A note on the O-invariant of 3-manifolds
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Abstract

In this note, we revisit the ©-invariant as defined by R. Bott and the
first author in [4]. The ©-invariant is an invariant of rational homology
3-spheres with acyclic orthogonal local systems, which is a generalization
of the 2-loop term of the Chern-Simons perturbation theory. The ©-
invariant can be defined when a cohomology group is vanishing. In this
note, we give a slightly modified version of the ©-invariant that we can
define even if the cohomology group is not vanishing.

1 Introduction

In 1998, R. Bott and the first author defined topological invariants of rational
homology spheres with acyclic orthogonal local systems in [3], [4]. These in-
variant were inspired by the Chern-Simons perturbation theory developed by
M. Kontsevich in [6], S. Axelrod and M. I. Singer in [2]. The Chern-Simons
perturbation theory gives invariants of 3-manifolds with flat connections of the
trivial G-bundle over the 3-manifold, where G is a semi-simple Lie group. The
composition of adjoint representation of G and the holonomy representation of
the flat connection gives an orthogonal local system.

In [4], Bott and the first author constructed a real valued invariant, called
O-invarant (In this note, we denote by Zg the corresponding term), which is
a generalization of a 2-loop term of Chern-Simons perturbation theory. The
vanishing of a cohomology group (denoted by H* (A;n;'E @ m;'E) in [4],
H*(A; E,X E,) in this note) plays an important role in the construction of the
O-invariant Zg. There are few gaps in the proof of this vanishing (Lemma 1.2
of [4]). In this note, we show that a linear combination of Zg and another term
Zo-o is, however, a topological invariant of closed 3-manifolds with orthogonal
acyclic local systems, when the local system is given by using a holonomy rep-
resentation of a flat connection. The term Zy o is also related to the 2-loop
term of the Chern-Simons perturbation theory. We note that the second author
proved that when G = SU(2), Zg itself is an invariant of closed 3—-manifolds
with orthogonal local systems in [9].

The organization of this paper is as follows. In Section 2 we give a modi-
fied version of the Bott-Cattaneo ©-invariant without proof. In Section 3 and
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Section 4 we prove a proposition and a theorem about well-definedness of the
invariant stated in Section 2. Both the invariant defined in Section 2 of this
note and the ©-invariant depend on the choice of a framing of the 3-manifold.
In Section 5 we introduce a framing correction.

Orientation convention

In this note, all manifolds are oriented. Boundaries are oriented by the outward
normal first convention. Products of oriented manifolds are oriented by the
order of the factors. The interval [0,1] C R is oriented from 0 to 1.
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2 The invariant

Let M be a closed oriented framed 3-manifold, namely a trivialization of the
tangent bundle of M is fixed. We take a metric on M compatible with the
framing. Let p : m; — G be a representation of the fundamental group into a
semi-simple Lie group G. We denote by ad : G — g the adjoint representation
of G, where g is the Lie algebra of GG. Since G is semi-simple, the representation
ad o p is orthonormal with respect to the Killing form. A local system is a
covariant functor from the fundamental groupoid of M to the category of finite
dimensional vector spaces. Note that a representation of 71 (M) gives a local
system. We denote by F, the local system given by ad o p. We assume that F,
is acyclic, namely
H*(M;E,) =0.

In this note, we say that such a representation p is acyclic.

2.1 A compactification of a configuration space

Let A = {(z,z) | z € M} C M? be the diagonal. We identify A with M by
A>(x,x) >z € M.

We orient A by using this identification. We denote by va the normal bundle
of A in M?2. We identify va with the tangent bundle TM via the isomorphism
defined by

TM 5 va, (z,0) = ((z,2), (—v,v))



where € M and v € T, M. On the other hand, M is framed. Then TM is
identified with M x R3. Thus v is identified with M x R3.

Let Co(M) = BL(M?,A) be the compact 6-dimensional manifold with the
boundary obtained by the real blowing up of M? along A. We denote by

q:Co(M) — M?
the blow-down map. As manifolds,
Co(M) = (M?*\ A)U Sva

and ¢(Sva) = A. Here Svp is the unit sphere bundle of va with respect to the
metric on M. Cy(M) is a compactification of the configuration space M?\ A
of two distinct points. Obviously, 0C2(M) = Sva.

