to the inequality in Proposition 3.8. As in Proposition 3.5, we pay the penalty
of a negative power of h on the right-hand side.

Proposition 3.9 Fori = 0,1 the estimates

o a— @' =p)
A UHm’(Q) N eu )
Lr ()
hold uniformly in v € S;(T), a € [a,a] and po <p<p < o0,
Proof. Combine (3.1) and (3.3). |



4 Inverse estimates in Sobolev norms

In this section we prove two types of inverse estimate in Sobolev norms. The first two subsections concern
upper bounds for the W#P norm of a function (s > 0) in S;(7), i = 0,1 in terms of the L? norm of an
appropriately weighted function. The range of s is naturally restricted by the regularity of the spaces S;(T).
In the case of & (7)) our results are a generalisation of those already given in [18].

In the third subsection we obtain lower bounds for the W~%¢ norm (for s > 0) of a function in S;(T)
in terms of the L? norm of an appropriately weighted function. These are obtained by direct estimation
of negative norms. The range of negative —s which can be reached is unlimited and again the argument
generalises that in [18], in which only the cases u € $1(7) and 0 < s < 1 were covered.

4.1 Inverse estimates for v € S (7) in W*P(Q) , s >0

Theorem 4.1 Suppose that 1 < p < oo and that 0 < s < 1+ 1/p. Then the estimate
[ s . (4.1)
holds uniformly in v € S1(T), a € [a,a] and 1 < p < 0.

Proof. We give an elementary proof for range 0 < s < 1. The proof for the extended range of s requires the
introduction of Besov norms and follows from Theorem A.1. In fact Theorem A.1 even allows an extension
of (4.1) to the case p < 1, provided the Sobolev norm appearing on the left-hand side is replaced by an
appropriate Besov norm.

Throughout this proof the inequality < will be uniform in v € §;(7), a € [a,a] and 1 < p < 0.

Suppose s = 1 and 7 € 7. The product rule yields V (h®u) = ah®~*uVh+ h*Vu on 7. Since Proposition
2.5 (e) shows that | (Vh)|, | < 1, it follows that Hah“_lthHLp(T) < ||h“_1u||LP(T). Moreover a simple scaling

argument shows that ||A*Vull, ) hit h%ull ey S ||h°‘_1u||Lp(T). Summing the pth powers of these

~

inequalities over all 7 € T and taking the pth root, we obtain
1% ullysnay S 02 0] 4y ) - (4.2)

Interpolating this result with the trivial estimate ||h®ul[z»(q) < [|h%ul|Lr(q) (for s = 0), we obtain (4.1)
for general s € [0,1]. (Note that here we have used the fact that the norm interpolating ||h*~ u|| () and
|h®ul| e () is [|R*ul[Lr (o) (see Triebel [23, (1.15.2/4)]). [

4.2 Inverse estimates for u € Sy(7) in W*P(Q), s > 0

Analogously to Theorem 4.1, we have the following estimate for piecewise constant functions.
Theorem 4.2 Suppose that po < p < oo and 0 < s < 1/p. Then

A ullwer@) S 1A ullLee) (4.3)
uniformly in u € So(T), a € [a,a], and pp < p < 0.

We give the proof for p = 2 only since it provides explicit constants based on the localisation of the
Slobodeckij norm given in the following lemma. Remarks on the proof in the case p # 2 are given at the end
of this subsection.

Lemma 4.3 Let Q C R? be a bounded domain and let T be any conforming mesh on Q. Any function
ve H*(Q), se€(0,1), satisfies

2
s v
ol < 3 [0 Mol + X [ [ =0 doay]. (14)

TeT TeT
TINT#£0

where &, := dist(t,D;) and D, := J{r' € T : 7' 07 = 0}. For a domain Q C R%, the constant c is
ezxplicitly given by ¢ =1 —}—% for d=1 and by c =1+ 47” for d € {2,3}, provided that 6, < 1. The constant
¢ is more involved for a d-dimensional surface Q, but still independent of v,T, K, €.



The proof of Lemma 4.3 can be found in [16] for d = 1 and in [17] for d = 2. The 3-dimensional case can
be shown analogously to the 2-dimensional one. Note that (4.4) holds for any conforming triangulation and
the requirement that 7 € Mg . is not needed for Lemma 4.3.

Proof of Theorem 4.2 (restricted case). As mentioned above, we restrict to the case p = 2. In addition we
describe here only the case d = 2. The proofs for d = 1 and d = 3 are similar. So, let u € So(7). Since we
are considering meshes from the class Mg ., (4.4) implies that

p a—s ha (hau)(y)|2
iIS(Q) ~ ||h u||L2(Q) + Z / / |Jj — y|2+23 diIde . (45)

J.i' €Ny
T ,m—ﬂé@

17l

Observe that by elementary arguments |(h%u) (y)| < k7, |u(c;)|, for y € 7;. Using this in (4.5), we obtain

Wl S I ulldaqy + > {8 lulep) + B2 (e} T, (46)

3,3’ €No,i#i!

rj,m—j;é@
2
+ 3 fuley)* Hy,
JENO

h® (z) — h* (y
Jrm ;_// |t —y|~* **drdy and H _//| y|2+25 )|d dy. (4.7)

Since the summand in (4.6) is symmetric with respect to j,j', we may write

with

_ 2
1Bl ) S 1B ullizg) + D W2ule)l” D Trm + Y lu(e)|* Hyy. (4.8)
JjENO j’eNo,j:é" JENO
7107

We begin with the estimate
2 —2
H‘r S ||v (ha)HLoo(Q) /.,. /.,. |CE - y| Sdﬂ?dy

Now, using polar coordinates with respect to y € 7, it follows that [ |z — y| ** dx < h2725. This, together
with ||V (h9)]| peo () S he~! yields H, < p2e=s) |7] and the last term in (4.8) satisfies

D lule) [ Hey SR ullf2q)-
JENO

We finish the argument by showing that
A e forall 7,7 € T with 7N 7' # 0 and 7 # 7'. (4.9)

If (4.9) holds then, since the number of triangles 7/ with 7/ N7 # @ is bounded independently of h, (4.8)
implies that

[17:% ul

o) SIh w72 q) + ZN h22 ™2 u(ey) P |71
JE€ENO

S ullfaig) + 108l ~ 1 ullzeq)
by Proposition 3.1 yielding the required result.

