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Abstract

These lecture notes comprise the talks of the author on “A posteriori error estimates
for modelling errors” and on “A posteriori error estimates for highly indefinite problems”
given at the Ziirich Summerschool 2012.

1 Lecture 1: Combined A Posteriori Modeling - Dis-
cretization Error Estimate for Elliptic Problems with
Complicated Interfaces

Remark. This part of the lecture notes is a slightly extended and modified version of [53].

1.1 Introduction

This lecture is concerned with the solution of elliptic boundary value problems with compli-
cated coefficients. As a model problem we choose the diffusion equation div (A gradu) = f
in a two- or three-dimensional bounded domain with homogeneous Dirichlet boundary con-
ditions. From the physical point of view, this equation can be regarded as a model of a
stationary diffusion. Our focus is on applications, where

e the diffusion matrix A is piecewise smooth but, possibly, highly oscillatory and/or dis-
continuous along interfaces with, possibly, very rough and complicated structure,

e the target accuracy for the approximate solution is fairly moderate.

In this situation, the application of the “textbook” finite element method requires that
the fine details of the interfaces are resolved by the finite element mesh. In particular for
problems in 3D, the resulting linear system becomes very large, typically, much too large from
the viewpoint of the moderate accuracy requirements.
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We will introduce a defeaturing strategy for the diffusion matrix A which will be combined
with the numerical discretization of the partial differential equation (PDE). In the following,
we will briefly sketch the idea of the methodology.

The methods starts with a very simple (e.g., constant) approximation Ay of A and a very
coarse finite element space Sy. The exact solution for the boundary value problem with A
being replaced by Ay is denoted by ug and its Galerkin approximation with respect to Sy is
denoted by ugo. The error of this computable approximation is ||AV (u — ug)||, where |||l
denotes the L? norm. We will derive an a posteriori error majorant which is the sum of two
terms

lu — ool < Fdise + Fmod-

Both terms, Eyor and Egise, depend on wugo. The quantity Fy,,, measures the error caused by
the simplification A < A, and Egi. measures the error of the numerical error ||ug — uggl|-
The improvement strategy is now driven by this splitting: If the part Ey, dominates the
error majorant, the diffusion matrix Ag is replaced by an improved approximation A; and
the finite element space is unchanged while, in the reversed case, A, is unchanged and the
space S is enriched, e.g., by mesh refinement.

This adaptive modeling-discretization strategy can be iterated and results in a sequence
(Umym, ), of computable solutions with balanced modelling and numerical errors.

Historically, the subject of a posteriori error estimation was mainly focused on the indi-
cation of discretization errors (e.g., see [3], [59], and references therein). In these cases, the
error is measured by the quantity |u—uy||, where u is the exact solution, wuy, is the Galerkin
approximation, and |- || is a certain norm associated with the problem (see, e.g., [2], [3], [7],
[8], [9], [16], [22], [57], [59]).

Our method differs from these approaches and its derivation is based the publications (see
[40] - [49]) in which estimates of the difference between the exact solution of boundary value
problems and arbitrary functions from the corresponding energy space has been derived by
purely functional methods, i.e., without requiring specific information on the approximating
subspace and the numerical method used. As a result, the estimates contain no mesh depen-
dent constants and are valid for any conforming approximation from the respective energy
space. In [47, 49], these properties have been used for the analysis of numerical discretization
€rrors.

1.2 Setting
We consider the elliptic problem

—div(AVu)=f in Q,

1.1
u=0 on 0, (1.1)

where Q) is a bounded domain in R? (d = 2,3) with Lipschitz boundary 9. The diffusion
matrix A(z) belongs to the set R of d x d matrices with real coefficients. We assume
that

Ais symmetric, A(z) € L®(Q, R™?Y) | fe L*Q),

and

A .
0 < cf:=essinf inf (z)v-v <esssup sup ———— =:p(A) < oc. (1.2)
€ weRdN\{0} V-V 2€Q  peRd\{o} VU



The norm in L2() is denoted by ||ul|q and “” stands for the Euclidean scalar product in R
The notation L? (2, RY) is used for the vector-valued functions with components in L?((2)

and
Hy (Q):={ue H' (Q) | ul,q = 0 in the sense of traces} .

Also we introduce the space
H(Q,div) := {ge€ L*(Q, RY) | div ¢ € L* ()}

which is a Hilbert space endowed with the scalar product

(P, Qaiv = /(p -q + div p div ¢)

Q
and the norm ||¢llaiv := (g, q)(lh/f . For functions in L? (2, R?), the energy and complementary
energy norms are given by
ol = [ Aq-q and i = [ A0 (1.3
Q Q

The generalized solution of (1.1) is the solution of the variational problem

Find u € H; () such that a(u, v) = / fv, YveH; (), (1.4)
Q
where a(u,v) := [ A Vu - Vv is the bilinear form generated by A.
Q

1.3 Combined Error Majorant
Consider the following simplified problem P.: Find u. € H} () such that

ae (e, v) = /A€ Vu. - Vo = /fv for all v € Hy (), (1.5)
Q Q

where A, € L°(Q, R™%) is a certain approximation of A. We will always assume that for
any ¢, the matrix A, is positive definite and

AP < Ax) - ¢ < p(A) ¢ forallz € Q and ¢ € RY (1.6)

Let 7;, be a simplicial finite mesh in the sense of Ciarlet [19], where h denotes the maximal
simplex diameter. Let S} denote the continuous, piecewise affine finite element space

Spi={ueC’(Q)|VK €T, ulgyecP}.
The corresponding Hj (2) conforming space and the vector-valued version are given by

Shp = Sh N H& (Q) and SI% = Sh X Sh.



The Galerkin finite element solution to the simplified problem P. is defined by
Find u. ), € St such that a.(ucp, vp) = / A Vu. -V, = / fon forall v, € Shpo.

(1.7)
In order to estimate the discretization error ||V (u. — u.p)|la., we use a posteriori error
estimates of the functional type (see [36] - [45], [47, 49] and the references therein). In our
case, the estimate takes the form (we refer here to the ZSS12 lectures of Prof. Repin)

||V(ua - ua,h)“,is S Mgz(ua,h 'Y, B) = (1 + B)HAE Vua,h - y“igl_l_

+ (1 + %) C2|ldiv y + fI3. (1.8)

Here, y is an arbitrary vector-valued function from H (), div), § is an arbitrary positive
number, and C3 := ¢;2 C2,, where c;. is as in (1.6) and Cpq is the Friedrichs constant for
the domain ), i.e.,

Crq = sup HwHQ
weHE (2)\{0} ||Vw]|g

Theorem 1.1 The total error is bounded from above by the sum

IV(u = uep)lla < B + Efoas (1.9)

disc

where Ejls}é and E; 4 represent the discretization and modeling parts of the error, respectively,

and are defined and estimated as follows:

Bl = | V(ue — uep)|la < 51 Malucn, y, B), (1.10)

Fioa = V(0 = w)lla < re | 52 M(ue, v, 5 / Fuen (1.11)

where K} = 1+ p(Ae = I), K2 = 52225 p(Ac + AZ" = 21), A, = = AZVPAAZY2 T s the

£

identity matriz, p is defined by (12) and Ky in (1 17).

Proof. By the triangle inequality, we obtain

IV (= e n)lla < 1V (e = uen)lla + 1V(u—w)la = Egg + Eroa: (1.12)
We estimate the term E3" = |V (u. — ue p)|a, as follows:

(Bal) = IV — wenl+ (A= A V(e — ) - Tl = )
Q

= Hv(ue - us,h)HQAE + /(Ae - I)A;/2V(u€ - ue,h) : A;/2 V(“e - ue,h)
Q
< (A4p A = D) IV (e = uen)lfa.-

Since the last norm is estimated by (1.8), we arrive at (1.10).
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To estimate the term E; ,, we note that
O=a(u — ue, v) + (a — ac) (ue, v), Vo e Hy (Q),

and choose v = u — u.. Then,

(Erilod) = IV(u — ua)“?& =a(u — us, u — u:) = (a: — a)(ue, u — u.)
= /(A€ — A)Vu. - V(u — u,).
Q

By the Cauchy-Schwarz inequality, we find that
IV(u — u)la < [(As = A) Ve o2 [V (w0 — ) 4

Hence,

2
IV (u—u)lia < 1(As = A) Vie|[ 2 = [[( = M) APV [

_ / (A + AN — 2D AY2Vu, - AV, < p(Ae+ A7 —20) Va3
Q

Further, by the Young inequality with an arbitrary p > 0, we derive

||vua’|is :/f(ua_ua,h) + /fua,h = Q¢ (uaaua_ua,h) + /fua,h
Q Q Q

1 7
< o IVl + 5190~ i + [ Fun
Q

and obtain for p > 1/2

p2 2 2#
IVuella. < IV (e — te) [ fah (1.13)

Therefore,

_ Iz 2
IV (=)l < p (At 2D | S IV e =) I, + g [ e | (110
Q

Finally, we estimate the first term of (1.14) by the error majorant and obtain for the modeling
error estimate from (1.9)

(Brod)” = IV(u = ue)lla <

1

2M (A +A1_21) EM?)uahaya /fuah
(1.15)

Hence, E: 4 can be minimized with respect to p > 1/2. Straightforward calculations show

that E: _, has the unique local minimum in

f f us,h 1z
Q

+ ;
M?}(”&,hv Y, 6)

+

P (1.16)

N | —
| =



provided that M2 (u.p, y, 3) is positive (instead of 0), otherwise

(Booa)? < p(Ae + A —21) / Fuen,
Q

which is also encompassed in (1.16) if we formally set fi,,;, = +00. Now, one obtains (1.11)
by using (1.16) in (1.15) and setting

K2 = Wmin- (117)
u
Remark 1.2 From (1.9), it follows that
1/2
K
1900~ wenlla < (1t 22 0 ) Matunw 8) 4 | [Fuen) o (was)
QO

The quantity k. measures the approxrimation quality of the matrix A. to the original matriz
A. In order to obtain a converging algorithm the sequence of simplified interfaces and the
correspondingly chosen averaging strateqy for the definition of A. should imply that k. — 0
as € — 0. Note that k. is defined as a supremum over local quantities and, hence, its
definition directly gives insight in which local parts of the domain the approximation A.
should be improved so that k. becomes smaller. If A and A. are diagonal matrices, then
A= {)\fj} is also diagonal and \;; = <. In this case, we can easily find the quantities

i1

2 _ oy |aii () — aj; ()|
kKi=1+pA.—1)=1+ ilelg max () , (1.19)

2 _ -1 _ (aii (x) — a5 (v))?
R: = Ko p (Ag + A 2]) = kg ilelg iirll,z.l.?,(d @)@ (@) (1.20)

1.4 Modeling-Discretization Adaptivity and A Posteriori Error Es-
timation

1.4.1 Localization of the Error Estimation

After the discrete solution u. ; as well as a test function y € H (€,div) (cf. Section 1.4.3) are
determined, the optimal value of 3 in the error majorant M3 (uc 1 ,y, () is given by

|A: Ve j, _yHA;l
Calldivy+ fllg

Bopt 1= (1.21)

For a subset w C €2, we define the local quantities

M2 (i) = (14 Bope) / AN (A Ve — 1) - (A Ve — 1)

1
+(1+ )Cé/\divy+f|2.
/Bopt w




In particular, this implies for a finite element mesh 7, of §2 the additive splitting

M?Z<u€,h Y, Bopt) - Z MI2{ (us,hvy)

KeTy,

In order to localize the modeling error we define for a subset w C 2 the localized version
of p for any B € L™ (Q,RdXd) by

B :
pw (B) :=esssup sup M
r€w  weRd\{0} UV

Then,

2K

2 2 1
= A +A — 21
Frew 2&2—1 ( )

and, if 7}, is a disjoint partition of €2 we have

5 2
Emod = (}(na;.( /{E,K) M ua o y, /fua h
3

In view of Remark 1.2 we obtain the a posteriori estimate

]|V(u—uah)||A<2(/{1+%f€5) (ZM (Ueyy )>+2(mamgf<) /fuah

KeT,

1.4.2 Sequence of Simplified Models

The algorithm generates two sequences of simplicial finite element meshes (7,45) ,and (Tmod) J
the mesh 7,4¢ is employed for the definition of the (for simplicity conforming ;) finite ele-
ment spaces Sy C Hg (2) and the mesh 7,°¢ for the definition of the approximation A, = A.,
of the diffusion tensor A. We assume that the discretization meshes are nested, i.e., 55 is
a refinement of 7,%¢ which implies that the finite element spaces S; are nested

SoCcSiC...CSC...CH(Q).

