GRADED GEOMETRY AND GENERALIZED REDUCTION

H. BURSZTYN, A.S. CATTANEO, R.A. MEHTA, AND M. ZAMBON

ABSTRACT. We present general reduction procedures for Courant, Dirac and gen-
eralized complex structures, in particular when a group of symmetries is acting.
We do so by taking the graded symplectic viewpoint on Courant algebroids and
carrying out graded symplectic reduction, both in the coisotropic and hamiltonian
settings. Specializing the latter to the exact case, we recover in a systematic way
the reduction schemes of Bursztyn-Cavalcanti-Gualtieri.
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1. INTRODUCTION

Courant algebroids, introduced in [LWX97], have drawn much attention in re-
cent years due to their many connections with (higher) geometry and mathematical
physics in such topics as Poisson—Lie theory, T-duality, sigma models, vertex alge-
bras, shifted symplectic structures, see, e.g., [Bre(7, [CGI0, [PS20),
EIE']. A key feature of Courant algebroids is that they provide a unifying framework
for various geometric structures, especially by means of their Dirac structures. In
their original setting, Dirac structures in the standard Courant algebroid [Cou90]
were used to unify Poisson and presymplectic structures. In the same vein, Courant
algebroids are central ingredients in generalized complex geometry |Gualll, Hit03],
where a similar “unification” phenomenon allows complex and symplectic structures
to be treated on equal footing.

A reduction procedure for Courant algebroids in the presence of symmetries was
developed in [BCGO7, BCGOS] as the foundational step for the reduction of Dirac
and generalized complex structures (for the latter see also [Hu09, [LT06, [SX08]). An
important aspect of such Courant reduction is that symmetries were described by a
new notion of “extended action” by “Courant algebras,” rather than usual actions by
Lie algebras or Lie groups. While this reduction scheme was motivated and guided
by examples, the general procedure lacked a clear conceptual framework.

The goal of the present work is to give a broad and systematic approach to the
reduction of Courant algebroids and related geometric structures, and our main tool
is the viewpoint to these objects in terms of graded symplectic geometry. Specifically,
our starting point is the correspondence between Courant algebroids and degree 2
symplectic N-manifolds with a self-commuting degree 3 function Sev05)

pseudo-euclidean vector bundle (F, (-,-)) | symplectic degree 2 N-manifold (M, w)
Courant structure p, [-, ] 0eCM)s, {6,0}=0

Our strategy consists in expressing the graded analogues of usual reduction pro-
cedures in symplectic geometry in Courant-geometric terms via this correspondence.
This involves, as a key step, adding new lines to the above dictionary so as to include,
on the graded symplectic side, usual ingredients of symplectic reduction such as
coisotropic submanifolds, hamiltonian actions and momentum maps. Their classical
geometric counterparts lead to natural “coisotropic” and “hamiltonian” frameworks
in which to carry out the reduction of Courant and related structures, and these are

shown to include the constructions in [BCGO7, BCGOS8, [Zam0§| as special cases.

Remark 1.1. During the long writing process of this paper, some related topics were
explored in separate works. In the context of degree 1 N-manifolds, the analogous
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perspective of graded symplectic reduction leads to general reduction procedures for
Poisson manifolds described in [CZ09, [CZ13]; in [Meh11], a more general framework
for graded symplectic reduction is studied, based on actions by homotopy Poisson
Lie groups; in the graded setting, coisotropic reduction relies on a version of the
Frobenius theorem (on the integrability of involutive distributions) for N-manifolds
discussed in [BCM].

Statements of results and outline of the paper.

Geometrization of degree 2 N-manifolds. We collect in §2| foundational results about
degree 2 N-manifolds, starting with their basic geometric description in terms of
ordinary vector bundles. Any degree 2 N-manifold M, with body M, is completely
determined by a pair of vector bundles E; and E over M (whose duals codify func-
tions of degrees 1 and 2) together with a vector-bundle map ¢p: E — A2E, (whose
dual accounts for the multiplication of degree 1 functions). Such triples (F1, E, oR)
can be naturally regarded as objects of a category, denoted by VB2, which is shown
to be equivalent to the category 2Man of degree 2 N-manifolds,

(1.1) VB2 = 2Man,

see Proposition We build on this equivalence to obtain classical geometric
descriptions of submanifolds of degree 2 N-manifolds (Proposition and Theo-
rem , as well as regular values of maps (Corollary and their inverse images
(Proposition [2.26)).

In §3| we focus on symplectic degree 2 N-manifolds, and derive their known cor-
respondence with pseudo-euclidean vector bundles [Roy02a] (see Theorem from
the equivalence in (1.1): any vector bundle carrying a pseudo-riemannian metric
naturally gives rise to an object in VB2 by means of its Atiyah sequence, and equip-
ping a degree 2 N-manifold with a symplectic structure amounts to identifying its
corresponding object in VB2 with one of this type.

Coisotropic reduction. We consider coisotropic submanifolds of symplectic degree
2 N-manifolds in §4 providing their geometric characterization in Theorem
For a pseudo-euclidean vector bundle (E, (-,-)) over M, coisotropic submanifolds
of the corresponding symplectic degree 2 N-manifold are identified with quadru-
ples (N, K, F, V) consisting of a submanifold N supporting an isotropic subbundle
(K — N) C (E — M) and an involutive subbundle F' C T'N, along with a flat, met-
ric F-connection V on the quotient vector bundle (K+/K) — N. We refer to such
quadruples (N, K, F, V) as geometric coisotropic data (Definition . As a special
case, we recover the correspondence between graded lagrangian submanifolds and
lagrangian subbundles K — N of E (Corollary [4.15)) stated in [Sev05]. Geometric
coisotropic data are the fundamental objects allowing constructions involving graded
coisotropic submanifolds to be expressed in classical geometric terms.

In usual symplectic geometry, coisotropic submanifolds are often used to construct
new symplectic manifolds via reduction: concretely, any coisotropic submanifold car-
ries a “null” foliation (tangent to the kernel of the restriction of the symplectic
form) whose leaf space, whenever smooth, is naturally equipped with a symplectic
structure. A more fundamental fact underlying this construction is that the basic
functions (i.e., leafwise constant) of a coisotropic submanifold always form a Poisson
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algebra. For coisotropic submanifolds of symplectic degree-2 N-manifolds, Proposi-
tion gives a geometric description of their sheaves of basic functions, together
with their Poisson brackets, in terms of the data (N, K, F, V).

In §[5] we consider the reduction of a coisotropic submanifold N of a symplectic
degree 2 N-manifold M, yielding (under suitable conditions) a new symplectic degree
2 N-manifold /. The classical geometric counterpart of this construction is explained
in Theorem The set-up is that of a pseudo-euclidean vector bundle F with
geometric coisotropic data (N, K, F, V) (corresponding to M and N, respectively),
with the additional requirements that F' defines a simple foliation on N and that
the F-connection V on K+ /K has trivial holonomy (which are the conditions for A/
to exist). In this case, N has a smooth leaf space N and V gives rise to a linear
action on K+ /K whose quotient is a a pseudo-euclidean vector bundle E,..q — N

(see Lemma [5.1]),

KL
K - Lred

It is shown in Theorem that FE,..q is the pseudo-euclidean vector bundle corre-
sponding to the reduced symplectic degree 2 N-manifold N.

pseudo-euclidean vector bundle (E, (-, -)) | symplectic degree 2 N-manifold (M, w)

(N, K, F,V) geometric coisotropic data N — M coisotropic submanifold

Erea > N coisotropic reduction N

Remark 1.2. The classical geometric description of graded coisotropic reduction can
be extended to more general graded submanifolds with null distributions of “constant
rank,” but we restrict ourselves to the coisotropic setting for simplicity.

Building on graded coisotropic reduction, we obtain in § [f] a reduction procedure
for Courant algebroids. As previously recalled, if F is a pseudo-euclidean vector
bundle with corresponding symplectic degree 2 N-manifold M, a Courant algebroid
structure on F is equivalent to a Courant function on M, i.e., a degree 3 function
O satisfying {©,0} = 0. A function S on M is called reducible with respect to a
coisotropic submanifold N if it satisfies {S,Z} C Z, where Z is the vanishing ideal
of N (i.e., if the hamiltonian vector field of S is tangent to N); in the context of
graded coisotropic reduction

N =N,

reducibility ensures that S descends to a function S,.q on N. Courant reduction is
based on the fact that whenever a Courant function ® on M is reducible, O,y is a
Courant function of A/, which in turn corresponds to a Courant algebroid structure
on the pseudo-euclidean vector bundle F,..q — N.

For a Courant algebroid structure on F with anchor p and bracket [-, -], we show
in Theorem that the reducibility of the corresponding Courant function with
respect to a coisotropic submanifold defined by (V, K, F, V) amounts to the following
conditions:

(12) p(K*)CSTN, p(K)CF, [p(T)%.). Prare] C Tonres [D)5 TR ] ST

BE,KL+ BE,KL1’" B Kkt E,KL?



GRADED GEOMETRY AND GENERALIZED REDUCTION 5

where FfEl‘z | denotes the sheaf of sections of E whose restriction to N lie in K=+

and project to a V-flat section of K+ /K, and I'ry r is the sheaf of vector fields on
M whose restriction to N lie in F. In the case of a graded lagrangian submani-
fold, reducibility amounts to K being a Dirac structure in E supported on N (see
Def. .

The reduction of Courant algebroids corresponding to graded coisotropic reduction
of Courant functions is presented in Theorem [6.11] and summarized below.

Theorem (Coisotropic Courant reduction). Let E — M be a Courant algebroid
equipped with geometric coisotropic data (N, K, F, V) such that F is simple and V has
trivial holonomy. If the reducibility conditions hold, then the pseudo-euclidean
vector bundle E,..q — N inherits a natural Courant algebroid structure.

This result extends reductions in [LBM09, [Zam08§], see Example [6.13(ii) and Ex-
ample

In §[7 we use coisotropic Courant reduction as the basis for reduction schemes
for generalized complex and Dirac structures:

e Generalized complex structures can be viewed as quadratic functions on sym-
plectic degree 2 N-manifolds suitably compatible with a Courant function,
see [Gra(6]; the geometric characterization of their reducibility (Lemma|7.1])
leads to a reduction procedure for generalized complex structures with re-
spect to geometric coisotropic data, see Theorem

e Dirac structures are lagrangian submanifolds of symplectic degree 2 N-mani-
folds for which the Courant function is reducible, see Cor. Just as in
usual symplectic geometry, graded lagrangian submanifolds can be reduced
to coisotropic quotients upon a clean intersection condition (Theorem [7.6)).
By means of a geometric characterization of such clean intersections in the
graded setting (Prop. we obtain a reduction procedure for Dirac struc-
tures with respect to geometric coisotropic data in Theorem [7.7}

In the process of expressing reduction constructions from graded geometry in
classical geometric terms, a recurrent issue is that of relating the Atiyah algebroid of
a given (pseudo-euclidean) vector bundle A with the Atiyah algebroid of a quotient
of A. Appendix [A] addresses this issue and presents the results needed in the paper.

Hamiltonian reduction. In §[8, we consider graded symplectic reduction in the hamil-
tonian setting; its formulation in classical terms leads to a hamiltonian version of
Courant reduction that recovers constructions in [BCG07, BCGOS].

In ordinary symplectic geometry, a hamiltonian action of a Lie algebra g on a
symplectic manifold M is given by a Lie algebra map p*: g — C°°(M), known as a
comomentum map (the dual map p: M — g* is the momentum map). In the context
of degree 2 N-manifolds, we consider a graded Lie algebra g concentrated in degrees
—2,—1 and 0,

g=bhl2l@dl]®g,
with a hamiltonian action on a symplectic degree 2 N-manifold M given by a como-
mentum map

(1.3) g — C(M)[2],

see §[8.2 With this setup one may construct new symplectic degree 2 N-manifolds by
means of a graded version of Marsden—Weinstein reduction. For simplicity, we will



6 H. BURSZTYN, A.S. CATTANEO, R.A. MEHTA, AND M. ZAMBON

focus on reduction at momentum level zero, which can be regarded as an instance
of coisotropic reduction. Whenever M is equipped with a Courant function ©,
C(M)[2] becomes a differential graded Lie algebra (DGLA) with differential {©,-};
in this case we also assume that g is a DGLA and that the comomentum map is a
DGLA morphism. This ensures that © is reducible with respect to the coisotropic
submanifold defined by the zero level of the momentum map, and hence defines a
reduced Courant function ©,.4 on the Marsden—Weinstein quotient M,..4.

For the classical geometric description of graded hamiltonian actions and reduc-
tion, we first notice that a DGLA g as above is equivalent to an ordinary Lie algebra
g, together with g-modules a and h, a symmetric bilinear map w: a ® a — h and

operators h LA g satisfying the conditions described in Propositions and
8.2] (see (B) in §[8.4). The notion of a hamiltonian action on a Courant algebroid
E — M in Definition arises as the classical geometric counterpart of a comomen-
tum map ; it is given in terms of (g, a,h,w,d) and consists of a linear g-action
on E and g-equivariant maps

w: M —b*, 0:a—T(F)

with suitable compatibility conditions (see (C) in § [8.4). Reduction procedures
for Courant, Dirac and GC structures in this hamiltonian setting are presented in
Theorem all based on graded Marsden—Weinstein reduction. (Since the zero
level of the graded momentum map is coisotropic, these procedures rely on coisotropic
Courant reduction.)

Hamiltonian action on Courant algebroid £ | Hamiltonian action on M, © € C(M)s

g-action on E, p: M — b*, 0: a — T'(E) comomentum map g — C(M)[2]

Courant reduction E,..q — p~1(0)/G Marsden—Weinstein reduction Mg, Oeq

We make contact with [BCG07, BCGO§| by restricting our attention to hamilton-
ian actions of ezact DGLAs on ezact Courant algebroids. We show in Prop. [8.15
that exact DGLAs bijectively correspond to the (exact) Courant algebras introduced
in [BCGO7|] (up to a minor technical difference with no noticeable effect). Further
we prove in Prop. (and Remark that their hamiltonian actions on exact
Courant algebroids are equivalent to the “extended actions with momentum maps,”
used in the reduction schemes in [BCGO7, BCGO§|, of the corresponding Courant
algebras.

Exact DGLA g=p[2]@a[l]@ g Exact Courant algebra a — g
Hamiltonian g-action on (exact) E — M | Extended action of a — g on (exact) £ — M

This shows that our hamiltonian framework for Courant reduction, naturally de-
rived from standard constructions in graded symplectic geometry, provides a a sys-
tematic approach to the reductions of Courant, Dirac and generalized complex struc-
tures, which recovers the results in [BCGOT7, BCG0§| when specialized to the exact
case.
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Notation and conventions. For a Z-graded vector space V', we define its degree
shift V[k] by (V[k])i = Viyi-

We will work in the category of smooth manifolds, usually denoted by M and N.

For a sheaf of rings A over M, we denote its evaluation on open subsets U by
A(U), its restriction by Ay, and its stalk at = by A|,.

For a manifold M, we denote by C5y its sheaf of algebras of (real-valued) smooth
functions, and C*°(M) = C37(M). For a submanifold N C M, Iy denotes its sheaf
of vanishing ideals.

For a smooth vector bundle £ — M, the sheaf of sections is denoted by I'g, and
I'(E) =T'g(M). Vector bundle maps cover the identity map unless stated otherwise.
Given a subbundle K — N of E— M, we write 'y x for the subsheaf of sections of
E whose restriction to N lie in K. Derivations of E — M are denoted by (X, D),
with D : T'(F) — I'(F) and X € X(M) =TI'(T'M) its symbol.

For a pseudo-euclidean vector bundle £ — M (i.e., E is equipped with a fiberwise
pseudo-Riemannian metric), we denote by Ag its Atiyah algebroid (whose sections
are derivations of E that are compatible with the metric). We write I'j  for the
subsheaf of sections of Ap whose symbols are tangent to a submanifold N. For
a subbundle K — N of E — M, we denote by Fg’; the subsheaf of I'y, whose
sections (X, D) satisfy X |y € TN and D(I'p ) C 'y x. When N = M, we simplify
notation to I'f  for the sheaf of derivations (X, D) with D(I'x) C I'. We use a
similar notation Fg; when we have an additional subbundle L — M of £ — M,
and impose the conditions D(I'x) C 'y and D(I'y) C I'z.

We will make use of Einstein’s convention for sums whenever there is no risk of
confusion.
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2. DEGREE 2 N-MANIFOLDS

In this section we present foundational results about N-manifolds in degree 2.
We will consider N-manifolds as in [BP13| [Meh06] (see also [Roy02al [Sev05]). Some
parallel results in the theory of supermanifolds can be found, e.g., in [CCF11l Lei80].

2.1. Degree 2 N-manifolds and morphisms. A degree 2 N-manifold M of di-
mension mg|mq|ms is a pair (M, Crq), where M (the body of M) is a dimension my
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manifold and Cyy is a sheaf of graded-commutative algebras on M satisfying the
following property: any x € M admits an open neighborhood U C M such that

(2.1) Cmly = CFF @ AR™ @ SR™2,

where the elements of R™¢ are of degree ¢q. In other words, there exist sections
{xt, e#, p'} of Crq over U, where {x'} are usual coordinates on U, the elements {e*}
and {pl } are respectively of degree 1 and 2, and every local section of C'y¢|y can be
expressed as a sum of functions that are smooth in z* and polynomial in e* and p’.
We refer to the local generators

m1 .1 mo
y€ € Py D }

as local coordinates on M, and we think of Cy as the sheaf of “smooth functions” on
M. We denote by (Cpq)q the subsheaf of degree g elements of C'aq and observe that
(Cam)o is canonically isomorphic to C§7. We use the notation dim(M) = mg|m1|ma
and refer to totdim(M) = mgy + mj + ma as the total dimension.

{z' ...,z

Remark 2.1. Degree-2 N-manifolds with dimensions of special type mg|0|0 are nat-
urally identified with ordinary manifolds of dimension mg. Those of dimension type
mg|m1|0 are referred to as degree 1 N-manifolds.

If M and N are degree 2 N-manifolds, a morphism ¥: N' — M is a pair (1, %),
where ¢: N — M is a smooth map and

YH: Om = 9.0y
is a morphism of sheaves over M; in particular, for each open subset U C M,
wlujz Cm(U) = Cn(¢p~1(U)) is a morphism of graded algebras. Degree 2 N-manifolds
and their morphisms define a category denoted by 2Man.

A standard argument (see, e.g., [Var04, Sec. 4.1]) shows that the restriction of 1
to degree zero functions agrees with the pullback map

W OS2 — 1h, O

An isomorphism ¥: N — M is a morphism that admits an inverse; equivalently, v
is a diffeomorphism and * induces a bijection of stalks at each z € M.

Let U C R™0 be an open set, and denote by U the degree 2 N-manifold with body
U and structure sheaf C7° @ AR™ @ SR™2, described by coordinates {x? et p'}. TN
is any degree 2 N-manifold, then it is a simple matter to check that any morphism
N — U is completely determined by the choice of a map ¢ : N — U as well as
elements f*, g’ € Cn(N), of degrees 1 and 2, respectively; indeed, the conditions

Yia') = aton, Yi(er) = f1 i) =g,
uniquely determine a morphism of sheaves ¥f : Cyy — 1,Cy.

2.2. Vector-bundle description. As we explain in this section, degree 2 N-manifolds
can be completely described in terms of classical vector bundles. (A generalization
of this description for N-manifolds of higher degrees can be found in [BCM].)

Let M be a degree 2 N-manifold. The subsheaf (Cxq); of degree 1 functions is a
locally free sheaf of C'§j-modules, so it can be identified with the sheaf of sections
I'g: of some vector bundle By — M. In coordinates {a%,e*,p’}, we may take {e#}
as a local frame for E7. Similarly, (Caq)2 can be identified with I', for some vector
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bundle £ — M, and a local frame for E* is given by {p!,ete” : u < v}. Since
(Crm)1-(Crm)1 € (Cpg)2, there is a natural inclusion map

(2.2) vp: A2 Ef < E*,

whose dual map ¢};: E — A2E; is surjective. It also follows that there is an identi-
fication

(2.3) Cm=Tpepr @Tguap /1

where I is the sheaf of homogeneous ideals generated by 1 ® tg(T) — T ® 1, with T
a local section of I' \2 .
Let A be another degree 2 N-manifold, with corresponding vector bundles

Fi - N, F—N.

Lemma 2.2. Given a smooth map 1¥: N — M, a morphism ¥': Cpg — 0.Chr is
completely specified by either of the following:
(a) A pair of morphisms of sheaves of C3y-modules 1[)3: (Cm)i = Yu(Cn)i, i =
1,2, such that Q,Z)g(ee’) = 1/)%(6)1,[)%(6/) for any local sections e, €' of (Caq)1.
(b) A pair of vector-bundle maps ¥1: Fy — E, J: F — E, covering v, such
that N2y 0 1 = 1 0 .

Proof. Using the identifications (Ca)1 = gy and (Cam)2 = T'z., we see that @/}ﬁ

and wg in (a) naturally extend to morphisms I'ngr — ¥.Cx and I'ggz. — 9.C,
leading to a morphism I'npr @ I'qf. — 1.Cy. The compatibility condition between
¢§ and ¢g in (a) guarantees that this morphism descends to the quotient (2.3)), and
any morphism 1 : Cry — ,C is determined in this way.

To check that the data in (a) and (b) are equivalent, note that the morphisms
¢§3 Lpr — ¢ul'py and wg: [z — Iz in (a) are equivalent (by adjointness) to
morphisms (of sheaves of C'}P-modules)

Yt Ty — e, 94 ' Tp, — Tx,

These morphisms are defined by vector-bundle maps ¢*E} — F}" and w*E* —~ F *
and their duals are vector-bundle maps

¢12F1—>E1, Jﬁ—)ﬁ

covering ¢»: N — M. The compatibility of wg and wg in (a) translates into the
compatibility in (b). O

Definition 2.3. We denote by VB2 the category whose objects are trlples (B, E L OR),
where F; and E are vector bundles over a manifold M and oE: E — /\2E1 is a
surJectlve bundle map covering the 1dent1ty on M, and morphisms (E7, E qﬁE)
(Fl, F , o) are defined by pairs (¢1, ¢) of vector bundle maps 1 : Eq — F}, d) E —
F covering a smooth map ¢ : M — N, such that

(2.4) N2 410 ¢ = pp o .
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Given an object (Eq, E, op), we set Fy = ker(¢p), so that we have a short exact
sequence

(2.5) 0 — Fy—sE 25 A2E, — 0.
We will use the injective map
o5 ANEf — B
to view A2E} as a subbundle of E*, so that Ej = E*/ A2 E}.
There is a functor from VB2 to the category of degree 2 N-manifolds,
(2.6) F: VB2 — 2Man,

defined on objects as in (2.3)), for g = ¢}, and on morphisms as in Lemma In
particular, for M = F(Ey, E, ¢g),

(2.7) (CM)I :FEI’ and (CM)QZF
and hence local coordinates for M are equivalently given by local frames of £} and

E3 over some open subset of M.
By Lemma [2.2] and the discussion preceding it, one can verify the following result.

E*?

Proposition 2.4. The functor F: VB2 — 2Man s an equivalence of categories.

An extension of this result for N-manifolds of arbitrary degrees is presented in
[BCM].

Remark 2.5. There is a related classical geometric description of degree 2 N-manifolds
in terms of special types of double vector bundles, see [dCM15} [JL18, [LB12].

We illustrate the above correspondence with simple examples.