Sva is identified with A x S2. We denote by

p:0Cy (M) =Ax 5%~ 82

the projection. We use the same symbol ¢ for the restriction map qlac, () :
9Cy(M)(= A x §?) — A of the blow-down map gq.

2.2 The natural transformations ¢ and Tr

The killing form gives an isomorphism g ® g = g* ®@ g*. Let 1 € g® g the
element corresponding to the killing form in g* ® g*. By using an orthonormal
basis e1,...,edimg € g of g, 1 can be described as

dim g

1= Z e; X e;.
=1

1 € g ® g is invariant under the diagonal action of w1 (M). Thus we have a
natural transformation
¢c:R— E,®E, 1 1.

Here R is the trivial local system, namely a local system corresponding to the
1-dimensional trivial representation of w1 (M).
We define a natural transformation

Tr:E,E,FE, =R
as follows: for x,y,z € g,
Tr(z ®y® z) = ([z,y], 2)

where (,) is the Killing form and [,] is the Lie bracket.

Let 71, T2 : M? — M be the projections defined by 71 (71, 22) = 21, mo (21, 72) =
zy. T E, @ m3E, is a local system on M?. We denote E,X E, = i E, @ 13 E,,.
We remark that E, X E | = E, ® E,. The pull-back

F,=q¢(E,XE,)

is a local system on Co(M). Clearly, F,loc, () = ¢"(E, @ E,).



2.3 The involution T on Cy(M)

The involution Ty : M? — M? defined by Ty(z1,72) = (22,71) induces an
involution T : Co(M) — Ca(M). To,T induce homomorphisms T, T* on the
cohomology groups H*(M? E,X E,), H*(Co(M); F,), H*(A; E,® E,) and on
the space of differential k forms Q% (Co(M); F,). We denote by H (M?; E,KE,,),
H* (M?, E,XE,) the +1, —1 eigenspaces of the homomorphism 7§ respectively.
We use similar notations H (Co(M); F,), H: (A, E, ® E,), Q% (Co(M); F)... in
the same manner.

Let T2 : S? — S? be the involution defined as Tg2(z) = —2 for any € S2.
Since the metric on M is compatible with the framing, we have p o Ty, (ar) =
T2 0p: dCy(M) — S2.

2.4 The invariant

Take a 2-form wgz € Q2(S?%R) on S? satisfying fSZ wgz = 1 and Tlwg> =
—wgz. p*wge is a closed 2-form on 9Cy(M). Thus

ce(pwgz) = prwg21

is a closed 2-form on 0Cs(M) such that (T'|c,(a))*p*ws21 = —p*wg21. There-
fore the closed 2-form p*wg:1 represents a cohomology class in H2 (0Cy(M); Fylocy(ary):

[p*ws21] € H2 (9C(M); Fylac,(ar))-

Proposition 2.1. There exist 2 forms w € Q*(Co(M); F,) and £ € Q*(AE,®
E,) satisfying the following conditions:

(1) wloc, () = Pws21 + q*¢,

(2) T'w = —w, (To|a)*€ = =€, namely w € Q2 (Co(M); F,), € € Q2 (A E, ®
E,).

Furthermore, the cohomology class €] € H? (A; E, ® E,) is independent of the
choice of €.

This proposition is proved in Section 3.
Now, we have the following 2-forms:

g*miE € Q(Co(M); ¢* (EP* ®R)),
g*m5¢ € Q(Co(M); ¢* (R K ES?)).
Then we obtain closed 6-forms
w? € Q%(Co(M); F2?),

(q*mE) (¢ m3E)w € Q°(Ca(M); F).



Since F$? = ¢*(ES? R E$?), the natural transformation Tr : ES? — R induces
a natural transformation

™2 F® 5 (RKR =)R.
Therefore we get closed 6-forms
T 20, T2 ((¢° 7€) (¢" m3€)w) € Q°(Co(M); R).
Definition 2.2.

= ®2 3 w v w
Z@(“)‘/CQ(M)T Zoo(w.6) = /(;2<M)T 2((q"m3€) (" m€ ),

Z1(M,p) = Zo(w) —3Zo-o(w,§).

