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Abstract

In this paper, we derive regularity estimates for the electric field inte-
gral operator which arises when formulating the time-harmonic Maxwell
problem as a boundary integral equation. More precisely, we show that
the regularity constants can be bounded polynomially in terms of the
frequency, where the degree of the polynomial depends on the regularity
order and is given explicitly. The paper concludes with an application
of these results to the electric field integral equation with distributional
right-hand side.
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1 Introduction

Computation of the propagation of electromagnetic waves scattered by a bounded
obstacle is important in applications, e.g., the design and analysis of antennas,
but also as a model problem for numerical methods developed to compute wave
propagation in infinite domains. An important class of such methods are the
time-domain boundary integral equations.

The formulation of time-dependent electromagnetic scattering problems as
time-domain boundary integral equations (TDBIEs) goes back to the 1960s (cf.
[14]), while the efficient and accurate numerical solution is an active field of
research. Important discretization techniques include Galerkin methods based
on space-time variational formulations (cf. [5, 31, 3, 1, 16, 29]) and methods
based on bandlimited interpolation and extrapolation (cf. [34]).

An alternative approach to solve TDBIEs numerically is to employ convo-
lution quadrature — a method for discretizing convolutions introduced in the
1980s (cf. [20, 21]). Convolution quadrature based on linear multistep methods
has been applied to numerous problems (cf. [22, 8, 30, 33, 12]); fast numerical
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implementations were developed in [18, 17, 19]. For a review of convolution
quadrature and its applications we refer to [23, 9]. The advantages of this dis-
cretization scheme for TDBIEs include its excellent stability properties and the
fact that only the Laplace transform of the time-domain fundamental solution is
required and thus distributional kernels are avoided. An important assumption
for the stability of convolution quadrature is the A-stability of the underlying
time-discretization method. Since A-stable linear multistep methods cannot ex-
ceed a convergence order of 2, convolution quadratures based on Runge-Kutta
methods have recently been considered and analyzed in order to obtain high or-
der and low dissipation schemes (cf. [24, 6, 7]). For the TDBIE of the Maxwell
Equations on a three-dimensional scatterer, this has been developed in [4].

A key ingredient in the convergence theory in [4] is a regularity assumption
for the electric field boundary integral equation of the time-harmonic Maxwell
equations which is explicit with respect to complex frequencies. This problem is
interesting in its own right and is in the spirit of the coefficient-explicit regularity
results for scalar second order elliptic boundary value problems (cf. [25]).

To be more precise we consider the propagation of time-dependent electro-
magnetic fields in a homogeneous medium arising from the scattering of incom-
ing waves at a perfectly conducting obstacle. The formulation of this problem
as an integral equation results in the time-domain electric field integral equa-
tion (EFIE). For the analysis of convolution quadrature for the convolution in
time, the EFIE operator V (s) in the Laplace domain has to be investigated for
complex frequencies in the half-plane

I,, :={s€C|Res>op} forsome gy >0, (1)

more precisely, estimates of the norm of the inverse operator V=1 (s) which are
explicit in s € I, are needed. Such estimates are known, see [4], in the energy
norm, however estimates in more regular spaces are to the best of our knowledge
not available in the literature.

Although the regularity theory for systems of elliptic equations is well es-
tablished — see, e.g., the monograph [13], the derivation of frequency-explicit
regularity estimates for systems of boundary integral equations is far from triv-
ial. It requires the use of high-order Maxwell-harmonic extension operators
along with indexed Sobolev norms on the boundary and on the domain. We
will show that the regularity constant grows polynomially with higher order
regularity in terms of the complex frequency. As an application of our theory
we will derive frequency-explicit regularity estimates for the dual problem which
arises when the Aubin-Nitsche trick (cf., e.g., [28, Section 4.2.5]) is applied to
estimate the error of field point evaluations (cf. [4]).

The paper is structured as follows. In Section 2 we will introduce the relevant
Sobolev spaces for Euclidean domains and Lipschitz manifolds and recall the
definitions of the tangential trace operators. In Section 3 we will define the
Laplace domain electric field integral operator on the boundary of the domain.
Since trace liftings will play an essential role for the regularity estimates we
introduce corresponding interior and exterior Maxwell problems in a form that



allows to apply classical regularity estimates to this system. In Section 4 we
will derive the regularity results for the electric field integral operators where
the dependence of the regularity constant on the complex frequency is explicit.
Finally, in Section 5 we apply our theory to estimate the potential of the electric
field in field points of the exterior domain explicitly in terms of the frequency.