Ezample 2.6. Any vector bundle E' — M defines an object in VB2 with F; = F,
E = A’Ey and ¢p = Idp2p, . In this way the category of vector bundles sits in VB2
as a (full) subcategory. The restriction of F to this subcategory recovers the well-
known equivalence between vector bundles and degree 1 N-manifolds. The image of
E — M under this equivalence is denoted by M = E[1] and satisfies Cpg = Tpp=. ©

Ezample 2.7. A pair of vector bundles Fy — M and Ey — M defines an object in
VB2 with E = Es @& A2FEy and OE: E - A2E; the natural projection. A degree 2
N-manifold corresponding to an object of this type via F is called split; in this case
the sheaf Cyq (see ) has a simpler description in terms of Fq and Fs as

Cm =Trp; @ 'spy.

Given an arbitrary object (Ej, E , ®R), the fact that one can always choose a splitting
of the exact sequence ([2.5) implies that any degree 2 N-manifold is isomorphic to
one that is split, though this identification is generally noncanonical, see [BP13]. <

Example 2.8. Any graded vector space V = V_o, @ V_1 @ Vp, concentrated in degrees
—2, —1 and 0, may be regarded as a split degree 2 N-manifold corresponding to the
vector bundles

E1:(V,1><V0)—>V0, EQZ(V,QX‘/O)—)V'O.
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2.3. Submanifolds. Let M be a degree 2 N-manifold of dimension mg|mq|ma. A
submanifold of M is defined by a degree 2 N-manifold N of dimension ng|n|ny with
N C M, and a morphism (¢, #) : N' = M such that + : N < M is the inclusion map
and the following local condition holds: any « € N admits a neighborhood U in M
with local coordinates {z?, e/, p! } with respect to which the map

(2.8) Ho: Culo = Calonn

is given by

(2.9) Fat) =1 (2h) =0, 1<i<r,
(2.10) Het) =0, 1<pu<r,
(2.11) Fpl) =0, 1< 1<,

where r; = m; —n;, [ =0,1,2, and in such a way that
{F(@h),H ("), F )}, o <i<mo, r<p<ma, ra << my,

are local coordinates for A" over U N N. Such local coordinates {z’,e",p’} of M
on U are called adapted to N'. In particular, note that N C M is an embedded
submanifold. We refer to ro|ri|rs as the codimension of N.

Let (1,5%) : N — M be another submanifold with N’ = N. We consider the
submanifolds N' and N’ to be equivalent if there is an isomorphism of sheaves
Yt Cy — Cp» for which the induced isomorphism 9f: 1,Cny — 1,Cp satisfies
Yf o = j. We will make no distinction between equivalent submanifolds, and we
will keep the term submanifold to refer to an equivalence class.

There is a geometric description of submanifolds in light of Proposition 2.4 Let
(Eq, E ,¢r) be an object in VB2. By a subobject of (Eq, E ¢p) we mean an object
(Fl,F ¢r) in VB2, where F and F are vector bundles over N, equipped with a
morphism into (El,E, ¢g), defined by ji: Fi — E; and j3: F - E, so that j; and
jo are fiberwise injective and cover an embedding t: N — M. We will naturally
identify subobjects of (El,E, ¢p) which are isomorphic through an isomorphism
that commutes with their respective morphisms into (E7, E’, ¢p). In this way, we
can always assume that a subobject (F7, F ,¢r) is such that Fy C E|y, FC E\N,
and ¢E< ) = /\2F1 /\2E1, so that ¢op = (ﬁE’F

Suppose that M corresponds to (E71, E , ) via the functor .

Proposition 2.9. Submanifolds of M are equivalent to either of the following geo-
metric data:
e Subobjects of (En, E, ngE) in VB2, i.e., pairs of vector subbundles F1 C E|y,
F C E|N, such that ¢E( ) /\2F1 C /\2E1,
o Pairs of vector subbundles K1 C E} and K C E* over a submanifold N C M
satisfying K N N2 Ef |y = K1 A Ef|y.
The explicit correspondence between the two sets of geometric data is given by K1 =
Ann(Fy) and K = Ann(F).

Proof. 1t is a direct verification that, through the equivalence in Proposition
subobjects of (E1, F, ¢g) in VB2 are in one-to-one correspondence with submanifolds

of M.
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Given a pair of vector s~ubbundles ~F 1 € Ep and F - E over a sul)manifold N C M,
let K1 = Ann(F}) and K = Ann(F). Then the condition ¢g(F) = A?F; holds if
and only if K NA2Ef |y = K1 A Ef|y. O

In the special case of an object defined by a vector bundle £ — M as in Exam-
ple the previous proposition recovers the correspondence between vector sub-
bundles F — N of E and submanifolds N' = F[1] of M = E][1]. For a split degree
2 N-manifold M corresponding to a pair of vector bundles F; and Fs as in Exam-
ple a corresponding pair of vector subbundles defines a split submanifold of M,
but not every submanifold of M is split.

2.3.1. Submanifolds and regular ideals. Let M be a degree 2 N-manifold. Any sub-
manifold (z,:#): N' — M gives rise to a subsheaf of homogeneous ideals
(2.12) T = ker(/f) C Cy,

called the sheaf of vanishing ideals of N'. Note that Zop = ZN (Cp)o € CF coincides
with Iy, the vanishing ideal of N C M, the body of A. The sheaf of functions on
N is recovered from T via

Cn = H(OMm/D).
We will now characterize the sheaves of ideals in C'y that arise as vanishing ideals
of submanifolds.
Given a subsheaf of ideals Z C Cy, we call it reqular if

(2.13) To ::IQ(CM)OIIN

for a subset N C M and the following local condition holds: There exist r; &
{1,...,m;}, 7 =0,1,2, such that any € N has a neighborhood U C M with local
coordinates {z’, e#, p' } satisfying the property that {z',... 270, el ... e, p!, ... p"2}
generates the sheaf of ideals Z|yy. Note that NV is not uniquely specified by Z, since
different subsets of M may have the same vanishing ideal. But the local condition
implies that any N C M satisfying is an embedded submanifold.

Proposition 2.10. For a submanifold N of M, its sheaf of vanishing ideals is
reqular. Moreover, given a submanifold N C M, this correspondence establishes
a bijection between submanifolds of M with body N and regular sheaves of ideals
T C Cp such that To = In.

This result will follow from the geometric description of regular sheaves of ideals
in the next lemma. _
Suppose that M corresponds to the object (E1, E, ¢p) in VB2.

Lemma 2.11. For a given submanifold N C M, reqular sheaves of ideals T C Cpy
with o = In are equivalent to the following geometric data: vector subbundles K1 C
Ef and K C E* over N satisfying K N \?Ef|y = K1 A Ef|n.

The explicit correspondence is determined by the conditions
(214) I() = IN, Il = FET,KU and IQ = FE*,fm
where Zj, = Z N (Cpm)k, for k = 0,1,2. Recall from Section (1] that I'p: x, denotes
the sheaf of sections of the vector bundle E which restrict to sections of K; over

N, and similarly for I'z« z. Note also that a regular sheaf of ideals Z coincides with
the sheaf of ideals generated by Zgp + Z; + Z» as a result of its local property.
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Proof of Lemma|2.11] We first check that any regular sheaf of ideals Z with Zg = Iy
is given as in ([2.14]). The local property of Z can be rephrased as follows: any x € N
has a neighborhood U C M where C'y has local coordinates

{x, .. ™ et e™ pt L p™2)
such that the sheaves of Cj-modules Zy, 7; and Z, are generated by
(2.15) {zt, ...z},
(2.16) {el, ..., alelY, i=1,..., 1,
(2.17) {p,... ,p”,e“e”,xipl,xie“e”}, i=1,...,79, y=1,...,71,

respectively, where p, v, and I range through all indices.

The pullback sheaf *(C(M);) with respect to the inclusion ¢: N < M is the
sheaf of sections I'gx |, and the local description of 77 around points in NV
shows that ¢*(Z;) = 'k, for a vector subbundle K; C EY|y. Note that a section of
FE; over a small neighborhood U C M of any x € N vanishes along NNU if and only
if it is a local section of 7y, so 7y = I'ps k. By similar arguments, there is a vector
subbundle K - E*| ~ such that 7y = I'g« z. The description of Zy around points in
N given by the generators shows that K N A2E*|y = K1 A Ef|n. Conversely,

we can reverse the arguments to show that, given K; and K as in the statement, we
obtain a corresponding regular sheaf of ideals by means of the conditions (2.14f). O

To conclude the proof of Proposition [2.10} note that if a submanifold N of M
corresponds to a subobject (F7, F ,¢r), then its sheaf of vanishing ideals Z corre-
sponds, as in Lemma E to the subbundles K1 = Ann(F}) and K = Ann(F).
Hence Proposition [2.10] follows directly from the equivalences in Prop. 2.9]

2.3.2. Another geometric characterization of submanifolds.
We will make use of yet another geometric characterization of submanifolds based
on a reformulation of the data in Lemma 2.111

Lemma 2.12. Let K; C E} and K C E* be vector subbundles over a submanifold
N C M. Consider the following diagram of natural projections:

(2.18) E*|n il Ef|n

" /

E*|n
Kl/\E’le :

The following are equivalent:
(a) I?ﬁ/\QEﬁN =K /\ET‘N.
(b) There is a vector subbundle Ko C E3|n and a vector-bundle map ¢: Ko —

7}(5\*1'51;\1\, satisfying 7 o ¢ = Id such that K = (") "L p(K2)).

Proof. Note that K is of the form (7)1 (¢(K3)) as in (b) if and only if

e 7(K) has constant rank (so we can set Ky = 7(K)),
e ker(n”) = K1 A Ef|y C K, and
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o 1 |7r"(f() is injective (so that it is an isomorphism onto K, and ¢ is its
inverse).

The injectivity of 7’| , (i) amounts to the condition

' (7"(k)) =7w(k) =0 = k € ker(7") = K1 A Ef|n,
for all k € K; i.e., ker(m) N K = A2E*|y N K = Ky A Ef|y. Tt directly follows that
(a) and (b) are equivalent. O

From Lemma and the results in the previous subsection (see Prop. and
Lemma , we obtain a geometric characterization of submanifolds that will be
useful in Section [l

Theorem 2.13. Submanifolds of M of codimension ro|ri|re are equivalent to quadru-
ples (N, K1, Ko, ¢), where
e N C M is a submanifold of codimension ro,
o K1 C Bily and Ky C B3| = 5550
T2, respectively, and
|
o p: Ko - ——
Ky N EY|N
defined in ([2.18]).

We recall how to make the correspondence explicit. For a given quadruple (N, K1, K2, ¢),
we set

are vector subbundles of ranks r1 and

is a vector bundle map such that ' o ¢ = Id, for «’

K = (7") Y (¢(K2)),
as in Lemma 2.12] Let
F, = Ann(K,) C Eq|n, F= Ann([?) - E]N, br = ¢p|5: F — A2F.
Then the submanifold N < M corresponding to (N, K1, Ko, ¢) is the one defined
by (F1, F,¢r) via (Cy)1 = I'ry and (Cy)2 = I'z.. . From another perspective,

the regular sheaf of vanishing ideals Z representing the submanifold corresponding
to (N, K1, Ko, ¢) is determined as in (2.14)).

2.4. Tangent bundle and differential calculus. In this section we collect some
basic results on the differential calculus on degree 2 N-manifolds. Analogous results
for supermanifolds can be found e.g. in [BC85, [CCF11] [Var(04].

We will make use of Einstein’s convention for sums whenever there is no risk of
confusion.

2.4.1. Vector fields and tangent vectors.

Let M be a degree 2 N-manifold. A degree q vector field X on M is a degree g
derivation of the sheaf Cyy; i.e., for each open subset U C M, X defines a linear
map Cy(U) — Cpq(U) such that for any f,g € Ca(U), where f is homogeneous,
| X(f)l = |fl+qand

X(fg) = X(fg+ ()W fx(g).
Derivations form a sheaf of modules over Cyq, which we denote by T M. We will

also use the notation X(M) = TM(M) Given two homogeneous vector fields X and
Y, of degrees |X| and |Y|, their Lie bracket is defined as the graded commutator

[X,Y]:= XY — (-=D)¥ My x,
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so T M is also a sheaf of graded Lie algebras.
In local coordinates {z*, e/, p! } on M, one has the associated vector fields

o0 9 9
oxt’ Qer’ Opl’
of degrees 0, —1 and —2, respectively; with respect to these coordinates, any degree
q vector field X can be written in the form
. 0 0 0
X=d—"—+b—+c =
¢ o + ek te opl’

where |a’| = ¢, |P*| = ¢+ 1, and |¢!| = ¢+ 2, showing that the sheaf of modules T M
is locally free.

Ezample 2.14. For a degree 1 N-manifold M = E[1] (see Example, so that Chy =
L pep+, degree 0 vector fields agree with derivations of E — M (or, equivalently,
E* — M, by duality), i.e., pairs (X, D) where X is a (ordinary) vector field on
M and D: T'(E) — T'(F) is R-linear and satisfies D(fe) = (£xf)e + fD(e), for
f € C®(M). Degree -1 vector fields are C°°(M)-linear maps I'(E*) — C*°(M),
which can be seen as sections of E. See [ZZ13 Lemma 1.6] for more details. o

(2.19)

Remark 2.15. For a degree 2 N-manifold M, the geometric description of vector

fields in degrees 0, —1 and —2 in terms of the corresponding object (El,E, ¢op) in
VB2 can be found in [BCM| §4.3] (see also [dCMI15| § 3.5]). o

Remark 2.16. A degree 1 vector field Q on M satisfying [Q,Q] = 2Q? = 0 is
called a Q-structure, or homological vector field. For a degree 1 N-manifold M =
E[1] (see Example , a (Q-structure is equivalent to a Lie algebroid structure on
E — M [Vai97] (Q is just the Lie algebroid differential on I'(A®*E*)). For degree 2
N-manifolds, @Q-structures (also known as Lie 2-algebroids) have been described in
[dCM15) [TL19, [LB12]. (See [BLX20] for more on differential graded manifolds.) <

Let Cpl, be the stalk of Chq at a point € M. A homogeneous tangent vector
to M at a point x € M is a linear map X, : Cr|, — R satisfying

(2'20) Xac(fg|z) = Xm(f|a:)90(x) + (_1)‘Xm||f|f0(x)Xz(g|w)a

where fo(z), go(z) denote the evaluation of the degree zero components of f|z, gls €
Cumlz at x, respectively. Any X € TM(U) defines a tangent vector X, at each
xz €U by

(2.21) Xe(flz) = (X(f))o(2).

Whenever there is no risk of confusion, we may simplify the notation and write f
instead of f]|,.

In terms of local coordinates {z’, e#,p’} around x € M, the derivations
define tangent vectors at x, denoted by

(). (). ().

of degrees 0, —1, and —2, respectively. The space of tangent vectors at x € M is a
graded vector space over R, denoted by 7,M, having as a basis. In particular,
note that if X is a homogeneous local section of T M and X, # 0 at some x, then
|X| e {-2,—-1,0}.
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Proposition 2.17. Let U C M be open and consider

Xq,... 7Xk:()7Y17"'>Yk‘17217"' ,Z]C2 S TM(U),
where | X;| = 0,|Y,| = =1,|Z;] = 2. If (X1)a,---+(Zky)a € ToM are linearly
independent for all x € U, then X1, ..., Zy, are linearly independent over Ca(U).

Note that the converse does not hold: the vector field X = pa% of degree 0 is
linearly independent over C'yy, but X, =0

Proof. To show that Xi,...,Zy, € TM(U) are linearly independent, it suffices to
consider U admitting coordinates {z,e#,p’}. Since each (X;), (vesp. (Y,)s, resp.
(Z1)z) is a linear combination of (9/9x%), (resp. (0/deM),, resp. (0/0p”).), one

may verify that the linear independence of (X1)a,...,(Zk,)s is equivalent to the
conditions

(2.23) PG =0 W i1, m — =0,

(2.24) el =0 Wp=1...,my, —> g =0,

(2.25) hJ(ZJ) (pHy=0 VI=1,...,my, = h'/ =0,

where f7,¢g",h’ € R.
Consider the condition
(2.26) A X+ VY, +c'Zy =0,
where a’, ", ¢/ € Cpy(U). By applying the left-hand side of this equation on z?, and
since there are no functions of negative degrees, we see that
(2.27) a(X;(z") =0, i=1,...,mg.

Since @’ is a polynomial in e* and p’ with coefficients in smooth functions of 27,
suffices to assume that @’ is a monomial, i.e., of the form fﬂ ( Jelt ... etrplt,
for fixed 1 <...<prand I < ... < I;. It follows from (2.27)) that

(F1X;(2"))(@) = F(2)(Xj)a(a’) =0, VYzel,

and (2.23) implies that f/ = 0, so a/ = 0. Similarly, applying (2.26)) on e* and using
(2.24), one concludes that ¥ = 0. Finally, applying (2.26) on p’ and using ([2.25))

one verifies that ¢/ = 0. O

p )

We now give an alternative characterization of 7, M for later use. For a fixed
x € M, let us consider the ideal

(2'28) I(x) = {f € CM|$: fO(x) = 0} - CM‘&?:

and the graded vector space Z(,) /I(Qx). The derivation property (2.20)) for an element
Xz € T M implies that XI|I(2 = 0, so there is a natural degree-preserving map

(2.29) ToM — (Ti)/T2))
Proposition 2.18. The map (2.29)) is an isomorphism of graded vector spaces.

Proof. Denote by [f] the class of f € Z,) in Z(y /IZB). One directly checks that if
a € Z(m)/Ié), then
Cmle = R, fralf = fol2))]),
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defines an element in 7, M, denoted by Xg. The map (Z(,) /Z(Qx))* = ToM,a— X,
is the inverse of ([2.29). O

2.4.2. Tangent vectors to submanifolds.

Let (¢,¢%) : N/ = M be a submanifold with corresponding sheaf of vanishing ideals

7 and codimension rg|ry|ry. Let us consider the natural surjective map e TM —
1:t*T M, defined in local adapted coordinates {z?, e, p'} by

0 0

-0 0 0
9. ) . o I B9 . fpu g1
(2.30) a xz+b—€#+c—lr—>b(a) xZ—I—L(b )—eu—i—L(c)

9

op!”

We denote the kernel of rf by Z.TM; in local adapted coordinates, it is given by the
span over Z of {0/0x%,0/0e*,0/0p'}. So we have an exact sequence

(2.31) 0 TTM — TM "5 0" TM — 0.

In order to relate the sheaves TN and T M, we consider the subsheaf of C-
modules Tz C T M given on open subsets U C M by

(2.32) T2(U) = {X € TMU)| X(Z(U)) C Z(U)}.

One may directly check that sections of 77 are closed under the Lie bracket of vector
fields,

[Tz,7z] € Tz.
Note also that Z.TM C Tz, so ¥ restricts to an exact sequence
§
(2.33) 0 —=ZTM— Tz = 1,577 — 0.
The following result is readily verified.

Lemma 2.19. In local coordinates {z*,e*,p'} on U C M adapted to N, one has

9 0 9
Oxt’ der’ Op!

fori=ro+1,....omg, p=r1+1,...,my, I =ro+1,...,mo.

(2.34) Tzlu = spang, |, { } +Z.T M|y,

Proposition 2.20. The following statements hold:

(a) There is a natural identification *Tz = TN .

(b) For U C M open, the map r*: Tr(U) — TN (U N N) preserves Lie brackets
and satisfies r*(X)F(f) = (X ), for X € TZ(U) and f € Cpq(U).

(c) The map {X, : X € Tz(U)}=ToN, Xp = (r#(X)). is an isomorphism,
where U is a small neighborhood of x € N in M.

Proof. Using the local description of 77 in adapted coordinates on U C M in
Lemma [2.19] we see that

o o0 0
* _ _ ez
L 7-1"/ =r (E‘U) = spallg,,|, {8147 ekt ap]} )
where ¢ = rg+1,....mg, u=7r1+1,....om1, I =ro+1,...,mg,and V = U N
N. It follows that, once such adapted coordinates are chosen, there is a natural
identification * 77|y = TN |y. Since this identification is clearly independent of the
coordinates on N over V it can be globalized, proving (a).
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It suffices to verify (b) in local coordinates. By the Leibniz identity for the Lie
bracket of vector fields, one checks that

(T2, Z.TM] C I.TM.

Then, using and the observation that i : C(U) — Cn(V) commutes with
the derivations 0/0z, 9/de*, 0/dp!, for i = ro 4+ 1,...,mo, pp = 71 + 1,...,my,
I =r9+1,...,mo, one verifies both assertions in (b).

The isomorphism in (c) can be checked with the aid of local coordinates and the
observation that, for any local section f of Cy¢ around z € N, we have fy(z) =

F(fo(). O

2.4.3. Tangent maps. Any morphism ¥ = (1), wﬁ) : M — N induces a tangent map
(d\I/)r T M — %(I)N by

(d¥)z(Xz): CN"[/I(.T) = R, (dV).(Xe)(f) := Xw(wﬁf)

Let {7,¢”,p’} be local coordinates around zg, and {Z’,e*,p'} be local coordi-
nates around (xg). With respect to these coordinates, the morphism ¥ can be
written as

(2.35) P =i (z), Pret = fli(x)e, VP =gl (x)ete” + hl(x)p’.

By considering the basis of 7;,M and 7:/)((170)'/\/‘ relative to the choice of coordinates
(as in (2.22))), one obtains the matrix expression

(% @)) o 0
(2.36) (dV)q, = 0 (fH (o))" 0
0 0 (L (o))"

Suppose that M and N correspond to (El,E, ¢p) and (Fl,ﬁ, o), respectively,
objects in VB2. Let

1 By — F, JE—)?
be the vector bundle maps (covering ¥: M — N) corresponding to ¥. By the

compatibility (2.4), ¢ takes Ey = ker(¢g) to F» = ker(¢r), and we denote the
restricted map by

¢2: EQ — FQ.

By viewing {e”} and {p’} as local frames for Ef and Ej, and {e"} and {p’} as
local frames for F}* and F3, respectively, we obtain the matrix expressions (¢1);, =

(ff(z0)) and (¢2)3, = (hfj(x0)), L.,
(V1)zo = (FE(20)),  (2)ay = (Bl (o))"
Comparing with (2.36]), the next result readily follows.
Proposition 2.21. Forxz € M, the tangent map (d¥), : T, M — ’Ep(x)/\/' 15 injeclive

(resp. surjective) if and only if the maps (dv))y: TeM — TyyN, (V1)z: Erle —
Fily@y and (¥2)z: Baly — Falym) are injective (resp. surjective).

By simple diagram chasing (see 2.38)) below), one can verify that the injectivity
of (¢1), and (2), implies that of (¢),, and similarly for surjectivity.
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2.4.4. Regular values. We now show how to use the previous proposition to directly
derive versions of the inverse function theorem, and local normal form of submersions
and immersions, for degree 2 N-manifolds.

We call ¥ a local isomorphism around x € M if there are open neighborhoods of
x in M and 9 (z) in N, denoted by U and V, so that ¢ : U — V is a diffeomorphism
and ¥f: Cyn|y — ¥4(Cpqy) is an isomorphism of sheaves.

Corollary 2.22. Let ¥ = (¢,¢%): M — N be a morphism and xo € M. Then
(d) 2 TogM = Ty(ao)N is an isomorphism if and only if W is a local isomorphism
around xg.

Proof. By the equivalence in Prop. the condition that ¥ is a local isomorphism
around x is equivalent to the existence of neighborhoods U of g and V' of ¢)(x) such
that ¢ : U — V is a diffeomorphism, and ¢ : E1|y — Fi|y and ¢9: Es|y — Fal|y are
vector bundle isomorphisms. By the inverse function theorem for v, the existence
of such neighborhoods is, in turn, equivalent to (dv)s,, (¢1)z, and (¢2)z, being
isomorphisms, which is the same as (d¥),, being an isomorphism by Prop. O

A morphism ¥ = (3, !): M — N is a submersion at a point xog € M if (d¥),, :
TeoM = Typ(a)N is onto, and it is a submersion if it is a submersion at every point.
We will say that U is a surjective submersion if it is a submersion and ) is surjective.