Theorem 2.3. Z1(M,p) is an invariant of M, p (independent of the choices
of w,&). Furthermore, Z1(M, p) is invariant under homotopy of the framing.

This theorem is proved in Section 4.

Remark 2.4. When we can take £ = 0, obviously Zp o(w,£) = 0 and then
Z1(M, p) coincides with the ©-invariant I(g iy r)(M) of the framed 3-manifold
M given in Theorem 2.5 in [4].

3 Proof of Proposition2.1

In the following commutative diagram, the top horizontal line is a part of the
long exact sequence of the pair (C2(M),dC5(M)) and the bottom line is that
of (M?,A). Thanks to the excision theorem, the right vertical homomorphism
q* is an isomorphism.

682(ZM)
—_—

H?(0Cy(M);¢*(E, ® E,)) H?3(Cy(M),0C(M); F)

((II6CQ(M))*T O Q*Tz
H%(AE, ® E,) ——2 H2(M? A;E, ® E,)

Since H2(M?* E,® E,) = H3(M?* E,®E,) = 0, the connected homomorphism
032 on the bottom line is an isomorphism. Set

@ = (5372) "o (g) " 0 8%, (y + HE(OC(M)sq"(Bp ® ) — H2 (A B,  E,).
We take a 2-form £ € Q% (A; E, ® E,) such that
P([p*ws21]) = —[¢] € HE(AEEP ® Ep).

The above diagram implies that ®(¢*[¢]) = [£]. Then ®(p*ws21 + ¢*§) = 0.
Thus 52 (M)(p*wsd + ¢*¢) = 0. Therefore there exists a closed 2-form w €

02 (Cy(M); F,) such that
Wlac, () = P ws21 + q*¢.

The second assertion is a direct consequence of the definition —[¢] = ®([p*wg21]).



4 Proof of Theorem 2.3

The proof is reduced to the following two propositions:

Proposition 4.1. Let w,w’ € Q% (Co(M); F,,) be closed 2-forms such that

wlacy, () = W'ocs () = prws21 + ¢ €.
Then Zo(w) = Zo(w') and Zoo(w, &) = Zoo(W', &) hold.

Proposition 4.2. Let wg2g,wg2; € Q?(S%R) be closed 2-forms satsfying
f52 wg2 o = f32 wg21 = 1, Tows2 g = —wg2o and Téws2 = —wg21. Let
{pi: Ax S?— S2}te[0,1] be a homotopy such that po = p and p; o T'|oc, () =
Ts20p; fort =0,1. Let wo,wy € Q2(Co(M); F,) and &,&1 € Q2 (A E, @ E,)
be closed 2-forms satisfying

wolacy, () = Pows2,01 + q* 8o, wilac, () = PIws2 11+ q*&1.

Then Zo(wo) — 3Zo-0(wo,&0) = Zo(w1) — 3Zo-o(w1,&1) holds.

4.1 Proof of Proposition4.1

Lemma 4.3. There exists a 1-form n € QL (M?; E, X E,) such that w — w' =
d(q™n).

Proof. In the following diagram, the top horizontal line is a part of the long
exact sequence of the pair (Cy(M),0C2(M)) and the bottom line is that of

(M?,A). The left vertical homomorphism ¢* is an isomorphism because of the
excision theorem.

H?%(C3y(M),0C(M); E,) H?(Co(M); F,)

q*Tg O Q*T

H2(M2,A;E, R E,) H2 (M2 E, R E,)

The closed 2-form w — w’ gives a cohomology class in H2(Cy(M),0C5(M); F,)
and then ((¢*)™!(w — w’))|ar2 gives a cohomology class in H? (M?; E, K E,).
Since H2(M?;E, X E,) = 0, there exists a 1-form n € QL (M?%* E, X E,) such
that

dn = ((¢") "' (w = w))lar2.

Thus we have d(¢*n) = w — '. O



Thanks to Lemma 4.3 and Stokes’s theorem,
Zo(w) — ZoW') = / T ((w — W) (W? + ww’ +w'’?))
C2 (M)
= / TrX? (d(g*n)(w? + ww' + w'?))
C2(M)
= / ™ (" n)locaan (W + ww' + w')|acyan)
dCo (M)
= 3 mER (@l (sl +0°0?)
ACy (M)
= o[ W@ @laee1)
AxS?
= 6/ ™2 (n|a€1).
A

To simplify the notation, we set 7 = n|a.