It remains to show (4.9). Let y be an interior point of 7. Then 7/ C R? \ B,(y) with r := dist(y,d7) > 0
Using polar coordinates with respect to y shows

/ |z —y| 272 dr < /R2\B ( )|:c—y|_2_23 dr = gr_% = gdist(y,aT)_Qs,
T’ Y

10



b1

P3 = Po

D2

Figure 1: Subdivision of 7 into 7; ,j =1,2,3

hence
Jrr < /dist(y,aT)*zs dy 7,7 €T withtnN7' £0and 1 #£7. (4.10)

Let pj, j = 1,2, 3, be the vertices of 7 and let p be the centre of the largest circle inscribed inside 7. This
circle has radius p, which, by the non-degeneracy condition (2.6), satisfies p, ~ h,. Also, each of the sides of 7
are tangent to this circle. For the further estimation of J; ;, we split 7 as in Fig. 1 (left) into three triangles
7j, j = 1,2,3, with vertices p;_1, p; and p. Then there is one and only one ¢ € [p;j_1,p;] (here [pj_1,p;]
is the line connecting p;_1 and p; ) satisfying |[p —¢| = o, and p—¢ L p; — pj—1 (see Fig. 1 (right)). For
y € 7j, we have dist(y, 07) = f;(y) with the function f;(y) := dist(y, [pj—1,p;]), i.e., dist(y,d7) is constant
on the level lines parallel to [pj_1,p;]. Therefore, we introduce the following transformation of coordinates

T(n) = pj—1 +m@p—q) +m(p; —pj—1)  forn = (m,m) € [0,1]*.
Since p—¢q L pj —pj_1, we get for n € [0,1]? that
fi(T(m) = dist(T(), [pj-1,p5) = mlp—al = me-
and
[det(T" ()| = |det(p—q pj—pj-1)| = Ip—dlpj —pji1l = 2|7,
Since dist(-,87) = f; on 7; and 7; C T'([0,1]?), we obtain

/

J

dist(y,07) > dy < /
j 7([0,1]2)

By = [ @) e oLy

1
. 2
=9 . —2s 725d _ —2s .
751 or /0 ny " dm T35, ¢ Il

Hence, substituting this in (4.10), we obtain
3
o 8 Y [ dis.0n Py S 6 I
=177

which, by the non-degeneracy assumption, yields the estimate (4.9).
]

Remark 4.4 The full assertion of Theorem 4.1 for the extended range s < 1+ 1/p and even for p < 1, as
well as the proof of Theorem 4.2 for p # 2 follows from a more general class of inverse inequalities for certain
Besov norms that will be formulated and proved later in Appendiz A.1.
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4.3 Inverse estimates in W9, s > 0

In this section we extend the estimates of §§4.1, 4.2 to negative norms. Our main result is Theorem 4.7, which,
for example, can be used to estimate the W7 norm of a finite element function u from below by the L9
norm of h*u. Unlike the previous section, where p < 1 was allowed, the argument in this section is restricted
tol <qg <.

Our result in this section is a generalisation of one obtained in [18], where we considered only the case
g =2, —s € [-1,0] and u € S;(T). For our proof in [18] we used a duality argument, with test functions
chosen to be suitably weighted functions from S;(7). The range of negative —s which can be reached using
this argument is restricted. As we shall see such restrictions are artificial and we can obtain our inverse
estimates for —s indefinitely negative and for functions u € So(7) as well as u € S;(7). The key to the
proof is to consider more general test functions in the duality argument. These are built from the “bubble
functions” introduced in the following preliminary lemma.

Lemma 4.5 Let t be any closed simplez in 2, not necessarily an element of the mesh T. Let hy denote its
diameter and |t| denote its volume. Then, for any s > 0, there ezists a function Ps 4 on Q with the following
properties:

(a) Ps+ >0 on

(b) supp Ps7t =1

(¢) There exist constants C1,Cs such that, for all 1 < p < oo,

Cult]"? < |1Pylliry < Colt]'7”
(d) There exists a constant C3 such that, for all 1 <p < o0, 0 < s’ < s,

1Ps el ey < Csllby® PogllLee) -

The constants Cy,Cs,Cs are independent of p and Cy and Cy are also independent of t. Moreover Cs can be
chosen independent of t (but dependent on ), provided t is restricted to the set of all simplices satisfying the
shape-regularity assumption (2.6) for some e >0 .

Remark 4.6 Note that putting p =1 in (c¢) and using (a) implies
Ch || S/Ps,t§02|t| .
t

Proof of Lemma 4.5. The proof employs the Bernstein representation of polynomials. Let i%,i!,... ,i% denote
the vertices of ¢ and introduce the barycentric coordinates A = A (z,t) = (Ao, A1, ... , Aq) defined by

d d

T = ZFO \jid, ijo A =1

It is clear that each Aj;(z,t) is a polynomial of total degree 1 in z. Also, since ¢ is the convex hull of the
points 9,4%, ... 4%, it follows that

Az, 1) >0, z€t, (4.11)

Now, for given s > 0, let r denote the smallest integer satisfying 7 > s and define the multi-index 3 € Ni+!
by ;i =r+1,¢=0,... ,d. Then define

MN(z,t) wz€t,
Ps7t($):{o( ) z € RI\t.

(Here we have used the usual multiindex notation, i.e. A% = A§’° PLCE /\’gd.)
Property (a) now follows from (4.11) and, since ¢ is closed, property (b) is trivial. Properties (c) and (d)
follow from standard scaling arguments (see, e.g. [10, Thms. 3.1.2 and 3.2.6]).
[

Now we have the main theorem of this section.

12



Theorem 4.7 Let s > 0 be given. Then
Hhs+au||LQ(Q) S ”hauHW*%q(Q) (4.12)
holds uniformly for v € S$;(T), i=0,1,1< g < o0 and a € [a,q].

Proof. The result is clear for s = 0. So, let s > 0, let 1 < ¢ < oo and let p denote the conjugate index of q.
We will consider meshes 7 € Mg . and throughout the proof the constant involved in the relations < and ~
may depend on d, s and o, @ as well as on K and € (see Notation 2.3), but will always be independent of ¢
and u € §(7T),i=0,1.

For any 7 € T, define

G =[P ul| e - (4.13)

Then, simple geometric considerations show that it is always possible to construct a simplex ¢t = t(7) C 7 with
the properties

(A) u does not change sign on #(7).
(B) There exists a constant § € (0,1) depending only on d, s, @, @ and ¢ such that

min | (h*t%u) (z)| > 6, (4.14)

zet(r)
and
[t(T)| > d|7|. (4.15)
Note that (4.15), together with 7 € Mg . implies
hi(zy > |t(r)] > 87| > deh > dehf,. (4.16)

Now consider first ¢ in the range ¢ < gmax < 00, 50 that p > ¢max/(gmax — 1) > 1. Then define coefficients
b € R by

a/p
b, = si in |(R5te 41
sen(ul) { min [(h7*0) @) |, (@17
and then set (with P; ;(;) as defined in Lemma 4.5):

w=Y_bh*Pyyr). (4.18)

TET

We shall use w as test function to estimate the negative norm of h®u, i.e. we write

|(hu, w)|
I1h%ully=ca(q) > : (4.19)
W) ||w||Ws,p(Q)
Now, to estimate the numerator in (4.19), we use Lemma 4.5(a), (4.17) and Remark 4.6 to obtain
q
h%u h* T u, h™ = / U b Py y(ry| 2 { |(hote } t ,
(0wl = (77| = 3 wbePean| 2 3 { i |07 @] o)
and combining this with (4.14) and (4.15), we obtain
|(hu,w)] 2 677 CEIr] 2 6 IRt | g - (4.20)
TET
Turning to the denominator in (4.19), we first establish that
lwllwr@) S IIhwllLe (). (4.21)
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To obtain this, consider first integer s and, for a € Ng, let 9% := 872052 ... 05¢. Then,

|w|€vs,p(9) = Z ||aaw||€1> Z |b |p |hs s,t(T Ws P (t(T)) (422)
aeNd TET
la=s

Now recalling Proposition 2.5(e), which shows (Vh)|, is constant and |VhA| < 1, and applying the Leibniz
formula, it is easy to show that

|hSP5 sup hi? |P5

o) s
o i)

P
7t(T)|WSvP(t(T)) S
where the constant of equivalence only depends on s and |Vh|. By Lemma 4.5 and (4.16) this supremum
may be bounded by ||P57t(r) Hip(t(T)) and substituting in (4.22) we obtain (4.21). Arguing as in the proof of
Theorem 4.1 we obtain (4.21) for all s € R>¢ by interpolation.

