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1. Introduction: calculating partition functions by cutting-pasting

Locality in quantum field theory can be understood as the possibility to recover, by
means of a simple gluing formula, the partition function on a manifold M split into
submanifolds M, ..., My from partition functions on the pieces M, ..., M. This
principle was made precise in the setting of 2-dimensional conformal field theory by
Segal 12
manifold ¥ gets assigned a complex vector space — the space of states Hy, and an

and for topological field theory by Atiyah?. In this description, an (n — 1)-

n-manifold M with boundary OM gets assigned a vector Zy; € Hgys in the space
of states for its boundary. The main axiom states that if M = M; Uy My is the
gluing of two n-manifolds along a closed (n — 1)-manifold X, the partition function
for the whole manifold can be recovered from the partition functions for the pieces,
Zy = {Zmy, Zu,)s. Here (,)s is the pairing of states in Hy. In the case of a
topological theory, partition functions are interesting diffeomorphism invariants of
manifolds that can be recovered from cutting the (possibly complicated) manifold
into simple pieces. For instance, for a 2-dimensional topological field theory, it
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suffices to know the space of states for the circle and the partition function for the
disk and the pair of pants to recover the partition function on any oriented surface.

1476 is to comstruct quantum field theories on manifolds with

Our program
boundary, compatible with cutting-pasting in Atiyah-Segal sense, from perturbative
path integral quantization of gauge theories in the Batalin-Vilkovisky formalism.

Our next goals are 1) to extend this quantization procedure to cutting-pasting
with corners and 2) to prove that the & — oo asymptotics of the Reshetikhin-Turaev

invariant? coincides with the perturbative expansion of Chern-Simons theory 3.

2. BV-BFYV formalism for gauge theory on manifolds with
boundary: an outline

2.1. Classical BV-BFV formalism
A classical n-dimensional BV-BFV theory* is defined, in the spirit of Atiyah-Segal

axiomatics of QFT 22, as the following association T.

e To a closed (n — 1)-manifold 3, the theory T assigns a phase space @5, — a
supermanifold equipped with

Z-grading by the ghost number,®

a cohomological vector field @y, (an odd vector field of ghost number
gh(Qx) = 1 satisfying (Qx)? = 0) — the BRST operator,

— an even exact symplectic structure ws; of ghost number 0, compatible
with @y, with a fixed primitive 1-form ay such that wy, = dayg,°

the BFV charge Sy, — an odd function of ghost number 1 which is the
Hamiltonian for Qs;.

e To an n-manifold M with possibly nonempty boundary, T assigns the space
of fields Fp; — a Z-graded supermanifold equipped with the following struc-
tures.

— Boundary restriction of fields — a projection (surjective submersion)
m: Fu — Pons,

— a cohomological vector field Qjy; it is required to be projectable by ,
with the boundary phase space BRST operator its projection, m.Q s =

Qom,
— an odd symplectic structure wys of ghost number —1 (the BV 2-form),

2In bosonic theories, the parity is the mod 2 reduction of the Z-grading. The Z-grading is useful
for bookkeeping, but is not really essential, and is not even available in some field theories®.
bGeometrically, it is a vector field; it also an operator in the sense that it acts on functions on the
phase space.

“We use § to denote de Rham operator on fields and reserve d for de Rham on the spacetime
manifold. In a more general setup, wy;, rather than being exact, is allowed to be the curvature of

a connection in a U(1)-bundle over the phase space.
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— the action (or master action) S — an even function of ghost number
0, satisfying the following “almost-Hamiltonianity” relation:

LQuwn = 0Sm + ™ agm (1)

e Disjoint unions of manifolds are mapped by T to direct products of phase
spaces/spaces of fields.

e If an n-manifold M is cut along a codimension 1 submanifold ¥ into two
pieces My and M>, then the space of fields on the whole n-manifold is the
(homotopy) fiber product of spaces of fields for pieces M7 and My over the
phase space for the cut ®x, Far = Fuy Xy Fis,-

The main structure equation (1) implies that the BRST operator Qas does
not preserve the BV 2-form wys, instead the Lie derivative is a boundary term:
Lo,wm = m™won. Another consequence of (1) is a form of Batalin-Vilkovisky
classical master equation: % g, L, wnm = T San.