Corollary 2.23. Suppose that ¥ = (gb,wﬁ): M — N isa submersion at xo € M.
Then there exist local coordinates {x7,e”,p’} around xqg, and {z',e",p'} around
Y(xo), with respect to which U has the form

(2.37) wﬁfi — W(ﬂﬁ) =1, ¢ﬂ@“ = et Wﬁl =l

Proof. By Prop. the fact that WU is a submersion at xq is the same as the surjec-
tivity of (d))z,, (¢1)z, and (12)g,. By the usual local normal form of submersions,
there are neighborhoods of xg and v (), with coordinates {z7} and {Z'} satisfying
the first condition in (2.37). Let us view the coordinates {e”} and {e"} as local
frames of Ef around zp and F}* around (xg), respectively, and recall that the map
Y% in degree 1 is identified with Y] Y*F — E1. We see that the local injectivity of
¥} around ¢ (which follows from the surjectivity of (¢1)s,) ensures that, given any
local frame {€"}, one can extend the set of sections {¢;j€*} to a local frame {e”} of
E7, and hence the second condition in is satisfied. The same argument using
the local injectivity of 15 shows the analogous result for degree 2 coordinates. [

One can obtain a local normal form for immersions with similar arguments.
We say that ¢ € N is a reqular value of U = (¢, )*) : M — N if (d¥), is onto for
all x € M with ¢(z) = c¢. The following is an immediate consequence of Prop. [2.21

Corollary 2.24. A point ¢ € N is a reqular value of ¥: M — N if and only if

(a) c is a regular value for ¢p: M — N,

(b) the maps ¥i: Eily-1) — File, i = 1,2, are fiberwise surjective. (Equiv-
alently, for each x € y~(c), the maps (Y;)%: F¥|l. — Ef|s, i = 1,2, are
injective.)

Recall that the second condition above implies that the map

’QAZ;: E|w*1(c) — ﬁ|c
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is also fiberwise surjective.

Let ¢ be a regular value of ¥, and consider the submanifold S = Y~1(c) and
the subbundles K1 C Ef and K’ C E* over S, given by Ki|, = (¢1)%(Fy|.) and
K|y = ()5(F*[c).

Lemma 2.25. If ¢ is a regular value of ¥, then K' N A\?Ef|s = A2K].

Proof. We have the following commutative diagram,

(2.38) NP F* 5 Fy

J{Azw{ l{z? iw;

N B B "B B3

where we have omitted the base points = (on the bottom) and ¢ = ¢ (z) (on the top).
Recall that all the vertical maps are injective. We will check that K’ N A2Ef|g C
A2K71, since the opposite containment is clear (from the commutativity of the square
on the left).

Let k € K' N A2E}, which means that k = ¢*(u) for u € F* and g (k) = 0. Note
that mg(k) = Tp(Y*(u)) = ¥i(rp(u)) = 0, hence mp(u) = 0, by the injectivity of
Y%, So u € A2FY, and therefore k € A2K].

O

It follows from the previous lemma that K’ N (K3 A Ef|s) = A2K7, which ensures
that

(2.39) K =K'+ K, ANEfls
is a vector subbundle of ENJ*\S It is also immediate that

KN A’Ef|s = Ki A Efs,
so by Prop. we have

Proposition 2.26. If ¢ is a regular value of U, then the subbundles K1 C EY|s and
K C E*|s define a submanifold of M.

We denote this submanifold by ¥~!(c).

By (2.14)), we see that the vanishing ideal of ¥~!(c) coincides with the sheaf of
ideals generated by 1#(Z.), where Z, C Cy is the subsheaf of vanishing ideals defined
by ce N,

Z.(V)={f e Cn(V) | folc)=0if ce V}, V C N open.

2.5. Distributions and the Frobenius theorem. Let M be a degree 2 N-manifold
of dimension mg|m1|mg. A distribution of rank dy|d;|ds is a graded subsheaf of C -
modules D of T M satisfying the following local property: around any point in M
there is a neighborhood U such that D|y is generated by vector fields Xy, ..., Xg,
of degree 0, Y7,...,Yy, of degree —1, and Zi,..., 2y, of degree —2, and such that
for each z € U,

(X1)zs - (Xag)as Y1) as -, Ya )z, (Z1)zy -5 (Zdy)a

are linearly independent elements of 7, M.
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A distribution D is involutive if its spaces of local sections are closed under the
Lie bracket on T M. We have the following generalization of the Frobenius theorem.

Theorem 2.27. Let D be an involutive distribution of rank do|di|d2 on M. Then
any point in M has a neighborhood U with local coordinates {x', et p'} such that
D|y is spanned by

9 90 90 0 9 0
Ozt’ "7 Qxdo” gel’ T Gedr” 9pl 7T Opde”
This is proven in [BCM] (see, e.g., [CCF11l [Var(04] for the case of supermanifolds).

3. SYMPLECTIC DEGREE 2 N-MANIFOLDS

3.1. Poisson brackets. Let M be a degree 2 N-manifold of dimension mg|m|ms.
A Poisson structure on M of degree ¢ is an R-bilinear operation

{-}: Cm x Cpp — Cm

such that, for each U C M open and homogeneous elements f € (Cp(U))k, g €
(Cm(O))1, b € (Cm(U))m, the following holds:

(br1) {f. g} € (Crm(U))k+itq;

(br2) {f,g} = —(-1)krOl+a g £}

(br3) {f.gh} = {f,gth+ (—1)F+Dlg{f h},

(brd) {f.{g,h}} = {{f. g}, n} + (—1)+FD{g (£ h}}

In particular, any global section f € C(M); defines a vector field on M,
Xf = {fa '}7

of degree k + q, called the hamiltonian vector field of f. A simple consequence of
(brd) is that, for f € C(M)y and g € C(M);, we have

(3.1) X0 = X5, X,].

For each x € M and f € Cuql, of degree k, there is similarly an element (Xy), €
T.M of degree k + ¢ defined by

(Xp)a(g) ={f,g}o(x), for g € Cle,
where we keep the notation as in (2.21). It follows from (br2) and (br3) that if
fe I(Qz) (see (2.28))), then (X ), = 0. So there is an induced degree-preserving map

Here “[g]” denotes the degree shift by ¢, as recalled in §. We say that a Poisson
bracket {-, -} is non-degenerate when the map (3.2]) is an isomorphism for all x € M.
We will be interested in Poisson brackets of degree ¢ = —2.

Proposition 3.1. Let M be equipped with a Poisson bracket {-,-} of degree ¢ = —2,
and let {z%,e”,p!} be local coordinates on M around x € M. Then the map (3.2) is
an isomorphism if and only if mg = mo and

(3-3) det({p’,27}(x)) # 0, det({e",e"}(x)) # 0.
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Proof. Relative to the bases [z7], [e], [p!] of I(x)/Z(Qw) and (2.22) of T, M, with ¢ =
1,...,mo, p=1,...,mq, [ =1,...,mo, the linear map (3.2)) is given by the matrix

{a,27}o(x) {e",27}o(x) {p',27}o(x)
(3-4) {a',€"}o(z) {e" e"Yo(x) {p',€"}o(2) |,
{a',p7}o(x) {e".p"}o(z) {p".p"}o()

which, for ¢ = —2, takes the form

0 0 {p',27}(z)
0 {et, e"}(z) 0
{a*,p7}(z) 0 0
This matrix is invertible if and only if my = meo and (3.3)) holds. g

Definition 3.2. We will refer to a degree 2 N-manifold M equipped with a non-
degenerate Poisson bracket of degree —2 as a symplectic degree 2 N-manifold.

Corollary 3.3. Let M be a symplectic degree 2 N-manifold and {x*, e“,pl} be local
coordinates. Then the local vector fields {x%,-}, {e*,-}, {p’,-} are linearly indepen-
dent.

Proof. The nondegeneracy conditions in (3.3]) imply that, for every x € M in the
domain of the local coordinates, the tangent vectors (X;), := {p!, }(@), (Yu)z ==

{e*, }(x), (Zi)s := {2%,-}(2) are linearly independent in T, M (see (2.23)), (2.24)),
(2.25))). The result now follows from Proposition m O

3.2. Equivalence with pseudo-euclidean vector bundles. Let £ — M be a
vector bundle. A pseudo-euclidean structure on E is a fiberwise bilinear pairing (-, -)
which is symmetric and non-degenerate. As observed in [Roy02a), Sev05J, pseudo-
euclidean vector bundles are equivalent to symplectic degree 2 N-manifolds:

Theorem 3.4 ([Roy02a],Thm. 3.3). There is a natural one-to-one correspondence
between pseudo-euclidean vector bundles and symplectic degree 2 N-manifolds (up to
isomorphisms).

This result can be deduced from the equivalence in Proposition indeed, as we
will now see, any pseudo-euclidean vector bundle naturally gives rise to an object
in VB2, and such objects, in turn, are in correspondence with symplectic degree 2
N-manifolds via the functor .

Recall that any pseudo-euclidean vector bundle (E, (-, -)) over M has an associated
Atiyah Lie algebroid

A E — M s
see, e.g., [CASW99]. As a vector bundle, Ag is characterized by the property that
its sheaf of sections I'y, agrees with the sheaf of derivations (also called covariant
differential operators) of E that preserve the pseudo-euclidean metric. Le., for each
open subset U C M, elements in 'y, (U) = I'(Ag|y) are pairs (X, D), where X €
X(U) and D: I'(E|y) — T'(E|y) is an R-linear endomorphism satisfying

(3.5) D(fe) = (£xf)e+ fD(e),
(3.6) £x(e,e’) =(D(e),e) + (e,D(e")),
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for f € C*°(U), e,e¢’ € T'(E|y). The Lie bracket on I'y, is given by commutators
and the anchor o of Ag (also called the symbol map) is the projection (X, D) — X.
The Lie algebroid Ag is transitive and fits into the exact sequence (known as the
Atiyah sequence)

(3.7) 0 —s0(E) = AN2E* — Ap -5 TM — 0,
where s0(F) C End(F) is the space of skew-symmetric endomorphisms
T.:F— F, <T6,el> = —<6,Te/>,

that is naturally identified with A2E*. N
For a pseudo-euclidean vector bundle (E,(-,-)), the object (E1, E,¢g) in VB2
canonically associated to it is defined by

(3.8) E\=E, E=A%Y ¢p: E— AE,

where ¢ is the map dual to the inclusion A2E* — Ag in (3.7). In this way pseudo-
euclidean vector bundles are identified with special objects in VB2. The next result
allows us to characterize the corresponding degree 2 N-manifolds.

Lemma 3.5. Let M be a degree 2 N-manifold corresponding to an object (E1, E, oF)
in VB2. A symplectic structure on M is equivalent to the following additional data
on (El, E, ¢E>
o a pseudo-euclidean metric on E (or, equivalently, on Ej),
e a vector-bundle isomorphism E* = Ap, commuting with the inclusions N2 E} —
E* and N2Ef — Ap,.

Remark 3.6. A general Poisson bracket of degree —2 (not necessarily symplectic)
on M gives rise to a Lie-algebroid structure on E* and a Lie-algebroid morphism
E* — Ap, commuting with the inclusions of A2E}, see [ICM15]. The nondegeneracy
condition in the symplectic case makes this morphism into an isomorphism, leading
to the simplified formulation of Lemma [3.5

Proof. Let M be equipped with a symplectic structure given by the Poisson bracket

{54 (Ca)e X (Ca)r = (Ca)kgi—2-

We will obtain the data described in the lemma by restricting this bracket to func-
tions of degrees 0, 1 and 2.
The restriction to degree 1 functions,

{-,-}: FET X FET — Cﬁ,

is symmetric and Cjg-linear by properties (br2) and (br3), and non-degenerate by
the second condition in ([3.3). So it defines a pseudo-euclidean structure on Ef, or
equivalently on E7, through the identification of Eq with E} via the pseudo-euclidean
metric.

The Poisson brackets of functions in degrees 2 and 0 define a map

T(E*) — X(M), ¢ ({&,-}: C®°(M) — C=(M)),

which is C*°(M)-linear, i.e., it comes from a vector-bundle map

p: E* — TM.
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The Poisson brackets of functions in degrees 2 and 1 now lead to a map T'(E*) —
[(Agy), €= (X, D), where X = {¢,-}: C*°(M) — C*(M) and

(3.9) D =1{&,}:T(E}) — T(EY).

It is a direct verification that this map comes from a vector-bundle map E* = A B
By means of the identification Fy = E}, we alternatively obtain a map

(3.10) E*—Ap,.

It follows from condition (br3) that this map commutes with the inclusions A?E} —
E* and /\2Eik — Ap,. Finally, the first nondegeneracy condition in (3.3]) implies the
exactness of the sequence

(3.11) 0— AZE* PB B 2T 0.

The fact that the morphism (3.10) commutes with the inclusions and projections of
the exact sequences and (3.7)) implies that it is an isomorphism. This shows
that a symplectic structure on M gives rise to the data in the lemma. N

For the converse, we reverse the arguments and use the additional data on (E1, E, ¢g)

to define the nontrivial Poisson-bracket relations involving functions on M of degrees
0, 1 and 2. (Note that the Poisson bracket on degree 2 functions is identified with
the Lie bracket on FAEI') Since Cy is locally generated by such functions, one

can verify (using (br3)) that there is a unique Poisson bracket on Cyy of degree —2
satisfying these relations, which is moreover non-degenerate. O

We can now complete the proof of the theorem (c.f. [Roy02a]).

Proof of Theorem [3.4 Given a pseudo-euclidean vector bundle (E, (-, -)), the object
in VB2 canonically associated with it, see , naturally carries the additional data
in Lemmal[3.5] It follows that the corresponding degree 2 N manifold carries a natural
symplectic structure.

On the other hand, consider a degree 2 N manifold M corresponding to an object
(E1,E,¢Er) in VB2. By Lemma if M is equipped with a symplectic struc-
ture, then (Ej, E , ¢p) is isomorphic in VB2 to the object associated with a pseudo-
euclidean structure on Ej. The latter has a corresponding symplectic degree 2 N
manifold M’. Since this isomorphism in VB2 preserves all the additional data in
Lemma[3.5]— which encode the Poisson-bracket relations of functions in degrees 0, 1,
and 2 — it follows that the corresponding isomorphism M = M’ preserves symplectic
structures. ]

In particular, for a symplectic degree 2 N-manifold M corresponding to a pseudo-
euclidean vector bundle (F, (-,-)), we have identifications

(3.12) (Crhr=TE,  (Cm)2=Tag.

Ezample 3.7. Given a vector bundle A — M, one can define a pseudo-euclidean
vector bundle E := A @ A*, with metric

((a1,£1), (a2,§2)) = &a(a1) + &1 (az).

The corresponding degree 2 symplectic N-manifold is denoted by T7%[2] A[1] and plays
the role of the cotangent bundle of A[1] (as in Example in the context of degree
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2 N-manifolds. The projection T%*[2]A[1] — A[1] is defined by the natural inclusion
K Capy — Crean)s
given by the identity map in degree 0 and
(Cappht =Ta = Topar € Tagar = (Cpegyap))-
For graded cotangent bundles in higher degrees, see [Cue2l]. o

4. COISOTROPIC SUBMANIFOLDS

For a symplectic manifold M, a submanifold N — M is called coisotropic if its
sheaf of vanishing ideals is closed under the Poisson bracket,

{In,IN} C Ip,

or, equivalently, if TN¥ C TN, where T'N¥ is the symplectic orthogonal to TN.
A coisotropic submanifold IV carries a foliation with leaves tangent to TN“, and a
(local) function on N is called basic if it is constant along the leaves. An important
property of N is that the sheaf of basic functions (CJ)pes inherits a natural Poisson
bracket given by

{f,9Ybas = {£>3} I~y

where f, g are (local) basic functions and f~’, g are arbitrary (local) extensions to
M. In this section we will present versions of these results for degree 2 symplectic
N-manifolds.

Remark 4.1. The previous discussion, as well as the results in this section, can be
extended to the broader class of submanifolds ¢: N — M for which TN NTN¥,
which coincides with the kernel distribution of +*w, has constant rank. We will
restrict ourselves to coisotropic submanifolds for simplicity.

4.1. Two viewpoints. Let M be a symplectic degree 2 N-manifold, with Poisson
bracket {-,-}. If (1,¢) : N' = M is a submanifold with sheaf of vanishing ideals
I C Cp, we denote by 9z C Cyy its sheaf of Lie normalizers, given for each open
subset U C M by

(4.1) Nz(U) :=={f € Cm(U) [{},Z(U)} CZ(V)}.
Note that local sections of 917 are closed under the Poisson bracket, so 917 is a sheaf

of Poisson algebras.
We say that N is coisotropic if T C Nz,; i.e., if

(4.2) {Z,T} C T.

One can also approach coisotropic submanifolds through the more geometric con-
dition “TNY C TN”. To make sense of the symplectic orthogonal distribution
TNY, we follow the classical viewpoint that regards it as the distribution locally
generated by hamiltonian vector fields corresponding to functions in Z.

Let 77« € TM be the subsheaf of C'xs-modules given, for each open subset
U C M, by vector fields X € TM(U) with the property that any x € U admits a
neighborhood where X can be written as a combination of hamiltonian vector fields
{f,-}, with f a section of Z in that neighborhood. Consider the sheaf of Cxr-modules
given by

(4.3) TNY := 1T CUTM.
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Let 77 € T M be the subsheaf defined in ([2.32]).
Lemma 4.2. The submanifold N is coisotropic if and only if Tzv C Tz.

Proof. Suppose that Tz« C Tz, and let f € Z(U), U C M open. Then {f,-} €
Tz« (U) C Tz(U), which implies that {f,Z(U)} C Z(U). Hence Z(U) C Mz(U) for
all open U, i.e., N is coisotropic.

Conversely, let X € Tz« (U). To show that X € Tz(U), it suffices to verify that
any x € U admits an open neighborhood W in U for which X|y € Tz(W). By the
definition of 77w, one can always find such W where

X‘W = al{flv '}’
for f; € Z(W) and a! € C®°(W); then the condition {Z,Z} C Z implies that X|y €
Tz(W). O
Lemma 4.3. Let {2%, e/, p'} be local coordinates on an open subset U C M adapted
to N'. Then
’TI‘*’(U) = SpaIlCM(U){{iL'Z, '}7 {eﬂ’ '}7 {pIa }}7
fori=1,...,r0, p=1,....m, [ =1,... 19, where ro|ri|rs = codim(N).

Proof. Any point in U admits a neighborhood W such that
E“(W) = SpanCM(W){{xiv '}7 {euv '}7 {pI’ }}7

for 1 < i<, 1 <p<ry, 1 <I < ry, since such 2¢,e#, p! are generators of
Z(U). Let {Wy} be an open cover of U such that Tz.(W}) is given as above. Let
X € Tzw(U). Then, for each k, X|w, = ai{z’,-} + b {e", -} + cL{p!, } for unique
sections a};, v, cé in Cp(Wy), see Corollary It also follows that, on overlaps
W, N Wy, we have that a} = af, b’ = b} and ¢/ = cf. So by the gluing property of
sheaves we can find a?, b, ¢! such that X = a*{z?, -} + b*{e",-} +{p’, }. O

Proposition 4.4. A submanifold N — M is coisotropic if and only if
TN® CTN.
In this case, TN is an involutive distribution of TN with rank ro|r1|re = codim(N).

The distribution TN® C TN is called the null distribution of the coisotropic
submanifold N

Proof. By Lemma, the first assertion amounts to checking that
Tre €Tz = T C U1

It suffices to verify that this holds locally. Let us consider local coordinates of M
over U adapted to N, and let V.= UNN. Then t*Tzw|y is the image of Tz« |y under
the map ! in , so the “ = 7 direction is clear. For the reverse direction,
consider X € Tz« (U). If its image under lies in ¢*77(V'), it means that there
is Y € Tz(U) such that X —Y € Z.TM(U), see (2.33). Since Z.TM(U) C Tz(U),
it follows that X € T7(U).

For the second part of the proposition, note that Lemma implies that

TN®|y = spanCN|v{XI, Yy, Zi},
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fori =1,...,r0, p = 1,...,m, I = 1,...,79, where X7, Y, and Z; are the im-
ages of the local sections {p,-}, {e#,-} and {z%,-} of Tz|y under r* (2:30), re-
spectively. We have already observed that {p,-}(z),{e*, - }(x) and {2, -}(x) are
linearly independent in T, M for all z € U (see the proof of Corollary [3.3)), so
(X1)as (Yi)zs (Zi)z € TN are linearly independent for all z € V' as a consequence of
the isomorphism in Proposition [2.20c). Hence TA¥ C TN is a distribution.

It follows from and the coisotropicity condition that the Lie bracket of
any two of {z%,-}, {e#,-} and {p’,-},i=1,....70, p=1,...,71, I = 1,... 79, lies
again in Tz« |y. The involutivity of TA“ follows from the fact that rf preserves Lie
brackets, see Proposition b). O

4.2. Geometric description of coisotropic submanifolds. We now present a
description of coisotropic submanifolds in classical geometric terms which builds on
Theorem [2.13], see Theorem below. We begin with some technical observations.

4.2.1. Preliminaries. Let (E, (-,-)) be a pseudo-euclidean vector bundle over M, and
let ©: N < M be a submanifold. The restriction t*E = FE|y is a pseudo-euclidean
vector bundle over N. Let K C E|xy be an isotropic subbundle, so

(4.4) Eguot = K+ /K

is also a pseudo-euclidean vector bundle over N. We now collect some results relating
the Atiyah algebroids of E, E|n and Egye, following Appendix

Let FXE be the subsheaf of I'y, given by metric-preserving derivations whose
symbols are tangent to N. L.e., for each open subset U C M,

[y, (U)={(X,D) €T, (U)| X[, € TuN,Vx € UNN}.
Then there is a natural restriction map
(4.5) ry, — tlag
that takes (X, D) € I'f (U) to (Xn,Dn) € Loy (UNN), where Xy := X|unn,
and Dy is defined by
Dy (elunn) := D(e)lunn-
It is clear that (4.5)) is onto. If we now consider the subsheaf FX’; C I'y, defined by

(4.6) Ly (U) = {(X.D) e T{,(U) | DTsx(U)) C Tk (U)},
then the map (4.5)) restricts to a map
(4.7) Ty — .

where FgE‘ is the subsheaf FAEIN given by metric-preserving derivations of E|y
N

that preserve I'gk.
Since sections of FgE‘ also preserve I'j-1 (by compatibility with the pseudo-
N

euclidean metric), we have a natural map
(48) FXE|N - FAEquot’

defined on sections over any open V' C N by (X, D) (X, [D]), where [D]: I'g,,,, (V) —
I'E,... (V) is given by
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with e — [e] denoting the projection map I'y1 (V') — I'g,,,, (V). The fact that (4.8)
is onto is shown in Prop. and we have an exact sequence (see (A.2))

(4.9) 0= Crapy — FXE‘N = Tap, ., =0

4.2.2. Geometric characterization. We now proceed to the geometric description of
coisotropic submanifolds of a symplectic degree 2 N-manifold M. As explained in §
M corresponds to a pseudo-euclidean vector bundle F, so that, in terms of the
associated object in VB2, we have identifications

E=F ~E! FE*=Ap, E}=TM,

where Ey = ker(¢g) and E; = Ef via the pseudo-euclidean metric. The description
of an arbitrary submanifold N' of M in Theorem [2.13] amounts to the following
geometric data: a submanifold N C M, subbundles K7 C E|y and Ky C TM|y, as
well as a bundle map

Ag|Nn
4.10 K _
( ) (b 27 Kl/\E|N

such that 7’ o ¢ = Id. Here the map 7’ is obtained by factoring the anchor (symbol)
map o: Ag — TM, whose kernel is A2E (see (4.9)), as the composition

o Aply  # Ag|n
4.11 A I, el T =
(411) Bln K1 A E|n o N2E|N’

c.f. (2.18)). Recall (see (2.14) and Thm. [2.13) that the sheaf of vanishing ideals Z

corresponding to NV is generated by its homogeneous components in degrees 0, 1 and
2,

(4.12) Io=1In, Ti =Tk, Lo=T4 &,
where
(4.13) K = (n")Y(¢(K2)) C Apln.

