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Abstract. We study a family of (possibly non topological) deformations of BF theory
for the Lie algebra obtained by quadratic extension of so(3, 1) by an orthogonal module.
The resulting theory, called quadratically extended General Relativity (qeGR), is shown to
be classically equivalent to certain models of gravity with dynamical torsion. The classical
equivalence is shown to promote to a stronger notion of equivalence within the Batalin–
Vilkovisky formalism. In particular, both Palatini–Cartan gravity and a deformation
thereof by a dynamical torsion term, called (quadratic) generalised Holst theory, are
recovered from the standard Batalin–Vilkovisky formulation of qeGR by elimination of
generalised auxiliary fields.
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Introduction

Topological models like BF theory and deformations thereof,1 while known to have many
applications in pure mathematics related to the study of topological invariants (see e.g.
[Sch00; Mne08; CMR20; HKS20]), have also proven to be relevant in theoretical physics,
especially in the formulation of gauge theories of gravity and their subsequent quantisation.
For instance, in three spacetime dimensions, general relativity in the coframe formalism
can be cast as a pure BF theory, and is therefore topological. This fact was originally
observed by [Car98; Wit88], who noticed that the symmetries of BF theory can be used
to generate diffeomorphisms on-shell. A strong-equivalence result of the Hamiltonian dg-
manifolds underlying the two theories was later proven in the Batalin–Vilkovisky (BV)
formalism [CSS18; CS22], a result that also hints at the equivalence of the quantisation of
the two theories. Indeed the quantisation of BF theory in the BV formalism, pioneered by
Cattaneo, Mnev and Reshetikhin [CMR12; CMR14; CMR17], can be used to inform our
understanding of the quantisation of triadic gravity. (Note, however, that the equivalence
only holds in the nondegenerate sector of BF theory.)

In four dimensions the situation is different: Gravity is no longer topological2 and can
thus not be fully described by a BF + ΛBB theory. There have been some attempts at
retaining a formulation of gravity as a (deformed) BF theory, via certain conditions on
the B field, usually called simplicity constraints and enforced dynamically, which break the
symmetries of the theory to allow for local degrees of freedom. The two main approaches in
this vein are known as Plebanski theory [Ple77] and MacDowell–Mansouri theory [MM77]
(for a review see [FS05; FS12]). However, it has been suggested that these constraints lead
to difficulties when attempting to quantise the system [Mik06]. Consequently, it would be
beneficial, both conceptually and for practical purposes, to find a formulation of tetradic
gravity based on BF theory together with a symmetry breaking mechanism with better
properties.

Another interesting aspect which has received increasing attention lately is the role of tor-
sion in theories of gravity. Together with curvature and non-metricity, it is one of the three

1These often go under the name of BF + ΛBB theories, see [Cat+98].
2By this we mean that there are two propagating, local, degrees of freedom in the phase space.
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geometric quantities that can be used to formulate a fully general theory of tetradic grav-
ity. While both Einstein–Hilbert [Hil15] and Einstein–Palatini [HHKN76; FFR82] models
require the torsion to vanish, and thus feature the unique metric-compatible Levi-Civita
connection, there exists an equivalent formulation of gravity where curvature is required
to vanish, but torsion is allowed to take on non-zero values. This is known as Teleparallel
Gravity [AP04; Ham02; HJKP18]. Meanwhile, Palatini–Cartan gravity, another classically
equivalent theory, imposes neither vanishing torsion nor vanishing curvature from the get-
go but rather obtains vanishing torsion “dynamically”, that is to say: as an algebraic field
equation.

In recent years, the role of torsion terms in tetradic gravity theories has been thoroughly
investigated, and several proposals have been put forward, linking torsion effects to the
evolution of the early universe and its late accelerated expansion [Pop13b], as well as cou-
pling gravity to non-integer spin matter [Pop13a; DC20] or even investigating dark matter
in the presence of quadratic torsion terms [Még20]. Thus, while on one hand it is desirable
for any model of gravity not to hinge on restrictions of either curvature or torsion, on the
other hand it seems like torsion terms, linear or quadratic3, should receive more attention
from a field theoretic perspective. From this point of view, our search for a BF -type model
for general relativity will naturally output a theory that is sensitive to non-trivial torsion.