Furthermore, by definition of w and by Lemma 4.5(c), we have

1/p 1/p
Hh_stLP(Q = {Z |b |p ||Ps t(7) ||LP (t(7)) } 5 {Z |bT|p |t(T)|}

TET TeT
l/p 1/17
{Z | min (b w)(@)| |t<T)|} {Z Il T»}
TeT
S ||hs+au||%/qlzg) . (423)

Combining (4.20), (4.21) and (4.23) in (4.19), we obtain the required result (4.12) when ¢ < gmax < 0.

To complete the proof, we consider the case ¢ = oo, p = 1. Let 7° € T satisfy ;o = max,c7 (.
Then with the simplex #(79) as defined above (and satisfying properties (A) and (B)), we define w =
sign(uly(0))h® Py 4(r0) . Then, using analogous arguments to those above, we obtain

0] = 10w > i 100 [ P 2 10l [ Puscn

On the other hand, one can easily check that (4.21) remains true for p = 1, and so

lwllwe@) S 1wl = [ Prace

These last two estimates imply the result (4.12) for ¢ = oco. The result for ¢ € [gmax, 00] follows by interpolation.
]

Remark 4.8 We emphasise that the estimates (4.12) hold uniformly as ¢ — 1. However this does not prove
(4.12) for ¢ = 1. Indeed, since L' is not the dual of L, the proof given here fails when q = 1.
5 Traces and extensions

Suppose that € is a (d + 1)-dimensional domain (d = 1,2) which is triangulated with a mesh 7 € Mg . and

that Qis a d-dimensional surface consisting of boundary faces of elements in 7. Thus, the restriction of 7 to
() defines a mesh 7 on . Then 7 € My . with K ~ K and £ ~ £. We can define the function h € S (T)

exactly as in (2.8). Analogously we can define h € S; (7). The mesh regularity implies the estimate
h(z) <h(z) < h(z) vz € Q.

Suppose that the index sets of the elements and nodes of the meshes 7 and 7 are denoted, respectively, by
Ni, N, i =0,1.

14



5.1 Traces

Every function u € §1(7) has an obvious restriction @4 € S§1(7), defined by requiring the nodal values of @ to
coincide with those of u on the surface 0, i.e. @ is just the trace of u. For discontinuous functions u € So(7)
we can define a restriction @ by requiring that the values of @& on each element of 7 € 7 should be the average
of the values of u over each 7 € T with 7 C 7. In each case, using Proposition 3.1 (twice) we obtain,

Lemma 5.1 Fori= 0,1, the estimates
= n cqgd ot d a1
1Rl gy ~ 1Bl ) S IR sy ~ 182 S ul oo (5.1)

hold uniformly in u € S;(T), p € [po, 0] and o € [a,@]. )
Note also that the constants in (5.1) are not dependent on the d-dimensional measure of ).

5.2 Extensions

With the same notation as above, suppose that @ € S;(7) is given. We can again define the obvious extension
u € S;(T) by defining u to be zero at nodes of T\T. For @i € So(T), a suitable extension would be to define
u|,, for each 7 € T, to be the average of the value(s) of @ on the elements of 7 which intersect 7 and zero if
there are no such intersections. Then, analogously to (5.1), we have

Lemma 5.2 Fori= 0,1, the estimates

hold uniformly in u € S; (T), p € [po, ] and o € [a,@].

1
ha75u‘

d
‘haJrFu

~|

~

e (N3) )

ﬁaa‘

L7 (Q) ~ ‘ £ (N5) Lr(Q)

Notation 5.3 For future reference, we denote the extension operator from Sy (7~') to S1(T) described above
by (I’o.

6 Mixed norm estimates

It is well-known that when mth order finite elements u are used to approximate the solution v (of some
differential equation, say) then, on quasi-uniform meshes 7}, of mesh size h, we obtain estimates of the form

lo —uller) < RE||vllwer(q) (6.1)

for s < m and v € W*P(Q). In the quasi-uniform case we have h ~ N~/ (where N is the number of nodes
in the mesh) and so we have the “Jackson estimate”
—s/d
o = ulle@) S N7 Nollwer) (6.2)
which measures the accuracy in terms of the number of degrees of freedom used in the approximation. The
Jackson estimate often is accompanied by its companion “Bernstein estimate”
lullwer@)y S N¥ullze) (6.3)

~

an inverse estimate holding for all u in the relevant finite element space.

If we replace the right-hand of the estimate (6.1) by a sum of local error bounds hZ||v|[yws»s(r), then
quantitatively improved accuracy can be expected by choosing the mesh to equilibrate these local errors.
However, such a (theoretical) adaptive process still gives rise to meshes that stay asymptotically quasi-uniform
(with possibly large but uniformly bounded mesh size ratios) and therefore does not reflect what one often
sees in practice when the O(N —s/ 4) convergence rate is attained even for quite badly-behaved functions
v & WP(Q).

Thus, to see under which circumstances non-quasiuniform meshes offer a better asymptotic accuracy, one
has to abandon measuring error and smoothness in the same LP metric. This is the point of view taken in the
field of nonlinear or best N-term approzimation: See [13] for a recent excellent survey of relevant concepts.
One of the key results shows that the estimate (6.2) remains true even when the degree of smoothness s is
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measured not in the Sobolev norm, but in an appropriate (weaker) Besov norm, defined in Appendix A.1.
This explains observed convergence rates for adaptive methods, for example in finite element approximation
of elliptic problems with jumping coefficients or on domains with re-entrant corners. Here, the solution does
not have W27 () regularity, but it still has regularity of order 2 provided we measure regularity in the weaker
Besov scale, see e.g. [11].

The role of the Besov spaces can be illustrated with reference to the Sobolev embedding theorem, which
states that if p > 1, r > 1 and s > 0 satisfy the equality
1 s 1
rod (6.4)

then the spaces W* 7 ({2) are embedded in LP(2). In fact, given the integrability index p and the smoothness
s, decreasing r so as to satisfy (6.4) yields the largest Sobolev space of smoothness s that is still embedded
in LP(€). This can be illustrated with reference to a (1/r,s)-diagram, with the vertical axis corresponding
to smoothness s and the horizontal axis corresponding to integrability 1/r. Let p and d be fixed we identify
W#r(Q) with the corresponding point in the first quadrant of the (1/r, s) plane. The critical line represented
by (6.4) is then a line of slope d passing through (1/p,0) and (1/r,s). In this diagram the spaces W*P()
(for non-integer s) lie on the vertical line 1/r = 1/p. For fixed s > 0, larger spaces which are still embedded
in LP(Q) can be found between this vertical line and the critical line when moving to the right, decreasing
r. In particular the spaces W*" with r, s and p given by (6.4) slide up the critical line with increasing s.
They are much larger than W#P (with increasing discrepancy for growing s) and permit singularities which
are prohibited in W*P ().

Note also that as s gets bigger then along the critical line r — 0 and so eventually we encounter r < 1.