Let | : £, ® E, = E, be a natural transformation induced from the Lie
bracket [,] : g ® g — g. We have [() € QYA E,), (&) € Q*(A;E,). Let
I:E,®E, — R be a natural transformation induced from the inner product
of g. Then I(I(7)I(€)) is a 2-form in Q?(A;R).

Lemma 4.4. Tr®(7¢1) = I(I(7)I(€)).

Proof. Since Tyla =id, Q* (A} E®E)) = Q*(A; (E® E)_). Then we only need
to check the claim on g®3 @ g®3. Let ey, ..., €dim g € g be an orthonormal basis
of g. Then {e; ®e; —e; ®e; | < j}is a basis of (g®g)~. It is enough to show
the claim for this basis.

Tr™2 ((ei Rej—e;®e)R(er@e —e®ek) @ (Z en ® en)>
n

2(([es, exl, [ej, e]) — ([eis e, [ej, exl]))
2({ei, [ex, [ej, ed]) + (es, [er, [ex, e5]]))

((—(es, [e5, e, ex]) — (eis [en, [ex €5]])) + (ei, [ex, [ex. €5]]))
(i, [e5, lew, ed])

(les, e5], [exs e])

I |
SRR

(2[ei, e5], 2[e, el)

N — N~

(llei®ej —e; @e;)ler @®e — e @ex)).

Corollary 4.5. [, T2 (7¢1) = 0.



Proof. Thanks to the above lemma,
[ = men) = [ ramue)).
A A

Since E, is acyclic, [I(§)] = 0 € H*(A;E,) = 0. Thus there exists a 1-form
¢ € QY(A; E,) such that d¢ = (). Therefore

J i) = [ rao

= [ armo =0,

Thanks to the above lemma, we have
Z@(w) — Z@(w’) =0.

Similarly,
Zoo(w,&) — Zoo(W, &) = / T2 ((q" 7€) (q" T3 €) (w — w'))
Ca2(M)
- / T (g 7€) (q* w3 €)dq ™)
Ca(M)
- / Tr™2 (" ((m1]a) (2] a)"€T)) -
0C2(M)

Since (m1]|a)*E(m2|a)*E7 is a 5-form on the 3-dimensional manifold A, the last
term is vanishing. This completes the proof of Proposition 4.1.

4.2 Proof of Proposition 4.2

Since [wgz2 o] = [ws21] € H?(S%;R), there exists a closed 2-form wg, € Q2([0,1]x
S?;R) such that Wg2 |y xs2 = we2 ¢ for t =0, 1.
Since [£o] = [£1](Proposition 2.1), there exists a closed 1-form

EE Ql([(J?]-] X A77T*A(EP ®EP))

such that §~|{0}XA = & and a{l}XA = & . Here ma : [0,1] X A — A is the
projection.

Let mey(ary ¢ [0,1] x Co(M) — C2(M) be the projection. Let g = idjg ) ¥
q : [0,1] x C2(M) — [0,1] x M? and we also denote the restriction map
qlio.1xacs (= [0,1] x 0C(M) — [0,1] x A as g. By a similar argument as
in Proposition 2.1, we can take a closed 2-form

& € Q2(0,1] x Co(M), w0 F)



such that _
Wljo,1xac.(ar) = P ws2 1 + ¢
Here p = {p:}+ : ([0,1] x dCo(M) =)[0,1] x A x §% — S? is the homotopy
between py and p;.
Thanks to Proposition 4.1, both Zg(w) and Zp o(w,£) depend only on
w|axs2 and €. Thus we have Zg (wo) = Ze (W01 xca (M), Zo(wi) = Zo(@]{1}xcu (M),

Zo-o(wo, %) = Zo-o(@|{o}xcu(amr),&0) and Zoo (w1, 1) = Zo-o (W11 x s €1)-
We note that, with our orientation convention,

3([0,1] x Co(M)) = {1} x Co(M) — {0} x Co(M) — [0,1] x dCs(M).