For simplicity, we assume that the coarsest meshes coincide, 7% = 74 and that the
simplices K of the refined mesh 7,4¢ are linked to a subset o (K) = {Q;} of simplices in the
corresponding mesh 7,24 as follows:

Kca@ if o (K) = {Q} for some Q € 7,4,
VI>0 VK e 'Z}dlsc do (K) C ’Tngd s.t. K = U @ otherwise.
Qeo(K)

This means, either K € 7,9%¢ is fully contained in some simplex Q € 7,/2°¢ or K is the union
of some simplices in 7,24,

The computation on level ¢ then is structured as follows (we replace the indices €, h, e.g.,
in E; 4 and u,. p, by the counting index ¢ to avoid double indices and write, e.g., u, short for

u€£7h£)’



1. Modelling. For any Q € 7,4, an approximation Ay of A| o has to be defined. One
possible choice which, e.g., is very common for homogenization problems is given by the

harmonic integral mean
1 -1
QI Jo

while other choices might be preferable in other situations.

2. Generate System. The linear system for the Galerkin finite element discretization is
generated in the usual fashion by computing the element system matrices simplexwise
and then updating the global system matrix. If, for K € 7,55, the set o (K) consists of
only one element, say, @ € 7,2°¢, then for the quadrature over K the simplified diffusion
tensor Ag|, is used. If o (K) C 74 contains more than one element the integration
over K is split into a composite quadrature rule over the simplices in o (K).!

3. Solve. For the new discretization mesh 7,4¢ and corresponding space Sy, the Galerkin
solution u, € Sy is computed by solving the linear system corresponding to the diffusion
coefficient A, of the modelling mesh 7,™°4.

4. Error Estimation. The local quantities

V2

1/2
is Vv K2 mo
77?< <= </‘€1 + = fiz) My (ug,y) and ng 4= KRe, K /fua,h
Q

are computed for all K € 7,4 as well as the total error majorant

Bt = Z (n}l(isc)2+ max 7E°d.

disc
KE'T;“SC KE'TZ

If E°* is smaller than the target accuracy then the solution process is terminated.
Otherwise one proceeds with the step “mark”.

5. Mark. For given threshold parameters “gisc, Ymoda € (0,1) and for 77311;; ‘= maxy n?(isc

and nmed = MAaX i dise nied we define for all K € 7,45¢ the functions disc and mod by

max

disc mod

. ._ true if Nk > 7disc”$§§c7 = true if T]II?Od = ’Ymodnmng
disc (K) := { false otherwise, and  mod (K) := false otherwise

and extend mod (+) to all Q € 7,/2° via

true IK € 74 with mod (K) =true s.t. Q € o (K)
false otherwise.

mod ()~ {

6. Refine. The mesh 7,4 is refined according to the marking disc () and the mesh 7,4
is refined according to the marking mod (-) of the simplices Q € 7,4

'We emphasize that our error majorant is by no means restricted to discretizations via the Galerkin finite
element method. The only requirement is that some conforming approximation u, € S, € Hg () has been
computed.



1.4.3 Computation of the Error Majorant

In this section we will explain how the free function y € H (£2,div) and the parameter 3 in
M3 (uy, y, B) are determined. This question has been considered in the literature (see, e.g.,
[36, 40, 42, 46, 45, 50, 58]). Below we will briefly discuss the application to our case. Note
that the computational cost for determining y and 3 has to be balanced with the gain of a
sharper a posteriori error estimate.

For given A, Ay, f,and Cq, the squared majorant M3 (u,, y, 3) is a quadratic functional.
Our goal is to find some y, € S? and S € R such that M3(uy, ye, 8) is close to the
minimum over y € H (€,div) and 8 € R. Note that the pair y = A,Vu and § as in (1.21)
are the minimizers of M3 (u,y, 3) and motivates the following starting guess in our recursive
algorithm. Let by;, 1 < j < N, denote the P; nodal basis (“hat” functions) of the space S;.
Then, the starting guess is given by the Clément interpolation of A,Vuy, i.e.,

N,
1
yéo) = E a;be;  with  a; ::|—‘/ A/NVu, and wg;:=suppby;.
Wil S,

j=1
The recursion is defined for v = 1,2, ..., Vpax by:

e Compute
1AV =g s

5(”) P .
€ - . (v-1) ’
Col||divy, 7+ f 0

e Find ¢\”) € 52 such that

14 14 1 . 14
(1+ﬁf )> (yé )’w>A*1 i <1+ 6(1/)) (dlvyé )’w>g
¢ 4

— (1 + 6/)) (A, VUZ,'UJ)AZI — (1 + ﬁ) C2(f, w)g,

(
¢

for all w € S2.

Remark 1.3 Numerical experiments are reported in [53] and show that the choice Vimax = 1 is
sufficient for all the considered cases. Note that the global minimization requires the generation
and solution of a linear system of dimension 2N. On the one hand, we expect that the arising
computational cost is of the same order as the cost for computing u,.

The numerical tests of the combined modeling-discretization a posteriori error majorant
show the sharpness of the magjorant for various test problems — for the details we refer to [53].



2 Lecture 2: A Posteriori Estimates of the Modeling
Error for Elliptic Homogenization Problems

Remark. This part of the lecture notes is a slightly modified and extended version of the
paper [54].

2.1 Introduction

In this lecture, we will consider boundary value problems with periodic structures which
arise in various applications. Such structures are well known in industry (e.g., in composite
materials). Homogenization theory is a well established tool to analyse media with periodic
structures. Within the framework of the theory (see, e.g., [18], [28]), the behaviour of a
heterogeneous media is described with the help of a certain homogenized problem, which is
typically a boundary value problem with smooth coefficients, and the solution of a specially
constructed problem with periodic boundary conditions. It has been proved that the functions
reconstructed by this procedure converge to the exact solution as the cell size ¢ tends to zero.
Moreover, known a priori error estimates qualified the convergence rate in terms of . The
goal of this lecture is to derive an a posteriori estimate of the modeling error generated by
homogenization, i.e., to estimate the difference between the exact solution of the original
problem and its approximation obtained by the corresponding homogenized model. The error
majorant employs the solution of the homogenized problem and, thus, is an a posteriori
estimate.

The method is based on the theory of functional a posteriori estimates (see [40] - [46]),
in which estimates of the difference between the exact solution of boundary value problems
and arbitrary functions from the corresponding energy space has been derived by purely
functional methods, i.e., without any restriction to a specific discretization. As a result, the
estimates contain no mesh dependent constants and are applicable for any function from the
corresponding energy space. In [48] - [51] these properties have been used for the analysis of
various types of modeling errors. In the previous lecture (see [53]), it was suggested a combined
adaptive numerical strategy, which is based on simplification (defeaturing) of problems having
complicated and irregular coefficients. This strategy takes into account both, modeling and
approximation errors. It was demonstrated that it is efficient for problems having rapidly
changing (oscillating but non-periodical) diffusion coefficients.

Here, we consider a different case related to fine periodical structures, i.e., we are concerned
with homogenized models of an elliptic boundary value problem with periodical coefficients.

Let © C R? be a bounded domain with Lipschitz boundary 99, and Q = J; II{, where

Hf:xi+sﬁ:{xeRd| X_Xieﬁ},
3

denotes the dilation and translation of the basic “cell” f[, x; is the reference point of II5.
By x we denote the global (Cartesian) coordinate system in R? and by i = (iy, iz, ...ig) the
counting multi-indices for the cells. The notations | J;and ) ; are shorthands for the union
and summation over all cells. It is assumed that the total number of cellsII{ in 2 is bounded
from above by the quantity

coe?, where c¢o=O(1). (2.1)
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In the basic cell we use local Cartesian coordinates y € R? For any IIf, local and global
coordinates are related by

X — Xj

ell VxellVi

y:
€

The diffusion matrix in the periodic setting is given via the cell matrix function A €

L (ﬁ, RE<D), where RL<! denotes the set of symmetric d x d— matrices. We assume that

al? < A)E-€<p(A)|gF  veeR! vyellae, (2.2)

where 0 < ¢; < ¢ < oo. The global matrix A.(x) defines the periodic structure on 2

X — Xj

- ) vx € I Vi, (2.3)

where ¢ is a small parameter (geometrical size of a cell). Note that the ellipticity estimate
(2.2) for A is inherited to A..
For f € L? (Q) we consider the second-order elliptic equation

—div(A.Vu,) = f inQ

with homogeneous Dirichlet boundary conditions. The corresponding generalized solution is
defined by the variational formulation

/ A Vu, - Vw = / fw Yw € Hy (Q). (2.4)
Q Q

For any ¢ > 0, the solution u. € H}(f) exists and is unique. It is known (see, e.g., [13],
18], [28]) that there exists a homogenized matriz Ag € RE<? (cf. (2.14)) which satisfies the
estimate (2.2) such that

ue — ug in L*(Q) and u, —ug in HY(Q) fore — 0,

where ug € H} () is the solution of the homogenized variational problem

/ AoyVug - Vu = / fw Vw € Hy (). (2.5)
Q Q

The homogenized problem (2.5) is well studied in the context of asymptotic analysis (see,
e.g., [13], [28]). In particular, it was shown that it is possible to find the approximation

X — Xj

ul (x) = ugy (x, ) vx € II§ Vi, (2.6)

where ~
uor (X, y) = up(x) + cur(x,y) Vx € Q, Vy ell (2.7)

and u;(x,") is a II—periodic function such that (cf. [28])
lus = ucllme) < cve.
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Derivation of error indicators for homogenized problems is a topic of vivid research. Here, we
first of all mention residual type error indicators that develop the ideas suggested in [7, 8] for
finite element approximations. Since our approach is based on a different technique, we will
sketch here only briefly some relevant literature on residual based estimation and refer for a
detailed review, e.g., to [25]. A posteriori error estimates for the heterogeneous multiscale
discretization (HMM) of elliptic problems in a periodic setting can be found in [38] and [25].
In [1], an a posteriori estimate of residual type for general, possibly non-periodic, diffusion
tensors with micro-scales is presented while a residual-type a posteriori error estimate for
more general diffusion tensors has been developed in [25]. Also, we mention the papers
6, 10, 15, 16, 37, 56, 57], which are closely related to the topic.