Theorem 4.5. Coisotropic submanifolds N of codimension ro|ri|re are equivalent
to quadruples (N, K, F,V), where

t: N —= M is a submanifold of codimension rq,
K is an isotropic subbundle of E|n of rank rq,
F C TN is a regular, integrable distribution of rank ro,

V is a flat, metric partial F'-connection on the vector bundle Eqyot = KL/K —
N.

Recall that a metric partial F-connection on the pseudo-Euclidean vector bundle
Equot can be defined as a vector bundle map

(4.14) V:F = Ag,,,

such that ¢ o V = Idp; flatness corresponds to this map being a Lie algebroid
morphism (i.e., preserving Lie brackets on spaces of sections).

Definition 4.6. Given a pseudo-euclidean vector bundle £ — M, we will refer to
quadruples (N, K, F, V) as in Thm. as geometric coisotropic data.
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As the proof of the theorem will show, see below, the equivalence can be made
explicit as follows. For geometric coisotropic data (N, K, F, V), the corresponding
coisotropic submanifold N has body N and sheaf of vanishing ideals Z such that

(4.15) Iy = Iy, Ty =gk,
and with Zy given as follows: for each open subset U C M,
(4.16) IQ(U) = {(X, D) € FXEK(U) ’XN (S FF(UHN), [DN] = VXN},

where (Xy, Dy) € sy, (UNN) is the restriction of (X, D) to N (as in (4.7)) and
(Xn,[Dn]) € Lag,,.. (U N N) its image under (4.8]).

Remark 4.7. The condition [Dy] = Vx, in (4.16) can be equivalently written as

[DN](FfE{Ziot) = 0, where I‘g::mt is the sheaf of V-flat sections of Egue (since the

difference [Dy] — Vx, is C{-linear and vanishes on V-flat sections, which locally
generate I'g,,,,. ).

Conversely, given a coisotropic submanifold N with sheaf of vanishing ideals Z,
the corresponding data (N, K, F, V) are such that N is the body of N, ' = *74,
and F and V are defined by

(4.17) Tp=0("Ty),  Vyleln] = [D(e)|n],

for all sections e of K+, where Y is a section of F and D is such that (X, D) is a
section of Zy C T'y, with X|y =Y. (Here o : FAE\N — T'N is the symbol map.)

Proof of Thm.[{.5 Let N be a coisotropic submanifold. Let (N, K1, K2, ¢) be the
geometric data associated with the submanifold A" as in Theorem (the pre-
cise correspondence was recalled just before Theorem . We will check that this
quadruple is equivalent to the one in the theorem. Indeed, the condition for N being
coisotropic is equivalent to

(a) {Z1. 1} C Iy,

(b) {Z2,Zo} C To,

(c) {Z2,h} C Th,

(d) {Zs2,Z5} C Is.

Since Zy = In and Z; = I'p ,, (a) means that if e, ep € I'y , (U), then

0 = {e1,e2}lunn = (e1lunn, e2|lunn);

i.e., K1 C E|y is isotropic with respect to (-,-). We set K := K.
If (X,D) € Io(U) € T'p,(U) then (b) says that £x(In(U)) C In(U), while (c)
says that D(I'p x(U)) CTp (U). Le., (b) and (c) are equivalent to

(4.18) T, CTYF,
see (4.6). Since Zo =T’ , %, we see that
(4.19) Tp=0T CUTyr = FXE‘N.

In particular, K C Apy C Ag|n. Since Ky = I?/ A? E|n, it follows from the Atiyah
sequence for F|y,
0= A’E|y = Apy = TN =0,

that Ko CTN CTM|y. Let F := K».
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By the exact sequence (4.9), we have an identification

Lapl
:[1 — 71_// FK C EIN .
egr =T ) € T

We claim that the image of the map ¢ in (4.10) lies in Ag,,,, C I? A’%]‘VN Indeed, by

(4.13), we know that ¢(F) = «”(K), and 7" (K) C Ag,,, since Tz C T'Y see

AE\N’

. . o 1 . .
(4.19). So ¢ is equivalent to a Cfy-linear map I'p — FAEqm7 and this is precisely

a metric partial F-connection. Let us denote it by V, so we write ¢(Y) = Vy for
YePF.

We can now describe Z = I', _ z as follows. For any open U C M, an element
(X,D) € FX’EK(U) is in Zo(U) if and only if its restriction (Xy, Dy) € I‘KE‘N(V),
where V' = U N N, lies in I'z(V'), which, by (4.13)) and (4.11)), is equivalent to the
condition

(XN, Dn) = (Xn, [DN]) = ¢(XN) = Vxy,
from where the description of Zy in (4.16) follows.
Finally, condition (d) is equivalent to

Tr,T'r] CTF, and Vix, vi] = Vxy Vyy — Vyy Vg,

for all Xn, Yy € T'rp(V), V C N open; i.e., F is an integrable distribution and V is
flat. O

We will use the following general remark to obtain natural examples of geometric
coisotropic data by means of equivariant vector bundles.

Remark 4.8 (Equivariant bundles and partial connections). For a Lie group G, the
infinitesimal counterpart of a G-action on a vector bundle A — N by vector-bundle
automorphisms is a representation of the action Lie algebroid g x NV on A. Assuming
that the G-action on N is (locally) free, and letting ' C T'N be the distribution
tangent to the G-orbits, we have an identification of F' with g x IV as Lie algebroids.
So a representation of g x N on A is equivalent to a flat, partial F-connection V on

A.

Ezample 4.9 (Coisotropic data from invariant subbundles). Let £ — M be a G-
equivariant vector bundle with an invariant pseudo-euclidean structure. Let K — N
be a G-invariant isotropic subbundle of E — M. When the G-action on N is (locally)
free, we obtain geometric coisotropic data (N, K, F, V) as follows. The G-action on
FE also preserves K LN , hence Egyor = K + /K is G-equivariant, and its induced
pseudo-euclidean structure is G-invariant. We then set I’ to be the orbit distribution
on N, and V is the flat, metric partial F-connection corresponding to G-action on
Equot, as in Remark o

4.3. Basic functions. Let N be a coisotropic submanifold of a symplectic degree
2 N-manifold M, with dim(N') = ng|ni|n2 and codim(N') = ro|ri|re, and vanishing
ideal Z. Consider the subsheaf of algebras

(4.20) (CN)bas = Lil(mI/I) - CN

More concretely, considering local coordinates on U C M adapted to A and the map
1 Cq(U) = Cnr(V), where V = U N N, we see that

(4.21) (CA)bas (V) = H(NZ(U)).
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We will refer to (Cpr)pas as the sheaf of basic functions on N relative to the null
distribution, as indicated by property (b) of the next result.

Proposition 4.10. The following holds:
(a) (CN)bas s a sheaf of Poisson algebras.
(b) For V.C N open,
(CaJbas(V) = {f € Cp(V) [ X(f) =0V X € TN¥(V)}.

Proof. By the local characterization of (Cpr)pgs in (4.21]), we may write any section
fin (Ca)pas(V) as i#(f), for f € Nz(U). Using the fact that {Nz, T} C Z, we see
that

(422) {f? g}bas = Lﬁ{f? g}

is a well-defined Poisson bracket (of degree —2) on (Cpr)pes(V). Since if is a map
of sheaves Chy — 1xCly, it is a simple matter to verify that this Poisson bracket
globalizes to the sheaf (Car)pgs-

To prove (b), it is enough to consider the case where U C M has local coordinates
{af,em,p'} adapted to N and V = U N N. Let f = (f) € Ca(V), for f € Cp(U).
As aresult of the second assertion in Prop. [2.20[b), the condition that X (f) = 0 for
all X € TN¥(V) is equivalent to

{«', f} € Z(U), {e*, f} € T(U), {p,f} € Z(U),
for 1 < i <rg, 1 <pu<ry,1<1TI<ry which means that f e Nz(U), ie.,
f € (CN)pas(V). O
Corollary 4.11. Around any point in N, there are local coordinates
(4.23) {x . am et e™ pt L p™2)

on N with respect to which sections of (Cn)pas are the sections of Cnr which de-

pend only on 27>, e>"1 and p’>"2; in particular, (Ca)pas 15 locally generated by

((CN)bas)O; ((CN)bas)I; and ((CN)bas)2-

Proof. By Frobenius’ theorem (Theorem , there are local coordinates (4.23)
with respect to which the distribution 7NY is spanned by 9/9xz7, 8/0e”, 0/0p”, j =
1,...,r0,v=1,...,7m,J =1,...,7r9. The result now follows from Prop.4.10(b). O

We will now give a description of the sheaf of basic functions in terms of the
geometric data (N, K, F,V) corresponding to N, as in Thm. Consider the

sheaves I, Drarr, Ty or, Di2f, and Fg‘ﬁu given by
(4.24) ngzl(U) ={e €T, 41(U)|Vlelunn] = 0},

for U C M open.
We start with a description of the sheaf of Lie normalizers 917.

Lemma 4.12. For U C M open, Nz satisfies
Mz)o(U) ={f € C3;(U) | X(f) € IN(U) VX € I'rarr(U)},
(M) (U) = T (U),
(M7)2(U) ={(X,D) € FX;EK(U) | [X, Prarr (U)] € Do, e (U),
D1 (U)) T4 (U))}.

B KL
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Proof. Recall from Theorem that Zop = Iy, 71 = I'p &, and I is given by (4.16).
To show that a local section g of Caq belongs to Mz, it suffices to check that {g,Z;} C
Z, for i = 0,1,2. Note that, as a consequence of the surjectivity of (4.7)) and (4.8]),
the map

(425) Iy — I'p,

given on sections over U C M by (X, D) — Xn = X|ynn, is onto.

If feCRU) and (X,D) € Io(U), then {f,(X,D)} € Z(U) means that X(f) €
In(U). But, by the surjectivity of ([4.25), X € I'ra(U) is the symbol of an element
in Zo(U) if and only if X € I'ry, »(U). This provides the desired description of (z)o.

If e € Tg(U), then {e,Z;(U)} C Z(U) is equivalent to (e,e’) = In(U) for all
e € Tpx(U), ie., e € I'y 1 (U). The condition {e,Z5(U)} C Z(U) amounts to
D(e) € I'p x(U) whenever (X, D) € Zy(U). This is equivalent to [Dy]([e|lunn]) =
Vxy ([elunn]) = 0, which in turn means that e € T2 | (U), since is onto.

Let (X, D) € Ty, (U). The conditions {(X, D),Z;(U)} C Z(U), i = 0,1, simply
say that (X, D) € I'}*(U). Condition {(X,D),Z>(U)} C Z(U) is equivalent, using
the surjectivity of (4.25)), to

(4.26) (X, Trar e (U)] € Trar e (U), [[Dn] V] = Vixy ),

forall Y € Tp(V), where V.= UNN. . Now note that the second condition in (4.26)
is equivalent to [Dn] : I'g,,,,(U) = I'g,,,,(U) preserving V-flat sections, which is
the same as D(TT'*  (U)) € T7° (U). O

We will now use the previous result to obtain a geometric description of (Chr)pas-
For that, let us consider the sheaf of basic functions on N with respect to £ C TN,
denoted by (CF)pas C CF; i.e., for each open subset V C N,

(4.27) (CR)pas(V) = {f € CF (V) | X(f) =0 VX e Tp(V)}.

Recall that Fg:ﬁot denotes the sheaf of V-flat sections of Eyyo, which is naturally a
sheaf of (CR)pas-modules.
‘We also need to consider the vector bundle

(4.28) AY, vt = DB /V(F)

Equot
over N, where the vector subbundle V(F) C Ag,_,,, is the image of (4.14). For a
section (Y, A) of Ag,,,,, we denote its class in quuot by (Y, A).
As explained in § the flat F-connection V induces a flat F-connection V on
AY o DY
quot

Vz((Y,4)) = ([Z2,Y],[Vz. A)),

where Z is a section of F', in such a way that a section (Y, A) is flat if and only if

[Y, PF] g PF, A(Fflat ) g Fflat

Equot Equot :

Proposition 4.13. For a coisotropic submanifold N corresponding to (N, K, F, V),
the sheaf (Car)pas s such that

((CN)bas)O = (Ojcifo)basa ((CN)bas)l = Fgat ((CN)bas)Q = ng

9y
quot
Equot
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Proof. Using Lemma as well as and ([£.16]) (see also Remark[4.7)), we directly

obtain the equalities in degrees 0 and 1, and a description of basic functions in degree
2 as follows: for V- C N open, ((Cn)pas)2(V) is given by operators (Y, D) € FgE|N (V)
satisfying

Y,De(V)] S Tr(V),  [DTR (V) STE (V),

Equot Equot
modulo those such that Y € I'p(V) and [D](I‘g:ﬁot(V)) = 0 (or, equivalently, [D] =
Vy). We denote the equivalence class of (Y, D) by (Y, D). We then have a natural

map

(4.29) (Cadbas)2 = Ty, (YD) = (Y, (D)),

quot

which is readily seen to be injective. Its surjectivity follows from the surjectivity of
(4.8), so we have an isomorphism. O

The Poisson bracket relations in (Car)pes involving functions of degree 0, 1 and
2 (c.f. Prop. [£.10} part (a)) are computed to be as follows: for f € (C3¥)pas(V),
e, e € I‘g;‘iot(V), and (Y,A), (Y',A') e TI5 , we have

E

quot

(4.30)

{(Y’ A)’ (Y/’ A/)} = ([K Y/]a [Av A/D

4.4. Lagrangian submanifolds. A submanifold N of a degree 2 symplectic N-
manifold M is called lagrangian if

(4.31) TN =TN.

Theorem 4.14. The following are equivalent:
(a) N is lagrangian;
(b) N is coisotropic and (Cn)pas = {f € C° | f is locally constant };
(¢) N is coisotropic, and its corresponding quadruple (N, K, F,V) satifies K =
Kt and F =TN;
(d) N is coisotropic and totdim(N) = mg + " = Ltotdim(M).

We obtain the following known geometric description of lagrangian submanifolds
(see [Sev05]) as a direct consequence of part (c) of the theorem.
Let E — M be the pseudo-euclidean vector bundle corresponding to M.

Corollary 4.15. Lagrangian submanifolds of M are equivalent to lagrangian sub-
bundles K — N of E — M. FExplicitly, the lagrangian submanifold corresponding to
K — N has body N and sheaf of vanishing ideals determined by Zop = I, Iy = I'p &
and Iy = FX‘EK.

Proof of Theorem[].1]] The equivalence between (a) and (b) is a consequence of
Prop. b) and the fact, verified by a direct computation, that, for any degree 2
N-manifold N and f € Cy(V) (with V an open subset in the body), the condition
X(f) =0for all X € TN(V) holds if and only if f € C°°(V) and is locally constant.
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From Prop. we see that F = TN and K = K= if and only if ((Cp/)pas)o € oy
is the space of locally constant functions and ((Car)pas)1 is zero. So (b) implies (c).
If we assume that (c) holds, then Lemma shows that (Mz)2 = Fgf =Ty It
follows that ((Car)pes)2 is zero, and (b) holds since (Cir)pes is locally generated in
degrees 0, 1 and 2, see Cor.

If no|ni|ne = dim(N), then (c¢) implies that n; = my — rank(K) = m;/2 and
ng = mg —ng = mo — ng. So totdim(N') = mgy +m1/2 = totdim(M)/2, which is the
condition in (d) . Conversely, note that

ng + n1 + n2 = ng + my — rank(K) + mgy — rank(

F),
and suppose that this agrees with mg + m;/2. Since rank(K) < m;/2 (as K is
isotropic), we have

no +m1/2 + mo — rank(F') < ng +m; — rank(K) + mo — rank(F') = mgy + m1/2,

hence rank(F') > ng. But since FF C TN, we must have F' = T'N. Hence totdim(N) =
my — rank(K) 4+ mg = m1/2 + mg. This implies that rank(K) = m;/2, so K = K.
Hence (d) implies (c). O

Ezxample 4.16. For a vector bundle A — M, consider the graded cotangent bundle
T*[2] A[1] as in Example[3.7} recall that it corresponds to the pseudo-euclidean vector
bundle £ = A@® A*. Given a vector subbundle B — N of A, we obtain a lagrangian
subbundle K = B @ Ann(B) C E. The corresponding lagrangian submanifold of
T*[2]A[1] is denoted by v*[2]B[1] and plays the role of the conormal bundle of the
submanifold B[1] C A[1]. o

5. REDUCTION OF COISOTROPIC SUBMANIFOLDS

The classical setting of coisotropic reduction is that of a symplectic manifold
(M,w) and a coisotropic submanifold ¢: N — M whose null foliation is simple, i.e.,
its leaf space is a smooth manifold N such that the quotient map p: N — N is
a surjective submersion. Then N acquires a unique symplectic structure w,..q such
that p*wreq = t*w. Equivalently, recalling that C°°(NN),s is a Poisson algebra, wyeq
is characterized (in terms of its Poisson bracket) by the fact that the identification

p*: CF(N) = C°(N)pas

is a Poisson isomorphism.

In this section we present coisotropic reduction for symplectic degree 2 N-manifolds.
We start by recalling general facts about quotients of vector bundles along surjective
submersions from [Mac05, § 2.1].

5.1. Quotients of vector bundles along submersions. Any surjective submer-
sion p : N — N gives rise to a submersion groupoid R, := N Xy N, given by the
equivalence relation that sets x,y € N as equivalent if p(x) = p(y). The pullback
p*A of any vector bundle A — N carries a natural representation of R,. Conversely,
as proven in [Mac05, Thm. 2.1.2], if a vector bundle A — N is equipped with a
representation of R, then there exists a vector bundle A — N, unique up to iso-
morphism, such that A = p*A through a vector-bundle isomorphism that preserves
the representations of R,,.

Let FF C T'N be an integrable distribution on a manifold N. We will refer to F' as
stmple if its underlying foliation is simple, in the sense that there is a manifold N
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and a surjective submersion p : N — N with connected fibres so that ker(dp), = Fy
for all z € N (so N is identified with the leaf space of the foliation). The pull-back
map CF — p«CR7, defined for each local section f of CFF by p*f = f op, provides
an identification B

(5'1) Cjcifo gp>»<(C]o\?)basa

where (CF)pas € CF is as in .

Let F' be a simple distribution on N with surjective submersion p: N — N, and
let A — N be a vector bundle. A representation of R, on A gives rise, through
differentiation, to a representation of F' — N (viewed as a Lie algebroid) on A,
which is equivalent to a flat, partial F-connection V on A. It is not always possible
to integrate such V to a representation of R,; when this is the case, we say that
V has trivial holonomy. The first part of the following lemma is a consequence of
[Mac05, Thm. 2.1.2] mentioned above.

Lemma 5.1. Let F' be a simple distribution on N with surjective submersionp: N —
N, and let A — N be a vector bundle equipped with a flat, partial F-connection V.
Then ¥V has trivial holonomy if and only if there is a vector bundle A — N (unique,
up to isomorphism) fitting into the pull-back diagram

A——sA

|

N——N
P

and such that the natural pull-back map I' 4 — p«I'4 is an isomorphism onto p*Fﬁ“t.
Moreover, if A is pseudo-euclidean and V is metric, then A inherits a pseudo-
euclidean structure for which the pull-back map is an isometry.

Regarding the second assertion in the lemma, note that if A has a pseudo-euclidean
structure (-,-) and V is metric, then

(5.2) (DL T € (OF Dbas-

By means of the identifications C}’ = P+(CR )pas and

(5.3) T4 = p 4",

we see that (-,-) induces a pseudo-euclidean structure on A.

Definition 5.2. We refer to A in the previous lemma as the quotient of A — N
with respect to F' and V.

The following special case will be useful in Section

Ezample 5.3 (Quotients of vector bundles by group actions). Let G be a Lie group,
and let A — N be a G-equivariant vector bundle such that the G-action on N is
free and proper. Then the quotient map p: N — N/G is a surjective submersion,
and there is a well-defined vector bundle

A/G — N/G

with the property that p*(A/G) = A and I'(A/G) is identified with the space of
G-invariant sections of A. In this setting, the G-action on A is equivalent to a
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representation of the action groupoid G x N on A, and G X N is naturally identified
with the submersion groupoid R, = N X /g N.

Let FF C TN be the distribution tangent to the G-orbits. As recalled in Re-
mark the infinitesimal g-action on A is defined by a representation of gx N = F'
on A, which is the same as a flat, partial F-connection V. When G is connected,
N/G is the leaf space of F', and A/G is the quotient of A with respect to F' and V,
as in Def. 5.2 o

Let us recall from § how the Atiyah algebroids A4 and A4 are related. The
vector bundle
AY = Ax/V(F)
carries a flat, partial F-connection V induced from V, see (A.4)), with flat sections
described in Lemma Then A4 is the quotient of AX with respect to ' and V,

AXHAA

|

N ——N
p

Y

and the identification

(5.4) Ty, = p*ng

is given as follows (see Prop. [A.7): a section (Y,A) of FK?(V) corresponds to a
A

section (Y, A) of FAA(K), for V.C N open and V = p~1(V), if and only if Y = p.(Y)
and the restriction of A to flat sections, A: T/* (V) — I'/{*(V), corresponds to
A:T4(V) = Ta(V) upon the identification I'g = p,I'/{*.

5.2. Coisotropic reduction. Let M be a symplectic degree 2 N-manifold corre-
sponding to the pseudo-euclidean vector bundle E — M. Let N be a coisotropic
submanifold of M corresponding to the geometric data (N, K, F, V), as in Theo-

rem [4.5] Consider (Car)pqs, as in (4.20) and Prop. [4.10

Theorem 5.4. The following are equivalent:

(a) F is simple and V has trivial holonomy;

(b) there is a symplectic degree 2 N-manifold N and a surjective submersion
(p,p*) : N = N such that p*: Crr — pu(CN)pas is an isomorphism of sheaves
of Poisson algebras.

In this equivalence, N (the body of N') is the leaf space of F, and the pseudo-
euclidean vector bundle corresponding to N is the quotient of Eguot = KL/K with
respect to F' and V.

Note that the properties of A in (b) define it uniquely, up to symplectomorphisms.
Definition 5.5. We will refer to A as the reduction of N.

Proof of Thm.[5.]] Assume that (a) holds. Let N be the leaf space of F, with
quotient map p: N — N, and let E,.q — N be the quotient of E,,; = KL'/K - N
with respect to F' and V, as in Lemma Since V is metric, E,.q inherits a
pseudo-euclidean structure.
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Let now N be the symplectic degree 2 N-manifold corresponding to the pseudo-
euclidean vector bundle E,.4 (as in Theorem , determined by

(5.5) (Cx)o=Cx, (Cxh =TE,0r (Cx)2=Tag -

We will define a surjective submersion (p,pf) : N — N. For that, it suffices to
determine p? in degrees 1 and 2, see Lemma part (a). We set

(5.6) Pl S oI = p ((Ch)pas)t C p(C)1,

quot

(5.7) PhiTap S0l =pul(Cn)bas)2 S p+(Ci)a,

quot

to be the identifications in (5.3) and (5.4). In order for pji and pg to determine a
map pt: Cn — p«Cyr, we still need to check that they are compatible in the sense

of Lemma [2.2] part (a), i.e.,
(5.8) ph(e).ph (') = ph(e.e).
Consider the natural inclusion

21 flat flat
A FEquot —)PAZ , 61/\620—><0,61A€2),
quot

that corresponds to the map p.((Cn)pas)1-Px((CA)bas)1 < P«((Cn)pas)2 (note that

the image of /\2FJfElZiot coincides with the flat sections of /\2Equot - quwt with

respect to the connection V). To verify (5.8) we recall that (Y,A) = pg((X, A))
satisfies A Opli = pji o A. It follows that, for local sections eq, es and e of E,.q,

ph(er Aea)(pi(e)) = pi((e1 Ae2)(e)) = Pl ({e1, e)ez — (ea,e)er)

= p*(er, e)p}(e1) — p*(e2, €)pl (1)
= (pi(e1) AP (e2) (P} (e)),

where we used that, since V is metric, we have
(5.9) <p§(e),p§(e/)> = p*<e, e/>.