Therefore, by using Stokes’ theorem,

0 = / dTr®253
[0,1]x Co (M)

T2 (3 )— / TG )
/{1}x02(M) {1}xC2(2) {0} xCs (M) {0} xC2 (M)

K92/~
—/ Tr(@ 1) x a0 ar))
[0,1] x8Cx (M)

= Zo(Wl{1yxeam)) — Zo(@l{oyxca(mr)) —/ T (5 wsa1 + 7*€)°
[0,1]xOC5 (M)

= Zo(wr) — Zo(wo) - / T2 (355517 €2)
[0,1]XC= (M)

We denote 7; = idjg,1) x m; : [0,1] x M? —[0,1] x M for i = 1,2. We have,

0 — / a2 (78T 7 o)
[0,1] x Co (M)

Zo-o(wi,&1) — Zo-o(wo, &)

—/ T2 (7 (71| jo,11x8) € (@2l j0,11x a) €)@ 0,11 x 00 (a1)) -
[0,1]xOC5 (M)

Here, Ti[j0,11xa = Ta[jo,11xa © [0, 1]} A — M. Thus (71]j0,1)xa)"§(T2|0,11xa)"E =
£2 under the identification A = M. We have

Zo-o(wi,&1) — Zo-o(wo, &o)

-/ T2 (5 5517 €)
[0,1]x8C3 (M)
Then we have

Zeo(w1) — Ze(wo) = 3(Zo-o(w1,&1) — Zo-o(wo, &o))-

This completes the proof of Proposition 4.2.



5 A framing correction

In this section, we introduce a correction term for framings to give an invariant
of closed 3-manifolds with acyclic representations. Let M be a closed oriented
3-manifold (without framings). Recall that 9C5(M) is identified with the unit
sphere bundle STM (see Section 2.1). Take a framing f : TM — M x R? of
M. Then (M, f) is a framed 3-manifold. Let p : (9C2(M) =)STM — S? be
the projection defined by the framing f. Let 6(f) € Z be the signature defect
(or Hirzebruch defect. For example, see [1], [5] for the details) of a framing f.
For the convenience of the reader, we give a short review of the construction of
0(f) in the next section. Let p : m (M) — G be an acyclic representation as in
Section 2.1.

Theorem 5.1.

s an topological invariant of M, p.

5.1 The signature defect 4(p)

Let W be a compact 4-manifold such that 0W = M and its Euler characteristic
is zero. Then there exists an R? sub-bundle T'W of TW satisfying T°W |y =
TM. Let ST'W — W be the unit sphere bundle of T"W — W. Thus ST W is
a 6-dimensional manifold with 9ST*W = STM. We denote by Fy — ST'W
the tangent bundle along the fiber of the S2 bundle  : ST*W — W.

Take a closed 2-form ay € Q?(ST'W;R) such that aw|sray = p*wg> and
[aw] = e(Fw)/2 € H2(ST*W;R), where e(Fyy) is the Euler class of Fy —
ST W.

Lemma 5.2. When OW = M = 0, we have [gr.y 0f, = 3SignW. Here
SignW is the signature of W.

Proof. We give an outline of the proof. See Appendix of [8] or Proposition 2.45
of [7], for the details of the proof.

Since W is closed, [y 0y = [gpomw (%e(FW))d. We denote by p; (Fw) €
H*(STW;R) the 1st Pontrjagin class of the bundle Fy,. We remark that
R@ Fy = 7*T"W and R TYW = TW. Here R is the trivial R bundle over
an appropriate manifold. Therefore,

1
/ af’,v = f/ e(FW)3
ST W 8 Jsrew

1

= g/Svae(FW)pl(FW)
1 * v
g/STUWe(FW)Tr (T

1
w
= ZSignW

10



O

Thanks to the Novikov additivity for the signature, the following corollary
holds.

Corollary 5.3. The signature defect 0(f) defined to be 6(f) = [gpw afy —
%SignW is independent of the choices of W and ayy .