This picture can be refined somewhat by invoking the announced concept of Besov spaces (see, for example
[13, p.92]). In fact, W*7"(Q) agrees for s ¢ N with the Besov space B:(L"(12)). With each point in the (1/r, s)
diagram one actually identifies the class of Besov spaces Bj(L"(f2)), where r is the primary index and the
secondary index q € (0,00] is (essentially) arbitrary. For points (1/r,s) strictly above the critical line, the
corresponding Besov spaces are compactly embedded in LP(Q) (irrespective of the secondary index ¢) and
moreover p and 7 (like s) are now required merely to be positive numbers ([14]). For points on the critical
line the embedding is only continuous and ¢ may be constrained depending on the value of p.

A more general Jackson estimate than (6.2) is obtained by replacing the norm in W#%?() by the norm
in Bj(L"(2)) where r,p and s satisfy (6.4). Such estimates for one-dimensional problems can be found in
[13, p.102]. In the present multidimensional case, following the arguments of [12], one can prove a Jackson
estimate of the following type.

Theorem 6.1 Suppose 1 <p < oo andi € {0,1}. Let 0 < s <i+1 and
1

<s 1
r! d

-
p

Then, for any v € Bg(LT/ (Q)) where 0 < g < oo there exists a mesh T € Mg and a projector QT : LP(Q2) —
Si(T) such that

llo = QrollLe@) S N74lo]

B3 (L (%)) (6.5)
where N := #T.

Some comments on the type of argument leading to the above result (for the more difficult of the two cases
i = 1) along with an idealized algorithm for generating appropriate meshes (for a model domain) are given in
Appendix A.2. The main reason for including this result here explicitly is to motivate the use of the inverse
estimates developed in the earlier sections of this paper to prove the companion Bernstein estimate for (6.5),
i.e. the analogy of (6.3). This is given in the following theorem.

Theorem 6.2 Let 1 < p < oo, and assume that p,r, s satisfy (6.4) and in addition that for i € {0,1} one has
0<s<i+1/r. Then

lullBs(zr@)y S N*lullze), (6.6)

uniformly inu € S;(T), p and r.
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Proof. By Theorem A.1 and Proposition 3.1, one has

pror@) S I ullire) S I | - (6.7)

[[ul

Using this and restricting to ¢ = 1, we write

d d d 1/T d 1/T
TN _ »
Bi(L7(2) S (Z |h; "h; uz‘lr> = (Z |h; UI>

[|ul
iENT €N
T B 1/p
< (z 1) (z |h;uz-|p) < Nl
1ENT i€EN

where we have made use of (6.4), Holder’s inequality and again Proposition 3.1. The proof for i = 0 follows
entirely analogous lines. ]

Remark 6.3 (i) The Besov norm on the left-hand side of (6.6) may be replaced by the Sobolev norm ||ully . (q),
when r > 1. The proof is analogous, but uses Theorems 4.1 and 4.2 instead of Theorem A.1.

(i) In the proof we have made use of various results from Section 3 in the norms in £" and L". Here the
importance that these results hold for r < 1 becomes apparent.

Let us finally obtain a Bernstein companion to the “almost optimal” Jackson estimate (6.5). Choose p’ > p
such that L = £ + 1%' Then (6.6) combined with Proposition 3.9 provides

_d@'—p) I
B,(L7(Q) S Ns/dHUHLP’(Q) < NYYRTTw | ey = N4 RS =2 ul| Lo (a), (6.8)

[[ul

7 Application to non-quasiuniform mortar elements

In this section we shall apply the inequalities derived above in the context of the mortar finite element method,
see, e.g., [2, 5, 6, 25]. The mortar method seems to be particularly well suited for problems with strong jumps in
coefficients. Since one therefore expects to deal with possibly irregular solutions, the use of highly nonuniform
meshes appears to be very desirable. When dealing with quasiuniform meshes certain mesh dependent norms
provide a convenient basis for the stability and accuracy analysis. Thus our main objective here is to extend
the stability analysis for the mortar method to the much more flexible class M . introduced above where
appropriate mesh dependent norms involve now mesh functions. Specifically, we will focus on the dual basis
mortar method [22, 26] which has been shown in [22] to yield stable and accurate discretisations also in
the three dimensional case provided that certain weak matching conditions along the boundary of interfaces
between adjacent subdomains hold. Here we employ concepts from the previous sections to establish stability
without any such matching conditions.

7.1 The continuous problem

Consider the second order elliptic boundary value problem

—diva(z)gradu(z) = f(x) in Q,
a(z)ou/on (z) = g(z) on I'y C 09, (7.1)
u = 0 onI'p =00\ Ty,

where a(z) is a uniformly positive definite matrix with coefficients in L (£2), the domain  C R? is bounded,
[p is a subset of the boundary ' of Q (with positive measure relative to I') and Iy := '\ Tp. Hj p(Q)
denotes the closure in H!(Q2) = W2 (Q) of all C*°-functions vanishing on I'p.

Suppose that €2 is decomposed into non-overlapping subdomains Q, k =1,... , kpayx, i-€.,

Kkmax
0= Qk, QN =0 for k # 1. (72)
k=1
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For simplicity we will assume throughout the rest of the paper that the domain 1 C R4 and that the
subdomains Qj, in (7.2) are polyhedral. If Qj and ; share a common interface, we set T'y; := 0 N €Y. The
interior faces form the skeleton

S = UFM.
k,l

Ik, 'y, and I'p will always be assumed to be the union of polyhedral subsets of the boundaries of the .
The mortar method is based on a variational formulation of (7.1) with respect to the product space

Xn:={ve L*(Q) 1v|q, € HY (%), k=1,..., knax, vlr, = 0},

endowed with the norm

1/2
kmax
ol = (D2 " ol :
; k1 HL(Qy)

The space H& p(Q) is characterised as a subspace of Xy determined by appropriate constraints on jumps
across interfaces.

This suggests the following weak formulation of (7.1): For a suitable pair of spaces X, M, find (u,\) €
X x M such that

a(u,v) +b(v,A) = (f,v)oq+(g,v)or,y foralvelX,

7.3
b(u, p) = 0 for all p € M, (73)

where (u,v)o.o and (g,v)o,r,y denote the L? inner products on 2 and I'y, respectively and

a(u,v) = 3 Jo, (a(@)Vu(z)) - Vu(z)dz,
b(va M) EFMCS(:U7 [U])07Fkl :

The jump [v] of a function v € X is defined on S by

[v] := vlg, — vlg, on I'yy

(see [5] for further background information). It is important to note that therefore each interface I'y; appears
only once! in the sum over S.

7.2 Discretisation

In order to describe next the mortar method as a discrete version of (7.3), we choose for each subdomain 2, a
family of (conforming) simplicial meshes Ty independently of the neighbouring subdomains. This means that
the nodes in T which belong to I'y; need not match with the nodes of 7;. Throughout the rest of this section
each family 7 will be assumed to lie in the class Mg ¢, for some fixed K and . (Note that the mesh sizes in
the adjacent subdomains are not required to satisfy any compatibility condition). The corresponding spaces
of piecewise linear finite elements on 7}, are denoted as before by &1 (7). We set

Fmax

Xp:=Xnn [] Si(T), (7.4)
k=1

where the index h is used to signify the mesh dependence. The crucial step is to fix the Lagrange multipliers
for each T'y; (i-e. the discrete analogue of the space M in (7.3)). The corresponding domain €, is called the
non-mortar side, while €, is the mortar side. It is important to stress here the following implicit notational
convention to be used throughout the rest of the section. The indexing of the interface I'y; (as opposed to
Tx) always expresses that € has been chosen as the non-mortar side. We also emphasise that the choice of
the mortar side is actually arbitrary.