Remark 2.1. One can pass to the “reduced” BV-BFV picture, by passing to the
Euler-Lagrange moduli spaces My;, My, — generally, singular super varieties, con-
structed as the zero locus of @ quotiented by the integrable distribution induced by
4 Under some Hodge-theoretic assumptions on the BV-BFV
theory, My carries an even-symplectic structure wy,, the image of m, : My = Msx
is Lagrangian, M, carries a gh = 1 Poisson structure whose symplectic leaves are
fibers of 7., My carries a prequantum U (1)-bundle Ly, with connection Vy (inher-
ited from ax;) of curvature wy, and the pullback bundle (7.)*Ls over M, carries a
horizontal section (understood as the exponential of the Hamilton-Jacobi action).

Q@ on the zero-locus.

2.2. Quantum BV-BFYV formalism

A quantum n-dimensional BV-BFV theory? is the following association T,.

e To a closed (n — 1)-manifold, T, assigns a BF'V space of states — a cochain
complex of C-vector spaces H3, graded by the ghost number, with differen-
tial Qs (the quantum BFYV charge).

e To an n-manifold M with boundary, T, assigns:

— a finite-dimensional space of residual fields® F}37° equipped with a BV
2-form (an odd gh = —1 symplectic structure) w},

— the partition function — an element in the space of states for the bound-
ary valued in half-densities of residual fields Zy; € Dens? (FrP)@Hom

dE.g. in abelian Chern-Simons theory (with gauge group R) on a 3-manifold with boundary, the
relevant moduli spaces are given by de Rham cohomology with degree shift, M, = H®(M)[1],
My = H®*(E)[1]. For non-abelian Chern-Simons, they get replaced by certain natural super-
geometric extension of the moduli space of flat connections on M and %, respectively.

eCtf. “slow” (or “infrared”) fields in Wilson’s effective action approach to renormalization. Also,
in our examples, “residual fields” are the same as “zero-modes”.
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satisfying the BV quantum master equation (QME), modified by a
boundary term:

(Qon + RPALT) Zay =0 (2)

where ALT is the canonical BV operator — the second order odd Lapla-

cian on half-densities on F}7° associated to the odd symplectic struc-

ture w5, Operator acting on Zy in (2) is required to square to zero.

The partition function Zj; is defined modulo equivalence
Zn ~ Zng + (Qons + RPAYT) () (3)

coming from the gauge-fixing ambiguity.

¢ Disjoint unions are sent by T, to tensor products (for spaces of states and
partition functions) and direct products (for residual fields).

e If M is cut into pieces M7 and Ms by a codimension 1 submanifold 3, then
the partition function on M is recovered by the following procedure:

(i) One constructs Zy; = (Zar,, Za,)s where (, )y denotes the pairing of
states in Hy.f
(ii) Zas is a half-density on F3f5 x F° (with values in vectors in Hoar).

res res

To obtain a half-density on a smaller space J}7°, one splits F37° x F°
into F;7° and a symplectic complement W and evaluates the integral
over a Lagrangian £in W, Z,; = fL Zni. We call this fiber BV integral
construction the BV pushforward® P, of half-densities along the odd
symplectic fibration P : F} x Fi® — F. Thus, the final gluing
formula is

Zy = PoZyy, Zoy)s (4)

Remark 2.2. A correction to this picture is that one may allow different real-
izations of the space of residual fields F}3°, taking values in the partially ordered
set (poset) of realizations Rpr. Then if 71 > ry is an ordered pair of realizations,
one can pass from r; to r9 by a BV pushforward ZITVZI = P*ZIT\}[ corresponding to
an odd symplectic fibration of a bigger model for residual fields over the smaller
one P : Fy} — F;7. Jumping along the poset of realizations by BV pushforwards
is a model for Wilson’s renormalization group flow (in that context, realizations
correspond for values of momentum cutoff). In special examples®, one can con-
struct realizations corresponding to cellular decompositions of a manifold, with
poset structure given by cellular aggregations (inverses of subdivisions).

fMore precisely, it is the canonical pairing between the space of states Hx and its dual, as X
embeds into M7 and M2 with opposite orientations. Reversal of orientation of a (d — 1)-manifold
acts on the space of states by dualization.
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2.3. Quantization — the idea