Therefore ([5.8)) holds, and (5.6) and (5.7) uniquely determine a morphism (p,p?) :
N = N.

Since p* defines an isomorphism
(5.10) P*: OF = pe(CF)bas = P+ ((CN)bas)o,

and pti and pg are isomorphisms onto p.((Cn)pas)1 and p«((Cnr)pas)2, respectively,
we conclude that p?: Cn — p«(CN)pas is an isomorphism, see Cor. It is also a
consequence of Cor. that there are local coordinates in N and A with respect
to which (p,p*) is in the normal form of Cor. so it is a surjective submersion.

Comparing with , we see that the fact that pf preserves Poisson brackets is
equivalent to , the identities

p(Lyf) =Ly f),  Ale) =pi(Ale)),

when (Y, A) = o (Y, A), and the straightforward fact that pﬁ2 preserves commutators.
This completes the proof that (a) implies (b).
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For the converse, suppose that (b) holds, and let E,.q — N be the pseudo-
euclidean vector bundle corresponding to A/. Then and hold, and
implies that the fibres of p are the leaves of F', so F' is simple. On the other hand,
induces a bundle map Eyuot — Ereq covering p : N — N which defines an
identification Eyyot = p*Ereq. The fact that V has trivial holonomy then follows
from Lemma [5.11 0

Ezample 5.6. Consider a G-equivariant, pseudo-euclidean vector bundle £ — M.
Let K — N be a G-invariant isotropic subbundle, and suppose that the G-action on
N is free and proper. Consider the associated coisotropic geometric data (N, K, F, V),
as in Example In this case the foliation F' is simple and V has trivial holonomy,
following Example when G is connected, coisotropic reduction yields the pseudo-
euclidean vector bundle E,.q = Egyuot/G, for Egpo = K L/K. o

6. COISOTROPIC REDUCTION OF COURANT ALGEBROIDS

6.1. Courant algebroids. Let M be a symplectic degree 2 N-manifold, and let
(E, (-,-)) be the corresponding pseudo-euclidean vector bundle, as in Thm. Sup-
pose that M is equipped with a global section of Cprq of degree 3, © € C(M)s,
satisfying

(6.1) (0,0} =0.

We will refer to such © as a Courant function. The terminology is motivated by
the fact that, in terms of the pseudo-euclidean vector bundle E, a Courant function
© is equivalent to a Courant algebroid structure on E [LWXO9T7], see, e.g., [Roy02a),
Thm. 4.5]. In other words, © is equivalent to a bundle map p: E — TM, referred
to as the anchor, and a bilinear bracket [-,-]: I'(E) x I'(E) — I'(F) satisfying

C1) [ex, [e2; es]] = [le1, e2], es] + [ea, [e1, €3]],

) [[617f62]] fler, e2] + (£ ez,

) £ ey (€2, e3) = ([e1, ea], e3) + (ea, [e1, e3]),

) ([[61762]]) [p(e1), ple2)],

) <613[[62762]]> %£p(e1)<62a62>3

for all e1, ea,e3 € I'(FE) and f € C°°(M). Explicitly, the relationship between © and
p and [-,-] is given by the following derived-bracket formulas:

(6.2) Loe)f ={{O.e}, [}, ler,e2] ={{O,e1}, €2},
for e,e1,e9 € I'(E) = C(M); and f € C(M).
Remark 6.1. Conditions (C2) and (C3) say that, for each e € I'(E),
ade: =[e,]: T(E) = T(E)
defines a metric-preserving derivation of E, i.e., (p(e), [e, ]) € T'(Ag) (cf. and

(3.6). By (C1), ade is also a derivation for the bracket, so it defines an 1nﬁn1tes1mal
automorphism of the Courant algebroid.

Ezample 6.2 (Doubles). Any Lie algebroid gives rise to a Courant algebroid, referred
to as its double, as follows.

Let A — M be a vector bundle, and consider the degree 2 symplectic N-manifold
M = T*[2] A[1] corresponding to pseudo-euclidean vector bundle A @ A* (see Exam-
ple . To see how a Lie algebroid structure on A defines a Courant function on
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M, we will use a natural injective map of C'(A[1])-modules,
(6.3) xX(A[1]) = c(M)[2],

given by (see Example :
(X(A[1]))-1=T(A) = T(A0) CcT(A® A") = C(M)4,
(X(A[1]))o = Der(A4) = I'(Aspa-) = C(M)q,

where the second map takes a derivation (X, D) of A to (X, D @ D*). This map is
a morphism of graded Lie algebras (with respect to the Poisson bracket on C(M)).
In analogy with the classical case, we refer to functions in the image of as
“fiberwise linear” on T*[2]A[1].

Now suppose that A — M is a Lie algebroid, and denote by Q = da its Lie
algebroid differential, regarded as a degree 1 vector field on A[1] (see Remark [2.16]).
By means of , @ defines a (fiberwise linear) degree 3 function on M, which is a
Courant function (since [@, Q] = 0).

Denoting by p4 and [, -] 4 the Lie-algebroid anchor and bracket, the corresponding
Courant algebroid structure on the pseudo-euclidean vector bundle £ = A & A* has
anchor p(a,§) = pa(a) and bracket

[(a1,&1), (a2, &)] = ([a1, a1], £a,&2 — ia,daér),

where £, = daiq +1,da. These Courant algebroids are special cases of “doubles” of
Lie (quasi-)bialgebroids [LWX97, Roy02b]. For instance, given a ds-closed element
x € T'(A3A*), one obtains a more general Courant bracket on A @& A* given by

[(a1,&1), (a2, &)] = ([a1,a1], £a,:&2 — tayda&s + tayia; X)-

O

Ezample 6.3 (Exact Courant algebroids). For a manifold M, by considering the
tangent Lie algebroid A = TM — M in the previous example, one obtains the
standard Courant algebroid structure on F = TM & T* M, with anchor p the natural
projection onto T'M and

[[(Xv a)? (Y,,B)]] = ([Xa Y], £xp— inOZ)‘

The symplectic degree 2 N-manifold corresponding to TM @ T*M is denoted by
T*[2|T[1]M, and the Courant function © in this case corresponds to the de Rham
differential on M via . Any set of local coordinates {z'}, i = 1,...,n, on M
induces local frames on T'M and T* M, which give rise to local coordinates

{ZB17' "’$n7vl7' .‘72}”’617_ "’£n7p1?"'7pn}
on T*[2]T[1]M, of respective degrees 0,1, 1 and 2, satisfying
{pj.2'} =655, {v',&;} = 6.
while the other brackets vanish. In these coordinates, © = v'p;. More generally,
for a closed x € Q3(M), locally written as %Xijkd:cldacjdack, we have that ©, =
vip; + % Xijkvivj v* is a Courant function that defines the y-twisted Courant bracket
on TM @ T*M [SWO01]; these types of Courant algebroids are known as ezact.
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We recall that yx-twisted Courant brackets admit interesting symmetries called
gauge transformations [SWO01| (also known as B-field transforms |Gualll]). Any 2-
form B € Q%(M) gives rise to a vector-bundle automorphism

(6.4) TM&T*M - TM&T*M, (X,a)— (X,a+ixB)

that preserves the y-twisted Courant structure if and only if dB = 0. From a
graded-geometric viewpoint, as explained in [Roy02b, §4], B is viewed as a degree 2
function on T*[2]T[1]M (since Q%(M) C T'(A2E) C T'(Ag)), so it defines a degree 0
hamiltonian vector field { B, -} whose time 1 flow corresponds to the pseudo-euclidean
automorphism ; the condition {B,©,} = 0 (saying that the hamiltonian flow
of B preserves the Courant function ©,) is equivalent to dB = 0. o

6.2. Reducible Courant functions. Let A be a coisotropic submanifold of M,
and suppose that N is the reduction of ' (in the sense of Def. . Any function
S on M that is a section of the subsheaf 97 C Cy defines a section of (C)pas (s€€
and (4.21))), and hence a function S,..4 of the reduction N (via the identification
in Theorem part (b)).

Definition 6.4. We refer to functions on M that are sections of 9tz as reducible.

Let © be a Courant function on M, with corresponding Courant algebroid defined
as in . If © is reducible, then ©,.4 is a Courant function on A/, which is in
turn equivalent to a Courant algebroid over IN. Our next goal is to express the
reducibility condition for a Courant function in geometric terms, so as to obtain a
geometric reduction procedure for Courant algebroids.

Let NV be a coisotropic submanifold of M with sheaf of vanishing ideals Z and
corresponding geometric data given by (N, K, F,V) (as in Thm. 4.5). Recall the

notation FJ; {“; . from (4.24).

Theorem 6.5. A Courant function © € C(M)s is reducible (i.e., {©,Z} C T) if
and only if the following conditions hold:
(R1) p(K+) C TN,
(R2) p(K) C F
( ) [(Ffa )PT]WF:ICFTMF7
4) T

B,K+
(R f ot "1 s involutive with respect to the Courant bracket.
Notice that when F is simple, (R3) is saying that p(T {; l‘;’; )|~ consists of vector
fields that are projectable with respect to the quotient map N — N.

For the proof, we need some additional observations about the vanishing ideal 7
of N. First, we have the following alternative description of Zy:

Lemma 6.6. For U C M open,
(6.5)  Io(U) ={(X,D) € Ta,(U)| X € Trasr(U), D% (U)) C Tk (U)}-

E,Kt

To compare with (4.16)), note that the condition D(F{EZ,ZZL(U)) CI'g x(U) implies
that D(I'p x(U)) CTx «(U), so (X, D) must lie in FX;EK(U). Note also that the same
condition says that [Dy] (Fg:iot) = 0 (where [Dy] is the image under of the
restriction of D to N). By Remark -, 7}, the descriptions of Z in and . are

equivalent.



GRADED GEOMETRY AND GENERALIZED REDUCTION 41

Let Ir denote the subsheaf of C'}; consisting of functions whose restrictions to N
are basic relative to F' (i.e., in (CR)pas). It now follows from (6.5) that € = (X, D) €
Z5(U) if and only if

(6.6) {e,Ir(U)} = £x(Ir(U)) C IN(U),
(6.7) {5 (U)} =D ) CTex(U).

We will also need the following characterization of Z3.

Lemma 6.7. Given an open subsetU C M, T € Z3(U) if and only if {T, FfElizl(U)} C
Z(U).

Proof. Recall that FfEliz . = (Mg)1, see Lemma So T € Z3(U) implies that
{T, I‘fEl;zL(U)} C Zy(U). Conversely, we now check that {7, P;l;zj_(U)} C (D)
implies that 7' € Z3(U). It suffices to assume that we have local coordinates
{x%, et p'} over U, so that T is generated by z!,...,270, el ... ™, pl ... p"
(where 19 = codim(N), r1 = rank(K), and ry = rank(F)). Any T € (Cpm(U))s

is written in coordinates as

(6.8) T = sip’ + Apn(z)ete”e,
where s’ = B/ (z)et. Given k* € FZ;ZL(U), we have
(6.9) (T, k*} = p' {s1, kT } — {p!, Kk Ysr + {Ap(x)ete’ e k) € To(U).

As a consequence, {sr,k+} € Zo(U) for I > 19, ie., s; € Tpx(U) = Zy(U) for
I > ry. Since p! € To(U) for I < ry, it follows that {p/,kt} € Tp x(U) = Z1(U)
if I < ry. So the first two terms on the right-hand side of lie in Zo(U), which
forces the term {A,,,(x)ete’e", k*} to lie in Zo(U). But this happens if and only if
Ay € Io(U) whenever p,v,n > r1. From the expression in (6.8)), we conclude that
T € T;(U). O

Proof of Thm.[6.5 Recall that Zyp = Iy, 71 = 'y k, and Iy is given as in (4.16)).
The reducibility of © is equivalent to

(a) {©,Zo} C I,

(b) {6,11} C I,

(C) {@,IQ} - Ig.
For each open U C M, note that e € 71 (U) = Ip «(U) if and only if (e,I', .1 (U)) =
{e,T, x1(U)} = 0. So (a) is equivalent (on U) to

{{6,To(U)},e'} = £, In(U) =0,

for all ¢’ € T, .1 (U), i.e., p(K*) C TN, which is condition (R1) in the statement
of the theorem.

By and (6.7), we see that (b) is equivalent (on U) to the following two
conditions:

{{6,T1(U)}. f} C IN(U) Y f € C5(U) such that f|y € (CFF)pas(U N N),
{6, LU)}L T (U)} S Te i (V)

E,K+

By (6.2), the former is equivalent to condition (R2), while the latter is equivalent to
(6.10) [[FE,K,FQGI;]] Clpk.
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From Lemma along with and (6.7), we see that (c) is equivalent to

(6.11) {{6, )}, 175 (U)} Ir(U)} € In(U),
(6.12) {{6, ()}, T (UL T (U)} € Do (V)

We first consider (6.11]). Let € = (X, D) € Zo(U), e € FZZ’ZL(U) and f € Ip(U). By
the graded skew-symmetry and Jacobi identity for {-,-}, we have that

{{@7’5}7 6} = {@7 {a 6}} - {gv {@7 6}} = {{gﬂ 6}7 @} + {{67 6},@},

and

{{{67 g}’ 6}, f} = "Ep({E,e})f + {{67 e}v {gv f}} - {ga {{@7 6}7 f}}
= Lyqeenf + Lo (£xf) = £x(£,)f)-
By (6.7), {€,e} € T'x x(U), so it follows from condition (R2) that £,ze}).f € In(U).
So {{{©,¢},e}, f} € In(U) if and only if £, x)f € In(U), ie., [p(e), X] €
L p(U) for arbitrary e € F%T(U) and X € Tz r(U). So is equivalent
to condition (R3).
In view of (6.12), let us now consider € = (X, D) € Z5(U) and e1,e; € I (U).

E,KkL
Then

{{@7 E}, 61}7 62} = {{67 {gv 61}}7 62} - {{ga {®7 61}}, 62}

= [D(er), ea] — ({6, {{O, ex}, ea}} — {{O, en}, {€, e2}})

= [D(e1), ea] —{€,{{O, e1}, ea}} + [e1, D(e2)]-
By and (6.10), we see that both [D(e1), e2] and [e1, D(e2)] belong to I'y «(U).
So the condition {{O,€},e1},e2} € I'p (U) is equivalent to

{gv {{67 61}7 62}} = D([[elv 62]]) = FE,K(U)‘

This holds for arbitrary € € Zo(U) if and only if [er, ez] € T/ l;z . (U). Indeed, note
first that [er,es] € 'y 1 (U), since, for any e3 € I' (U),

(lers e2]s e3) = £p(ep) (e, €3) — (e, [e2, e3]) € IN(U),

as a consequence of (e2, e3) € Ix(U), and conditions (R1) and (6.10). Then D([e1, e2]) €
I'px(U) for all (X, D) € Zy(U) if and only if the projection of [er, e2]|n to 'g,,,, is
V-flat (see (4.16)), which is equivalent to ey, es] € r7et (U). So (6.12) is equivalent
to condition (R4). 7

Summing up, we have shown that © is reducible if and only if conditions (R1)-
(R4) (in the statement of the theorem) as well as hold. We finally observe that
is redundant, since it is implied by condition (R4). Indeed, let e; € 'y x(U)
and eg € Fg‘;ﬁl(U), and notice that [e1,es] = —[ez, e1] by the orthogonality of K

and K. For any e3 € ngl(U) we have

(le1, e2], e3) = —([ea, e1]. e3) =0
by property (C3) in the definition of Courant algebroid and condition (R4). This
implies that
<[[FE,K5 FfElzzJ_]]a FEyKJ-> = Oa

since around every point of N there exists a frame of K1 consisting of sections that
project to V-flat sections of K /K (by the flatness of the F-connection V). O
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Remark 6.8. Regarding the reducibility conditions (R1)—(R4), in case the following
stronger version of (R2) holds,

p(K) =F,

then (R3) becomes redundant: it is a consequence of (6.10)) and the fact that p: E —
TM preserves brackets.

Let us now consider a lagrangian submanifold N of M, defined by K — N, where
K C E|y is a lagrangian subbundle, see Cor.
The following is a special case of Thm.

Corollary 6.9. Let © € C(M)3 be a Courant function. The following are equivalent:

(a) © is reducible
(b) p(K) C TN and, for any sections ey, ea € I'(E) with e1|n,e2|n € I'(K), we
have [e1,e2]|n € T'(K).

Proof. Since F = TN, conditions (R1) and (R2) of Thm. [6.5] reduce to p(K) C T'N.
Since K+ = K, we see that Fg“}; = I'x «, so condition (R4) in Thm. is equivalent

to the second condition in (b) Condition (R3) in Thm. [6.5|is automatically satisfied
since F'=TN and p(K) CTN. O

We are led to the following notion, see, e.g., [AX], BIPS09, [Sev05].

Definition 6.10. A lagrangian subbundle K — N of a Courant algebroid £ — M
satisfying condition (b) of Corollary is called a Dirac structure supported on N.

When N = M, we have that K is a Dirac structure in E in the sense of [LWX97],
extending the original definition of [Cou90] when E = TM.

According to the previous corollary, Dirac structures with support are equivalent
to lagrangian submanifolds of M tangent to the hamiltonian vector field of the
Courant function O.

6.3. Reduction of Courant algebroids. Using the equivalence between Courant
functions and Courant algebroids, we can derive from Thm. [6.5 a reduction proce-
dure for Courant algebroids. We will express this procedure in classical geometrical
terms.

Let E — M be a Courant algebroid, with pseudo-euclidean structure (-, -), anchor
p and bracket [-,-]. Let (N, K, F, V) be geometric coisotropic data, i.e.,
N is a submanifold of M,
K C E|y is an isotropic subbundle,
F C TN is an integrable subbundle, and
V is a metric, flat partial ’-connection on the vector bundle Ey,ot = K L /K
over N.

When F' is simple and V has trivial holonomy, we have a surjective submersion
p: N — N onto the leaf space of F' and a quotient of Fg,, with respect to F
and V (see Lemma [5.1)), which is a pseudo-euclidean vector bundle E,.q — N. Then

Equot = p* Eyeq, and we denote by ph T Eyeq — PxL'Eg,., the pullback map of sections.

Theorem 6.11 (Coisotropic reduction of Courant algebroids). Let E — M be
a Courant algebroid and (N, K, F,V) as above. Suppose that F is simple and V
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has trivial holonomy. If conditions (R1)-(R4) in Thm. hold, then the pseudo-
euclidean vector bundle E,.q inherits a Courant algebroid structure, with anchor preq
and bracket [, Jred, given as follows: for e, e, ey sections of Eyeq and f of Cy:

(6.13) pred(€) = p«(p(e)), Ples, €2, lrea = [[e1, e2]|n],
where e is a section of K such that [e] = p'e, and e; is a section of Fg“}; such that
leiln] = pPe;, i =1,2.

This theorem can be proven by directly showing that conditions (R1)-(R4) in
Thm. guarantee that the bracket and anchor can be reduced. But using graded
geometry, we will see that the proof is immediate.

Proof. We know that the Courant algebroid £ — M is equivalent to a Courant func-
tion © on a symplectic degree 2 N-manifold M, and that the quadruple (N, K, F, V)
defines a coisotropic submanifold. Further © is reducible by Thm. [6.5} and ©,..q4 is a
Courant function on the reduction A, which is in turn equivalent to a Courant alge-
broid structure on E,.q — IN. The expressions for the reduced anchor and bracket
in follow from the derived-bracket formulas and the definition of {-, - }pqs,
see (4.22)) and (4.30)). O

The previous theorem motivates the following notion.

Definition 6.12. We say that a Courant algebroid (E, (-, ), p, [, ]) is reducible with
respect to geometric coisotropic data (N, K, F, V) (see Definition if conditions
(R1)(R4) in Thm. [6.5] hold.

We illustrate Thm. [6.11| with some special cases. We keep the setup and notation
of the theorem.

Ezample 6.13.

(i) Let N C M be a submanifold, and set K, F' and V to be trivial (i.e., the
corresponding coisotropic submanifold in Thm. has only constraints in
degree 0). Then the reducibility conditions (R1)-(R4) reduce to the single
condition that p(E) C T'N. In this case, the theorem boils down to the
simple fact that the restriction F|y inherits a Courant algebroid structure.

(ii) Consider a submanifold N C M and an isotropic subbundle K C E|y, setting
F and V to be trivial. The reducibility conditions in the theorem become
p(K+) C TN, p(K) =0, and that ', . is closed under the Courant bracket.
Thm. then says that there is an induced Courant algebroid structure on
K+ /K — N. This recovers the result in [LBMQ9, Prop. 2.1], which has as
a special case the pullback of Courant algebroids to submanifolds transverse
to the anchor [LBMO09, Prop 2.4].

(iii) If we set K to be zero in Thm. we obtain the following statement:
let N C M be a submanifold with a regular involutive distribution F' and a
flat, metric F-connection on F|y. Assume that p(F) C TN, and that the
restricted Courant algebroid E|y is such that [p(T'}),Ts] € T and 'L
is involutive. Then, whenever F' is simple and V has trivial holonomy, there
is an induced Courant algebroid structure on E,.q — N, the quotient of F|y
with respect to F' and V.
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(iv) As a simple special case of (iii), suppose that a (connected) Lie group G
acts on the Courant algebroid £ — M by automorphisms. Let N be a G-
invariant submanifold of M where the action is free and proper, and such
that p(E) C TN; the G-action gives rise to a flat, metric partial connection
on E|y, see Example satisfying the conditions in (iii). It follows that
E,.cqa = (F|n)/G — N/G has an induced Courant algebroid structure.

o

6.3.1. The exact case. Given a Courant algebroid (E, (-,-), p, [-,-]) over M, there is
an associated chain complex

0= TM%S EATM 0,

where we have used the identification £ = E* for the map p*. A Courant algebroid is
called ezact if this sequence is exact. A choice of lagrangian splitting of this sequence
identifies F with a twisted Courant algebroid structure on T'M & T* M, with respect
to a suitable closed 3-form [SWO1]; this leads to a classification of exact Courant
algebroids by elements in H3(M), the so-called Severa classes [Sev17]

One can refine the coisotropic reduction of Courant algebroid to see when the
reduction of an exact Courant algebroid is again exact. Consider the same setup
and notation as in Thm. but assuming that E is exact.

Proposition 6.14. The reduced Courant algebroid E,.q — N is exact if and only
if:

(a) dim(N) — rank(p(K1)) = rank(F) — rank(p(K)),

(b) p(KL) N F = p(K).
In particular, this holds when p(K+) = TN and p(K) = F.

Proof. We will use the following fact: a Courant algebroid is exact if and only if
its rank is twice the dimension of its base manifold and the kernel of its anchor is
isotropic.