A common strategy is to choose the Lagrange multipliers also as continuous piecewise linear finite elements
to keep them as close as possible to the traces on the non-mortar side. Here we consider an interesting

INote that the indices k,[ in I'y; have a different meaning. The first index will refer to the non-mortar side, as explained later.
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alternative that has been recently proposed in [26] for the case d = 2 and in [22] for d = 3. In these papers
the Lagrange multipliers are allowed to be discontinuous in favour of an additional practically very desirable
feature, namely the fact that the Lagrange multiplier spaces are spanned by a basis which is dual to those of
the corresponding trace spaces on the non-mortar sides. Let us briefly recall the construction from [22] for
d = 3 and refer to [26] for d = 2. Define the space

S]Sl =8 (ﬁcl) N H(% (Fkl)a

where 77:1 denotes the restriction of the mesh 7 on the non-mortar side to I'y;. The corresponding multiplier
space My, is most conveniently defined with the aid of the following mapping Fj;. Let 7 be any triangle in
T and, for any v € 51817 let the values of v at the nodes x; of 7 be denoted by v;. Then Fy;v = w is defined

as the unique piecewise linear function on 7z, whose restriction to 7 is determined by its nodal values w; as
follows:

(i) w; := 3v; — v, — v, for all pairwise different vertices z;, z,, x5 of 7 when none of these vertices belongs
to 8Fkl;

(ii) If exactly one vertex, say z; lies on 0Ty set w; := (v, +vs)/2, w, := (5v, — 3vs) /2, ws := (bvs — 3v,.)/2;
(iii) If exactly two vertices x,,xs belong to 0Ty let w; = w, = ws := vy;
(iv) If all vertices of 7 belong to Oy set w; = w, = ws = v, where x, is a nearest interior node to .

Of course, since w = Fyv is generally discontinuous the nodal values w; are to be understood as limit
values obtained when approaching the respective node from the interiour of the triangle under consideration.

Let NV, denote the set of interiour nodes of ﬁl and let ¢; denote the standard piecewise linear basis for
8P, normalised by ¢; (z,) = d;, for z, € M. Defining

Vi = Fdi, x;i € Nu,
it is not hard to show that

Gitidora =0, 1% (Gopdor =10 (75

holds for all 7 € 7~7¢l and z; € 7. Hence setting My, := span {t; : z; € N}, it follows that

dim My, = dim SY,. (7.6)

The following further facts will be needed later. Given any p € My, it has a unique representation
=4 en, Mithi and it follows from (7.5) that

_ = _ d_ 1
||:U’||%2(‘r) ~ h?_ ! Z u?: TE 77€l7 ||H||i2(rkz) ~ Z héi 1”22 = ||h2 2”“%2(_/\/'“)7 (77)
T;ET z; ENy

Clearly the second estimate follows from the first one which has been established in [22, Eq. (4.2)]. Moreover,
as a consequence one has (cf. [22, Eq. (4.3)])

||U||L2(Fkl) ~ HFMUHL2(FM)7 vE Sl?l (78)

The space of discrete multipliers is now defined as

where, again, the index h indicate mesh dependence.

Viewing the mortar method as a nonconforming discretisation, the above dual basis variant has been shown
in [22] to be stable for d = 3 even for shape regular locally quasiuniform meshes provided that the meshes on
adjacent subdomains match on the boundary 0I'y; of the respective interface, see condition (M.1) in [22]. This
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assumption allows to establish the stability of the Mortar element method without employing mesh-depending
norms.

The objective of this section is to establish stability of the above dual basis mortar discretisation also for
any locally quasi-uniform meshes, i.e., for meshes in the class Mg for arbitrary parameters K, €, but without
any additional constraints across the interfaces, thus retaining full mortar flexibility.

Here we follow the lines in [5, 4, 25] and adopt the above formulation as a mixed method. Thus the central
issue is now to see under which circumstances

a(up,vp) +b(vn, An) = (f,vn)oe+ (9:9n)ory, Vn € Xp,

7.10
b(un, fin) = 0 pn € Mhp, (7.10)
is a stable discretisation of (7.3). In other words, one has to show that the operator
T
Lh ;:(éh %h > : Xp x My = X x M, (7.11)
h

induced by (7.10) is uniformly bounded and has uniformly bounded inverses with respect to the underlying
meshes. Of course, this depends on the norms for X; and Mj which have yet to be specified. At the first
glance, ||-||1,m seems to be a natural choice for X}, while M, should be endowed with some sort of an H'/? norm
on the skeleton S. However, this turns out to be inappropriate and we refer for the details to [5].

7.3 Stability

Our findings from the previous sections, in particular the inverse estimates allow us to handle mesh-dependent
norms that are suitable for the class of meshes Mg .. To define these norms one should note first that the
mesh size function h is defined separately for each subdomain Q. More precisely, define h®) € S; (7;) by

(2.8) with T replaced by 7. Also define rED € 8 (ﬁl) in an analogous way. Since 7y belongs to the class

Mg the trace mesh Tw belongs to the class M 2 with K ~ K and € ~ e. The superscripts k, kl in h will
be suppressed whenever the reference of h to an interface or subdomain is clear from the context.
Guided by [5, 4], we introduce the norms

1/2

lwllijonrn = 10720l loll-ajenr, = 10 2wllze,),

where the mesh function A = h¥") is induced by the non-mortar side. Moreover, for any v, € X, define

ol = 1llvallm+ Y Noalll} jore = lonlfm+ D 1B lonlllze e, (7.12)
T'nCs T'nCs

and finally, for u € My,

el jon = D M1 jonre = D 1B 20lliemy,)- (7.13)
T'niCs T'mCS

Let us address first the continuity of the bilinear forms a(-,-), b(+,-) with respect to these norms. Since
|(v, Wo,rw | = |(h71/2vah1/2H)0,sz| < vl j2,n, 00 1l =1 /2,8,0005
one has, in view of (7.12) and (7.13), for all u,v € X}, and pu € My,
|la(u,v)| S llullypllvllin, (6, @] S lollallsll-1/2,6- (7.14)

The next step towards confirming stability of the discretisation is to confirm the ellipticity of the bilinear
form a(-,-) on

Vi :={v e Xp:bv,u) =0 for p € My} (7.15)
Proposition 7.1 The bilinear form a(-,-) is elliptic on V, i.e.,

a(v,v) 2 |0} » for all v € V. (7.16)
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Proof. The inequality
a(v,v) 2 vllfn  forveVy (7.17)

has been used frequently in the analysis of mortar elements and, in particular, in [22] to verify stability of
the nonconforming method. It follows from a compactness argument given in [2] as often found in proofs of
non-standard inequalities of Poincaré-Friedrichs type. The argument covers a wide class of multiplier spaces
including the present version. So the desired ellipticity estimate (7.16) follows as soon as we have proved that
also

> R o Slolin forv e Vi (7.18)
F'mCS
To this end, note that the quasi-interpolant
(&
Qkﬂ) = (’U, P EErEre— wia (719)
iezj\f:kz (1:¢z‘)0,1“kz 0,1

takes L2(l"kl) into M}, and is uniformly bounded with respect to the L? norm. The latter fact is a consequence
of (7.5) and (7.8).
Moreover, (Q; reproduces constants, i.e.,