2 Setting

Let Q_ be an open bounded set in R? with Lipschitz boundary I, unitary outer
normal n, and complement Q, := R3? \ﬁ In this paper we will consider
the propagation of time-dependent electromagnetic fields near a perfectly con-
ducting body. We consider three-dimensional exterior scattering problems in a
homogeneous, isotropic medium with constant, positive electric permittivity e
and constant, positive magnetic permeability p. Furthermore we assume that
there are no external sources.

First, we have to introduce some notation. The inner product of two vectors
a,b € C? is denoted by (a,b); as a convention, the complex conjugation is al-
ways applied to the first argument in scalar products. The usual vector product
is denoted by a x b. We will use the notation €2 to indicate that a statement is
true for both Q_ and Q. The standard square-integrable Lebesgue and Sobolev
spaces are denoted by L? () (with norm ||-||) and H*® () (with norm Ml 77+ (2))
(cf. [2]). We will use bold letters L2 (€2) and H? () for the corresponding spaces
of vector-valued functions. Let

H (curl, Q) := {v € L* (Q) | curlv € L* (Q)},
H(div,Q) := {ve L?(Q) | divv e L* (Q)},

equipped with their graph norms
5 5\ 1/2
1Wlewro = (Il + fewlwl) ™ Yw € Hiewrl, ),
9 ) 9\ 1/2 )
Wlaa = (IVIG + Idivvlf) ™ ¥ e H(div, ).
We emphasize that our goal in this paper is to develop regularity estimates
which are explicit with respect to the complex frequency s — the dependence on

¢ and p will mostly be hidden in the constants. However, some of the estimates
become sharper if one uses the following indexed norm

2 2
¥l ewrt s = \/IVEESV a0y + lcurl Voo, 5 € Loy

Let D () = {gla | ¢ € CFp (R?)}. The closure of D? (Q) with respect to
the [y q-norm i

HO (Curl, Q) = WH'HCUH,Q .



We will further require square integrable tangential fields
LY(T) :={v e L*I)|(n,v) =0 on T'}
and the following trace operators I, and 7, mapping from D(Q) to LZ(T)
I, ;u—~nx(uxn)p and ~;:u+—ulpr X n.
Following [10], we define the Hilbert spaces
Ve HYAT), OV, (HAQ), Vi L (HY(R)
with norms that assure the continuity of the trace operators
I, = inf {Jully | yru=A}

and
Al = inf (v | Thoa = A).

Further, we denote by V}} and Vﬂ; the respective dual spaces with L?(T") as the
pivot space and their natural norms. We denote the surface divergence by divp
and the surface curl by curlp (cf., e.g., [27], [10]). We are now ready, see [10],
to introduce the following Hilbert spaces on I':

H~'/2(divy,T) := {v e V] | divrv e H '*(T)},
H™'2(curly,T) := {v e V}; | curlpv e H~V/2(I')}

with norms defined as

1/2
2 2
V- curte = { VI + llewleo Vi ey o

1/2
2 . 2
IVl 1 aree = LIV + live vl

The following theorem shows that H=/?(divy,I") and H~'/2(curlp,T') are the
correct spaces for these densities.

Theorem 1 Let Q € {Q_,Q.}. The trace mappings

I, : H (curl, Q) — H™'/2 (curlp, T,
vr : H (curl, Q) — H~Y2(divr,T)

are continuous and surjective. Moreover, there exist continuous liftings for these
trace operators in H(curl, ).

For a proof we refer to [11, 27].



3 Electric Field Integral Equations
We have now collected all the ingredients to define the Laplace domain electric

field integral operator on the boundary V(s) : H~Y?(divy,T') — H~Y?(curly, T')
for s € 1, by

V()@ (y) : = —ull, /F $2 K (s,x — y) p(x) dT

(3)
1
+EVF/ K(s,x —y) divp ¢(x) dl'x yel.
r
Further denote by S(s) : H='/2(divp,T') — H(curl, Q) the operator
(SO) () == [ s Kls.x =yl
3 (4)

1 1 s
+gV/ SE(sx—y)divej(x)dlx,  ye.
T

Note that V(s) is the tangential trace of the domain operator S(s) scaled by s:
V(s) = sII;S(s).