In this paper we present a novel formulation of gravity as a symmetry-broken defor-
mation of BF theory. To this end we use the notion of (trivial4) standard quadratic Lie
algebra extensions introduced in [KO06; KO07] and consider a BF + ΛBB theory for a
quadratically extended Lie algebra to be our basic (topological) model. We call the re-
sulting model quadratically extended BF theory (qBF). We then introduce a fairly general
(quadratic) deformation term, leading us to deformed, quadratically extended, BF theory
(dqBF ), which overall depends on two real parameters and a Lie algebra automorphism T ,
called deformation automorphism. In order to obtain a theory that can reasonably model
general relativity, we specialise dqBF to the trivial quadratic extension of the Lie algebra
so(3, 1) and call the resulting theory quadratically extended general relativity (qeGR).

Our analysis shows that this model is general enough to describe both “topological sec-
tors” as well as “gravitational sectors”, meaning that by varying the deformation (and the
parameters), the properties of the model—i.e. degrees of freedom, symmetries and equa-
tions of motion—change to describe other models of interests, some of which are models of
gravity.

Indeed, within certain ranges of the deformation parameters, one is able to break just
enough (shift) symmetries to obtain non-topological theories with precisely 2 local degrees
of freedom (in configuration space), corresponding to the propagating degrees of freedom
of the graviton. In particular, we show that one can recover both Palatini–Cartan–Holst
gravity (up to a boundary term) and a deformation thereof, modified by the presence of

3The terms “linear” and “quadratic” refer to whether the dynamical torsion field appears linearly or quadrat-
ically in the action functional.
4We will present only the most trivial extension possible, subsequent obvious generalisations being straight-
forward. See Appendix B.
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torsion as a dynamical field. This justifies the name “gravitational sector” of qeGR. We
note, in passing, that qeGR implements (a modified version of) the simplicity constraints
on the B field.5

In order to substantiate what we mean by “recovering” a theory from another one,
this work uses the Batalin–Vilkovisky (BV) formalism, which encodes—via cohomologi-
cal resolutions—the space of inequivalent physical configurations of the theory (the moduli
space). To a classical field theory with symmetries, the BV framework associates a Hamil-
tonian dg manifold F = (F , ̟, S,Q), comprised of a (−1)-symplectic graded manifold
(F , ̟) together with an action functional S over F whose Hamiltonian vector field Q has
the cohomological property (i.e. [Q,Q] = 0). Using Q one can then define the BV complex
of the theory, which resolves the original moduli space.6

It is natural to phrase equivalence of field theories in this language. One can however
formulate several inequivalent notions of equivalence, of increasing strength, three of which
are directly important for this work. Classical BV equivalence demands that the BV-
cohomologies of two theories agree in degree 0, i.e. for classical fields. This weakest form
of equivalence can be investigated using only the classical Lagrangian field theory data and
usually provides a starting point for investigating stronger equivalences. A finer notion is
BV equivalence, which requires the BV complexes of two BV theories to be quasi-isomorphic,
i.e. that there be a map of Hamiltonian dg manifolds, inducing an isomorphism between
their associated cohomologies in all degrees (for the precise notion see Definition 1.26).
Finally, we mention strong BV equivalence, which is an isomorphism of Hamiltonian dg
manifolds. A fitting non-trivial example of the latter is the strong BV equivalence between
BF theory and triadic gravity, proven in [CSS18], which clarifies in what sense general
relativity is essentially BF theory in three dimensions. See also [CS22].

In order to establish that two theories are BV equivalent, a handy notion is that of auxil-
iary fields [Hen90; BBH95], which essentially encodes the idea that two theories may differ
by certain field configurations that are only used to present certain physical content in a
particularly useful way, but which are otherwise “physically irrelevant”. In the language of
resolutions, this is translated in the statement that said fields have an associated trivial
cohomology and are “contractible”, so they can be eliminated without changing the under-
lying physics. (For further details on this procedure and its applications, see [BGST05;
BG11; Gri11].)

In what constitutes the main part of this work, we identify and eliminate as many aux-
iliary fields as possible in the BV formulation of qeGR (for certain appropriate choices of
parameters and deformations), and find BV-equivalent theories so that the classical equiv-
alences are promoted to BV equivalences. In particular, for a certain choice of parameters
and deformations, we find a BV equivalence between qeGR and Palatini–Cartan–Holst the-
ory, modulo a boundary term that corresponds to the Nie-Yan class (cf. Proposition 2.34
and Remark 2.24).