Our goal is to deduce estimates of a different type, which provide guaranteed upper bounds
of the modeling error and does not contain unknown constants. This error majorants reflects
the decomposition (2.7). The majorant is based on the homogenized problem and its solution
and, in addition, depends on free functions defined on the cell of periodicity. They should be
chosen such that the majorant becomes as small as possible and can either be computed as
the solution of a certain boundary value problem with periodic boundary conditions on the
basic cell or by minimizing the error majorant. In general, the estimate has the form

HV (uE - 'LL;) HAE S M@ (U;, n, )\7 8) ’ (28)

fals. = ([ Aca-a) " 2.9

The majorant Mg, depends on the solution of (2.5), the small parameter e, and some other
functions, defined on . Technically the derivation is based on a posteriori error estimates of
functional type (see, e.g., [41]-[48]).

The structure of this lecture is as follows. In Section 2.2, we briefly overview the results
in the homogenization theory of second order elliptic operators which are significant for sub-
sequent analysis. In Section 2.2.1, we prove the main result, which yields computable upper
and lower bounds of the modeling error. Numerical experiments have been performed and are
reported in [54] which underpin the sharpness of the derived estimates.

where

2.2 Homogenization of second order elliptic operators

As a notation we associate to a sufficiently smooth function v : € x II - R the periodic

version by
X — Xj

v(x):=7 (x, ) vx e II; Vi

On each cell 1If, the operator —div (A, V) can be represented in a different form:

€

X — Xj

— div(A. Vo) (x) = (Agﬁ) (x, ) vx € I Vi

To define the operator A. we need some notation. We write Vi, divy to indicate differentiation

with respect to the “domain variable” x € 2 and Vy, div, for differentiation with respect
d

to the “cell variable” y € II. The notation V«VT is short for the matrix ( 3 8; ) and
% ) j=1
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ViV} and V, V7 are defined analogously. Recall that the operator A is defined on II and
hence solely depends on the cell variable. For d x d matrices A and B, we write A : B for the
Euclidean product of matrices.

With this notation at hand the operator A, can be written in the form

A = — (divk +e " divy) (K (Vx + &‘*lvy)) =2 A + 1Ay + A,
and
Ay = —divy (AVy ), A = —divy (AVy) = dive (AVy ), Ay = —divy (AV).

Within the framework of the homogenization theory, the construction of an efficient approxi-
mation of the desired function w. is based on the form (2.6) - (2.7). It holds

X — Xj

—div (A, Vul) (x) = (.,Zleuo,l) (x, ) vx e IIf Vi,

€
where R
Acugy = e (A ug + Asug) + (Asug + Agug) + € Agug.

The natural requirement “ A.u! must be uniformly bounded as e tends to zero” leads to
the condition A; u; + Az ug = 0. Hence,

~ divy (AVyur) = divy (AViu0)

This equation is considered as a problem on the cell of periodicity depending on the domain
variable x € () as a parameter.

In what follows, we assume that ug (solution of (2.5)) belongs to H?(f2). It is well known
(e.g., [24]) that this assumption holds if f € L? (Q2) and, e.g., © is a bounded domain with a
smooth boundary or (in the case d = 2) Q) is a convex bounded Lipschitz domain.

Let N = (Ni)?_, be the unique solution of the auxiliary problem (@ denotes the k-th

row of the Matrix A.)

A~

diy, AVyNj, = divya, in I,
N, satisfies periodic boundary conditions, (2.10)

| ¥e=o.
i

Then wu;(x, y) can be written (cf., e.g., [11], [13], [28]) as

ui(x,y) = = (N(y) , Vxuo (x)) -
Therefore, u! as defined in (2.6) has the form

X — Xj

ul (x) = up(x) —¢ <N ( ) , Vitlo (x)>, vy eIl Vx € II Vi. (2.11)

€

We always consider N and A as functions of y € Il and up as a function which depends solely
on x € (). Then, somewhat tedious calculations yield

.Ag Ug + .AQ uy = <—;& + KVYNT) . VXV;UO + diVy (;&VXVI(UQN) . (212)
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Let w C Q be a measurable subset. For a function ¢ € L'(w) the integral mean is given
by

1
(Qu = m/(- (2.13)

If we write | (C). we consider this average as a constant function on w (for vector-valued
functions, we apply this definition componentwise). We denote the error caused by the average
(2.13) by

0uC = (1€ = (Qullw,
where || -], denotes the standard L?—mnorm on w. For vector-valued functions ¢ = (()¢_, €
Lt (w, Rd) and ¢ = (qﬁk)zzl e L} (Q,Rd) we define the local and piecewise averages by
d

0, = (16 = (Gull,) iy, OB =2 (Z [ <¢k>H§HHi€>

k=1

2
H?)
1

The mean value of the right-hand side of (2.12) with respect to y is given by

and
d
d

(0,6)7 = (G = () l2) ey s (087 )% =" <Z lx — (Pr)me |

k=1

(As g + Ay ug)g = — <K (I - V,NT) >ﬁ L VaViug = —Ag: ViViug = — divy (AoViup),

since, due to the periodicity of A and N, the integral mean over the last term in (2.12)
vanishes as a consequence of Gauss’ theorem (with n denoting the outward normal to IT)

/ﬁ divy, (KVXVLuoN> = /ﬁ <n, KVXVLuON> —0.

The homogenization matrix is given by

(2.14)

Ay = <A(I - vyNT)>H

with the solution N : = (Ny)¢_, of the cell problem (2.10). In general, u! defined by (2.11)

does not satisfy the boundary conditions. We introduce the boundary corrected approximation
1

w, ofu. by

X —X;

wt() = wofx) — =07 (N

where the cutoff function

) Vg (x)> Vx € IIE Vi, (2.15)

1
¥®(x) := min{1, B dist(x, 0Q)}.
satisfies the following conditions (for Lipschitz domains ):

P e Wy™(Q), ¢°=1inQ" = {z € Q|dist(z, 0Q) > &},

0<v® <1, e |[Vy#| < ¢inQ for some cindependent of . (2.16)

We summarize the three steps for computing the augmented approximation w! of u. below.
Note that our error majorant will depend on this precomputed function.
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i) The solutions Ny of the cell problems

~

div (AVNk) =diva, in II,

Ny is periodic in II, (2.17)

/Nk:0>
i

have to be computed which allow to determine the homogenized matrix in the general
case (cf. (2.14)):

II

Ay = <K(I - VN)>

ii) The homogenized problem has to be solved: Find ug € H}(2) such that
/ AyVug-Vuw = / fw  Ywe HyQ). (2.18)
Q Q

iii) With the help of ug and Ny, we obtain the approximation w! of u. via

X — Xj

w! (%) == up(x) — ev(x) <N( ) , Vg (x)> vx € II§ Vi (2.19)

with the cutoff function ¢ := min{1, 1 dist(x, 99Q)}.

It is proved (see, e.g., in [20, 28]) that the following error estimate holds:
Jue — wlllm@) < CVe. (2.20)

Relation (2.20) provides an a priori estimate of the modeling error evaluated in terms of
the parameter €. In the next section, we deduce a guaranteed a posteriori error majorant of

IV (e — w2)l| .

which employ the computed functions N, as well as the homogenized solution .

2.2.1 Error estimate of the modeling error

In this section, we first prove a subsidiary result which states an upper bound of the L2-
product of a globally defined function and a periodic function defined on the cell. For a vector
n= (ui)le € (R>0)d and s € R we denote by p® the componentwise application of the power

s, e, p = (1)L,
Lemma 2.1 For all g € L*(Q)?, n € L2(ID)?, and all A = (\g)}_, € (Rso)? it holds

Z /§g<x).n (X;Xi) dx < |Q| <g>Q . <’I’]>ﬁ + % (58Wg)2 + )‘__ . (51/_1,'7)2. (2.21)

2
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Proof. For any g € L*(Q)¢, we have

I::Z/Eg(x).n(x Xi) dx:i;/ﬂk(x)nk(x;xi) dx
XX [ o= g o () a4 S5 [t () ax

Since

s (52)

1 / 1
d d
Nk E < gk = € Nk E = 9k
/A R i ed |II| Jg

Z/nk |/9k= a (M) |
and

Z/ 9r(x )”k(x_gxi) dX:Z/E k(%) = (gr)m:) (nk(X;Xi)—Ck> dx
< (Z g — <9k>H§HH§> (/H (nk (X;Xi) —ck)2 dx>

= (Z g% — (gr)ms i) e |lnk — cxllg,
i

we find that

(12 (gr)e + (05"9), e — cella)

1<y )
k
<3 (190 taa (a0 +%<65Wg>z T
= 00 {ga (il + 520 5 [ S5 w- el

where A € R%, and (cx)?_, € R? are arbitrary vectors. In particular, we set ¢ = (Mk) 7, and
this implies (2.21). |

Let VVTug(x) and VNT denote the Hessian matrix of uy and the Jacobian matrix of
vector IN, respectively. In order to present the main estimate in a transparent form, we define

the function
— Xi) - Vuo)) Vi.
€

(2.22)

G = (Vw; — AglAOVUO) = ((I — Ae_lAO) VUO —eV (’QDSN (

These functions allows to define part of the error majorant

F(wz; m. X, 5) = |Glla, +2¢° \Q\ (Gla- (Mgt
e (AT (0gm)* + X - (057G)?) +coe™ [Imlz ., (2:23)

16



where A € ]R‘io, seR,
n € Ho(Il, div) := {19 € H(TI, div), (div 9)z = o}

and .
L, i) = o < (12 (1)), div o e 22 (1) |
Now, we formulate of our main result.

Theorem 2.2 Let A, be defined by (2.3) and let (2.1), (2.2) be satisfied. Let the reference

cell I be convex. We assume that the right-hand side in (2.4) satisfies f € L*(Q) and u.
denotes the exact solution. The solution uy of the homogenized problem is required to be in
H?(Q). The approzimation defined by (2.19) with 1° so that (2.16) holds is denoted by w.

Then, the error u. — w} can be estimated by

|V (ue — wi)HAE < Mg (wel, n, A, s) = F1/2 (wel; n,A, 8) 1+ e C | div 7|5, (2.24)

where F is defined by (2.23). The quantities n € Ho(IL, div), A € R¢,, and s € R are free
parameters and the constant C' is defined by (2.29).