5.2 Proof of Theorem 5.1

Let fo,f1 : TM — M x R3 be framings and let pg,p; : 9C2(M) — S? be the
projections given by framings fo, f1 respectively. Since [pjwsz] and [pjwsz] are
in H2 (A x S%R) = H%(S%R) = R, [pjws:] = [piwsz]. Thus there exists a
closed 2-form

Do € Q2 ([0,1] x OCo(M); R)

such that Wa|{o1xac,(m) = Pows?, Wal{1}xacs,(m) = Piwsz. We recall that £ €
Q2 (A;E, ® E,) is a closed 2-form representing ®([p*wg21]) = ® o c*([p*ws2])
when we take a projection p : dCo(M) — S? given by a framing f. The
homomorphism ® o ¢* is independent from the choice of a framing. Then we
can use same £ € Q% (A; E, ® E,) for any framing.

By a similar argument as in proof of Proposition2.1, we can take a closed
2-form

@ € Q%([0,1] x Co(M); 7, (ary )

such that

Wljo,11xa0s (M) = Wal + Q*E.

Here, mc,ary ¢ [0,1] x Co(M) — Co(M) and @ : [0,1] x dC2(M) — A are the
projections. We denote by

Then,

wo = W|1oyxca (M)

w1 = W|{1yxcs (M)

Z1((M, fo), p) = Ze(wo) — 3Zo-0(wo, &),
Z1((M, f1),p) = Ze(w1) — 3Zo-0(w1,§).

Thanks to Stokes’ theorem,

0

/ AT (&%)
[0,1]x Co (M)

Zo(wn) - Zo(wn) - [ T @l 1o an)
[0,1]xCo (M)

Zo(w1) — Zo(wo) — / T2 (5319%) — / 3T (32192Q%¢)
[0,1]x8C2 (M) [0,1]x8C2 (M)
Zo(w1) — Zo(wo) — / D3 T2 (193) — / 3T (3192Q%¢)
[0,1] x0C2 (M) [0,1]x0C5 (M)
Zo(wi) — Zo(wo) — (dimg)2/ @g — / 3Tr®2(@g1®262*§).
[0,1]x8C3 (M) [0,1]x8C3 (M)

11



We denote 7; : [0,1] x M? — M, (t,z1,22) — x; for i = 1,2. We have,

0 — / AT (F756) (T T36)P)
[0,1]x Ca (M)
= Zoo(w, &) — Zoo(wo,§)
—/ T (@ (Faljo,yx ) €@zl j0,11xa) *€)@a1)
[0,1]x OC5 (M)

= Zoow,&) — Zoo(w, &) — /[0 ocaan ™2 (Q*&*wal)

= 0

Thus we have

Z2(M, o). p)~Z2 (M, f2). p) = (dim g)? /

T3+ / 3T (3192Q%¢).
[0,1]x8C2 (M) [0,1]x8C2 (M)

Lemma 5.4.
T 2 (51%2Q%¢) = 0.

Proof. Let Tg : E, ® E, — E, ® E, be the involution induced by g ® g —
g0 g ey yoaz Cleary, Tr o T8 = Tv¥2 . F®3 ¢ F®  R. Since
Tp(1) =1 and T}, = (To|a)* on QY(A; E, ® E,), we have

T2 (@,192Q7¢) = ™2 (TE*(@91%2Q¢)) = ~Tr™*(@9192Q*¢).
Thus Tr¥(55182Q*¢) = 0. O

Lemma 5.5.

5(F1) — 6(fo) = / &3,

[0,1]xCo (M)

Proof. We take a compact 4-manifold W with 9W = M and its Euler character-
istic is zero. Take a collar neighborhood [0, 1] x OM of M = OW in W such that
{1} xM = 0W. Set Wy = W\([0,1] x M). We can take T"W as T"W (g 1)xpr =
[0, 1]xTM. Thus ST"W (g 1)x s is identified with [0, 1] x 0C2(M). Take a closed
2-form ay € Q*(ST'W;R) satisfying aw|jo,1jxs7m = @o and [aw] = 2e(Fw).
Then we have

3. 3.
6(f1) = o(fo) = (/ Of;’/v - 4S1gnW> - (/ (aW|STon)3 - 4SIgnWo>
ST*W ST* W,
= / (aW|[O,1]><STM)3
[0,1]x ST M

- / &,
[0,1]x8C2 (M)

12



By the above two lemmas,

Zy((M, fo), p) — (dimg)*6(fo) = Z1((M, f1), p) — (dim g)*6(f1)-

Namely, Z1((M, f), p) — (dim g)25(f) is independent of the choice of a framing

f.
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