The general idea of the passage from a classical BV-BFV theory T to a quantum
one T, is as follows. Here we assume for simplicity that the spaces of fields are
graded vector spaces (as opposed to more general graded manifolds).8

For an (n — 1)-dimensional closed manifold 3, one fixes a fibration of the phase
space p : &y, — By with Lagrangian fibers. Moreover, one requires that the prim-
itive 1-form ay vanishes on fibers of p. Then one defines the space of states as
the space of C-valued half-densities on the base H3, = Densé (Bx). This is a sim-
ple instance of geometric quantization. The differential on H$ (the quantum BFV
charge) is constructed as a quantization of the classical BFV charge Qy = §g. In
many examples there is a preferred quantization, defined as a series in /A, which does
square to zero and gives the correct boundary term for the QME (2).

For an n-manifold M with boundary, we consider fibers F, C Fj; of the com-
position Fa; = ®ors Ly Baa over b € Bonr, i.e. Fp are fields on M with boundary
values in the Lagrangian fiber p~1{b} C ®y;. It is tempting to define the parti-
tion function as a functlon of the boundary condition b, by a functional 1ntegra1
Z (D) fLC}'b ,uM over a gauge-fixing Lagrangian £ C Fy; here p}, is a
reference half-density on Fj;. However, such an integral is typically perturbatively
ill-defined due to zero-modes of the quadratic part of Sy;. The solution is to split
out a finite-dimensional subspace F}7° out of Fy, i.e. fix a splitting Fp, = F° x W
compatible with the BV 2-form, and integrate over a Lagrangian £ in W:

futvo~ [ ciouy
LCW

Here ¢ € F3° is a residual field. The result is a complex half-density on Bsas and
a half- den51ty on F35:

:N‘H

Zy € C® Dens%(BaM) ® Dens? (Faf) = Hom ® Densé(}"ﬁs)

In a class of examples®, one can prove that the perturbative (Feynman diagram)
evaluation of Z); satisfies the axioms of a quantum BV-BFV theory of Section 2.2
(QME, cohomological independence on the choice of gauge-fixing, gluing formula).

3. Some topological examples
3.1. Abelian BF theory

In abelian BF theory'' on an n-manifold M, fields are pairs of differential forms
Fu =Q(M)[1]@Q*(M)[n—2] > (A, B); the BV 2-form pairs the two summands,
wy = [, 0B ANSA. The action is SM = [,; B A dA and the cohomological vector
field is Qp = fM dAN 55 +dB A 5B For M with boundary split into in- and
out-part, OM = 0y, M U 8outM (a cobordism), we correct the action by a boundary

&This assumption makes perfect sense in perturbation theory, where the perturbative path integral
sees only a formal neighborhood of a fixed classical solution of equations of motion.
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term to Sy = [, BAdA+ (=1)""! [, B A A. The phase space ®onr > (Ag, Bo)
is the space of pairs of forms on M and the base of Lagrangian fibration is By =
Q* (Oout M)[1] ® Q* (O M)[n — 2] > (A, B).

The space of states of the theory is Hoy = Densé (Bsar). In particular, it
contains states of the form

/ U(x1,..., 25591, Yk)Blx1) - - Blz;)-Alyr) - - - Alyk)
C; (8in M) X Ck (Bout M)S (L1 5ee s 3Y1 5o Yk)

where Cj,C) are the configuration spaces of j distinct points xi,...,z; on in-
boundary and k distinct points yi,...,yr on out-boundary; ¥ are the coefficient
functions (“wave-functions”) which parameterize the states. More generally one
can allow sums of such expressions for different j, k and insertions of differential
polynomials in A, B at points of the boundary, rather than fields A, B themselves.

The quantum BFV operator on the space of states is simply the lifting of the
de Rham operator Qgp = (—1)"ih (fah,M dB A & + Jouar dAA 6%)'

The space of residual fields is the double of de Rham cohomology relative to
the boundary components F}$* = H®* (M, Oout M)[1] & H* (M, 0nM)[n—2] > (a,b).
It inherits an odd symplectic form given by Poincaré-Lefschetz duality. Explicit
calculation of the partition function yields®:

Zy =& m(M aoutM)-e% (0" o BAGHD™ o ag DA ot 5 .3 BEAN@UAAW) )