Qri(c) =c for all c € R. (7.20)
To see this note that
le(c)zcz<1,ﬁ> %:CZ%:CZFkl%:CFM(Z ¢¢>=C,
i€ENg RN 0,01 PEN i€ENR; i€ENk

by definition of Fj;, because Eie Nt ¢; takes the value one at each node ¢ € Ny;. Furthermore, by definition
of V},, one has Qp([v]) = 0, for v € V},. Thus, for v € V4,

Il j2,0,00 = 11Gd = Qi) []ll1 /25,00 = I1B72(id = Qi) [V]llz2(ry) » (7.21)

where ¢d denotes the identity operator.
We now show that for any v € H'/?(I'y;) one has

112 (id = Qu)vllzary) S 0l (7.22)

To prove (7.22), consider any simplex 7 in the triangulation of I'y;. Using (7.20), the definition of Q4; and the
fact that 7 € Mk, it is straightforward to show that

b= (id = Quellia,y S by inf llo = elitagey S ol

where 7 = U{r' € Tu : 7 N7 # 0}. (Here we have combined the standard estimate
infeer ||v — ellr2s) S h-}-/2|U|H1/2(7~.), valid since h, ~ diam7, with an interpolation and density argument.) It
remains to observe that the 7 overlap only a finite number of times when 7 runs through the triangulation of
L) to conclude that ||v||%11/2(+) < HUH%P”(M) (see [12]) which proves (7.22).

Now we combine (7.21) and (7.22) with the Trace Theorem to obtain

ol /2.0,ma S [0l @) + 0l @) for v € Vi, (7.23)

which confirms (7.18) and proves the assertion. ]

It is well known that, once the continuity (7.14) and ellipticity (7.16) have been established, it remains to
verify the validity of the LBB-condition to ensure the stability of the discretisation (7.10), i.e., the uniform
bounded invertibility of the mappings £y, in (7.11), see, e.g. [9].

Theorem 7.2 Consider the induced meshes Ty, introduced in Section 7.2. Suppose they all belong to Mk e
(with K, e depending on T'y;). Then there exists a constant 8 > 0 depending only on the mesh parameters K, e
so that the pairs of spaces Xy, My defined above satisfy the LBB-condition

inf sup _blow) > B (724
peMy yex, |[Vllnnllll=1/2,n

21



The core ingredient in the proof of Theorem 7.2 is the following result.

Lemma 7.3 For every u € My, there exists an element v € Sy, such that

(0, mo.r > € (101 e rss + I 2 nr) (7.25)
for some constant ¢ > 0 independent of v and p.

Proof. Given pp =37 . fithi € My define v =737 . vi¢; by

Vi = hl‘/li, 1€ Nkl- (7.26)
Then, by (7.5) and (7.26),
d_
U M 0,y = Z h ¢lawl)0 T ™ ||h2 1V||%2(Nk1) (727)
i EN
~ ||h_1/2v||%2(rkl) = ||U||%/27h71“k17

where we have used Proposition 3.1, applied to the (d — 1)-dimensional domain T'y;.
On the other hand, by (7.7),

d_ p d .
b2 V) = 2l ~ D hellillzeey ~ 12 pllz ) = 16l -1/2..00
Teﬁz

which together with (7.27) completes the proof. |
We are now ready to complete the

Proof of Theorem 7.2. Given pu € Mp, let pyg; denote its component corresponding to I'y; C S. We define a
suitable v € X}, as follows. For each [y, let vy € S,Sl be the function constructed in Lemma 7.3 (with v and
win (7.26) replaced by vy and pg ) satisfying (7.25). Recall that by our notational convention €, denotes the
non-mortar side of I'y;. On any €, we define a function vy, € S; (Tg), first at the nodal points = € 9 by

vg (x)  if © € Ty for some I € {1,..., kmax},
Uk (:I:) = 0 if x € 6Qk\ (Ul e Fkl)

and then, on Q, by ®¢ (vk|39k), where @ is the extension operator as in Notation 5.3. The global function

v € X}, is now defined by ’U|Qk = vk, 1 <k < kpax. This function v satisfies [v]|FM = vy and, in view of
(7.25),
b) = > ([l mory 2 D (10wl o, + sl 1)
T'mCS T'niCs
= > ol o + 1l 1200
T'niCS

To estimate the first sum in the right-hand side above we use Theorem 4.1 and Lemma 5.2 to obtain

ol ) < ||h-1v||; 0 = 10720 @0,y < 2720,

2 . 2
Lo = Z ||Ukl||1/27h7rkl :

[:T g COQ

1/2
= ‘h /Ukl‘
lFMC(-)Qk

Combining this estimate with the definition of the [|-||; ,-norm leads to

kmax

||U||1h = Z ||U||H1 @ T Z lI[v ||1/2h1“k1 ~ Z ||Ukl||1/2h1“kl'

I'mcCS I'mcCS

Thus, we end up with

2
b (v, 1) 2 0ll g+ NllZ o 2 0l NlAtll =12,
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]
We conclude this section with a few remarks on error estimates. The standard starting point is Strang’s
second lemma, see e.g. [3], pp. 102-104, [5, Proof of Theorem 4.1], which says that

Ou

a5=|vp)ds

llu —up|li,p <c| inf ||u—vh||1h+ sup M . (7.28)
vn €V vneVe  |vnllin

The first term is referred to as the approximation error and the second one as the consistency error. Let us for
simplicity further assume that the solution u is in H2(£2) for each k. Since v;, € V}, and hence is orthogonal
to My, in the sense of (7.15) we may subtract an arbitrary element uj, € M), from the conormal derivative of
u in the consistency error, to obtain

> @2 ol

ou
> llag = #nll-1/2n v llonlll /20w
F'mCS

T'niCs

ou
Z Haa_n B Mh||2*1/27h7Fm llonllyp - (7.29)
INYie)

For the last estimate, we have applied a Cauchy Schwarz’ inequality and the definition of the ||-[|; ,-norm (cf.
(7.12)). The first factor in (7.29) can be estimated by the same arguments as those used in the proof of (7.22)
by employing adu/dn € H'/?(T), choosing puy, := Qg (adu/dn) and a trace inequality for adu/dn at the end

8_u 2
aan

Oou . ou - _
||a—n = 1/2,hTr = = |[h*/2 (id - Qu) <a8_n> ||2LZ(sz) < I S i HUHH2 Q) (7.30)

Hl/Z(FM)

Here, hj denotes the maximal mesh size in 7;. Combining (7.29) and (7.30) results in the estimate of the

consistency term
5 1/2
u 2|
\ /5 aglonlds| /lonlin <Zh |u||H2<Qk> -

Furthermore, it is well known (cf. [3, Remark III, 4.6]) that, due to the validity of the LBB condition,
the approximation error on the right hand side of (7.28) can be bounded by the best approximation in the
unconstrained space Xy, i.e., the approximation vy, can be chosen independently on each subdomain. Recall
that u € H? (Q) and define vy, := vy|q, € Si (Tx) as the nodal interpolant of u with respect to the grid 7.
Then, the estimate of the first summand in the definition of the |[|-[|; , —norm (cf. (7.12))

1/2
w}rg/ llu = vpllin < C (Z hi ||u||%12(9k)>

follows by well-known approximation results in Sobolev spaces.
It remains to discuss the second summands ||[u — v4]||1/2,n,r,,- Here, we have to assume a weak matching
condition for the mesh sizes of adjacent subdomains

AU < pD - on Ty (7.31)
Then employing (7.31), well-known approximation results, and the trace theorem at the end, one obtains
1w = vnlll1 /2,00 = II(h(“))*W[U = unlllL2 )
< NAE) T2 (@ = )| L2y + 1) T2 (@ = o) |2,
< At ||U||H3/2(Fk,) +h(lk)||u||H3/2(FM)
S Bk”“”m(@k) + BlHUHHZ(Ql)-
Thus, in summary, one obtains an error estimate for the discrete solution uy, of (7.10) of the familiar type

kmaz

llu—unllfn < Z wlullEe o, (7.32)
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where the constant, however, depends on the bound in (7.31).