5This is already true for quadratically extended BF theory.
6By this we mean that the cohomology in degree zero of the BV complex is (a replacement of) the space
of functions functions over the moduli space, which is often singular.
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Our main result is Theorem 3.22, which describes general relativity as an instance of
qeGR theory, in the sense that the latter is BV-equivalent to both quadratic generalised
Holst (qgH) and generalised Holst (gH) theory (Definition 2.18), both of which are slightly
generalised versions of very well-known models for coframe gravity.

The action functional of gH theory features a quadratic torsion term η(dAe, dAe), where
e is a tetrad and A an so(3, 1) connection. As such, it is a good starting point for further
investigations into the role of such terms in relation to known theories of gravity. We
will show in Proposition 2.22 that the quadratic torsion term η(dAe, dAe) corresponds to
the topological Nieh–Yan term and can be written as a boundary term plus a topological
contribution to the action. Due to the general form of the family of theories defined in this
work, this gives a rather general result on the role of quadratic torsion terms of this form.

We also analyse the classical boundary structure of dqBF (in the sense of Section 1.2.1)
and compute the associated constraint algebra. We find that the constraint set of the
theory is first class only in the topological sector, simultaneously hinting at the fact that:
1. including dynamical torsion fields term makes the Cauchy problem more involved, and
2. that the simplicity constraint—which reduces the field B to the quadratic tensor e ∧ e
for e a tetrad—is second class and as such not easily quantisable. For further details see
Section 2.4 and Remark 2.30.

The paper is organised as follows. In Section 1.1 and Section 1.3 we briefly introduce the
constructions of standard Lie algebra extensions and the basic notions of the BV formalism.
In Section 2 we formulate quadratically extended GR (qeGR), the main subject of this work,
and conduct a thorough classical analysis including relations to theories and modifications of
gravity. Finally in Section 3 we formulate the BV theory of qeGR and find BV equivalences
providing direct relations to the BV data of PCH gravity.

Torsion in Theories of Gravity. In a field theory that depends on a principal connection
A and a coframe field e (a tetrad or vierbein) there are two derived, gauge covariant,
quantities of immediate interest: The curvature FA and the torsion form dAe.

Depending on the properties of curvature and torsion that are assumed from the get-go
(and not as dynamical field equations), we classify theories of gravity in the following way7:

• Impose vanishing torsion dAe = 0: In this situation one can make use of the fun-
damental theorem of Riemannian geometry [Lee19] to conclude that the connec-
tion must be the unique compatible Levi-Civita connection. This is the basis for
Einstein–Hilbert gravity. This is sometimes, and perhaps more appropriately, called
Einstein–Cartan theory (see e.g. [Kra20]) to highlight the use of coframes, as op-
posed to metrics.
• Impose vanishing curvature FA = 0: Such connections are called Weizenböck con-

nections. They allow for a force-based description of gravity called Teleparallel
gravity (for contemporary reviews see [AP04; Ham02]).
• No restrictions: This allows for both torsion and curvature effects. The simplest

form of such a theory is Palatini–Cartan gravity. (Note that, when the SO(3, 1)

7For a more in-depth discussion see the introduction of [AP04].
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connection is left free to vary but within a metric formulation, one often speaks of
Einstein–Palatini gravity.8)

In physical literature, it is usually tacitly assumed that the underlying connection in a
theory of gravity is the Levi-Civita connection, and theories not assuming this are consid-
ered modifications of gravity. Over the past years modifications using torsion terms have
seen an increase in popularity. From the evolution of the early and late universe [Pop12;
Pop13c; IW16; CP19], the amalgamation of fermionic particles with gravity [Pop13c; Tec19;
DC20] to attempts at explaining Dark Matter [Még20]. There are a plethora of applications
where torsion modifications beyond the usual Teleparallel and Palatini–Cartan gravity are
considered. Note that other schools like entropic gravity [CR16] or modified Newton dy-
namics [Sca06] are also rising in popularity. This work however will only yield results about
torsion modifications.

Acknowledgements

This work stems from one of the authors’ master thesis at ETH Zurich.

1. Background

This section introduces the concepts underlying the core results of the paper. In Section
1.1 the basic concepts of quadratic Lie algebra extensions are introduced. For this we
follow [KO06; KO07] where the (trivial) standard extensions used in this work have first
been constructed and discussed.