Let mo = dim(M) = & rank(E) and r; = rank(K). The rank of E,.q agrees with
the rank of K+ /K, which is 2(mg — r1). By properties (R1) and (R2) of Thm.
we know that rank(TN) > rank(p(K+)) and rank(F) > rank(p(K)). Since E is
exact, we have an exact sequence
T*"MNK+*+K K+ p(Kb)

- — —

K K p(K)
Noticing that (T*MNK++K)/K islagrangian in K+ /K, we conclude that rank(K+/K) =
2rank(p(K+)/p(K)) = 2(rank(p(K+)) — rank(p(K))). It follows that rank(K*/K)
equals 2dim(N) = 2(rank(TN) — rank(F)) if and only if

rank(p(K1)) — rank(p(K)) = rank(T'N) — rank(F),
which is condition (a).

If (a) holds, then E, .4 is exact if and only if the kernel of the map K+/K — T N/F,
given by C; = (K+ N p~1(F))/K, is isotropic. We will check that this is equivalent
to condition (b).

Note that O contains the lagrangian subbundle Co = (T*M N K+)/K, so C;
is isotropic if and only if C4 = Cs. Since C5 is the kernel of the map K - /K —
p(K+)/p(K), the condition C; = Cy is equivalent to the map p(K+)/p(K) — TN/F

0— — 0.
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induced by the inclusion being injective (in fact, an isomorphism by (a)), which is
the same as condition (b). O

We now see how the reduction of exact Courant algebroids in [Zam08] is a special

case of Corollary

Ezample 6.15 (Reduction by isotropic, involutive subbundles). Consider an exact
Courant algebroid E over M. Let K — N be an isotropic subbundle of F, and
suppose that

(a) p(K*) = TN

(b) K is involutive, in the sense that

[[FE,K7 FE,K]] - FE,K-

We can use K — N to produce geometric coisotropic data (N, K, F, V) as follows.
By the exactness of E, we have that

(6.14) KNT*M = Ann(p(K+)) = Ann(TN),

which implies that p(K) C T'N has constant rank (since ker(p|x) = K NT*M). It
follows from the involutivity condition on K and the bracket-preserving property of
p that p(K) is involutive. We set F' := p(K). One can now verify that the expression

Vxleln] = [k, el

defines a metric, flat F-connection V on Eg e, = K+/K, where X € I'(F), k is any
section of I'y ;- satisfying p(k)|ny = X, and e is a section of I, ,.1. (The fact that
V is well defined follows as in [Zam08, Lemma 3.1], flatness is a consequence of the
Jacobi identity (C1) of Courant brackets, while the metric condition follows from
(C3).)

One can also check that F is automatically reducible with respect to (N, K, F, V)
(as in Def. [6.12)). Indeed, it remains to verify the reducibility condition (R4) (since
(R3) holds as observed in Remark [6.8). Noticing that, for each open U C M,

r’'t (U)={ee€ Lyt (U)[[k e] € Tpx(U) forall k € T'p «(U)},

B, K+
condition (R4) directly follows from properties (C1), (C3) and (C5) of Courant
brackets.

So, assuming that F' is simple and V has trivial holonomy, we obtain a reduced
exact Courant algebroid E,.q over IV, the leaf space of N by F', as a consequence of
Theorem and Proposition This construction recovers [Zam08, Thm. 3.7]
from a slightly different perspective (see [Gualll Prop. 7.1] for a special case). ¢

The following is a particular case of the previous example.

Ezample 6.16 (Reduction by isotropic, involutive subbundles with an action).
Let E — M be an exact Courant algebroid, and K — N be an isotropic, involu-
tive subbundle with p(K+) = TN; let (N, K, F,V) be the corresponding geometric
coisotropic data, as in the previous example. Assume further that
e a (connected) Lie group G acts on E by Courant-algebroid automorphisms,
e the G-action on F is infinitesimally generated by a bracket-preserving map
¥: g — ['(F), in the sense that the g-action on E by infinitesimal Courant
automorphisms is given by

ur (ady () = [Y(u), -] T(E) = T(E)),
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for u € g (see Remark [6.1]),
e for each x € N, the map ¢,: g = E|z, u— ¢(u)(z) takes values in K|, and
p(Yz(9)) = p(Klz) = Fla.
This last condition and the involutivity of K imply that K — N is a G-invariant
subbundle of ¥ — M. Assuming that the G-action on N is free and proper, it is
a simple verification that the geometric coisotropic data defined by the G-action on
K (as in Example coincides with (N, K, F, V). Therefore, with this setup, F is
reducible with respect to the coisotropic data, F' is simple, V has trivial holonomy,
and E,.q = (K+/K)/G is an exact Courant algebroid over N/G.
A special case of this construction is described in [BCGO8, § 3.1] (based on
[BCGOT]), when K — N and the G-action on E are defined by means of an “extended

action” (see § [8.5). o

7. COISOTROPIC REDUCTION OF GC AND DIRAC STRUCTURES

7.1. Reduction of GC structures. Let M be a symplectic degree 2 N-manifold
and (E, (-,-)) be the corresponding pseudo-euclidean vector bundle. By a quadratic
function on M we mean a section of (Caq)1-(Cpaq)1 € (Cpag)2. With the identification
(Cm)1 = g+, quadratic functions are seen as sections of I'\2z+, which are equiva-
lent to skew-symmetric endomorphisms E — F (i.e., sections of Ap with vanishing
symbol). For simplicity, we will keep the same notation for the quadratic function
and the corresponding skew-symmetric endomorphism.
Let NV be a coisotropic submanifold of M defined by (N, K, F, V).

Lemma 7.1. A quadratic function J on M is reducible (i.e., it is a section of Nz )
. - flat flat
if and only if J(FE,KL) CIy

This result is an immediate consequence of the description of (917)2 in Lemma
once one notices that the the condition in the lemma implies that J(K+) C K+, and
hence J(K) C K (so that J is automatically a section of I')’").

Let us recall that a generalized complex (GC) structure [Guall] on a Courant
algebroid £ — M is an endomorphism J: E — E preserving the pairing (-, ), such
that J? = —Id and whose Nijenhuis torsion vanishes,

[J(e1), I(e2)] — I([I(er), e2]) — I(er, I(e2)]) + [e1, e2] = 0.

These objects admit a characterization in terms of the corresponding symplectic
degree 2 N-manifold (M, {-,-}) with Courant function ©: it is proven in [GraQ6]
that generalized complex structures J: £ — E are equivalent to quadratic functions
J on M satisfying

(7.1) {{e,1},J} = 6.

Theorem 7.2. Suppose that the Courant algebroid E is reducible with respect to
the geometric coisotropic data (N, K,F,V), and let E..q be the reduced Courant
algebroid.

If a generalized complex structure J: EE — E satisfies J(Fg“[@) C F;";ﬁh then it
gives Tise to a reduced generalized complex structure Jy.q on Ered by ’

PFlreale) = [J(e)],

where e is a section of Ereq and e is a section of K+ such that [e] = pﬁg.
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Proof. Consider the coisotropic submanifold N corresponding to (N, K, F, V), and
let A be its reduction. By Lemma the condition in the statement says that the
quadratic function J is reducible, so it defines a function J,.q on A/, which is easily
seen to be quadratic; moreover, the skew-symmetric endomorphisms corresponding
to J and J,.q are related as in the statement of this theorem. To see that J,.q is
generalized complex, notice that implies that the same condition holds for ©,..q
and J,.q since both the passage from the Lie normalizer 917 to basic functions on N
and the identification of the latter with functions on NV preserve Poisson brackets. [

Remark 7.3. One can prove versions of the previous theorem under weaker condi-
tions, e.g., assuming that J(K)NK~* has constant rank and is contained in K and that
J preserves the flat sections of this bundle, see, e.g., [Zam08, Prop. 6.1]. Graded-
geometric interpretations of these results require considering graded submanifolds
beyond the coisotropic ones.

Ezxample 7.4. Consider the setup of Example [6.16] with reduced Courant algebroid
E,eqg = (K+/K)/G. In this case, any G-invariant GC structure J satisfying J(K+) C
K+ (or, equivalently, J(K) C K) over N satisfies the condition in Theorem ﬁ
and hence can be reduced to a GC structure J,eq on E,.q. This extends [BCGOS|
Thm. 4.1] (based on [BCGO07, Thm. 5.2]). o

7.2. Reduction of lagrangian submanifolds and Dirac structures. A well-
known construction in classical symplectic geometry is the reduction of lagrangian
submanifolds through coisotropic reduction, see, e.g., [Wei79, Lect. 3|. Consider a
symplectic manifold M along with a coisotropic submanifold N and a lagrangian
submanifold L. Assume that N and L intersect cleanly, i.e., N N L is a submanifold
and T(N N L) = TN NTL. The latter condition can be equivalently expressed in
terms of vanishing ideals as Innz, = Iy + I (see, e.g., [Li09, Lemma 5.1]). Suppose
also that the null foliation of N is simple, so that its leaf space NN is a smooth
symplectic manifold. Then the projection of N N L to N is, at least locally, a
lagrangian submanifold in N (sometimes called a lagrangian “sub-immersion”).

We will now discuss an analog of this construction for degree 2 N-manifolds. As
a consequence, using the description of Dirac structures in terms of lagrangians
submanifolds (explained in the end of § , we will obtain a reduction procedure
for Dirac structures.

Let M be a symplectic degree 2 N-manifold, N a coisotropic submanifold, and
L a lagrangian submanifold, with bodies N and S, respectively. The corresponding
vanishing ideals are denoted by Zx and Z,. We assume, for simplicity, that

NCS

(in particular, one could take S = M, which would be enough to treat reduction

of ordinary Dirac structures). Let E be the pseudo-euclidean vector bundle corre-

sponding to M, so that £ is described by a lagrangian subbundle L — S (as in

Corollary [4.15]), and A corresponds to geometric coisotropic data (N, K, F, V) (as
5

in Theorem |4.5

7.2.1. Clean intersection. We start by considering the intersection of A/ and £ in
M. Following the classical case, we say that N and L intersect cleanly if the sheaf
of ideals Zys + Z. is regular (in the sense of §2.3).
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We have the following geometric characterization of the clean-intersection condi-
tion.
Proposition 7.5. The sheaf of ideals Lyr + Iy is regular if and only if

i) KN L|y has constant rank, and
1) Vy(PLyuor) € ULguers for any sectionY of I'p,

K+nL|y)+K
where Lgyor = %

Note that condition i) ensures that
Lquot C Equot = KL/K
is a smooth lagrangian subbundle.

Proof. The sheaf of ideals Zyr + Z, is locally generated in degrees 0, 1 and 2, and it
satisfies

(In+Ze)o=In, In+Zehi =Texiny, In+Zo)e =T, kit
recalling that (Zz)1 = I'p., (Zy)1 = gk, and the vector bundles K — N and

L — S are such that (Zy)2 = 'y, z and (Zg)2 =T, ;. It follows that Ty + I is

regular if and only if the following conditions are satisfied: K + L|y and K+ Z| N
have constant rank, and

(7.2) (K + L|n) N A2E|x = (K + L|§) A E|n,

see Lemma m (upon using the isomorphism F = E*). Notice that the condition

that K + L|y has constant rank is implied by the other two. Indeed the sequence
0— (K+L|ny)NA?E|y = K + L|y — TS|y — 0,

obtained by restricting (3.7)), is exact, because L maps surjectively onto 7T'S under the
symbol map (to verify this last claim, recall that I'; = FﬁE‘ and the surjectivity

N
of (4.8)), shown in Prop. |A.2). If K + L|y has constant rank and (7.2]) holds,
then the first (nontrivial) term in the previous sequence has constant rank, and the
exactness implies that the middle term has constant rank as well. Hence, to prove

the proposition, we may assume that item i) holds and show that, in this case, item
ii) is equivalent to ((7.2). This will be verified in the following two claims.

Claim: Condition (7.2) holds if and only if the symbol map o: Kn Z!N — F s
onto.

To prove the claim, recall (from Prop. and Lemma that
(7.3) KNA’E|y =K AE|y and Ly NA2E|y = Ly A Eln,
so we have that

(K +L|N) AE|y CKNA2E + Ly NA2E C (K + L|y) N A2E.
It follows that is equivalent to the opposite inclusion, namely
(K + LIn) N A2E C (K + L|x) A E|n.

Suppose that this last condition holds, and let X € F. One can take} €~I~(
and | € L|y with o(k) = X and o(l) = —X, so that k +1 € A2E. Then k + [ =
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k/\e +l/\e for ki € K, I; € L, and €' € E. Hence k — k/\e 1+ 1; A e lies
in KN L|N and has symbol X, showing that the symbol map KN L|N — F' is onto.

Conversely, suppose now that the symbol map Kn L] ~N — F' is onto, and let
k—|—l€/\2E|N,W1thk‘EKandl€L\N Thena(k:) —o(l) =: X. LetuGKﬂL|N
be such that o(u) = X Then k -+ [ is the sum of k —u € K N A2E|y and [+ u €
Lin N A2E|y, and ( shows implies that k + 1 € (K + L|y) A E|y, proving the
claim.

Claim: The symbol map KnN E\N — F is onto if and only if
(7.4) Vy (TLyuor) € TLguors for any section'Y of I'p.

From (4.16) it follows that I'; = I‘XE‘ and, for each open subset V C N,
S
(V) =AY, D) e L, (V)Y eTp(V), [D] = Vy}.

Therefore

r (V) ={(Y,D) e T/ (V)|Y € Tr(V), [D] = Vv}.

KNL|y
By Prop. the map
Ty = Ty (Y, D) = (Y, (D)),

AE‘N Equot

is onto, and it is clear that it restricts to a surjective map

r — TF™ A Y(Tp),

KQL|N Equot

where the sheaf on the right-hand side has sections (over an open V' C N) of the
form (Y, Vy) € FAEqm(V), with Y € I'p(V) and Vy(I'r,,,,) € 'L ... Considering
symbol maps we obtain the commutative diagram

Rty

N7

I'r

Ly AV(Ip)

quot

Now the surjectivity of the horizontal map implies that each symbol map is onto if
and only if the other one is, which is the statement in the claim. Il

7.2.2. Reduction of lagrangian submanifolds. Assuming that the coisotropic subman-
ifold N and the lagrangian submanifold £ (whose body contains the body of N/)
intersect cleanly, and that A is reduced to N, we now describe the reduction of £
to V.

Denoting by ¢: N < M the inclusion of bodies, we have that Cr = t =1 (Crq/Zn).
Hence 7 := . *((Zy + Zz)/Zy) is a sheaf of ideals in Cyr, to be understood as the
vanishing ideal of the submanifold N'N £ in A. This sheaf is locally generated in
degrees 0, 1 and 2, and we have

Io=0, Ii=Tirnyxs L2=L(g,50)/R
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Recall from § that, by the clean-intersection condition, the quotients
(K+ L) _ Ly (K+Lln) _ Ly
K KNL|n K KNLly
are vector bundles over N.
Now consider the subsheaf (of algebras) of the sheaf of basic functions on N (see

g given by

Iquot =1InN (CN)bas - (CN)basa
which is locally generated in degrees 0, 1 and 2, and satisfies

(7.5) (Zguot)o =0, (Zguot)1 = Derrpyyx NI =11

Equot - Lquot7
and, for each open V- C N, (Zyuot)2(V) is given by operators (Y, D) € FK;N(V)
N

satisfying
Y. Tr(V)] S Tp(V), [DITE: (V) CTE: (V)

Equot Equot
modulo those such that Y € T'p(V), and [D] = Vy. We will give another character-
ization of (Zgyot)2-
Consider the vector bundle qum (see (4.28)) with its natural flat partial con-

nection. Let rgg“’“” be the subsheaf of Fg@t whose sections (Y, A) satisfy the
Equot E

additional property that

quot

A(]‘—\Lquot> g FLquot'

(Note that this last condition is well defined for the class (Y, A) by the clean-
intersection assumption and Prop. part (ii).) Then the map (4.29) giving the
identification ((Cn)pas)2 = Fg@t restricts to an injective map

quot

(Iquot)Q — I‘Lquot ,flat

AY
Equot
which is also surjective by (A.3)), so
(76) (Iquot)Q =~ Fggotyflat.

quot

Suppose that N is reducible to A/, with projection (p,p#): N — N, as in §
Recall that we have an isomorphism p?: Cn — D«(CN)pas, and let Z,.q € Cur be
defined by

pti (I’red) = Dx (Iquot)'

Consider the pseudo-euclidean vector bundle E,..; — N corresponding to A/, given
by the quotient of Eyuo = K+ /K with respect to F' and V (see Theorem . Due
to the geometric description of the clean-intersection condition in Prop. one may
also consider the quotient of the lagrangian vector subbundle Lyt = (KLHL#
of Fgyot with respect F' and V, which is a lagrangian subbundle

Lred - Ered~

Theorem 7.6. Suppose that a coisotropic submanifold N and a lagrangian subman-
ifold L (with body containing the one of N) intersect cleanly, and that N reduces to
N. Then:

(a) Zyeq is the vanishing ideal of a lagrangian submanifold £ of N, corresponding
to the lagrangian subbundle L,.q (in the sense of Cor. .
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(b) If © is a Courant function on M that is reducible for N' and L, then O, eq
satisfies {Opreds Lred} € Lreq (i-e., it is reducible for L).

Proof. We know that L,.q — N is a lagrangian subbundle of E,..4, so it gives rise to
a lagrangian submanifold £ of N by Cor. To prove (a), we must check that its
vanishing ideal equals Z,.4, and it is enough to verify this fact in degrees 0, 1 and 2.
From the expressions for (Zyyuot)o and (Zyyet)1 in , it is clear that

(Ired)() =0= (Ié)()u (Ired)l = FLred = (Ié)l‘
Verifying the remaining case in degree 2 amounts to checking that (Z,.q)2 coincides
with Fg’;d , i.e., the sheaf of sections of A, that preserve I'y, .

red
Recall the map (5.7) that identifies I'y . with

p*((CN)bas)Q = P*Fgl%t
quot

A section (Y, A) of 'y, corresponds to (Y, A) in p*FK? if and only if

Equot

V=p(Y), piodo(]) ™ =Alu

quot

with p? as in (5.6) (see Prop. [A.7). Recall that (Z.eq)2 C Ta, , is defined by the

condition that it agrees with p. (unot)g = p*ngV”“t’ﬂat under this identification. We
Equot

will check that Fglfd has this property and hence coincides with (Z,eq)o.
red
Note that a section (Y,A) of T'y, . satisfying A(T'p CcTy

’V‘Ed)

a section (Y, A) such that A(Ff:;ot) - I‘f:;ot. The fact that flat sections locally
generate I'p_ ., implies that

A(]‘_‘flaz ) C Fg:iot — A(]:‘Lqucnf) g 1—‘Lquot'

Lquot -

corresponds to

red

. . L ,flat .
Hence (Y, A) is a section of I‘A‘Q‘Ot “, proving (a).
quot

To prove (b), recall that © being reducible for N says that it is a section of Mz,
and hence defines a section O of (Car)pas = ¢ (Mg /Zy). Assuming that © is
also reducible for £, i.e., {0©,Z,} C 7., directly implies that

{6/\/7 Iquot} g Iquotv
which proves (b) upon the identification p* : Cxr =5 pu(Cn)pas- O

7.2.3. Reduction of Dirac structures. We now use Theorem [7.6|to obtain a reduction
procedure for Dirac structures, phrased in classical geometric terms. Let E be a
Courant algebroid over M, with anchor p: E — TM, pseudo-euclidean structure
(-,-) and bracket [-,-].

Let us consider the setup for Courant algebroid reduction of § geometric
coisotropic data (N, K, F,V) with respect to which E is reducible, as in Defini-
tion We also assume that F' is simple and V has trivial holonomy, so that we
have a reduced Courant algebroid F,.q — N, as in Thm. Let L be a Dirac
structure in E with support on a submanifold S containing N (see Def. .

Theorem 7.7. In the setup above, suppose that
(a) Ly N K has constant rank and
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(b) the lagrangian subbundle Lyt = W in Equot = K+ /K is V-
invariant, i.e., Vy ('L ,..) C Ty, for any section Y of F.

Then the quotient of Lguot with respect to F' and V is a Dirac structure Lyeq C Freq.-

The proof is just a translation of Thm. The Courant algebroid E corresponds
to a symplectic degree 2 N-manifold M equipped with a Courant function O, the
coisotropic data (N, K, F, V) gives a coisotropic submanifold N with respect to which
O is reducible, and the Dirac structure L corresponds to a lagrangian submanifold
L (with body S O N) with respect to which O is reducible. The assumptions in the
theorem amount to the clean intersection condition, and the fact that L,..q is a Dirac
structure is equivalent to the property in part (b) of Thm. (by Cor. .

Building on Example we see that Thm. [7.7] recovers the following reduction
construction from [ZamO0§].

Ezample 7.8 (Reduction of Dirac structures with support). Let E be an exact Cou-
rant algebroid over M, and let L be a Dirac structure supported on a submanifold
N C M such that p(L) = TN. Suppose that N is equipped with an involutive
distribution F that is simple, with leaf space IN. With this setup, we now recall how
to canonically obtain an exact Courant algebroid E,..q over N together with a Dirac
structure L,.q therein.

Weset K := LNp~!(F) — N, which is an isotropic subbundle of E with p(K) = F,
and moreover satisfies the condition

p(K+) =TN,

since K+ = L + p*(Ann(F)). Then, as explained in Example one canonically
obtains coisotropic data (N, K, F, V) with respect to which E is reducible. Moreover,
it is proven in [Zam08, Lemma 5.4, Prop. 5.5] that the F-connection V obtained
in this case automatically has trivial holonomy. (This relies on the fact that any
splitting of p|r: L — TN, applied to projectable vector fields on N, yields flat
sections of Eyyuo.) Hence by Thm. we obtain a reduced Courant algebroid
FE,eq — N, which is exact by Prop. [6.14]

Using that K C L C K and the involutivity of K and L, one can directly verify
that the two conditions in Thm. [Z.7 are satisfied. Therefore L reduces to a Dirac
structure L,.q in Fpoq — N. o

By combining the above example with Thm. [7.2] one recovers the “reduction of
branes” in generalized complex geometry described in [Zam08, Thm. 7.4] (it is shown
in part b) of the proof of [Zam08, Thm. 7.4] that the hypothesis of Thm. is
satisfied).

8. MOMENTUM MAPS AND HAMILTONIAN REDUCTION

In this section we discuss symplectic reduction of hamiltonian actions in the con-
text of symplectic degree 2 N-manifolds. We recall the main ingredients of the
classical procedure [MW74].

Let M be a symplectic manifold, with Poisson bracket {-,-}, and let g be a Lie
algebra. A g-action on M,

g— X(M), uw— up,
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is called hamiltonian if there is a smooth map pu: M — g* satisfying the following
properties: its dual map

preg— CX(M),  (Wu)(z) = (u(x),u),
is a Lie algebra homomorphism such that
up = Xprw = {1, -}
The map p: M — g* is called a momentum map. The bracket-preserving property
of p* is equivalent to the g-equivariance of p with respect to the co-adjoint action of
gon g*.

We will restrict ourselves to the simplest formulation of symplectic reduction,
by assuming that 0 is a regular value of y, so that N := p~%(0) is a g-invariant
submanifold of M; letting G be any connected Lie group with Lie algebra g, we
also assume that the g-action on N integrates to a G-action that is free and proper.
Then M,.q := N/G carries a natural symplectic structure. In this setting, N is a
coisotropic submanifold of M, and M,.q agrees with its coisotropic reduction. In
particular, C>®°(N)% = C°(N )y, is a Poisson algebra, and the reduced symplectic
form on M,..q is characterized by the fact that the identification ¢*: C°(M,.q) —
C*(N)% induced by the quotient map q: N — M,¢q is an isomorphism of Poisson
algebras.

We will present an analogue of this construction for degree 2 N-manifolds.

8.1. Differential graded Lie algebras of degree 2. A graded Lie algebra is a
(real) graded vector space g = @®rezfk, equipped with a degree-preserving graded
Lie bracket [-,-]: g® g — g. This means that, for homogeneous elements z € g; and
Y€ 0,

[x7 y] - _(_1)kl [ya x]
and [z, | is a degree k derivation of the bracket (graded Jacobi identity).