Assuming lower Sobolev regularity one obtains analogous bounds with a correspondingly lower power of
hy.

Remark 7.4 The matching condition (7.31) allows meshes with possibly very different mesh sizes by choosing
the Mortar sides in an appropriate way. The stronger condition

RED (RN =L w1 on Ty
ensures convergence without any restrictions on the choice of the Mortar sides.

For highly non-uniform meshes, error estimates in terms of the number of degrees of freedom (cf. Theorem
6.1 and Appendix A.2) are preferable compared to estimates in terms of the maximal step size. Here, our
main focus was to prove the unconditional stability of the dual basis Mortar method for rather general
meshes (without the matching condition (7.31)) and to derive usual convergence results under additional weak
assumptions on the meshes.

A Appendix

A.1 Besov norms and proof of Theorems 4.1 and 4.2.

There are various equivalent versions of Besov norms. To introduce one which is suitable for the present
purposes, for y € R¢ and k € N, let AZ’U denote the kth order forward difference of v in the direction y and
let Qup={zeQ:xc+lyeQleNO0 <<k} Then, for ¢t > 0, we define the kth order L? modulus of
smoothness of v by

wk(vataﬂ)P ‘= sup ||AZ’U||L1’(Qy)k) ’
<t

with the usual interpretation for p = oco. Let s > 0. Then, for any k& > s, the quantity

[|v] qB;(LP(Q)) = ||U||qu(Q) + Z 2°Uwy (0,277, Q)Z (A1)

Jj=0

defines a norm for the Besov space of smoothness s in LP(2). Norms for different & > s are equivalent. Here
p,q only need to satisfy 0 < p,q < oo where as usual for p, ¢ = oo sums are replaced by sup, see e.g. [14]. Of
prime importance for us is the fact that when p=¢ > 1 and s € N, one has the norm equivalence:

vllwer ) ~ IVl Bs (L2 () - (A.2)

When p < 1 the classical definition of Sobolev spaces has to be modified. In view of (A.2) it is natural to use
the expression (A.1) with p = ¢ as a definition in this case. Therefore we will prove now the following more
general statement which covers the assertions of Theorem 4.1 as a special case.

Theorem A.1 Suppose that 0 < po < p < o0 and that 0 < s < i+ 1/p. Then the estimate

17|

ByLr() S I ullre) (A.3)
holds uniformly in u € S;(T), a € [a, @], po < p < oo and i € {0,1}.

Proof. Let k be the smallest integer greater than or equal to ¢ + 1/p to obtain the required estimate for the
last term on the right-hand side of (A.1).

Note first that, since we are considering meshes 7 € Mk ¢, there exists a € (0, 1) such that, for each 7 € T
and each = € 7, the ball B(z, kah,), centred on = with radius kah, satisfies

B(z,kah,) C7:=U{r" : 7' N7 #£0}. (A.4)
For each j € Ny := NU {0}, let us define

7"]'::{7'67—:27j<ah7}; Q]:U{TETTgTJ}
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With these preliminaries we can write

oo

S 2870 (h%u, 277, Q)2 <22m sup [|AY(h* )10 (0,00, )
j=0 j=0 lvl<2™2 o
=+ ZZSjp Z sup ||Ak(ha )HLP (TNQy k)
j= TET; lyl<2-/
=: A1 + A2 .

First we estimate A;. Note that, for each j, there exists y* = y*(j) such that |y*| < 277 and
Ny
sup 185020 @,00,) < 3 () 10l sy
ly|<2~7 1=0
Now with the convention Q + z = {z + z : © € Q}, define
k
Cj = {T eT:TN <U(Qj + ly*(4)) mQ) # @} .
=0

For each 7 € T\Tj, we have, by definition, ah, < 27J. Moreover, since T € M ., we know that the T
in C; must satisfy bh, < 277, again with b depending only on the mesh regularity parameters. Hence with
v :=max{a~!,b7'} we can write

Algcpiwﬁ > 1h*ull sy

7j=0 TET
hr<y2-i

for some constant C' depending only on k. If we now define for each 7 € 7 an integer j, by requiring
27t < by <4270 (A.5)

then we have

jr
A <or SN 2l S 00 S 2Rl

TET j=0 TET
<CPYP Y Bl S CPY IRl g
TET

the pth root of which is in the appropriate form, since s is bounded above and below. (Throughout the rest of
the appendix we use the convenient notation AP < BP when we actually mean that A < CB with a constant
C independent of p.)

To estimate the quantity A, consider y € R? with |y| < 277. Then, for 7 € 7; we have, by definition,
ly| <279 < ah,. Consider the regions 4, . := {z € 7 : dist(z,07) < k|y|} and set 7° := 7\ §,, so that

A, ) = [AER WD, 0 + ISR WL, . (A.6)

On 7° the function h®u is smooth and we can estimate kth order differences by kth order derivatives of h®u
on T times kth powers of the step size |y| < 277. Taking the linearity of h and u on 7° into account, recalling
the boundedness of Vh and estimating the gradient of u (which is constant) by ||u||fe(-)h; ", one obtains

HAZ(hau)Hip(To < 2= kjph kphdHhaUHLoc(T

Now note that

9=kivp—kppd — 9—ip(it+3) hd=ip=1(2ip, )i tiv=hp
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Our choice of k ensures that ip+ 1 — kp < 0. Thus, making again use of the fact that for 7 € 7; one has
h! < a2’ the factor in parentheses can be estimated by a?* =1~ whence we conclude

1A (R WG roy S 27 P VPR h ] i€ {0,1}. (A7)

oo (1)

To estimate the second term on the right-hand side of (A.6) note the volume of d,,, is of the order of
277hd~1. When i = 0 we estimate the kth order difference on d, , by a constant times absolute values which
yields

AR, 5 ) S 2R Al

ISR ()

(A.8)

where 7 = [J {0, +tky : 0 <t < 1}.