Proof. For any v,w € H}(Q) and 7 € H(Q,div), we have
/ A V(u. —v)-Vw = /(—AEVU -Vw+ fw)
Q Q
= /(T —A.Vv)-Vw + /(diV’T + f)w. (2.25)
Q Q

We set w = u. —v and estimate the first term in (2.25) as follows:
/(T —AVv) - V(v —v) < |[V(ue —v)||a. [AVY =T[5 (2.26)
Q

We assume that 7, on any II;, is of the form

T(x) = To(x) —&°n (X — Xi) (2.27)

€
with R
divrTo=—f and ne€ H (H,div) .
Since
div 7 (x) = div 79 (x) — &*~! (divn) <X _&_ Xi) = —f— & (divy) <X ; Xi) Vx e IIf Vi

and

<(div ) ( _gxi) >H — 4 (divn)g =0

17



we obtain

/Q(dWT—i—f Z/ (div 1) ( _;‘i) (ue — )

1 HE
<y e Y| div g O [V (ue = )|,
i
where Cpe is the constant in the Poincare’s inequality for IIf. For convex domains, Cp: <
diam IT7 (for d =1, 2, 3) (cf. [39]) and diamII{ = e for some ¢ = O (1) depending on d and

geometric properties of the basic cell (if, e.g., the cell is a cube, then g = \/&)
We use (2.1) and arrive at the estimate

v ) (=) <t div nllg Ve et e 2 V(-0
Q
s@ :
— =2 /e || div mllg 9 e = o).

In view of (2.2), we obtain

@iy ) (=) <2 € v nllg |90 = ). (2.28)
Q
where
c=2/2 (2.29)
™ C1
Now (2.25), (2.26), and (2.28) imply the estimate
IV(u: —v)]la. < [AVU—T|s-r + & C | div nlg. (2.30)

Consider the first term in the right-hand side of the estimate (2.30) and set

eyl —
v:i=w, and T¢:=AVug

_Xi> ~Vu0) Vi
g

AVu! — 1= A, (Vug — eV (WN ( ;X‘

It holds

Vuw! = Vug — eV (WN (

Hence,

—AG +e'n (%X) Vi

with G as in (2.22). This leads to

ol (v (£25) (8 () (2
' (A (X;XI) G (x) +¢en (X;Xi>>}dx
= IGIA. + 21: <€25+d Inll5 . + 2¢° /H G(x)- 7 (X—gxi))

The result now follows from (2.1) and Lemma 2.1. n
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Remark 2.3 The right-hand side of the majorant (2.24) is the sum of two non-negative terms,
which include a “free function” m defined on the cell of periodicity. Hence, the computation
of the majorant is based on the flux of homogenized solution and a proper selection of the
function n defined on the cell of periodicity. The scalar parameters X\; and the power s can
be selected in order to minimize the overall value of the majorant. We emphasize that the
magjorant does not require an approximation of the flux associated with the original periodic
problem.

The following remark concerns the effect of the term €®*n in the ansatz for 7 in (2.27).

Remark 2.4 If a periodic structure is coarse and consists of relatively few cells (e.g., 25-
100) and/or the coefficients of the matrix A have Jumps, oscillations, etc. then the term
e®*n may augment the homogenized flur substantially. If the periodic structure is fine, then
the correction term is less significant and its influence can be diminished by increasing values
of s. In the limit case, i.e., s — 400, we obtain the following simplified version of the error
magjorant

= [A () oo o

(2.31)
where G(x) is defined by (2.22). This majorant does not include any domain dependent
constants or auxiliary functions and, hence, can be computed from Nj and uyg.

IV (ue = w2)lla. < M (uo, &) =

Remark 2.5 In certain cases, we may know only numerical approrimations to the solutions
Ny and uy of the cell problem (cf. (2.17)) and of the homogenized equation (cf. (2.18)).
The corresponding approximation errors can be estimated by error majorants of similar types
(see [40] - [53] and references therein). Then, the overall error magjorant will include both,
approzimation and modeling errors. A combined modeling-discretization strateqy is suggested
in [53] (where the modeling error is generated by defeaturing of a complicated structure) and
should be used in this case. This topic deserves a separate investigation and lies beyond the
framework of this paper which is focused on the principal structure of the guaranteed error
bound for homogenized problems.
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3 Lecture 3: A Posteriori Error Estimation for Highly
Indefinite Problems

Remark. This part of the lecture notes is an extended version of the paper [21] and includes
details from [30], [32], [33].

3.1 Introduction

In this lecture we will introduce a new analysis for residual-based a posteriori error estimation.
We consider the conforming Galerkin method with hp-finite elements applied to a class of
highly indefinite boundary value problems, which arise, e.g., when electromagnetic or acoustic
scattering problems are modelled in the frequency domain. As our model problem we consider
a highly indefinite Helmholtz equation with oscillatory solutions.

Residual-based a posteriori error estimates for elliptic problems have been introduced in
[7], [8] and their theory for elliptic problems is now fairly completely established (cf. [60], [3]).
To sketch the principal idea and to explain our goal, let u denote the (unknown) solution of
the weak formulation of an elliptic second order PDE with appropriate boundary conditions.
Typically the solution belongs to some infinite-dimensional Sobolev space H. Let ug denote
a computed Galerkin solution based on a finite dimensional subspace S C H. A (reliable)
a posteriori error estimator is a computable functional 1 which depends on ug and the given
data such that an estimate of the form

lu — sl < Cn (us) (3.1)

holds for a (minimal) constant C' which either is known explicitly or sharp upper bounds
are available. We emphasize that in the literature various refinements of this concept of
a posteriori error estimation exist while, for the purpose of our introduction, this simple
definition is sufficient.

In the classical theory the constant C' depends linearly on the norm of the solution operator
of the PDE in some appropriate function spaces, more precisely, it depends reciprocally on
the inf-sup constant ~y. In [31] it was proved for the Helmholtz problem with Robin boundary
conditions that for certain classes of physical domains the reciprocal inf-sup constant 1/~
(and, hence, also the constant C' in (3.1)) grows linearly with the wavenumber. See also [23]
for further estimates of the inf-sup constant for the Helmholtz problem. However, this implies
that for large wavenumbers the classical a posteriori estimation becomes useless because the
error then typically is highly overestimated. Additional difficulties arise for the a posteriori
error estimation for highly indefinite problems because the existence and uniqueness of the
classical Galerkin solution is ensured only if the mesh width is sufficiently small.

In contrast to definite elliptic problems, there exist only relatively few publications in the
literature on a posteriori estimation for highly indefinite problems (cf. [4], [5], [27]).

In [30] and [32] a new a priori convergence theory for Galerkin discretizations of highly
indefinite boundary value problems has been developed which is based on new regularity
estimates (the splitting lemmas as in [30] and [32]) where the solution is split into a “rough
part” with wavenumber-independent regularity constant and a “smooth” part with high-order
regularity in (weighted) Sobolev spaces but more critical dependence of the regularity constant
on the wavenumber. This theory allows in the a priori convergence theory to “absorb” the
L?-error which depends critically on the wavenumber in the wavenumber-independent part of
the equation.
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We will develop a new a posteriori analysis based on similar ideas: The L2-part of the
a posteriori error will be estimated by the H!-error and then can be compensated by an
appropriate choice of the hp-finite element space.

This lecture is structured as follows. In Section 3.2, we will consider as our model problem
the high frequency, time harmonic scattering of an acoustic wave at some bounded domain
in an unbounded exterior domain and transform it to a finite domain by using a Dirichlet-
to-Neumann boundary operator resp. some approximation to it. We define a conforming
Galerkin hp-finite element discretization for its numerical approximation and formulate the a
posteriori error estimator for hp-finite elements.

In Section 3.3, we summarize the a priori analysis as in [30] and [32] which will be needed
a) to determine the minimal hp-finite element space for a stable Galerkin discretization and b)
to estimate the adjoint approximation property which will appear as weights in our a posteriori
error estimation.

In Section 3.4, we will present the a posteriori error analysis and prove the reliability and
efficiency of our estimator. It will turn out that the optimal polynomial degree p will depend
logarithmically on the wavenumber and, hence, the finite element interpolation theory has to
be explicit with respect to the mesh width A and the polynomial degree p.

3.2 Model Helmholtz Problems and their Discretization
3.2.1 Model Problems

The Helmholtz equation describes wave phenomena in the frequency domain which, e.g., arises
if electromagnetic or acoustic waves are scattered from or emitted by bounded physical objects.
In this light, the computational domain for such wave problems, typically, is the unbounded
complement of a bounded domain Q" C R4, d = 1,2, 3, i.e., Q%% := R4\ Qin, Throughout this
paper, we assume that Q™ has a Lipschitz boundary I'™ := 9Q'".

The Helmholtz problem depends on the wavenumber k. In most parts of the paper (ex-
ceptions: Remarks 3.23, 3.13 and Corollaries 3.35, 3.36) we allow for variable wavenumber
k: Q" — R but always assume that k is real-valued, nonnegative, and a positive constant
outside a sufficiently large ball (cf. (3.11)).

For a given right-hand side f € L? (Q°"), the Helmholtz problem is to seek U € H}} (Q°U%)
such that

(-A-FK)U=f Q™ (3.2a)
is satisfied. Towards infinity, Sommerfeld’s radiation condition is imposed
0,U —ikU| = o (m%) for |z| — oo, (3.2b)
where 0, denotes differentiation in radial direction and | - | the Euclidian vector norm. For
simplicity we restrict here to homogeneous Dirichlet boundary condition on I'™
U rin — O (32C)

Assumption 3.1 The right-hand side f in (8.2a) is local in the sense that there exists some
bounded, simply connected Lipschitz domain® Q* such that a) Q™ C Q*, b) supp(f) C Q*, and
¢) k is constant in a neighbourhood of 0$2*.

2Since Q™ is bounded, 2* always can be chosen as a ball. Other choices of O* might be preferable in
certain situations.
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Figure 1: Scatterer Q™ with boundary I'™ and exterior domain Q°*. The support of f is
assumed to be contained in the bounded region 2*. The domain for the weak variational
formulation is Q = Q*\ Q"

The computational domain (cf. Figure 1) will be
Q= Q"\Qin (3.3)

and, next, we will derive appropriate boundary conditions at the outer boundary I'°"* := 9Q*.

Problem (3.2) can be reformulated in an equivalent way as a transmission problem by seeking
functions v € H' (Q) and u°"* € H]} (RY\Q*) such that

(—A—KHu=f in €,
(A — k) uet =0 in RN\ Q,
u=0 on I'", (3.4)

u=1u"" and O,u= 0,u’™ on Iout,

|0, u™ — 1 ku™| = o (|:c\1%d> for |z| — oo.