Our goal is to analyze the mapping properties of the inverse operator V=1 (s).
For ¢ € H~'/?(curly,T"), we define

@ =V (s)9. (5)

We relate this equation to the following exterior and interior, time-harmonic
Maxwell problem. Let Q2 € {2_,Q}. Find (Eq,Hq) € H (curl, Q) xH (curl, Q)

such that
—seEq +curl Ho =0 in Q,

spHo+curl Eqg =0 in Q, (6)
v-Eq = %1/1 X n on I'.

This problem admits a unique solution for all Res > 0 as proved, e.g., in [31]
and [32, Lemma 3.3]:

1 1
E <C—|— . 7
Boluars < O (3o + VI ) 1o 112z g

Next we will investigate the regularity of Eq for smoother data ). Let the
boundary of © be in the class C*' for some k € Ny and let ¢ € H*1/2(T).
Apply the vector product nx (-) to the last equation in (6) and observe that
nx v, E =1II.E and, since v is a tangential field, n X (¢ x n) = 1. Thus, under
these assumptions on 9 we deduce that the boundary condition

1
HTEQ = ;flp



is equivalent to the boundary condition in (6). After eliminating Hq, we get the
system
s?euEq + curlcurlEg = 0 in €,
II.Eq = 14 onT. ®)

For any ¢, »
EQ:SSCP

satisfies the first equation in (8) and the choice (5) ensures that also the bound-
ary condition is satisfied.

In the next step, we will employ an extension operator to transform (8) to a
problem with homogeneous boundary conditions. We recall (see [35, Satz 8.8])
that for domains with compact C*! boundary, & € Ny, there exists, a linear
and continuous lifting operator Z : H*+1/2(T") — H**1(Q) such that

(Zw)|lp =w Yw € HF1/2(T)

and
HZWHH’V+1(Q) < Clext ||wHHk+1/2(r) Vw e HHH/2 I, (9)

where the positive constant Cey depends on I' and k. We define Z : HF1/2 T —
H*1 (Q) by Zw = (Zwy, Zws, Zws)" and observe that 1 in (8) satisfies

11,24 = 1L ZII,Eq = II7Eq = I, Eq = 4.

By using the ansatz
1
Eq :E?ﬁ;zw (10)

we obtain that EY, satisfies

s’epEQ + curlcwrl E) = —sepZap — L curlewrl Zyp  in Q, (11)
HTE?2 =0 onlT.

Moving
J = —s%cuEY

to the right-hand side and applying the divergence operator to the first equation
of (11) results in

curlcwrl EY, = J — sepZap — % curlcurl Ze in Q,
divEY, = -1 divZyp in Q, (12)
HTE?2 =0 on .

Recall that the existence, uniqueness, and well-posedness (cf. (7)) of the solution
Eq of (6) is already stated which also implies the existence of EY, = Eq — %Z't,b.
We use (12) only for proving regularity estimates for Egq.
Let
X :={v e Hy (cur, Q) NH (div, Q) | IL,v = 0}.



A regularized variational formulation of (12) is given by: Find E € X such
that
ag® (E),F) =R (F) VFe€X, (13)

with
ay® (EQ, F) := (curl EY, curl F), + (divEQ, divF),, and R(F):=(Q,F),

and
1 1
Q := —s%cuE) — (ssu — ;A) Zap = —s’cpBq + ;Azw (14)

Here (-,-),, denotes the standard L? (Q)-scalar product if the arguments are
vector fields and the standard L? (Q)-scalar product if the arguments are scalar
functions. That (13) is a correct variational formulation for (12) follows from
the calculation

(divEY, divF),, = — (grad divEY, F)
= (% grad div Zvy, F)q
= (1AZy¢ + L curlcurl Zop, F)q.
Theorem 2 We have
a5t (B.B) > c||[E| 0,  VEEX

and
|a’§2eg (E7 F)' S ||E||curl,ﬂ HFchrl,Q VE7F e X.