For a degree 2 N-manifold M, we consider the space of global sections of the sheaf
of vector fields T M, denoted by X(M), equipped with its graded Lie bracket. An
action of a graded Lie algebra g on M is a graded Lie algebra morphism g — X(M).

A differential graded Lie algebra (DGLA) is a graded Lie algebra equipped with
a coboundary operator §: g — g that is a degree 1 derivation of the Lie bracket,

(5[(17,y] = [(SIL’,y] + <_1)k[x75y]7

for x of degree k. Such a ¢ is referred to as a differential.

For the purpose of studying hamiltonian actions on symplectic degree 2 N-manifolds
(see § , we will focus on (differential) graded Lie algebras that are concentrated
in degrees 0, —1, and —2; we will say that such a (differential) graded Lie algebra is
of degree 2.

For ordinary vector spaces b, a, and g, consider the graded vector space

(8.1) g=bhjel]eg

Recall that the notation means that elements in h have degree —2, and elements in
a have degree —1.

Proposition 8.1. A graded Lie algebra structure on g is equivalent to the following
data:

e o Lie algebra structure on g,
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e a representation 7: g — End(a),

e q representation \: g — End(h), and

e a symmetric bilinear map w: a ® a — b that is g-equivariant, i.e., u -
w(ay,a2) = w(u-ay,a2) + w(ag,u-az) for allv € g, a1,as € a.

Proof. The correspondence is given by
T(U)(CL) = [u7 CL], )‘(u)(h) = [u7 h]? w(ahaQ) - [a17a2]7

foru € g, a,a1,a2 € a, and h € . The fact that 7 and X\ are representations, as well
as the g-equivariance property of w, follow from the graded Jacobi identity for the
bracket on g. O

Now suppose that g as in (8.1]) is equipped with a graded Lie algebra structure as
well as a coboundary operator §, so that we have a 3-term chain complex

b Sl g.
Proposition 8.2. (g, [,+],0) is a DGLA if and only if the following conditions hold:

(a) 0 is g-equivariant with respect to \, T, and the adjoint action of g on itself.
(b) dw(ar,a2) = 7(dar)(az2) + 7(daz)(ar) for all ai,as € a.
(c) A(da)(h) = w(a,dh) for alla € a,h € .

The proof is a direct verification.

8.2. Hamiltonian actions and reduction in degree 2. We start with some
general considerations. Given a graded vector space

g=bh2]all] &g,
we will regard the graded vector space g*[2] = g*[2] @ a*[1] D bh* as a split degree 2 N-
manifold determined by the vector bundles Fy = a* xh* — h* and Ey = g* xh* — h*,
as in Example In particular, given a degree 2 N-manifold M, any morphism
o= (p, u¥): M — g*[2] is determined by three maps,
(8.2) p:M—=b% 0ia=CM), g = C(M),
where 1 is the map between bodies, o and ¢ are defined by the components of yf
in degrees 1 and 2, and we denote by C'(M) the graded algebra of global sections of
the sheaf C'hq. Let u*: h — C°°(M) be given by

w(h) (@) = (u(z), h).
With a slight abuse of notation, we will denote by
(8.3) g — C(M)[2]
the morphism of graded vector spaces defined by p*, o and ¢ in ({8.2]).

Suppose now that g is a graded Lie algebra of degree 2 and M is a symplectic
degree 2 N-manifold, so that C'(M)[2] is a graded Lie algebra with respect to the
Poisson bracket. A g-action on M,

Ag - .}:(M), 5 = g/\/la
is called hamiltonian if there is a morphism of degree 2 N-manifold,

i Mo 2,
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so that the induced map i*: g — C(M)[2] is a morphism of graded Lie algebras and
determines the action via

(8.4) Em = Xgee = {1°¢, -},

for all £ € g. As in the classical case we refer to i1 as a momentum map.

Similarly to the classical case, one can perform reduction with respect to a hamil-
tonian action with suitable regularity assumptions. Suppose that 0 is a regular value
for the momentum map (in the sense of § , so that

N =71 (0)

is a submanifold of M with body N = p~!(0) and sheaf of vanishing ideals T
generated by the image of the maps p*, ¢ and ¢ in (8.2).

Remark 8.3. Since the sheaf of vanishing ideals of a submanifold is locally generated
in degrees 0, 1 and 2, our assumption that 0 is a regular value for g justifies why g
was taken to be of degree 2.

A direct consequence of i being bracket preserving is that N is coisotropic (see
), and condition implies that the vector fields &4, for £ € g, preserve 7.
Hence each £ induces a vector field &y on N (see Prop. , in such a way that
the map & — &y defines a g-action on A. Moreover, the momentum map condition
implies that the vector fields &y, for £ € g, span the null distribution of N
(see Lemma . Hence the sheaf of invariant functions on N, defined on each open
subset V' C N by

CL(V) = {f € Op(V) | Ex(f) = 0 VE € G},

agrees with the sheaf of basic functions, Cfv = (Cnr)pas, and therefore is a sheaf of
Poisson algebras.

Assuming that the regularity conditions for coisotropic reduction are satisfied (as
in Theorem , one obtains a degree 2 symplectic N-manifold M,..4, along with a

surjective submersion N' — M,..4 that identifies Cp4,,, with C’/g\/ as sheaves of Poisson
algebras (and this identification uniquely characterizes the symplectic structure on
M,.cq). As in the classical case, one refers to M,..q as the symplectic reduction of M
with respect to the momentum map .

Suppose now, additionally, that M is equipped with a Courant function ©. Then
C(M)[2] is not only a graded Lie algebra but a DGLA, with differential given by
{©,-}. A natural way to ensure that © is reducible with respect to ' = z~1(0) is
assuming that g is also a DGLA, with differential §, and that fi*: g — C(M)[2] is a
morphism of DGLAS, since in that case the momentum map satisfies

(8.5) {0,074 (&)} = *(6¢), Véeg.

Since this condition implies that © is reducible, it follows, as explained in §[6.2] that
© gives rise to a Courant function O,y on M,..q4.

We now give the classical geometric descriptions of the momentum map p, of the
coisotropic submanifold A" = i=1(0), and of the symplectic reduced manifold M,..q
and Courant function ©,..4.
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8.3. Degree 2 hamiltonian actions in classical terms. Let g = h[2]@a[l]dBg be
a graded Lie algebra of degree 2, as in , and let M be a symplectic degree 2 N-
manifold equipped with a hamiltonian g-action with momentum map z: M — g*[2].

Suppose that M corresponds to the pseudo-euclidean vector bundle (E, (:,-)).
Then by (and ) the momentum map g is described by maps

(8.6) pw: M —b*, 0:a—I'(E), p:g—T(Ag).

Recall the characterization of the graded Lie algebra structure on g in Prop. as
a Lie algebra g, together with representations 7 and A on a and b, respectively, and
an equivariant symmetric map w: a® a — §.

One can directly verify the next result.

Lemma 8.4. The property that it in (8.3)) preserves graded Lie brackets is equivalent
to

(@) [p(u), o(v)] = ¢([u,v]),

(b) o((u)a) = ¢(u)(o(a)),

(c) w*(Au)h) = Luy, (1*h),

(d) p*(w(a1,a2)) = (o(a1), e(az)),

for all u,v € g, a,a1,a2 € a, h € b, and where upr € X(M) is the symbol of the
differential operator p(u).

By (a) in the previous lemma, ¢ defines an action of g on E — M by derivations
preserving the pseudo-euclidean metric, and the composition of ¢ with the symbol
map,

g 5 T(Ap) 5 X(M), ur— uy,
defines a g-action on M. Conditions (b) and (c) say that the maps p: M — b*
and ¢o: a — I'(E) in are g-equivariant, where h* is equipped with the linear
g-action given by the dual of the representation of g on . Condition (d), which can
be written as

(8.7) (o(ar), 0(a2))(z) = (u(x), w(a1,a2)),  x €M,

shows how p is related to the pseudo-euclidean metric on F.

The first assumption for reduction is that 0 is a regular value for the momentum
map . Denote by ajs and gas the trivial bundles a x M — M and g x M — M,
respectively, and keep the same notation ¢ and ¢ for the maps

ay — E7 (a,x) = Q(a‘)‘wa gMm — AE? (u,x) = ()D(U)LE
We have the following direct consequence of Cor.

Lemma 8.5. The origin 0 € b* is a regular value of the momentum map p: M —
g%[2] if and only if

(a) 0 is a regular value of u: M — b*,

(b) o: ayr — E is fiber-wise injective at every point of u=1(0),

(c) oo: gy — TM is fiber-wise injective at every point of u=1(0).

Notice that condition (c) states that the action of g on ,u_ O is locally free.

Assuming that 0 € b* is a regular value of i, we saw in §8.2 that N' = ~1(0)
is a coisotropic submanifold with body N = p=1(0). We Wlll now describe the
corresponding geometric coisotropic data (N, K, F, V) (as in Thm. [4.5)).
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By the equivariance of p: M — b*, the submanifold N is g-invariant, and we
denote the restricted action of g on N by u +— upy := up|n. As a consequence, for
each u € g, the derivation p(u) € I'(Ag) restricts to a derivation

p(u)|y € T(Agy)-
Note also that the vector subbundle
K = o(ap)|n € Eln

is isotropic (by (8.7)) and invariant by the derivations ¢(u)|y (by part (b) of Lemmal.4)),
i.e., p(u)|n(K) C K. Recall that the induced derivation of Eyu0 = K+ /K (see ({d.8))
is denoted by [¢(u)|n].

Lemma 8.6. The geometric coisotropic data (N, K, F, V) corresponding to the coisotropic
submanifold N' = ji~1(0) are given as follows:

o N =p'(0),

o K =o(am)|n,

o F= O—(SO(QM»‘N = {uNa HNIAS g};
® Vuy = [p(u)|n], foru € g.

Proof. The geometric characterization of submanifolds defined by regular values of
maps is given in Prop. from where the descriptions of N and K immediately
follow. By (2.39), the vector bundle K is given by ¢(ga)|n + K A E|n, which can
be checked to correspond to F' and V as in the statement using . U

Let us now assume that g is a DGLA, with differential ¢, see Prop. and that
M is equipped with a Courant function ©, so that E acquires a Courant algebroid
structure with anchor p and bracket [-,-] (see §[6.1).

Lemma 8.7. The map ji*: g — C(M)[2] preserves differentials (as in (8.5)), imply-
ing that © is reducible) if and only if

(a) o(dh) = p*(d(u"h)),
(b) ¢(da) = [e(a), ],
(e) p(u)([er, e2]) = [p(u)(er), e2] + [e1, p(u)(e2)],

forhebh,ac€a, uegande, e €T(E).
Proof. The conditions for jif to preserve differentials are

{0, h} = 0(0h),  {O©,0(a)} =¢(da),  {O,¢(u)} =0,
for all h € b, a € a, u € g. The first two conditions coincide with (a) and (b) since

{@>f} = p*dfa {@76} = [[67 ']]7
for f € C*°(M) and e € T'(F). The last condition is the vanishing of the degree 3
function {©, p(u)}, for any u € g. This condition is equivalent to

{{{8,¢(w)},e1},e2} =0

for all ej,ey € I'(F). Indeed, for any degree 3 function S, the coordinate expres-
sion shows that the derived brackets {{S,e1},e2} and {{S, e}, f} determine S,
where ej, ez range over I'(E) and f over C*°(M); further, the vanishing of the first
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expression for all eq, es implies the vanishing of the second, by the Leibniz rule. Now,
by the Jacobi identity, note that

{{8,p(w)} er}, 2} = {{0,{p(u), e1}}, e2} — {{p(u), {©, e1}}, e2}
[ ( ve2] = ({p(u), {{O, e1}, e2}} = {{O, e1}, {p(w), e2}})

p(u)(er)
[p(u)(e1), e2] — @(u)([er, e2]) + [e1, p(u)(e2)].

O

8.4. Hamiltonian reduction of Courant, Dirac and GC structures. Using

hamiltonian symplectic reduction in degree 2 and the results in we now formu-

late in classical terms reduction procedures for Courant, Dirac and GC structures.
We start by recalling the general setup.

(A) Objects to be reduced: We consider a Courant algebroid £ — M with pairing
(-,-), anchor map p: E — T'M and bracket [-,-] on I'(E). We may equip E with a
Dirac structure L C E, or with a generalized complex structure J: £ — FE.

(B) Objects that act (DGLAs of degree 2): Following Propositions and we
consider a Lie algebra g, along with g-modules a and b, and a g-equivariant symmetric
bilinear map w: a ® a — h. Suppose that there are operators

(8.8) 4 9, a 9, g,

with 62 = 0, and that preserve the g-module structures (where g is viewed as a
g-module with respect to the adjoint representation). Assume moreover that

(8.9) dw(ai,az) = (da1) - ag + (daz) - a1, (da)-h =w(a,dh),
for a, a1, ax € a and h € h.

(C) Infinitesimal hamiltonian actions: Following Lemmas and We suppose
that the vector bundle E is equipped with a Lie algebra morphism ¢: g — I'(Ag),
that makes F into a g-equivariant vector bundle and induces a g-action on M. We
further assume that there are g-equivariant maps p: M — h* and g: a — I'(E) such
that

(8.10) p*(w(a1,a2)) = (o(a1), o(az)),
for a1, a; € a, and that

o(6h) = p*(d(p"h)),
(8.11) (da) - e = [o(a), €],
u- [er,e2] = [u-en,ea] + [er,u-ez],
foru € g,a€a, hebhande,e,es € I'(E). (Here we used the notation p(u)(e) =

u-e.)

Definition 8.8. We say that the maps ¢, o and u define a hamiltonian action of a
DGLA of degree 2 (as in (B)) on the Courant algebroid £ — M.
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Remark 8.9. (7) The first and second identities in (8.11)) amount to the commu-
tativity of the following diagram:

4 é
b a g

ol e

o= (M) 2L T(E) - T(Ap).

The third identity states that ¢ takes values in infinitesimal Courant alge-
broid automorphisms.

(74) It follows from the first two conditions in , the first identity in ,
the equivariance of p and axiom (C5) of Courant algebroids that

prd(p(w(a1,a2))) = p*d({e(a1), o(az))),
for a1, a; € a, which is a weaker version of (8.10]).

(D) Regularity assumptions: Following Lemma we assume that 0 € h* is a
regular value for p: M — h* and that, for each x € 4 ~1(0), the map

(8.12) a—Ely,  amro(a)ls,

is injective. Note that, by the g-equivariance of u, the g-action on F restricts to a
g-action on F)| u—1(0)- For a connected Lie group G integrating g, we will assume that
this infinitesimal action integrates to a G-action on E|,-1(g) for which the restricted
G-action on p~1(0) is free and proper.

Some consequences of the setup: The images of for each x € p~1(0) define a
vector subbundle

(8.13) K C E|,-10)

that is isotropic (by ) and G-invariant (as a consequence of the g-equivariance
of ¢ and the fact that G is connected). Note that the geometric coisotropic data
(N, K, F,V) defined in Lemma coincides with the one of Example As seen
in Example in the present setup F' is simple and V has trivial holonomy, and the
reduction of the pseudo-euclidean vector bundle E is given by E,.q = (K+/K)/G
over Myeq = ,u_l(())/G,

K1 /K —— E,.4

]

N_I(O) > Myped-

By Thm. E,cq is the pseudo-euclidean vector bundle corresponding to M4,
the symplectic degree 2 N-manifold obtained by hamiltonian reduction described in

§ 52

Theorem 8.10. Consider a hamiltonian action of a DGLA of degree 2 (as in (B))
on a Courant algebroid E — M satisfying the regularity conditions in (D). Then the
following conclusions hold:

(a) The pseudo-euclidean vector bundle E,.q — p~1(0)/G inherits a Courant
algebroid structure (with anchor and bracket defined as in (6.13]));
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(b) If L C E is a G-invariant Dirac structure such that L|,—1)N K has constant
rank, then it gives rise to a Dirac structure Lyeq in E.eq (as in Thm. ;

(¢) If J is a G-invariant GC structure on E such that J(K) C K, then E,eq
inherits a GC structure J,eq (as in Thm. .

In part (a), the reducibility of the Courant algebroid structure is ensured by ({8.11])
(following Lemma 8.7/ and §8.2). Parts (b) and (c) are special cases of Theorems

and respectively.

Remark 8.11. Prop. gives conditions for F,.4 in part (a) to be an exact Courant
algebroid; e.g., it is enough that p(K+) = T(u~1(0)) and that p(K) agrees with the
distribution tangent to the G-orbits on p~1(0).

Remark 8.12. One can slightly weaken the invariance hypotheses in the previous
theorem: in (b) it is enough to require the G-invariance of Ly C K+/K, and in
(c) the G-invariance of the map Jguor: K+/K — K+/K, induced by J.

We now illustrate the specific roles of h,a and g in (B) (i.e., the components of
the DGLA) in the reduction procedure of a Courant algebroid FE, described in part
(a) of the previous theorem. We consider situations where precisely one of b, a or g
1S non-zero.

Ezample 8.13.

e When only b is non-zero, it is just a vector space, and the previous setup
consists of a smooth map p: M — bh* such that p(E) C ker(du). If 0 is
a regular value of p, then p~!(0) is a submanifold with the property that
p(E) C T(p=1(0)). The reduced Courant algebroid in this case is the restric-
tion E,-1(p) (see Example (1)).

e If only a is nonzero, then it is a vector space, and the previous setup consists
of a linear map ¢: a — I'(E) such that (o(a1), 0(az2)) = 0 and [o(a), -] = 0 for
all a1, ag and a € a (by and the second equation in ) Assuming
that o is fiberwise injective, its image defines an isotropic subbundle K C E,
and the reduction scheme in this case says that K+ /K — M has an induced
Courant algebroid structure.

e When only g is non-zero, the setup consists of a Lie algebra morphism g —
I'(Ag) acting by infinitesimal Courant algebroid automorphisms (the third
equation in (8.11))). Assume that G is a connected Lie group integrating g
and that the infinitesimal action on M integrates to a G-action that is free
and proper. In this case, the reduced Courant algebroid is F/G — M/G,
which is simply the quotient of E by an action of G by Courant algebroid
automorphisms.

o

In the full reduction scheme for the Courant algebroid £ — M in Theorem [8.10
we see that b is used to cut out the submanifold ~1(0), a is used to define the vector
bundle K+/K — p~1(0), and g is used to quotient this bundle.

8.5. The case of exact DGLAs. We will now consider the reduction setup of the
previous subsection in the special case where the DGLA of degree 2 is exact, i.e., the
complex ({8.8]) defines a short exact sequence

0—>hi>ai>g—>0.
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In the context of exact Courant algebroids, we will see how this special setup recovers
the reduction schemes of [BCGOT7, BCGO0S].

8.5.1. Courant algebras. We now show that exact DGLAs of degree 2 admit an al-
ternative description in terms of the following objects, introduced in [BCGOT7, Defi-
nitions 2.6 and 2.7].

Definition 8.14. A Courant algebra over a Lie algebra g is a vector space a with a
bilinear bracket [-,-] and a map p : a — g such that, for all a1, a2, a3 € a,

(a) [a1, [az,a3]] = [[a1,a2],as] + [az, [a1,as]], that is, (a,[-,-]) is a Leibniz
algebra;

(b) p(la, az]) = [p(a1), paz)].

We define a Courant algebra to be ezact if p is surjective and b := ker(p) is left-
central, i.e. [h,a] =0 for all h € b, a € a.

Just as in [BCGO7, BCGOS], we will only be concerned with exact Courant alge-
bras. We note that the previous definition is a mild modification of the original one
in [BCGOT, Def, 2.7], where h was just required to be abelian (i.e., [h, h] = 0) rather
than left-central. The next result indicates that our slightly stronger condition is
actually more natural, and as we will see in § below, not restrictive.

Proposition 8.15. There is a canonical one-to-one correspondence between exact
DGLAs of degree 2 and exact Courant algebras.

Proof. Let g = h[2] @ a[1] & g be a DGLA of degree 2, given in terms of the data in
(B) of that we assume to be exact. We immediately obtain a surjective map
p:=9J:a— g. Define a bracket on a by the derived bracket formula

(8.14) [[al, QQ:U = [5(11, (Iz] = 5a1 - ag.

The fact that §: a — g is a morphism of g-modules implies that

p([a1, a2]) = 6(day - az2) = day - dag = [p(a1), p(az)].
Using this last condition and that a is a g-module, we see that
[[al, [[CLQ, ag]]]] = daq - (6&2 . ag) = [5&1, 5&2] -az + dag - (5&1 . ag)

= (5(5&1 . CLQ)) -az + das - (5(11 . ag)

= [lax, as], as] + [az, [a1, as]].
So [-,-] satisfies both conditions displayed in Def. Note that [ai,-] = 0
whenever da; = p(a;) = 0, hence ker(p) = b is left-central. So p: a — g and the
bracket (8.14)) make a into an exact Courant algebra over g.

Conversely, consider an exact Courant algebra p: a — g, with bracket [-,-] on a
and h = ker(p). We can now produce the data described in (B) of § as follows.
Take g with the given Lie-algebra structure. Then a acquires a g-module structure
via

u-a:=[u,al,
where u € a is such that p(u) = w. (This is well-defined since b is left-central; the two

conditions in Def. ensure that it is a g-module.) Note that b is a g-submodule
of a. We finally define the symmetric bilinear map w: a ® a — h by

(8.15) w(ay,az) := [a1,as] + [az,a1] = p(ar) - az + p(az) - a;.
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(The fact that w takes values in h follows from p: a — h being bracket preserving.)
Using the first condition in Def. one can check that w is g-equivariant. The
operators § in are defined as the inclusion ) — a and projection p: a — g.
The conditions in are both satisfied: the first is just by the definition of w
above, and the second follows from § being left central. By Propositions [8.1] and [8.2}
g =h[2] ® a[l] B g becomes a DGLA of degree 2, with bracket given by

[hl + aq —|—u1,h2+a2 +UQ] =

= ([uy, ha] + [a1, a2] + [az, a1] — [uz, h1]) + ([41, a2] — [z, a1]) + [u1, ua],
where u; € a are such that p(u;) = u;. O
8.5.2. Infinitesimal hamiltonian actions and reduction data. We now see how the data

for an infinitesimal hamiltonian action on a Courant algebroid, described in (C) of
§ can be simplified if we assume the DGLA to be exact.

Proposition 8.16. A hamiltonian action of an exact DGLA of degree 2, with cor-
responding Courant algebra p: a — g, on a Courant algebroid E — M 1is equivalent
to:

e a bracket preserving map o: a — I'(E), such that [o(h),-] =0,
e a g-equivariant map p: M — b* such that

(i) o(h) = p*(d(p*h)), for all h € b,

(i4) p*([a-al) = Ho(a), o(a)), for all a € a.

Before proving the proposition, we need to explain the equivariance condition on .
Note that the condition [o(h), -] = 0 implies that p(o(h)) = 0 (by the Leibniz identity
(C2) of Courant brackets), so p o ¢ induces a Lie-algebra map g = a/h — I'(T'M),
i.e., a g-action on M. The equivariance of u is with respect to this action.