Here, n denotes the normal vector pointing into the exterior domain R¥\Q* and 0, denotes
differentiation in normal direction. o

It can be shown that, for given g € H'/2 (I°"*), the problem: Find w € H}\_ (R*\Q*) such
that

(—A —E)w =0 in RN\ Q*,
w=g on [°ut, (3.5)
|0yw — 1 kw| :0(|x\%) for |z| — o0

has a unique weak solution. The mapping g — w is called the Steklov—Poincaré operator and
denoted by Sp: H'? (") — HL (RNQ*). The Dirichlet-to-Neumann (DtN) map is given
by Ty := 1Sp : HY/?(T°%) — H~Y/2(T°%) where 7; := 0, is the normal derivative operator
at T°"*. Hence, problem (3.4) can be reformulated as: Find u € H' () such that

(A —KHu=f inQ,

u=0 on ['n (3.6)
Opu = Tru on Iout,
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The previous problems are posed in the weak formulation given by: Find

ueH :={uecH (Q): ulp =0} (3.7)
such that
Apin (u,v) == / ((Vu, Vo) — Kup) — / (Tpu) v = / fo  forallveH. (3.8)
Q rout Q

Since the numerical realization of the nonlocal DtN map T}, is costly, various approaches exist
in the literature to approximate this operator by a local operator. The most simple one is the
use of Robin boundary conditions leading to

(A —KHu=f inQ,
u=0 on I'n, (3.9)
Opu = 1ku on [out,

The weak formulation of this equation is given by: Find u € H such that

ARobin (U, v) 1= / ((Vu, Vo) — k2u@) —/

ikuv = / fo for all v € H. (3.10)
0 rout Q

In most parts of this paper we allow indeed that k is a function varying in {2, while the
following conditions are always assumed to be satisfied:

ke L*(RLR), 0 <essinfyeqk () < esssup,cq k (2) =t kmax < 00,
k = keonst Outside a large ball, (3.11)

k = keonst in an neighbourhood U%, . of T,

Let Ueonst 1= Ul st N Q. The constants in the estimates in this paper will depend on kpax,

and Ueonst (through a trace inequality as in Lemma 3.3) but hold uniformly for all functions
k satisfying (3.11).
3.2.2 Abstract Variational Formulation

Notation 3.2 For a Lebesque-measurable set w C R and p € [1,00], m € N, we denote by
LP (w) the usual Lebesgue space with norm |||,y and by H™ (w) the usual Sobolev spaces
with norm ||-|| Hm)- Lhe seminorm which contains only the derivatives of highest order is
denoted by || Hm () We equip the space H with the norm

1/2 '
0]y 2= (va”iz(g) + ||k+U||iz(Q)) with ki :=max{1,k} (3.12)
which is obviously equivalent to the H(Q2)-norm.

Since I'°" is a Lipschitz manifold and U is a Lipschitz domain, it is well known that
the following trace estimates hold (see [14, (1.6.6) Theorem)]).

Lemma 3.3 There exists a constant Cy, depending only on Ueonst such that

Yue H' (Q) : ||UHH1/2(1“0ut) < G HUHH;L{COnst (3.13a)
and
1/2 1/2
Vue H () full 2gpow) < Cl H“HLé(uconst) ”“”h{l(uconst) ' (3.13b)

23



Corollary 3.4 Foru € H' (), we have

[V

LZ(]_"out) S Otr ||uHH§uconst S Ctr HUHH,Q .

Proof. Since k = keonst 0N Ueonst, there holds

2
kconst HuHLZ(Fout) S Cgrkconst ||UHL2(uconst) HuHHl(uconst)

2
< S (i lull; + |lul?
-2 const L2 (Uconst) H (Ueconst)
Car
— t ((1 + kgonst) Hu||i2(uconst) + |U|§{1(uconst)) (314)

2 2
< Cq <||k7+UHL2(uconst) + ‘U|H1(uconst)) :

]
Both sesquilinear forms Apy (3.8) and Agepin (3-10) belong to the following class of forms
(see Proposition 3.7).

Assumption 3.5 (Variational formulation) Let Q C R%, for d € {2,3}, be a bounded
Lipschitz domain. Then H, equipped with the norm H-HH;Q, is a closed subspace of H' ().
We consider a sesquilinear form A : H x H — C that can be decomposed into A = a—b, where

a(v,w) = /Q ((Vv, Vo) — k*vw)
and the sesquilinear form b satisfies the following properties:
a. b: H xH — C is a continuous sesquilinear form with
1b(v, w)| < Cpllv||lrallwlre for allv,w e 'H, (3.15)
for some positive constant C.
b. There exist 0 > 0 and Yoy > 0 such that the following Garding inequality holds:

Re (a(v,v) — b(v,v)) + QHkurvH%z(Q) > Yenl[vl3g  Sfor allv e H. (3.16)

c. The adjoint problem: Find z € 'H such that
a(v,z) = b(v, z) = (v, f)r2() for allveH (3.17)

is uniquely solvable for every f € L*(Q) with bounded solution operator Q% : L*(2) — H,
f + z, more precisely, the (k-dependent) constant

1Q7 (K2 f) e
reznoy 1R+ fllrz @

o= (3.18)

is finite.
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Problem 3.6 Let A be a sesquilinear form as in Assumption 3.5. For given f € L? (), we
seek u € 'H such that

a(u,v) —b(u,v) = / fv  forallve™H. (3.19)
Q

Proposition 3.7 Both sesquilinear forms Agropin (3.10) and Api~ (3.8) (under the additional
condition that T is a sufficiently large sphere) satisfy Assumption 3.5.

Proof. The proof is a slight modification of the corresponding proofs for constant wavenumber
k in [30] and [31]. Condition (a) for Agepin follows from Corollary 3.4. For Apin we employ
that k is constant in Ueonge and I'°" is a sphere of a radius R > 0. Hence, from the proof of
[30, Lemma 3.3]% it follows that

/F - (Tru) v

S C (Ril HuHHl/Z(Fout) ||UHH1/2(Fout) _'_ kCOl’lSt HUHLQ(Fout) ||UHL2(1"out)> .

By using Corollary 3.4 we obtain

/F - (Thu) v

and the continuity of Apin follows.
For condition (b) and Robin boundary conditions, we employ

1
<0 (1+3) el loles

Re (Arain(v:0)) + 2ol = [ (Vo + 82 of? + (2 = 1) o)
> [|v]3a
and (3.16) holds with 8 = 2 and v = 1.
For the sesquilinear form Apn we employ

Re ( / Ty @) <0 Yue HY2(rew) (3.20)
Tout

(proved [30, Lemma 3.3 (2)] by using spectral analysis) to obtain

Re (Apex(v,v)) + 2|k 1v]|720

> ([ (90 + 2+ (8 = 12) ) e ([ T))

> [[vll7ee

and (3.16) again holds with 6 = 2 and ~; = 1.
For condition (c) we may apply Fredholm’s theory and, hence, it suffices to prove that

a(u,v) —b(u,v) =0  forallveH (3.21)

3In [30, Lemma 3.3] the Dirichlet-to-Neumann operator T} has been analysed for a sphere by using the
fact that spherical harmonics are the eigenfunctions of 7T} with known eigenvalues. Then the proof follows by
bounding these eigenvalues uniformly in k.
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implies v = 0. For Robin boundary conditions we argue as in [31, (8.1.2)] and for DtN
boundary conditions as in [30, Proof of Theorem 3.8] to see that (3.21) implies u|;, = 0 in
the sense of traces. Hence, u solves

/ ((Vu, Vo) = K*ut) = 0 for all v € H. (3.22)
Q

Let 9 be a bounded domain such that @ € O ¢ RA\Qin and I'°* C Q. The extension of
u by zero to ** is denoted by wug. It satisfies u € H () := {u € H* (%) | u|p. = 0} and

/ ((Vuo, Vo) — k*ugv) =0 for all v € H (™).
Q

Elliptic regularity theory implies that ug € H?(Q) for any compact subset Q@ C Q**, in
particular, in an open Q** neighbourhood of I'**. The unique continuation principle (cf. [29,
Ch. 4.3]) implies that ug = 0 in 2** so that u = 0 in Q. u

3.2.3 Discretization

Conforming Galerkin Discretization A conforming Galerkin discretization of Problem
3.6 is based on the definition of a finite dimensional subspace S C ‘H and is given by: Find
ug € S such that

a(ug,v) —b(ug,v) = / fo  forallveS. (3.23)
Q

hp-Finite Elements As an example for S as above, we will define hp-finite elements on a
finite element mesh 7 consisting of simplices with maximal mesh width & and local polynomial
degree p. Before formulating the conditions on the mesh in an abstract way, we give an example
of a typical construction.

Example 3.8 (Patchwise construction of FE mesh.) Let Q denote a bounded domain.

(a) We assume that a polyhedral (polygonal in 2D) domain Q along with a bi-Lipschitz
mapping x : QO — Qs given. Let T macro — {I?ima“o 1< < q} denote a conforming
Jinite element mesh for Q consisting of open simplices. Tmacro o considered as a coarse

partition of €1, i.e., the diameters of the elements in T™*° are of order 1. We assume
that the restrictions x; := X|gmaero are analytic for all 1 <1i <gq.

(b) The finite element mesh with step size h is generated by refining the mesh Tmacro i some

standard (conforming) way and denoted by T = {Ki 1<i<N } The corresponding
finite element mesh for ) then is defined by T = {K =X (l?) K € ’j’}

Note that, for any K = x <l?) € T, there exists an affine bijection Ak : K — K which

maps the reference element K= {x € Rio : Zle T < 1} to the simplex K. A parametriza-

tion Fi - K — K can be chosen by Fx := Rk o Ak, where R := X‘f( is independent of the
mesh width h := max {hx : K € T}, where hyx := diam (K).
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Concerning the polynomial degree distribution, it will be convenient (cf.[33, (10)]) to
assume that the polynomial degrees of neighbouring elements are comparable: There exists a
constant ¢, > 0 such that

' bk +1) <pgr+1<c(pg+1)  forall K,K' € T with KNK' = 0. (3.24)

To formulate the smoothness and scaling assumptions on Ry and Ay in an abstract way we
have to introduce, for a function v : Q — R, Q C R, the notation

dn ]' n 7’1,' Qv
— = > — and V(@) = > o). (3.25)

a€eNg:|lal=n ) a€Ng:|al=n

Assumption 3.9 Fach element map Fx can be written as Fx = Rx o Ax, where Ak is an
affine map and the maps Rx and Ag satisfy for constants Cagine, Cmetric, 7 > 0 independent
Of hK N

||A/KHLoo(f<) S Caﬂineh'K> ||(A/K)_1 HLoo(f() S Caﬂineh'j_{l

||<R/[()71||Loo(f€) < Cmetricv ||vnRKHLoo(f() < Cmetricfynn! fOT alln € I\IO-

Here, K = AK(IA()

Remark 3.10 Assumption 3.9 will be used in Section 3.3 for the a priori analysis and the
derivation of the minimal hp-finite element space which leads to a stable discretization of the
Helmholtz problem. It will turn out that the a posteriori estimate contains a weight which
requires an a priori estimate. Since higher polynomial orders p are relevant for this, Assump-
tion 3.9 also contains bounds on higher order derivatives of the element maps. The constants
Caffine; Cmetric describe the shape-regularity of the finite element mesh, i.e., they are a measure
for possible distortions of the elements. The constants in the following estimates depend on
the constants Cagmine, Cetric and are moderately bounded if the shape reqularity of the mesh is
reasonably small.

Definition 3.11 (hp-finite element space) For meshes T with element maps F as in
Assumption 3.9 the hp-finite element space of piecewise (mapped) polynomials is given by

SPHT):={veEH v|goFx €P, forall K € T}, (3.26)

where P, denotes the space of polynomials of degree p. For chosen T and p, we may let

S = SPH(T).