Proof. From [15, Chap 1, Corollary 2.10] we conclude that for any subset
QCR?
H, (curl, Q) N H (div, Q) c HL . (Q).

Hence, the operators v, and II, are mappings from H (curl, Q) "H (div, Q) into
H'!/2(T). For any E € H (curl, Q) N H (div, Q) the following implications hold

wE=0 = ILE=nx~v,E=0

ILE=0 = v E=Exn—(n,E)(nxn)=(E— (n,E)n) xn=(I,E) xn=0.

As in [13, Notation 3.4.3] we introduce for s > 1/2 the space
HY () :={EeH*(Q) |II,E=0}. (16)

From this the first equality in

X = {veH(cul, Q) NH(div,Q) [nv=0} =T H1l @) a7
follows. From [13, p. 158] we conclude that
. 17
05 (B,E) > car [Blfn,  VEeHL (9) /X (18)

holds. m



4 Frequency Explicit Regularity Estimates

To derive frequency explicit regularity results we first define a trace lifting which
is adjusted to a frequency dependent norm on the boundary for r € N>; which
is defined by

.
2 2 220 12
||1/’||7»_1/2,s,1“ = |s] Hﬂ’”}_ﬂ(r‘) + Z || |1/’|H’5*1/2(F) .
(=1

Since I' is compact there exists some R > 0 such that the open ball Br about
the origin satisfies I' € Br. We define an extension operator Zg : H'/?(T') —
H' (N Bg) as the solution of: For given ¢ € H'/2?(I') find u, € H' (2N Bg)
with ue|p = ¢ and uyp|gnyp, = 0 such that

—Au, + |s|? U, =0 in . (19)

We set Zrp := u,. The following lemma follows from [26, Lemma 4.22] via a
bootstrapping argument. Let

ry = max{2,r}. (20)

Lemma 3 Let I' be of class C™ for some r > 1. If ¢ € H™~Y2(I), then
Zrp € H" () and the following regularity estimate holds

r—1
1Z0ll ey < Co s el 1 josr V5 € Lo, (21)

where Cy. depends on r and on oo >0 (cf (1)).
Forr > 2, it holds

H‘PH1/2,S,F r=2,

22
1ol par >3 (22)

r—1
IAZro g2y < Cr ] {

Proof. For r = 1, the estimate (21) follows from (9) via
HZR<)O||H1(QQBR) < Clext ||‘P||H1/2(F) <y ||<PH1/2,5,F

with C7 := Cext (1 + 00_1). For the following we assume r > 2.

Elliptic regularity theory applied to the inhomogeneous Dirichlet problem
(19) implies the following statement. Let T' be of class C” for some r > 2. If
@ € H'=Y/2(T) then Zgy € H" (Q) and

2
HZR‘PHHT(QQBR) <G (|5| HZRSDHHT*?(QOBR) + ||‘P||Hr71/2(r)) . (23)

We set
wy = | Zr¢ ) grianppy @ vr = Cr ||l g2y

and obtain from (23) the recursion

Wy S C’r |$|2 Wy—2 + Up.



This recursion can be resolved and, for any 1 < m < [r/2], it holds

m—1 qg—1
- - ’ _ -
wr < Cr |s|2m Wy_2m + E Cre |s|2 Ur_ge with Chq4:= HC’“*”' (24)
=0 =0

We consider the cases r even/odd separately to estimate the first term in the
right-hand side in (24).

e 7 is even. We choose m = r/2 and use

. . (26, (4.34)] el
|s|" wo = s ||ZR80HL2(QmBR) < Cls| ”‘le/Z,s,F'

and use

e 7 is odd. We choose m = ’“51
—1 —1 1
5" wr = 18" 1280l @npgy < C L8 9l 20

where the constant C' in addition depends on og.

Hence,

lr/2]-1
wy < CCT,[T/ZJ |S|7._1 H(p”l/Z,s,l—‘ + Z Cﬁe |S|2€ Ur—2¢
£=0
so that
-1
HZR<)0||HT(QOBR) <G |5|r ||90||T71/2,S,F7
where C,. depend on r and on oy.