Proof. Assume that (8.8)) defines a short exact sequence. We must check that the
data in (C) of § given by
e a Lie algebra morphism ¢: g — I'(Ap),
e g-equivariant maps ¢: a — I'(E) and pu: M — b*
and satisfying conditions (8.10f) and (8.11)), reduce to the data in this proposition.
By exactness, the second condition in (8.11]) says that [o(h), -] = 0 and that ¢ is
completely determined by p via

(8.16) o(u) = [o(u), ],

where @ € a satisfies 6@ = p(@) = u. In particular, the third condition in (8.11]) is
automatically satisfied (by axiom (C1) of Courant brackets). By and (8.16)),
we see that in terms of the Courant algebra a — g, the g-equivariance of 9: a — T'(E)
is equivalent to g being bracket preserving. Further, can be writtten as the
second item of the proposition, while the first item agrees with the first condition
in . This shows that the maps g and p in (C) satisfy the conditions stated
in the proposition. On the other hand, we also see that starting with the data in
this proposition, by setting ¢: g — I'(Ag) as in (8.16)) we obtain the data as in (C),
yielding the claimed equivalence. O

To obtain a further simplification of the setup, we will consider the following
concrete Courant algebra, which is the main example in [BCGOT, BCGOS].
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Ezample 8.17 (Hemisemidirect product). Given a Lie algebra g and a g-module b,
there is a natural exact Courant algebra structure on a = g @ h with p: a — g the
canonical projection and bracket defined by

[(u1, k), (uz, h2)] = ([ur, us], u1 - he).

The previous bracket is the hemisemidirect product of g and b, first considered
in [KWO0I, Example 2.2]. The corresponding exact DGLA g = b[2] @ a[l] ® g is
determined by the g-module structure on a = gdh given by u-(u1, hy) = ([u, u1], u-hy)
and
w((ul, hl), (UQ, hg)) =u1 - hy +us - hi.
o

Suppose that the Courant algebroid £ — M has the additional property that
p*d(C*(M)) CT'(FE) is left central, i.e.,
(8.17) [p*d(C™(M)),-] = 0.
Let g be a Lie algebra and § be a g-module.

Definition 8.18. A pair (1;, ) consisting of
e a bracket preserving map ibv: g — I'(F) with isotropic image, i.e., <1;(u), i(v)> =
0 for all u,v € g,
e a g-equivariant map pu: M — bh*, where M is equipped with the action
¥ =poi: g— D(TM),
is called reduction data for E.
The previous definition extends the notion of reduction data in [BCGOS, § 3.2].

The importance of reduction data is that they give rise to hamiltonian actions on
Courant algebroids. Let a = g ® b be the Courant algebra of Example [8.17]

Proposition 8.19. Let E be a Courant algebroid satisfying (8.17)) and equipped with
reduction data (¢, ). Then o: a — T'(E),

o(u, h) := (u) + p*d(p”h),

and p define a hamiltonian action of a on E.

Proof. We must verify that the conditions in Prop. hold. It is clear that (0, h) =
p*d(p*h) for all h € h. By (8.17)), it follows that [o(h),:] = 0. To check that g is
bracket preserving, notice that

[o(uz, h1), o(u2, ha)] =

(u1) + p*d(p*hy),(u2) + p*d(u*he)]
[u1, u2]) + p"d(L£ ()" h2)

[u, uz]) + p"d(p* (us - ha))
= o([(u1, h1), (u2, h2)]),

where we used that @Z preserves brackets as well as axiom (C5) of Courant algebroids
in the second equality, and the equivariance of p in the third equality. It remains to
verify that

- ([(u, h), (u, B)]) = %(Q(% h), o(u, h))



GRADED GEOMETRY AND GENERALIZED REDUCTION 65

for all (u,h) € g ® h. By equivariance, the left-hand side equals

pi(u-h) = Ly@yp*h.
On the other hand, we have

(o(u, ), ofu, h)) = 2((w), p*d(*h) ) = 2y 1D,

where we have used that J has isotropic image and that p o p* = 0 on Courant
algebroids. This completes the proof. O

A class of Courant algebroids satisfying can be obtained from Lie algebroids,
as explained in Example[6.2] Recall that for a Lie algebroid A — M, with anchor pa,
bracket [-,-]4, and differential d4, and any d4-closed element x € T'(A3A*), we have
a Courant algebroid structure on the pseudo-euclidean vector bundle £ = A ¢ A*
with anchor p(a,&) = pa(a) and bracket

[(a1,&1), (a2, &2)] = ([a1, a1], £a:&2 — taydat + tagia; X)-

It is a direct verification that holds for such Courant algebroids. Particular
examples are given by doubles of Lie algebroids (when x = 0) and by exact Courant
algebroids (when A = TM), see Example in this last setting, the previous
proposition recovers [BCGO8, Prop. 2.3].

Example 8.20. When F = A@® A* is the double Courant algebroid of a Lie algebroid
A — M, reduction data for £ amount to
(1) a Lie algebra map n: g — I'(A4),
(2) a linear map v: g — I'(A*) such that, for u,v € g,
(a) V([’u,, U]) = £n.(u)V(v) - Z.7](1))dAV(u)7
(b) Zn(u)”(”) = _Zr](v)y(u)7
(3) a g-equivariant map pu: M — b*, where M carries the action py on: g —
NTM).

Here 1 and v are components of a map t: g — I'(E), ¥(u) = n(u) + v(u), which
is bracket preserving with isotropic image, by (a) and (b) in (2) above. According
to Prop. 7, v and u yield a hamiltonian action of the hemisemidirect product
Courant algebra a=g@ h on F.

A very special case is when v = 0 and b = 0, so that the only non-trivial map is
the Lie algebra map n: g — I'(A). This defines a (inner) g-action on A by u — [u, ]
lifting the g-action on M. Suppose that the g-action on A integrates to a global
action of a connected Lie group G, and that the G-action on M is free and proper.
The map g x M — A, (u,z) — n(u)|, is injective (by freeness of the action) and its
image, denoted by n(g) C A, is a G-invariant subbundle. Then the quotient of A/n(g)
by the G-action defines a reduced Lie algebroid A,.q over M/G, as considered, e.g.,
in [MPRO12, Thm. 3.6] (see also [BIPLL § 2.2] and references therein). In this case,
the hamiltonian reduction of the Courant algebroid £ = A @ A* (as described in
is Breq = Area ® A4, the double of the reduced Lie algebroid A;..q. o

The next remark describes the graded hamiltonian action (in the sense of § [8.2))
corresponding to the previous example. It is a refinement of a cotangent lifted action
on T*[2]A[1].
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Remark 8.21 (Graded cotangent bundle reduction). We will be concerned with the
graded counterpart of the following construction in ordinary symplectic geometry.
Let N be a manifold and x: T*N — N its cotangent bundle, endowed with its
canonical symplectic structure. We regard C°°(N) as an abelian Lie subalgebra of
C>(T*N) via k*. By identifying vector fields on N with linear functions on T*N, we
view X(N) C C*°(T*N) as a Lie subalgebra. Hence any Lie algebra map g — X(IV)
may be seen as a Lie algebra map into C°°(T*N), we see that any g-action on N
automatically defines a hamiltonian g-action on T*N, known as its cotangent lift.
A natural way to obtain more general hamiltonian actions on T*N is by combining
cotangent lifts with “fiber translations”. Consider

(i) a Lie algebra map n: g — X(IN) C C*®°(T*N);

(i) a linear map v: g — C°°(N) satisfying the cocycle condition

V([ur, u2]) = £y, (W(u2)) = £yuy) (V(u1)),  Vur,uz € g

(this condition is saying that n 4+ k*v: g — C*°(T*N) is a Lie algebra map);
(iii) a g-module h and a g-equivariant map p: N — b*, with dual map p* : h —

C>*(N).
Let g x b denote the semidirect product Lie algebra. Then
(8.18) fir g b = C*(T*N), (u,w) — (n(u) + " (v(u)) + £ (1 w)

is a Lie algebra map, defining a hamiltonian g x h-action on T*N. We now consider
the analogous construction in the graded context.

Let A[l] be a degree 1 N-manifold and M = T*[2]A[1]. Assume that A[l] is
equipped with a Q-structure, see Remark [2.16] so that A — M is a Lie algebroid. As
seen in Example the Courant function on M defined by Q via corresponds
to the Courant algebroid A @& A*, the double of A.

Let g be a Lie algebra and consider the DGLA g[1]@®g with differential given by the
identity, and graded Lie bracket given by the one of g and its adjoint representation.
For an element u € g, we write u[l] for the same element in g[1] (with this notation,
the differential is given by wu[l] — w). Any DGLA morphism g[1] & g — X(A[1])
(where the differential in X(A[1]) is [@,]) is determined by its restriction 7: g[1] —
X(Al))-1 =T(A) via

(w, u) = n(w) + [Q, n(u[1])].
Since the natural embedding X(A[1]) < C(M)[2] in is a DGLA morphism, we
conclude that a Lie algebra map n: g — I'(A) yields a DGLA morphism

7: gll] &g = C(M)[2],

thereby defining a hamiltonian g[1] @ g-action on M (the “cotangent lift” of the
given g[1] @ g-action on A[1]).

For the analogue of (ii) above, we consider a map of complexes g[l] ® g —
C(A[1])[2] (the latter is endowed with the differential £¢); as before, such a map is
determined by its restriction v: g[1] — C(A[1]); = T'(4*) via

(w,u) = v(w) + Lor(u[l]).

Since the embedding «f: C'(A[1]) — C (M) is a chain map (recall that ! was defined
in Example[3.7)), we see that any linear map v: g — I'(4*) yields a map of complexes

v:g[l]®g— C(M)[2].



GRADED GEOMETRY AND GENERALIZED REDUCTION 67

The analogue of the cocycle condition in (ii) (making 7+7: g[l]®g — C(M)[2] into
a DGLA morphism) is

(8.19) v([u, w]) = £1g nup V(W) — £nw)(£or(ul])),
(8'20) £n(w1)y(w2) = _£n(w2)y(w1)7

for all w,wy,ws € g[1], and u € g.

For the analogue of (iii) above, let h be a g-module. The complex h[2] @ h[1], with
the identity map as differential, then carries a natural g[1] & g-module structure. A
chain map h[2] @ h[1] — C(A[1])[2] is determined by its restriction to h[2], which is a
linear map p*: h — C*°(M). We assume that the chain map is g[1] @ g-equivariant,
which amounts to the g-equivariance of p: M — b*, the map dual to p* (here M
carries the action given by p40n). The semidirect product g = (g[1]®g) x (h[2]®h[1])
can be checked to agree with the (exact) DGLA of Example corresponding to
the hemisemidirect product of g and h. In analogy with , the following map
can be shown to be a morphism of DGLAs:

s b2l @ (b[1] @ gll]) & g = C(M)[2]
(Ras by w,u) = (7 + D) (w, ) + K5 (1" ha) + &5 (£ (1" ([1))))-

Hence the map g satisfies and yields a hamiltonian g-action on M = T*[2] A[1]
for which the Courant function @ is reducible with respect to 1=1(0) (see §. It
is a direct verification that and translate into equations (a) and (b) in
(2) of Example and this hamiltonian g-action on T%*[2]A[1] is precisely the one
corresponding to the hamiltonian action on the Courant algebroid A @ A* described
in that example. o

8.5.3. Extended actions on exact Courant algebroids. We now explain how our gen-
eral reduction setup relates to the framework of Courant reduction in [BCGO07], which
is formulated in terms of a suitable notion of action of an exact Courant algebra on
an ezact Courant algebroid.

Let E be an exact Courant algebroid. Recall that, in this case, the anchor p: £ —
TM defines an inclusion

p*: QY M) = T(E).
The next definition is found in [BCGOT7, § 2.2 and 2.3] and [BCGO8, § 2.3 and 2.4].
Definition 8.22. An extended action of an exact Courant algebra a — g on an exact

Courant algebroid E — M is given by bracket-preserving maps ¥ and 1) making the
following diagram commute,

a

ok

I'(E) —= I(TM),

and such that ¥(h) C QL (M), where h = ker(a — g). A momentum map for the
extended action is a g-equivariant map pu: M — bh* such that W(h) = p*(d(u*h)), for
all h €b.

Note that, in the previous definition, v is completely determined by ¥ via ¢ (u) =
p(¥(w)), where u € a is any lift of u € g (this is well defined since p(¥(h)) = 0). So
an extended action with momentum map is simply given by
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e a bracket-preserving map ¥: a — I'(E), and
e a g-equivariant map pu: M — h* such that U(h) = p*(d(u*h)), for all h € b.

By comparison with Prop. [8.16] we immediately obtain

Proposition 8.23. Hamiltonian actions of an exact DGLA of degree 2, with cor-
responding Courant algebra a — g, on an exact Courant algebroid E are equivalent
to extended actions ¥: a — T'(E) with momentum map p: M — b* satisfying the
additional property that

(8.21) 1 ([a, a]) = %(‘I’(a), U(a)), Vaca

With the notation of Prop. [8.16] we just set ¥ = p, noticing that the condition
[¥(h), ] = 0 is automatic since ¥(h) C p*d(C*°(M)) and the Courant algebroid E
is assumed to be exact.

Remark 8.24. For an extended action ¥: a — I'(E) with momentum map p: M —
b*, let K C E|,-1(0) be as in (8.13): for each = € u~1(0), K|, is the image of the
map a — ¥(a)|,. Then condition admits an alternative formulation in terms
of K being isotropic. Indeed, it is immediate that (8.21)) implies that K is isotropic.
On the other hand, assuming that K is isotropic holds at all z € p=1(0).
But, by Remark part (i7), and the fact that the anchor p is surjective (since £
is exact), we have that

d(p*(la, a])) = %d@(a), V(a)),  Vaea,

which implies that condition (8.21]) holds at every connected component of M that
contains a point in p~1(0). o

Although is not part of the original definition of momentum maps for ex-
tended actions in [BCGOS8, § 2.4], the associated reduction procedure (see [BCGOS|
§ 3.2]) includes the extra assumption that K C EJ,-1(y be isotropic. As explained
in the previous remark, when considering Courant reduction at the value 0 € b*, it
makes no difference which of the two assumptions is made.

In conclusion, the Courant reductions for extended actions with momentum maps
of [BCGO7, BCGO§| are special cases of the setup in § namely the cases in which
both the DGLA and the Courant algebroid are exact. When restricted to this con-
text, the reduction of Courant algebroids, Dirac and GC structures in Theorem [8.10
coincide with the reduction schemes described in [BCGOS8, § 3 and § 4], following
[BCGO7]. (In this special setup, one can directly check that p(K) agrees with the
g-orbits on p~1(0), and p(K+) = Tu~1(0), so reduced Courant algebroids are again
exact, see Remark [8.11] )

Back to the graded-geometric perspective, the reduction of exact Courant alge-
broids in [BCGOS] is nothing but usual symplectic reduction for cotangent bundles
T*[2|T[1]M, equipped with a suitable Courant function, with respect to a hamilton-
ian action of an exact DGLA of degree 2 (cf. Remark [3.21]).

Remark 8.25. More general reduction setups, not requiring that K is isotropic, can
be found in [BCGOT7|. For their graded geometric descriptions, one must consider
symplectic reduction by submanifolds which are not necessarily coisotropic, such as
arbitrary momentum levels in the case of hamiltonian actions.
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APPENDIX A. ATIYAH ALGEBROIDS AND QUOTIENTS

We will consider two types of quotient constructions for (pseudo-euclidean) vector
bundles and discuss their effects on the corresponding Atiyah algebroids.

A.l. Pseudo-euclidean reduction. Let £ — N be a pseudo-euclidean vector
bundle, and K — N be an isotropic subbundle. Then Eg . = KL/K is also
a pseudo-euclidean vector bundle over N. We will collect in this appendix some
results relating the Atiyah algebroids Ag and Ag,,,,. (Comparing to the setup and
notation in the paper, the pseudo-euclidean vector bundle E in this appendix is to
be thought of as the restriction of a pseudo-euclidean vector bundle on a manifold
M to a submanifold N C M.)

We will also consider a lagrangian subbundle L C E. Assuming that L. N K has
constant rank (which is equivalent to L N K L having constant rank), then Ly =
(LN K+ + K)/K is a lagrangian subbundle of Egyor.

We will make use of the following facts from linear algebra.

Lemma A.1. Let E — N be a pseudo-euclidean vector bundle, and K — N be an
1sotropic subbundle.

(i) There is an identification
E=Ro (KoK

that preserves K, where the right-hand side is the direct sum of the pseudo-
euclidean vector bundles R and (K @ K*).

(ii) Given a lagrangian subbundle L C E such that LN K has constant rank, one
can choose the identification in (i) such that L = (LNR)&(LNK)&(LNK™).

Proof. One can always find a subbundle T that is an isotropic complement for K=
in E. Then R := (T ® K)* C K is a complement for K in K+, K = K ® R, and
the pairing (-,-) on E is non-degenerate on R. Hence the pairing on R+ = K & T is
also non-degenerate, and K and T are lagrangian subbundles therein, so there is a
natural identification R+ = K @ K*. It follows that E = R® Rt = R@ (K © K*),
proving (i).

Note that an isotropic complement 7' can be canonically constructed from any
choice of complement T' of K in E following a procedure analogous to the one
described in |CdS01, Proposition 8.2] in symplectic linear algebra. Fix now a la-
grangian subbundle L in E, and take a subbundle I such that (LN K+)® I = L.
Then starting from a complement Tof Kt sothat I c T C I L we obtain from
the aforementioned procedure an isotropic complement 7' of K+ in E such that
L= (LNKY) @ (LNT). Moreover, for R = (T @ K)* (which, as we saw, satisfies

= R®K), we have that LN K+ = (LNR)® (LNK), proving that (ii) holds. [

In particular, in the decomposition of E in (i) of the previous lemma, the factor R
is isomorphic to the quotient Eyot = K 1 /K as pseudo-euclidean bundles. Moreover,
if (ii) holds, then L N R is isomorphic to the lagrangian subbundle Lgyor in Egyot-

Consider the natural projection map I'y.r — I'g,,,,, denoted by e + [e], and let
'}, be the subsheaf of I'y , given by metric-preserving derivations (Y, D) of E that
satisfy D(I') C ' (and hence D(I'j1) C I'e1 since D preserves the metric).
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Proposition A.2. The map
(A1) IS, 5 Th, . (Y.D) o (Y[D)),
where [D]([e]) = [De], for e a local section of T'g1, is onto.

Proof. We use the decomposition of F in Lemma part (i), so that R = Egyu
and
Ta =Ta,.

Fix (Y,A) € T'p,(V), where V' C N is open. Let V be any connection on the vector
bundle K — N, with dual connection V* on K* — N. Then Vy: I'g (V) — ' (V)
and V3 : T'g« (V) — T'g« (V) are derivations of K and K*, respectively, and

Y,Vy & Vy) € FAK@K* (V).
Letting D := A&Vy ®Vy, it follows that (Y, D) € I'f (V) issuch that [D] = A. [

Equot

For an open subset V' C N, note that (Y, D) € I'f (V) is in the kernel of (A.1)) if
and only if Y =0 and D(I'r1 (V) C ' (V). In other words, the kernel of (A.1)) is

{T eTpep(V) [ TTgL(V)) STk (V)} =Trap(V).
So we have an exact sequence

(A.2) 0= Trae =T, 2 Tag —0.

quot

Given a lagrangian subbundle L C F such that L N K has constant rank, let
Ff{; be the subsheaf of 'y, defined by metric-preserving derivations (Y, D) of E

satisfying D(T'x) C T'x and D(I'y) C I'p. Let Fg‘g“’t be the subsheaf of FAEquot

uot

given by metric-preserving derivations (Y, A) of Eyyet such that A(T'z,,,.) € T'r 0
Proposition A.3. The map (A.1l) restricts to a map

K,L Lquot
(A.3) it T

AEquot

that is onto.

Proof. We write E as in Lemma part (i), in such a way that L can be written as
in part (ii). The identification R = Eg,e is such that LN R = Ly, Given an open

subset V' C N, take (Y, A) € Fg‘;‘"t (V'), which can be seen as an element in I'y , (V)
quot

preserving I'zAr(V). Let V be a connection on K preserving the subbundle L N K.
Then the dual connection V* on K* automatically preserves LN K* (since LNK* C
K* coincides with the annihilator of L N K C K). Letting D = (A® Vy & V3,), we
have that (Y, D) € T')" and [D] = A. O

A.2. Quotients of vector bundles. We will consider the setup of §[5l Let A — N
be a vector bundle, let F' be a simple distribution on N with leaf space IN and
projection p: N — N. Suppose that A is equipped with a flat F-connection V
with trivial holonomy. As recalled in Lemma [5.1] we have a quotient vector bundle
A — N, whose sheaf of sections I'4 is naturally identified with p*Fﬁ“t.

We denote by A 4 the Atiyah algebroid of A, i.e., the vector bundle whose sections
are the derivations of A. In this subsection we explain how the Atiyah algebroids of
A and A are related, see Proposition [A.7]
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Remark A.4. The whole discussion that follows carries over to the case where A
has an additional pseudo-euclidean structure, V is metric preserving (so that A is
also pseudo-euclidean), and A4 and A4 are defined in terms of metric-preserving
derivations.

Recall that the F-connection V can be thought of as a vector-bundle map V: F' —
A4 such that 0 o V = Idp, where 0: Ay — T'N is the symbol map. Consider the
vector bundle

AY: =As/V(F).

Then V induces a natural flat F-connection V on AX — N via

(A4) Vz((Y,4)) = (2, Y], [V 2, A]),

where Z is a section of F, and we denote the class of a section (Y, A) of A4 in AY by

(Y, A). The connection V is well defined due to the flatness of V. Note also that the
symbol map induces a map & : AX — T'N/F which relates the connection V with
the usual Bott connection VB on TN/F viagoVy = VB o5,

Lemma A.5. A section (Y,A) of FAX 1s flat if and only if

(a) Y satisfies [Y,T'r] CT'p, and
(b) A satisfies A(T’{*) C T/,

Note that the first condition in the lemma just says that Y defines a VP"-flat
section of TN/F.

We will give an alternative description of the sheaf of flat sections of AX. Note
that I’ éf;\; /P is a sheaf of (CR7)pas-modules and that there is a natural action of F;f}l\; /P
on (C¥)eas by Lie derivatives. We will consider another sheaf of (CR?)pqs-modules
on N, denoted by A. Its sections are given, on each open subset V' C N, by pairs

(&,6), where £ € Fle}’\;/F(V) and §: TY*(V) — TY{*(V) satisfy
6(fe) = Le(f)e+ fo(e),

for f € (C¥)pas(V) and e € T/{*(V).

Lemma A.6. For each open V C N, the map

(A.5) (V) = AV), (V4] = (V. A),

where Y is the projection of Y to Cope(V) and A is the restriction of A to T/{*(V),
is an isomorphism.

Proof. The map is well defined by Lemma and clearly injective. It remains
to show that it is surjective. For a given section (§,0) € A(V), one can pick YV €
Irn (V) such that [Y,Tp(V)] C Tp(V) and € = Y. Using the fact that A admits
local frames of V-flat sections, one can directly check that the choice of Y uniquely
determines an extension of § to an element (Y,A) in I'y (V). (This extension is
constructed using local flat frames applying the Leibniz rule, and is well defined
since the transition matrix of two flat frames consists of basic functions; uniquess is

immediate.) O

Since A is the quotient of A with respect to F' and V, the pullback of sections
gives us an isomorphism

(A.6) pﬁ: g = p Y.
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Proposition A.7. There is a natural identification

~ flat
PAA = p*FAX

defined as follows: a section (Y,A) of I'n, corresponds to a section (Y, A) of p.I'
if and only if Y = p.Y andpg cA=A op’i.

flat
v
AA

Proof. We have an identification

through the natural projection map, taking a section ¢ = Y to Y = p,(Y), that
satisfies the relation

P (Lyf) = £y (" f),
for any section f of CJ. From the isomorphisms and we obtain an
isomorphism
p*A :> FAA’

given on sections by (Y,6) — (p«(Y),A), where A and § are related by pti oA =

do pg. Composing this last isomorphism with the one in Lemma we obtain the
identification in the statement. O

With the previous proposition, one can in fact verify that the quotient of AX with
respect to F and V is Ay.
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