3.2.4 A Posteriori Error Estimator

The following Assumption collects the requirements for the a posteriori error estimation.
Assumption 3.12

a. The continuous Helmholtz problem satisfies Assumption 3.5.

b. S is a hp-finite element space as explained in Section 3.2.3 and satisfies Assumption 3.9
and (3.24).
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c. ug € S is the computed solution satisfying the Galerkin equation.

Remark 3.13 Assumption 3.12 does not require the stability condition (3.31) to be satisfied
which is only sufficient for existence and uniqueness of the discrete problem. We only assume
that ug exists, is computed, and solves the Galerkin equation for the specific problem. To be
on the safe side in the case of constant wave number k, one can start the discretization process
with the a priori choice (3.39) of p and h which implies (3.81) and, in turn, the existence and
uniqueness of a Galerkin solution for any right-hand side in L* (Q).

For the definition of the a posteriori error estimator we first have to introduce some no-
tation. For a simplicial finite element mesh 7, the boundary of any element K € 7 consists
of (d — 1)-dimensional simplices. We call (the relatively open interior of) these lower dimen-
sional simplices the edges of K, although this terminology is related to the case d = 2. The
set of all edges of all elements in 7 is denoted by £*. The subset £2 C £* consists of all edges
which are contained in I'*"* while the subset £% C £* consists of all edges that are contained
in . Finally, we set £ := £2U &Y, ‘the set of all edges that are not in I, The set of simplex
vertices that are not contained in I'™ is denoted by N and, for the cardinality of a discrete
set, we write |N/|, |€|, etc. For a subset M C Q we define simplex neighborhoods about M
by

goommy,
Wiy ::U{K\KETandKﬂwﬂl#Q)}, j>1,
hav =max {hg | MNK #0}, (3.27)

pa =max {px +1 | MNE #0},
Em = {E€&|MNE#0}.

Definition 3.14 (Residual) For v € S we define the volume residual res(v) € L*(Q) and
the edge residual Res(v) € L*(UgeeF) by

res (v) = f+ Av+ kv onKeT,

0w on E € £2,
Res (v) = { —0Opv +1kv on E € &°.

Here [v|g is the jump of the given function v on the edge E, i.e., the difference of the limits
i points x € E from both sides.

In the definitions above we used exact data f, k. We will later, Section 3.4.3, replace these
by approximations.

The residual Res (v) is defined for the Robin boundary condition (3.9) for simplicity. With
an obvious modification of this definition, we could also insert a term 7}jv here, instead of i kv,
for the DtN boundary condition (3.6).

Definition 3.15 (Error estimator) Given a set of weights a« = {ax,ap: K € T, E € £},
we define for v € S the error estimator

1/2
n(v, a) = (Z o |[res (V)| 720 + D o | Res ('U)Hiz(E)) - (3.28)

KeT Ec&
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The choice of the weights ak, ag are related to an interpolation estimate which we explain
next.

Assumption 3.16 (Interpolation operator) Let Is : H — S denote a continuous linear

operator that satisfies the local approximation property: There are constants ax > 0 for all
K e T and ag >0 for all E € £ such that

lv — IS“HLZ(K) < ag HUHH;W;’; ) (3.29a)

o = Istll oz < @ ol (3.20b)
for some m = O (1) independent of hx, pi.

The weights in (3.28) can be chosen as the minimal constants in (3.29) for any given
operator g that satisfies the above mentioned properties. In [33, Thms 2.1, 2.2], a Clément-
type hp-interpolation operator has been constructed which leads to specific choices of ag,
ap.

Theorem 3.17 Let Q C R? and let p = (pk) xer denote a polynomial degree distribution
satisfying (3.24). Let Assumption 3.12(a), (b) be satisfied. Then there exist C > 0, that
depends only on the shape-regularity of the grid (cf. Remark 3.10), and a linear operator
Is: HL (R?) — S such that for all simplices K € T and all edges E € Ex we have

loc

hK hK
o= Tty + 25 N9 sl gy + 452 I = sl ey < Cor [Vl g

Proof. This result has been proven in [33] in a vertex oriented setting, but is easily reformulated
as stated above using shape uniformity and quasi-uniformity in the polynomial degree (3.24).
]

Corollary 3.18 Let the Assumptions of Theorem 3.17 be satisfied. The constants oy, ag in
Assumption 3.16 can be chosen according to

h h
oK : —CO—K ag = Cy < K)
Pk DK

Theorem 3.33 will show that this 7 (ug, a) can be used for a posteriori error estimation.
That it estimates the error from above is called reliability, that it estimates the error from
below is called efficiency.

3.3 A Priori Analysis

In this section, we collect those results on existence, uniqueness, stability, and regularity for
the Helmholtz problem (3.6), which later will be used for the analysis of the a posteriori error
estimator.

29



3.3.1 Well-posedness

Proposition 3.19 Let O C RY, d = 2,3, in (3.2a) be a bounded Lipschitz domain which is
star-shaped with respect to the origin. Let T°" := 0Bp for some R > 0. Then, (3.8) admits a
unique solution u € H for all f € H' which depends continuously on the data.

Proposition 3.20 Let Q be a bounded Lipschitz domain. For all f € (H'(Q)), a unique
solution u of problem (3.10) exists and depends continuously on the data.

For the proofs of these propositions for constant k we refer, e.g., to [31, Prop. 8.1.3] and
[17, Lemma 3.3], while for variable k one may argue as in Proposition 3.7.

3.3.2 Discrete Stability and Convergence

An essential role for the stability and convergence of the Galerkin discretization is played by
the adjoint approximability which has been introduced in [32]; see also [55], [12].

Definition 3.21 (Adjoint approximability) For a finite dimensional subspace S C H, we
define the adjoint approximability of Problem 3.6 by

infyes [|Qr (K1.f) — vl
ni(S) = sup —, (3.30)
F FEL2(Q)\{0} 1kl 220y

where Q. is as in (3.18).

Theorem 3.22 (Stability and convergence) Let I°" (cf. (3.4)) be the unit sphere. Let
Ve, 0, Cb, CZdJ be as in Assumption 3.5 and S as in Section 3.2.3. Then the condition

% Yell
< e .
e (S) < 20(1+Cy) (3.31)

implies the following statements:
(a) The discrete inf-sup condition is satisfied:

—b o
inf sup \a(v, ’LU) (U> ’LU)| > Tell > 0.
ves\(0} wesrfop  [|vllmellwlle 2+ qa/(1 4 Cy) + 2030

(3.32)

(b) Let S satisfy (3.31). Then, the Galerkin method based on S is quasi-optimal, i.e., for
every u € H there exists a unique us € S with a(u — ug,v) — b(u — ug,v) = 0 for all
v € S, and there holds

2 )
|u — us||#a < T(l + Cy) })IelgHu—UHH;m (3.33)

ell

2 o
ey (= 15) 2oy < — (1 + Co)*i(S) inf [l — vl (3.34)

ell
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Proof. The sesquilinear form A (u,v) = a (u,v) — b (u,v) is continuous:

(3.15)
[A(w,0)] < (1+GC) lullyg llvllpe — Yu,ve H (D). (3.35)
Let u € S and set z := Q7 (ku). Then,
Awut2) = a (i) —buu) + 0kl + A 2) — Olkeuldog (336
= A (u, u) + 0|k ul 720

Let zg € S denote the best approximation of z with respect to the ||-||,,-norm. Then, by using
(3.16) we get

Re A (u,u+ zs) > Re A (u,u+ z) — |A (u, z — zs5)| 429 Re (A (u,u) + 9Hk+u||%2(m) — A (u, z — zg)|
(3.35) )
> e l[ully, = (14 Co) [lully, |12 = 255,

>l (el = 0 (1% o) () [l gy ) = (o — 61+ Co i () [l
The stability of the continuous problem (cf. (3.18)) implies
o+ 2sllag < Muallyg + 12 = Zsllpg + Nzl < Nully + O (S) 1kstll 2 + OCEY sl 25
< (109 (9) + 063" lull

so that
o Jen — 0 (1+ Cy) m; (S)
T 140 (S) + 002
Therefore, in view of the assumption (3.31), we have proved
A a1 — 0 (1 * o
inf sup A (u, v)] > Jen (1+GCy) 77ka(d$) > Yel _
ueS yes\(oy [lully vl L+ Onj (S) +0C7 2+ Yeu/ (1 + Cy) + 2007

Re A (u,u + zg)

[eellyg [[u+ 25l

Next, we will estimate the L2-error by the H'-error and employ the Aubin-Nitsche tech-
nique. The Galerkin error is denoted by e = u — ug. We set ¢ := Q}, (k%e) (cf. (3.18)) and
denote by 1 € S the best approximation of i) with respect to the H-norm.

The L2-error can be estimated by using the Galerkin orthogonality

Ik sellTay = Ale, ) = Ale, = s) < (14 Ch) llelly 10 — ¥slly
< (14 o) mi () llelly, NFvell sy » (3.37)

ie.,

kel 2 ppy < (14 Co) i (S) [lelly, (3.38)
To infer from this a bound for ||e[|+, we notice that Galerkin orthogonality gives for arbitrary
vels

Yanllelf < Re (aese) = ble,e) + Ollkselfamy ) = Re (ale,u—v) = ble,u—v) + 0]l krellfaq )

< (1+ Gy)llellpllu — vl + Bl kse] 7o)

< (T+Gy)llellxllu — vlw + Ollkrell 2o 1kt ell 2@

< (1 + Gy)llellnllu — ][+ + (1 + Cyp)ni(S) llell#lell#
< (1 + Cy)llellallu = vll# + Yen/2llell3-
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From this the error estimate (3.33) follows while the L? estimate (3.34) follows by combining
(3.33) with (3.38). -

Remark 3.23 In [30], [32], it is proved for the case of constant wave number k, that for S
as in Section 3.2.3, i.e., hp-finite elements, the conditions

h _

p = O (log(k)) and )

0 (1) (3.39)

imply (3.31) and lead to the “minimal” finite element space for discretization of the Helmholtz
equations. In this light, terms in the a-posteriori error estimates which grow polynomially in
p are expected to grow, at most, logarithmically with respect to k and, hence, are moderately
bounded, also for large wavenumbers.

3.4 Analysis of the A Posteriori Error Estimator
3.4.1 Estimate of the Adjoint Approximability

The constant in the a posteriori error estimate will contain the term 7} (S) as a factor. In
order to get an explicit upper bound, an a priori estimate of the quantity is required which
can be found for constant wavenumber in [30, Theorem 5.5] and [32, Prop. 5.3, Prop. 5.6].
Here we will outline the principal ideas of the analysis and refer for the more general setting
to these two papers.

We restrict in this section 3.4.1 to the following model problem (cf. (3.8)):

e  is the unit ball in R3,
o [ € L*(Q) satisfies Assumption 3.1
e the wavenumber k£ > 1 is constant.