For r > 3, estimate (22) is a simple consequence of the first statement: We
have

2 r—1
”AZRSDHHT*%QOBR) =|s| HZRSDHHT*Q(QOBR) < Cr2ls| HSDH’r‘fs/QVS,F?
while, for r = 2, the estimate follows from

9 (26, (4.34)]
HAZR<P||L2(QmBR) = |s| HZRSDHLz(mBR) < Cls| ||<P||1/2,s,1"-

[
The frequency-explicit higher order regularity estimate is based on Theorem
3.4.5 in [13] which we recall for convenience.

Theorem 4 Let the boundary of  be of class C* for some k > 2 and assume
that Q € H*=2(Q). Then EY, belongs to H* (Q) and satisfies

1By < Cor (I QU2 + [Bdllgney)  YE€ (3/2,2. (25)

We come now to the frequency-explicit regularity estimate of the electric
field.



Theorem 5 Let the boundary of 2 be of class C*+ for some k > 1 and assume
that ¢ € H*=Y2(I) " H~Y2 (curl,T"). Then, the solution of (6) is in HF (Q)
and satisfies the estimate

1Balliny < C (181 16l oo + 181" 10l + 1515 1012 cume ) -
where C' depends on og, €, i, and k.
Proof. For r € Ny, let
Wy 1= ”EQ”HT(Q) and v, := Cp H(lpHrfl/Q,s,F’
where C, is the constant in! (cf. Lemma 3)
1ZRY ey < Cr 1" 1,1 s -

We first prove the case k = 1. The coercivity estimate (18) implies for Q €
L2 () the estimate
0 —1
1Bl 0 < can Q2o -

From (10) we deduce

_ 1 _ 1
HEQHHl(Q) <cal ||QHL2(Q) + H ||ZR1/JHH1(Q) < car ||QHL2(Q) + H”l-

For r > 0, the norm of Q can be estimated by using (14) and (22):

2 1 2 r vy =0,
Qg (o) < Il ENHEQHHT(Q)+H [AZRY 13- (o) < IsI” ert[|Eallgr (o) +s" x v >,
Hence ,

. 1
oo < cat (15 Ballaua o, + 1) + 70 (26)

™ )
S C (|$| H¢H—1/2,curlp +'U1> ’

where C' depends on ¢ and og.
Next, we consider the case k > 2. Note that

1

Thm. 4 — .
< (I enlBallg-sg) + 157 0+ [Bhlgpqy)  with Ci=Cor+1.
Thus,

wy, < Oy <|8|2€ka-—2 + 15" % vy +f’v0> with kg = ||E?ZHH1<Q)'

17 r is the defined as the application of the operator Zp as in Lemma 3 to each component

of 1.

10



This recursion can resolved and we obtain for 1 < m < |k/2]

m—1
m
wy, < (Cl HE 5#) Wh—om+C |5* 7 Z (Crep)" v—a0+Ciko Z (01 |s] 5#) -
=0

) (27)
To estimate the first term, we distinguish again between even an odd k.

1. Let k be even. Choose m = k/2 to obtain

(7)
k k k k k k
(Crep)*? 15" wo < (Crem)*? |s* | Ballgaiy < (Crem)™? [s/" 1911 2 cum,

2. Let k be odd. We choose m = k—gl and get

k-1 k-1
5] I

wy < |s]

(26) k-1 2
< Ol (1ol Il cute + 186l 2 ) -

EQHHI(Q)

Since the bound for odd k grows faster in |s| we use this one for estimating
the first term in (27). We finally obtain

k—2 k—1 k+1
wi < Ci (1517 1llp-rymoir + 1517 1900 + 151 192 )
|

Corollary 6 From the second equation in (6), the regularity estimates for Eq

carry over to reqularity estimates for Hg. Let the boundary of € be of class
C'™tk+ for some k > 1 and assume that ¥ € HF/2(T) n H-Y2 (curl, T).
Then, the solution Hq of (6) is in H* (Q) and satisfies the estimate

k—2 k—1 k+1
||HQ||Hk(Q) <cC (|5| H":DHI@H/Q,S,F + s ||"/’||1/275,F + ] - Hflprl/Z,curlp) .
(28)

Let
H” (curl, Q) := {ve H”* (Q) | curlv € H* )},
H*~'/2 (divy, T) := {¢ € HF=1/2 (D) | divp 4 € HF1/2 (F)}

with norms

2 2
9l eurt = 3/ ¥ ey + llewed vl e o
2 . 2
R L e LAy

The next corollary states that we are able to obtain a slightly better estimate
for [[Hall;, cyn than just simply bounding it by [[Ha||ges1 (q)-