When ¢ = 1 the function h®u is Lipschitz continuous on the set 7, with Lipschitz constant of order
R ||h*ul| oo (#) (cf. proof of Lemma 2.5 (e)) and (by definition (A.4)), and the points = + Iy, 0 < I < k,
all belong to 7, when = € 7. Hence, estimating this time the kth order difference by a sum of first order
differences, we have the estimate

IAS (R W5, ) S @R YP IR ull] e ) < 2777 RETH 7P| W%l o (A.9)
Note that (A.8) and (A.9) can be combined as

k1 o —ip(i+ Ly d—1—4 « .
IAF (R, ) S 277 PRSP ] ), i€ 40,13, u e ST, (A.10)

~

which is valid for all 7 € 7; and which is exactly of the form (A.7). Combining (A.7) and (A.10) in turn
implies

Ay < Z Z prj(iJrl/p*S)hgflfipnhaunpoo(%) < CP Z pd—1-ip Z 2*1’1'(”1/1”8)||h°‘u||’L’oo(%) , (A1)
j=0T1€T; TET J=j-
for some constant C, where j, is defined by (A.5), but with v replaced by a~!.
The sum on the right-hand side of (A.11) is convergent whenever s < i + 1/p, allowing us to write

Ay Scpzhd l—ipo—j-p(i+1/p— S)HhauHL ~(r) <C@Zhd 1- whp(2+1/p S)HhauHLOO(T)
TET TET

= 07 Y el
TET

Recalling Proposition 3.9, we obtain
A, S Cv X;hﬁ—”||h:d/?h“u||ipm =C? X;Hh?sha“”im) < CPIne Pl g -
TE TE

where we have used that, again due to the K-mesh property the overlap of the domains 7 stays controlled.
This completes the proof. [

A.2 Comments on Theorem 6.1

To see how the Besov scale enters the picture in connection with direct estimates we need first good local
regularity-free error bounds for LP approximation on K-meshes. Recall that now p > 1. We will only treat
approximations from S (7). The case So(7T) is analogous but simpler. To this end, let us denote by ¢;,i € N
(the set of nodes in T), the standard finite element hat functions normalized as before such that ¢;(j) = d; ;,
i,7 € Ni. One can construct piecewise linear (discontinuous) polynomials 7; supported on supp ¢; such that

@) = [ 6y =8is. Il ~ 1, i €M, (A12)
Q
(see [4] and the literature cited there. This requires shape-regularity). Now consider the projector

Qrvi= Y (v,m:)¢:-

1ENT
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For every 7 € T let

7= U {suppm; : T C supp ¢; }.

Since Q7 is a projector one has Q7P = P for every polynomial P of maximal degree one. Thus for every
T € T one has

lo = Qrolll, iy < Mo = Pl +1Q7( = P)%yy < llo = PIE, )
p

+ Z ||U_P”L”(suppm)||77i||L5(suppm) ¢i||LP(‘r) ;

i:7 Csupp ¢;

where % + % = 1. By the fact that T € Mk, it follows from (A.12) that ||7;||z7(supp n) |FillLr(r) ~ 1. Hence

» : »
lo=Qrollfuiy S ,int_ o =Pl (A.13)
Thus the local error can be estimated by best linear polynomial approximation on a somewhat larger domain.
We wish to estimate the local polynomial approximation in a possibly weak smoothness scale and consider
integrability indices r' satisfying now

+

1
5 < (A.14)

ISHIV
"=

and recall that for equality in (A.14) one is on the critical line. Recall from the discussion in section 6 that for
strict inequality it is known that Bj(L" (2)) is compactly embedded in LP((2). For convenience let us denote
the discrepancy
d d
0:=s— —+ —. A5
s 7 + » ( )

As in (6.4) we will write r instead of 7' when equality holds in (A.14).

Let us assume now that v € LP(2) (p > 1) also belongs to the Besov space B; (L" (2)) where at this point
q is arbitrary when § > 0 and ¢ = r when § = 0. From Lemma 3.10 in [12] we know that for (A.14) (under
the assumption of shape regularity of the triangles)
S K2l

~

inf _|lv — P|lLez)

P:deg P<1 BZ(LT’ (7)) (A16)

Moreover, when p < co one can replace 7' by r from (6.4) in which case § = 0. Clearly the smaller ¢ the
larger the space B? (L" (). In particular, as mentioned earlier in section 6 BZ (L™ () is then significantly
larger than W*P((2).

One expects to obtain a good mesh by equilibrating these local error bounds. This can be done by a simple
adaptive refinement scheme, see [12, 15]. We describe this for simplicity for the case that € is the unit d-cube
which will be successively subdivided into dyadic subcubes O. Each subcube is subdivided in a canonical way
into d! simplices so that the translates of all subcubes of fixed dyadic level induce a conforming (uniform)
triangulation of ). For each dyadic cube O let P(O) denote its parent and let U(O) be the union of O and
all its neighbours on the dyadic level of O. Here neighbour of a cube means any other (closed) cube that
intersects that cube. Now (A.16) suggests to associate with any dyadic cube O the error functional

E(O) = E(v,0) := (diam 0)° ||y

By (L (U(9)) (A-17)

where we will always assume ¢ = 7 when 7/ = r as in (6.4).

Now fix a tolerance . We create a collection G = G(6) of ‘good’ dyadic cubes as follows. Set B := {Q2},
G := 0. If for O in the current set of ‘bad’ cubes B one has E(O) < 6 remove O from B and add it to G. If
E(O) > 0 subdivide O into its 27 children and replace O by these children in B. For any v € Bg(LT/ (€2)) this
process terminates after finitely many steps. The resulting collection G is characterized by the fact that for
each O € G one has E(O) < # while E(P(O)) > 6. Therefore the global error satisfies

1/p
plv) = (Z E<u>p> < (#6)"70 (A18)

0eg
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Since for P := {P(0) : O € G} one still has #P < N := #G < #P, the fact that E(P(0)) > 6 for any
O € G yields

/ /

@ < NPEP@) <NFT S E(P@). (A.19)
P(D)eP

Now suppose for a moment that r' = r satisfies (6.4) (i.e. § =0in (A.17)). Then the above estimate provides

1/r 1/r

o) S Ne v | S B(PO) =N/ N BP@O) ] (A.20)
P(O)eP pP(O)eP

Thus the question is how to bound the sum on the right-hand side of (A.20). To this end, let us further assume
for a moment that only a uniformly (in ) bounded finite number of the U(P(0O)) defined above overlap. Then
one can show by the arguments in [12] that the sum of local Besov norms can be bounded by the global one,

ie., (ZP(D)GPE(P(E))T)UT < ol

Bs(L7()) SO that

ep(v) < N7l

Bs(L7(9))s (A.21)

which would give an optimal convergence rate for the above algorithm under weakest possible regularity s.
The problem is that the required finite overlap property, which was needed to bound the sum of the
local Besov norms by a global one, will in general not hold. It is shown, however, in [15, 12] that slightly
more regularity does allow one to recover the rate N—%/¢, More precisely, when ' satisfies (A.14) with strict
inequality so that 6 > 0 in (A.17) with J§ given by (A.15), the above refinement scheme produces for the
corresponding version of the error functional E(O) a global error satisfying
ep(v) < N7*/o|

~

B:(L™ (Q))> (A.22)

with a constant depending on the discrepancy d > 0, where 0 < ¢ < oo. This holds in the case of piecewise
linear approximations for the full range s < 2 even when the corresponding r' given by (A.14) is smaller than
one.

It is now easy to construct a K-mesh providing the above convergence rate. First one can show that since
U(O) smears the error the dyadic refinements produced by the above scheme are automatically graded [12].
That means that neighbouring cubes differ at most by one generation. Therefore the still nonconforming
triangulation induced by the collection G can easily be closed to a conforming one 7 satisfying the K-mesh
property. Moreover the above estimates (A.13), (A.16) ensure that still

o= Qrvllzae) S @) S Nl r () (A.23)
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