We consider the problem Find v € H (with H as in (3.7)) such that

/ ((Vu, Vo) — Kup) — / (Tru) v = / fv  forallveH. (3.40)
Q rout Q

The exact solution of (3.40) can be written as the (localized) acoustic volume potential. For
this, let 4 € C*° (Rxg) be a cutoff function such that

supp 1 C [0,4] , Mliog =1 [plwice(psg) < €
(3.41)
Vr € RZO 10 < K (ZIZ‘) <1, :U“|[4,oo[ =0, "LL‘WZ'OO(REO) < Ca

ikr

and let g (r) == gp(r) = S Define Gy (2) := gx (||z|]) 1 (]|2]]) as the product of the

Ay ”
fundamental solution to the operator £ := —A — k? with the cutoff function. Then, the

solution of (3.40) can be written by

w (@) == (Nuf) () = / Gelz—y) f(y)dy Vreq.

The key ingredient of the analysis of the adjoint approximability is the following decom-
position result:
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Lemma 3.24 (decomposition lemma) Let Q be the unit ball in R®. Then there emists a
constant C' > 0 such that for f € L*(Q) the function v given by

v(z) = Nif(z /Gk z —y)f(y)dy, z €,
satisfies
K wll a2 + 1ol + Ellollze) < Cllfllzo)- (3.42)
Furthermore, for every A > 1, there exists a A\- and k-dependent splitting v = vz + v4 with
1 _
|VPvg2| 2@ < C (1 + e 1) (Ak)? 2 1l z2 () Vp € {0,1,2}, (3.43a)
p—1
VP04l 2y < CA (ﬁAk) 2@ ¥p € No. (3.43b)

Here, VPv 4 stands for a sum over all derivatives of order p (see (3.25) for details).

Remark 3.25 For f € L?(Q) the function v = N(f) cannot be expected to have more Sobolev
reqularity than H*. The decomposition v = vg2+v4 of Lemma 3.24 splits v into an H?-reqular
part vz and an analytic part vy4. The essential feature of this splitting is that the H?-part
v has a better H?-reqularity constant in terms of k than v itself, namely, (3.43a), (3.43b),
and the triangle inequality ||V2v||12) < [[V20n2||12(0) + V204l L2(0) imply

V202 r20) < Cllfllzz)  versus ||Vl r2) < OK| fll )

The fact that |[vgz||lgz < C||f||l2 for a C > 0 independent of k will be be essential for the
stability and convergence analysis below.

Proof of Lemma 3.24. The estimates for v follow directly from those for vgz and v 4
by fixing a parameter A > 1. In order to construct the splitting v = vy2 + v4, we start by
recalling the definition of the Fourier transform for functions with compact support

(€)= (2m) %2 / 6T o (1) de VE € R®
]RS
and the inversion formula
u(z) = (2m) 7 / J0 G (6)de V€ RY.
R3

We will define a decomposition of v,, (which will determine the decomposition of v on Bg)
by decomposing its Fourier transform, i.e.,

i}\u = Vg2 + V4. (3.44)

In order to define the two terms on the right-hand side of (3.44), we let B,;(0) denote the
ball of radius Ak centred at the origin, where A > 1 is the fixed constant (independent of k)
selected in the statement of the lemma. The characteristic function of By, (0) is denoted by
Xak- The Fourier transform of f is then decomposed as

~ ~ ~

J/C\: J/C\XAk_'_(l —xa)f = fu + fi-
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By the inverse Fourier transformation, this decomposition of fentails a decomposition of f
into f and f given by

fo@)i=@n) Y [ dOn OO ad fi@)i=f-f @)
R3
Accordingly, we define the decomposition of v, by

vz = Grx fy and v, 4= Gi* fi, (3.46)

where “x” denotes the convolution in R®. The functions vz and v4 in (3.44) are then obtained
by setting vy2 := v, p2|o and v4 := v, 4|o. We will obtain the desired estimates by showing
the following, stronger estimates:

HU#,HZHHZ(Ri*) < O\ fllz2rs), (3.47a)
1D, all2@sy < CAOR) | fll 2@y, Vo€ N (3.47b)

The estimates (3.47) are obtained by Fourier techniques. To that end, we compute the Fourier
transform of Gj:

Gr (€) = (2m) / e 1) Gy (2) e

R3
= (27r)3/2/ gr (r) e (r) r? (/S e~ 160 dSC) dr (3.49)
0 2
= (2m) 2 (Jlel) -
The inner integral in (3.49) can be evaluated analytically and we obtain

osin (7s)
(rs)

Applying the Fourier transform to the convolutions (3.46) leads to

L(s) = 47?/000% (ryp(r)r (3.50)

e = (2m)*2 Gifg = (2m)*2 G f (1 — o),
= 21)* Grfi, = (27)° G o
To estimate higher order derivatives of v, g2 and v, 4 we define for a multi-index o € N}

the function P, : R® — R3 by P, (£) := £ and obtain — by using standard properties of the
Fourier transformation and the support properties of y,, — for all |a| < 2

107012l 2y = (200 | PG (1 = x0) ] (351)

L2(R3)

< @ (_max 1P (©01) 0w 7

EER3:[€[ 2k

L2(R3)
< (2n)" (e o0 ()] ) 11 -

The symbol ¢ (+) is estimated in [30]. More precisely, [30, Lemma 3.7 (iv)] implies

1
sup s*|u(s)| < C <1+ e 1)

|s|> Ak
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from which we conclude that

max\s'ws)\scm)'“”(” : )

s>k A2 —1
holds for |a| € {0,1,2}. Thus,

e 1
0l < € OB (14 555 ) U

and (3.43a) follows.
Completely analogously, we derive for all o« € N3

le} 3/2 e’
10%0all g2 gy < (27) (02% sl (s)\) 11l 226 - (3.52)
The proof of the lemma is completed by using the bound on the function «:

sup [s|™ ] (s)] < CAME)™ " VA>0 VmeN,
5| <Ak

given in [30, Lemma 3.7 (v)] and using (3.25). u
The adjoint approximability is related to (3.40) via the adjoint problem: For given f €
L*(Bg), find z € H* (Q) such that

ABtN (27 U) = (Uv f)Lz(BR) Vv e Hl (BR) (353)
Explicitly we have
A (2,0) = / (Vu, Vo) — k*uo — / U (m) .
Q dBR

The solution of the adjoint problem can be expressed via the complex conjugate of the fun-
damental solution as

Z(fﬂ)=(N;§f)(fv)=/QG_k(I—y)f(y)dy Vo e Q.

For the estimate of the adjoint approximability in the context of Ap-finite elements we
have to investigate the approximability of the solutions N} f for f € L? () by these finite
elements.

For meshes 7, satisfying Assumption 3.9 with element maps Fx we denote the usual space
of piecewise (mapped) polynomials by S?*(7;,) := {u € H'(Q) |VK €7j: u|gxoFx €P,}, where
[P, denotes the space of polynomials of degree p. It is desirable to construct an approximant
Iu € SPY(T;,) of a given (sufficiently smooth) function u in an elementwise fashion. The
C°-continuity of an elementwise defined approximant /u is most conveniently ensured if Ju is
defined in such a way that for every topological entity F of the mesh (i.e., E is an element K,
a face f, an edge e, or a vertex V') the restriction ({u)|g is fully determined by u|z. There are
many ways of realizing this construction principle. The construction employed in the present
paper is based on the following concept.
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Definition 3.26 (element-by-element construction) Let K be the reference simplex in
R?, d € {2,3}. A polynomial 7 is said to permit an element-by-element construction of

~

polynomial degree p for uw € H*(K), s > d/2, if:
1. (V) =wu(V) for all d+ 1 vertices V of K,
2. for every edge e of K , the restriction |, €P, is the unique minimizer of

T pl/QHu — 7| r2(e) + |lu — 7] (3.54)

Hoy(e)
under the constraint that 7 satisfies (1)*;
3. (for d = 3) for every face f of IA(, the restriction |y €P, is the unique minimizer of
T = pllu — 7l p2p) + lu — 7l mp (3.56)
under the constraint that m satisfies (1), (2) for all vertices and edges of the face f.

We are now in position to show that the solution v = N} f can be approximated well by
the FEM space SP}(7;,) provided that kh/p is sufficiently small and p > cln k.

Theorem 3.27 Letd € {1,2,3} and Q2 C R? be a bounded domain. Then there exist constants

C, o > 0 that depend solely on the constants appearing in Assumption 3.9 such that for every
[ € L*(QQ) the function v := N} f satisfies

. kh kh kR \?

wesPL(T, p op

Proof. We will only prove here the cases d € {2, 3}.

We note v = Nff = Nif, fix A > 1 in Lemma 3.24, and split with its aid v = vg2 4+ v4
with vg2 € H?(2) and v4 analytic; we have the following bounds

lve2 | a2 < Cllfll @), IVP0ull200) < CAR)P 7 fllz2y VP € No.

We approximate vg2 and vy separately. [30, Theorem B.4] and a scaling argument provides
an approximant w2 € SP*(7;) such that for every K €7, we have, for ¢ = 0,1,

R\
||UH2 — wHZHHq(K) S C (E) ||UH2HH2(K) VK € 771

Hence, by summation over all elements, we arrive at
kh (kR\?
kllvge — wyz||y < C <? + (?) ) I fll2(e)-

4We recall the definition of the Sobolev space H&éz(Q). If Q is an edge or a face of a triangle or a
tetrahedron, then the Sobolev norm || - HH1/2(Q) is defined by
00

2
(3.55)

el 1/2 g = Nl Frar2) + B
Hoo™ () diSt(',aQ)

and the space HéO/Q () is the complection of C§°(€2) under this norm.

£2()
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We now turn to the approximation of v4. Again, we construct the approximation wy €
SP1(7;) in an element-by-element fashion. We start by defining for each element K €7;, the
constant C'x by

||vaAH%2 K
% =) — 20 3.57
and we note
||vaAHL2(K) < (2)\]€)pCK Vp € Np, (358)
4(C\>
> k<3 (55) Mo (3.59
KEeT,,

Let the element map for K be Fx = Rg o Ag. From [301 Lemma C.1] we conclude that the
function v := v4|x o Rk satisfies, for suitable constants C', C' (which depend additionally on
the constants describing the analyticity of the element maps Ry )

V78] 12y < CCPmax{p, k}’Cx  Vp € No.
Since Ak is affine, the function v := v4|x o Fx = 0 o A therefore satisfies
IV20]l 2y < Ch™2CPRP max{p, k}’Ck  Vp € N,.

Hence, the assumptions of [30, Lemma C.1] (with R = 1 there) are satisfied, and we get an

approximation w on the element K by lifting an element-by-element construction on K to K
via F which satisfies for ¢ € {0,1}

IR ST § GHLU R LA
A oK) = K h+o op )

Summation over all elements K €7, gives

ho\% h \?"? k2 (ER\? kR P2
||UA—IU||$_( < [(m) +k‘2 (h—l—d) —I—F (U_p> +/€2 (U_p> Z C?( (3.60)

KeTy,

The combination of (3.60) and (3.59) yields

ho\? hk Eh\" (1 kh
_ < _t 1 =) (2= 2(0).-
E|lva w||H_C{<h+O_) < +h+a) —I—k‘(ap) (p_l_ap)} If 22

Furthermore, we estimate using h < diam(2 and ¢ > 0 (independent of h)

( h )p<1+ Th)éc*h(1+kh)< h )p_l§Ch(1+k:h)p2§Cﬁ (1+@>.

h+o o o+h p\p P

We therefore arrive at

1 kh kh kh\?
kmA—mm$c(—+—){—+k(—)]wmmm
p p p op
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which completes the proof of the theorem. [ ]
Combining Theorems 3.27, 3.22 produces the condition

kh kh\?
—+k (—) <C
p op

for quasi-optimality of the hp-FEM. We extract from Theorem 3.27 that quasi-optimality of
the h-version FEM can be achieved under the side condition that p > C'log k:

Corollary 3.28 Let Q) be the unit ball in R3. Let Assumption 3.9 be valid. Then there exist
constants ¢y, ca > 0 independent of k, h, and p such that (3.31) is implied by the following

condition: i
— < together with p>colnk. (3.61)
p

Alternatively, the discrete stability follows from
p=0(1) fized independent of k and kh+k(kh)’ <C (3.62)
which 1s understood as a condition on the maximal step size h.