Here n € Q" 1(Cy(M)) is the propagator — the integral kernel of the homotopy
inverse of de Rham operator on forms on M vanishing on o M; 7(M, OousM) €
Det H*(M, Dous M) /{£1} is the Reidemeister torsion of M relative to Oout M. Note
that the determinant line Det H®(M, OoutM)/{£1} is canonically identified with
constant half-densities on F35°. The coefficient®

Ear = (2mh) Zk=o(— =2 k(=)")dim HY (M.00u M) (o= ) Lz (5 zk(=1)")-dim H* (M.Ooue M)

27i

contains a mod 16 phase eTs

S with s = Y0 (=1 4 2k(—=1)%) dim H* (M, Ooue M),
which bears some similarity with the Atiyah-Patodi-Singer eta invariant appearing
in the phase of Chern-Simons partition function!®. The partition function Zj;
satisfies the QME (2), changes by an equivalence (3) with the change of gauge-
fixing (choice of propagator n and choice of representatives for cohomology) and
behaves with respect to cutting/pasting according to the gluing formula (4).

3.2. The Poisson sigma model

Let = Y0 5o 7P (u) 525 A 5% be a Poisson bivector field on R™. The Poisson
sigma model>7%10 is a 2-dimensional sigma model defined by the BV action

1
S(A,B) = /M > B NdAL+ 57ra5(B) A Aq A Ag
« o,



February 1, 2016 20:24  ws-procs961x669  WSPC Proceedings - 9.61in x 6.69in ICMP proceedings’arXiv page 7

where the fields (A, B?) € (Q*(M)[1] ® Q*(M)[n —2]) ® R™ are the m-component
versions of the fields of abelian BF' theory. Thus, the Poisson sigma model is a per-
turbation of the (m-component) 2-dimensional abelian BF theory by an interaction
term depending on a Poisson bivector field on the target R™.

For a surface with boundary OM = 0y M U Oput M, the space of states Hgps is
the same as for abelian BF theory (where the fields A,,B® now carry the target
index). The residual fields are the m-component version of those of Section 3.1,
550 = (H* (M, Qo M)[1) & H* (M, ous M) [ — 2]) © R™ 5 (o, b°).

The partition function is as follows:

VA Enp - T(M, Ogue M)™ : Z Fih)loopS(F) / orif Bt
M = T » You 1exp ¢ ~JAut(D)] § o
m ¢ h\45 1AM Jo,, an

Here &) and 7(M, Qo M) are the same as in Section 3.1. The sum in the exponen-
tial is over oriented connected graphs I' without short loops® with j > 0 1-valent
vertices on 9y, M with adjacent half-edge oriented to the vertex, k > 0 1l-valent
vertices on Oy M with adjacent half-edge oriented from the vertex, [ > 0 internal
vertices on M with 2 outgoing and > 0 incoming half-edges. The graph is allowed to
have loose half-edges (leaves). Half-edges are decorated with target space index «;
in-vertices — with B¢, out-vertices — with A, bulk vertices of valence (2,r) — with
partial derivatives of 7 at the origin, m |u:0 7192 (y). Edges are decorated
with the propagator —5;‘ -n(x,y), with n as in Section 3.1. Leaves — with residual
fields a, (for out-orientation), b (for in-orientation). Wedging the forms associ-
ated with vertices, edges and leaves, one obtains a differential form ¢r(A, B, a,b) on
the compactified configuration space Cj i (M) of j + k + [ distinct ordered points
on M such that j of them are on 0;, M and k of them are on Oy, «M. Form ¢r
is polynomial in boundary fields A,,B® and residual fields a,, b and the integral
over the configuration space is convergent.

The differential 55; on Hgps can be calculated from the boundary contributions
of configuration space integrals appearing in the partition function: acting on Zy,
Qg is the standard-ordering quantization (replacing A, — ih=> on &, M and

SBe
BY +— ih& on Jouy M, and putting all derivatives to the right) of the expression

1
/ D BUAdAY 4+ ST(B) A Ag A Ag
oM 45 o7 2

B_uPxu®

where I107 (u) = 21—

These data (Zyr, Qanr) satisfy the properties of a quantum BV-BFV theory —

is the deformation of 7 by Kontsevich’s star-product®.

the QME (2), cohomological independence on gauge-fixing (3) and gluing (4).

hThis is consistent with the assumption that either 7 is unimodular or the surface has zero Euler
characteristic.
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