11



Corollary 7 Under the same conditions as in Corollary 6 the following holds
k—1 k—2
10l can < € (157 1l joor + 15172 19 s e

k k+2
15 10+ 1515 181y ) -

Proof. From the first equation in (6) we get

2 2 2
10 e = /[ Hallgs o) + 521 [Balfre o)

The combination of Theorem 5 with Corollary 6 leads to the assertion. m
From the regularity estimate for Hg, it is easy to derive the mapping property
of the operator V=1 (s) by using the jump relation
¢ =77"Ho -7y Hg,. (29)

Theorem 8 Let the boundary of Q be of class C'T*+ for some k > 1 and
assume that ¢ € H*t1/2(T)NH~Y/2 (curl,I"). Then the function ¢ = V=" (s) 4
is in HF=1/2 (divy,T') and satisfies the estimate

k—1 k—2
180112 aive < € (187 19l o+ 1512 19 i 2
k k42
18l 0+ 15572 80y ) -

Proof. From [11, Prop. 10], we conclude that v, : H* (curl, Q) — H*~1/2 (divp,T')
is continuous. Then, the estimate follows by combining the result of Corollary 7
with the jump relation (29). m

5 An Application: The Electric Field Integral
Equation with a Functional as the Right-Hand
Side

Let ¥ € H Y2 (curl,T") and ¢ = V' (s)%. Then, the corresponding elec-

tromagnetic potential in the Laplace domain at a field point y € QT is given

by
€)= 808 (5) (€) = = [ 4K (s.x =¥) € () T

10 1 :
2oy J 5K (s x = y)dive ¢ (x) dlx

~ [ (RFGx=v).¢ (o) drs,

where

10
Ki™ (s,x = y) = —pskK (s,x ~y) e = 5 - VoK (5,x )

and e; € R3 is the i-th canonical unit vector.

12



Theorem 9 Let the boundary of Q be of class C*TF+ for some k > 1 and
assume that ¥ € H1/2(T) N H~/2 (curl,T'). Consider the electric field inte-
gral equation with the field point evaluation in'y € Q4 as the right-hand side
functional:

find wi € H V2 (div,T) st (wi, V(s)C)p =4 (¢) V¢ € HY2 (div,T).
(30)
Then, the solution w; is in H*=1/2 (div,T) and satisfies the estimate

HWin:fl/Q,divF < Ce™ dist(y,I') Re s |S|k+2 )

Proof. Since ¢ is a tangential field, I1.¢ = ¢ holds and we conclude that
[ (R =9).¢00) i = | (RFTGox=3). 106 () T

r r
— [ (TR lox = 5).¢ () drs

r

= (HTK?“ (5, —y), C)F ,

where (-, ) denotes the continuous extension of the L (I')-scalar product to a
sesqui-linear duality pairing (again the complex conjugation in (-, -)p is on the
first argument)

(-, )p : H Y2 (divy, T) x H Y2 (cwrl, T') — C.

Hence,

6:(¢) = (LK (s =y).¢) - (31)

r
By taking into account (31) the solution of (30) is given by

w; =V 1 (s)yp; with o, :=ILK[(s,-—y).

In order to obtain the final result, it suffices to bound higher order norms of ;.
Recall

. R P

(s, x—y)= m
In the following, let d := dist (y,I") > 0. First note that the standard trace
inequality results in

1
ILLSK(S7 T y)e’b + gayivxK(sa T y)

[¥illg—1/00 < C

< C(d) e—dRes |$|k'+1

kS

so that

”
2 _ 2
[¥illk-1/2,50 = | 8] H%Hm(r) +Z|5|2 2 |7/Ji|Hz—1/2(r)
(=1
S edees /Cl|s|4 S Cedees |$|2'

13



Theorem 1 gives us

—dRes 2
19540 et < C Y (5 = ) |gggenmny < O sl

The combination with Theorem 8 then leads to the assertion. m

Remark 10 The above result is, e.g., needed in an Aubin-Nitsche duality ar-
gument used in [4, Theorem 4.10 (b)].
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