Proof. Theorem 3.27 implies

e () (5o (@)

The right-hand side needs to be bounded by 1/C,. It is now easy to see that we can select ¢y,
¢y such that this can be ensured. [ |
An easy consequence of the stability result Corollary 3.28 is:

Corollary 3.29 Let the assumptions of Corollary 3.28 be satisfied and let (3.61) or (5.62)
hold. Then, the Galerkin solution ug exists and satisfies the error estimate

h Eh\"”
— < _ = )
o= sl <€ (54 (5)) 1l

Remark 3.30 7o the best of the authors’ knowledge, discrete stability in 2D and 3D has only
been shown under much more restrictive conditions than (3.61), e.g., the condition k*h < 1.

Even in one dimension, condition (3.61) improves the stability condition kh < 1 that was
required in [26].

3.4.2 Reliability

According to Assumption 3.12 the exact solution u € H and the Galerkin solution ug € S
of (3.19) and (3.23), respectively, exist. In view of inequality (3.16), we estimate the error
e =u—us, Re(a(e, e) —b(e, e)), and [[kie[ ;2 separately in terms of n(us, a).

Lemma 3.31 Let Assumption 3.12 be satisfied. Assume that there exists a linear and bounded
linear operator Ig : H — S as in Assumption 3.16. Then there is a constant C; > 0, that
depends only on the shape-regularity of the grid (cf. Remark 3.10), such that

| Re (ale, e) = ble,e)) | < Cunlus, ) [|ellq
with « as in (3.29).
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Proof. Using the solution properties and integration by parts yields the error representation
ale,e) —ble,e) = ale,e — Ige) — b(e, e — Ige)
= Z / res(ug)(e — Ige) + Z Res(ug)(e — Ige).
K

KeT e’ E
We use the assumed interpolation estimates (3.29) and get with the Cauchy—Schwarz inequal-
ity

|Re (a(e,e) — b(e, e))|

1/2 1/2
2 2 2
< (Z o |[res (us) |72y + D o | Res (u5)||L2(E)> (Z H€||H;w;x<>

KeT EeE KeT
< Cin(us, @) [lellyg -

Lemma 3.32 Let Assumptions 3.12 and 3.16 be satisfied. Then, with Cy from Lemma 3.51
and n;(S) as in (3.30)
lkrell o) < Crmi(S)n(us, a). (3.63)

Proof. We define z by (3.17) with f := k%e. Let zg € S denote the best approximation
of z with respect to the ||-]|H;Q—n0rm. We have, by using Galerkin’s orthogonality and the
arguments as in the proof of Lemma 3.31,

Hk:+e||iQ(Q) =uale,z) —ble,z) =ale,z — zg) — ble, z — zg)

= Z /Kres(ug)(z —2z5) + Z Res(ug)(z — 2s).

KeT Ece/ B

We further follow the arguments of the mentioned proof and, by using the definition of 1}(.S),
we get
2 *
[Evell L2 ) < Cinlus, @) [[2 = 250 < Crnlus, @)ni(S) kel 2 q)

and this gives (3.63). u
Theorem 3.33 (Reliability estimate) Let Assumptions 3.12 and 3.16 be satisfied. Then,
with Cy from Lemma 3.31,

1

Yell

el < ——C1 (1 + (vend)ni(S)) n(us, ).

Proof. The combination of (3.16), (3.63) with the bounds obtained in Lemma 3.31 and 3.32
yields

v llelZq < Re (ae,€) = ble,e)) + 6 [lkrel 20
< Cunlus, a) lellygq + 00 (S)n(us, )’
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so that

g\ M2
) Cut (S)n(us, )

Yell

1
wm@s—%mw&w+(
Yell

1 *
= el Cl (1 + (/76119)1/27%(5)) n(uSa Oé).

]

In the previous arguments res and Res were defined with exact data functions f, k. If we

define 7] in terms of res and Res, where f, k have been replaced by polynomial approximations
f, k the results holds with the following modification.

Corollary 3.34 Let f,% be approximations to f,k. Then

1/2
(US, ) < \/_ 77('1,65704) + (Z O@(Hf - f~H%2(K))

Kek

1/2
<Z aj | (k “SHL2(K)

KeKk
Proof. We notice

res (ug) = f + k*ug + Aug = f+ Kug + Aug + f— f—l— (k* — %2)us
= 165 (ug) + f — [+ (K2 — k?)ug
Res (ug) = —0pus +ikug = Res (ug)

since k is constant on '°"*, We thus obtain

n(ug, a)? < 3ij(us, a)® + 3 Z gl f - f||%2(K)
KeK

+3ZO{KH kz US||L2
Kek

|

An explicit estimate of the error by the error estimator requires an upper bound for the

adjoint approximation property 7;(S). Such estimates for hp-finite elements spaces for con-

stant wavenumbers k are derived in [30] and [32] for problem (3.8) and (3.10). We summarize
the results as the following corollaries.

Corollary 3.35 (Robin boundary conditions) Consider problem (3.10) with constant wa-
venumber k, where  C R4, d € {2,3}, is a bounded domain with analytic boundary. We use
the approximation space S described in Section 3.2.5. Let f € L*(2) and k > ko > 1 and
assume that T'™ = (), i.e., we consider the pure Robin problem. Let Assumption 3.12 (a) and
(b) as well as Assumption 3.16 be satisfied. Then there exist constants 6, ¢ > 0 that are
independent of h, p, and k such that the conditions

kh <0 and p>1+clog(k)

p
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imply the k-independent a posteriori error estimate

1

Yell

lellzpq < —C1 (14 (vend)/*C) n(us, ),

where C' only depends on § and é.

Corollary 3.36 (DtN boundary conditions) Consider problem (3.8) for constant wave-
number k, where Q has an analytic boundary. Let Assumption 3.12 (a) and (b) as well
as Assumption 3.16 be satisfied and assume that the constant C;dj in (3.18) grows at most
polynomially in k, i.e., there exists some 3 > 0 such that® C,?dj < CKP. Let f € L?(Q) and
k > kg > 1. Then there exist constants &, ¢ > 0 that are independent of h, p, and k such that
the conditions h

— <4§ and p>1+clog(k)
D

imply the k-independent a posteriori error estimate

1 .
He||H;Q < 7—01 (1 -+ (76119)1/20) n(us, a)

ell

where C' only depends on § and é.

3.4.3 Efficiency
The localized version of the error estimator is given by
1/2

1

2 2

nx (v, @) == O@<||reS(v)HLz(K)+§ > aplRes ()2 |
Ee&(K)

where £ (K) :={E € £: E C 0K}. Note that 7 (v, ) = /> jeer 1% (v, @).

In view of Corollary 3.34 let us define approximations JA‘:,E to f, k, respectively, as local
L?(K)-projections onto a polynomial of degree px (or some qx ~ pr). In this case we use
the notation res and 7 accordingly. Also we set

ki = maX{HkHLOO(K) 1}

and, for any subset w C €2,

-7

2 ~ 2
(8 =) uslla,
L2(w) L2(w)

Theorem 3.37 Let Assumptions 3.12 and (3.11) be satisfied and let the mesh be shape reqular
(cf. Remark 3.10). We assume that Q) is either an interval (d = 1), or a polygonal domain
(d = 2), or a Lipschitz polyhedron (d = 3), and that the element maps Fx are affine. We
assume the resolution condition:

kx4 h
% <1 foradlKeT. (3.64)
K

®See [23] for sufficient conditions on the domain which implies this growth condition.
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Then, there exists a constant C' depending only on the constants in Assumption 3.9 and 3.5
— and in particular, is independent of k, px, hx and u, us — so that

1/2 5
ik (us, @) < Opyl? ax P 4y (X lu—uglly, . +— ), (3.65)
hK hK WK

ks

where ar, ap are weights in (3.28) such that (3.29a) and (3.29b) hold®. For d = 2, the
choices as in Corollary 3.18 lead to

i (u5,0) < Ol (= sl + 225 ) (3.60)
K+

Proof. We apply the results [33, Lem. 3.4, 3.5]. There, the proofs are given for two space
dimensions, i.e., d = 2. They carry over to the case d = 1 simply by using [33, Lem. 2.4]
instead of [33, Thm. 2.5]. For the case d = 3, are careful inspection of the proofs in [33,
Thm. 2.5] (which is given in [34, Thm. D2]) and [33, Lem. 2.6] shows that these lemmata also
hold for d = 3. Hence, the proof of [33, Lem. 3.4, 3.5] can be used verbatim for the cases
d=1and d = 3. We choose o = 0 in [33, Lem. 3.4, 3.5]. Following these lines of arguments
we get for any ¢ > 0, K € 7, F € £ (K),

Wi e (0 2
— ||res (US)||L2(K)
K

h2
< Ce) (p%( IV = 05) g 245 (K2 = ) gy + 5%())

and

B (| —— 2
K HRes (ug)
Pr

L*(E)

h2
< CEw (119 (0w 3 (1 0= 9y +2,) )

Pk
Hence,
. 2
—~ 2
o3 ||res (us)lz2(r0) + ag HRes (us)) L) (3.67)
272
e\ Mk~ 2 ( QpK) hi HN 2
< |ag=—7—] — |lres(u + | anz=— | — ||Res (u
(o) 210 (s gy + () 22 [Res [,
. Pl
< e (o + a3 )
k% . h? h2
2 K41k 2
(17 0= )y + 4055 = )l + 102, ).
Pk Pk
For the special choice ¢ = 1/2 and with condition (3.64) we finally get
~2 3 2 Pk 2 PK 2 2 2
N (us, @) < Cpy (O‘Kh_g + aEh_> (Hu - USHHWK + k[},+5wK) .
K K
u

6Recall that in general ax depends on hx (cf. Corollary 3.18 for d = 2).
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Remark 3.38

a) It is possible to choose any € > 0 in (3.67) (with C'(e) ~ 1/e). The factor p3/2 in the
(a) Y K

estimates (3.65), (3.66) then can be replaced by p'*¢, while condition (3.64) has the
weaker form ki hi/pr < p}(/z_a (for € < 1/2). However, in view of px ~ log(k) we
think that this is of minor importance.

(b) Theorem 3.37 could be completed by the data saturation condition, say in case of (3.66),

C(Spri(/%KHr < 1/2, which would then allow to bound Nk (ug,a) directly by the error.
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