Section 1.2 is dedicated to the introduction of classical Lagrangian field theories, their
classical boundary structure and reduced phase space. For this part we refer to [And89;
Del+99] and to [KT79] for the investigation of the boundary.

In Section 1.3 we discuss the fundamentals of the BV formalism, with a special focus on
equivalences. More detailed introductions together with motivations for the construction
of the BV complex can be found in [BV77; BF83; CM20; CMR17; CMR14; Mne17; Sta97].

1.1. Trivial Standard Extensions. This section presents the construction of a metric
Lie algebra from any finite-dimensional Lie algebra g and an orthogonal g-module. We
briefly review [KO06, Sec. 2] whose definitions and results we use throughout.

Definition 1.1 (Metric Lie Algebras) A metric Lie algebra over a field k is a pair
(g, 〈·, ·〉) where g is a Lie algebra and

〈·, ·〉 : g⊗ g −→ k

is a bilinear form that is symmetric, invariant under the adjoint action of g on itself and
non-degenerate in that the induced morphism g −→ g∗ is a linear isomorphism of Lie
algebras.

8For a historical review of appropriate nomenclature and attribution, see [HHKN76; FFR82].
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Definition 1.2 (Orthogonal Lie Algebra Modules) Let g be a finite-dimensional Lie
algebra, V a finite-dimensional real vector space equipped with an invariant symmetric
bilinear form 〈·, ·〉V and ρ : g −→ so(V ) a representation of g on V . The invariance of 〈·, ·〉V
is expressed algebraically for arbitrary g ∈ g and v, w ∈ V as

〈ρ(g)v, w〉V + 〈v, ρ(g)w〉V = 0.

If additionally 〈·, ·〉V is non-degenerate call the triple (ρ, V, 〈·, ·〉V ) an orthogonal g-module.

Remark 1.3 From now on let g be a finite-dimensional Lie algebra and (ρ, V, 〈·, ·〉V ) an
orthogonal g-module, thought of as an abelian metric Lie algebra.

Combining the wedge product ∧ on Chevalley–Eilenberg cochains C•
CE(g;V ) of g and

the non-degenerate symmetric pairing 〈·, ·〉V on V one obtains a bilinear multiplication map

〈· ∧ ·〉 : Ci
CE(g;V )× Cj

CE(g;V )
∧
−→ Ci+j

CE (g;V ⊗ V )
〈·,·〉V−→ Ci+j

CE (g),

(α, β) 7−→ 〈α ∧ β〉.

Definition 1.4 (Quadratic Extensions) A quadratic extension of g by the orthogonal
g-module (ρ, V, 〈·, ·〉V ) is given by a tuple (m, i, i, p) such that

• (m, 〈·, ·〉) is a metric Lie algebra,
• i ⊂ m is an isotropic ideal, i.e. 〈·, ·〉 |i = 0 and [i,m] ⊂ i

• i and p are Lie algebra homomorphisms constituting a short exact sequence of Lie
algebras

0 −→ V
i
−→ m/i

p
−→ g −→ 0,

consistent with ρ in that for all L̃ ∈ m/i with p(L̃) = L ∈ g and v ∈ V

i(ρ(L)v) = [L̃, i(v)] ∈ i(v).

Additionally we require im(i) = i⊥/i and i : V −→ i⊥/i is an isometry.

Remark 1.5 Note that the above characterisation of a quadratic Lie algebra extension
is ultimately given by a short exact sequence. If we assume V to be an abelian Lie group
that additionally is isotropic in m/i the quadratic extension is a central extension.

The following construction of quadratic Lie algebra extensions is a special case of the
one presented in [KO06] and requires only a Lie algebra and an orthogonal module. For
the full procedure, see Section B.

Definition 1.6 (Trivial Standard Extensions) Define the vector space d := g∗ ⊕ V ⊕ g

and an inner product 〈·, ·〉d : d× d −→ k by

(z1 + v1 + g1)× (z2 + v2 + g2) 7−→ 〈v1, v2〉V + z1(g2) + z2(g1).
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Further denote by [·, ·]d : d × d −→ d the unique antisymmetric bilinear assignment such
that

(1) 〈[X,Y ]d, Z〉d = 〈X, [Z, Y ]d〉d for all X,Y, Z ∈ d,
(2) [d, g∗]d ⊂ g∗, [g∗, g∗]d = 0, [V, V ]d ⊂ g∗,
(3) [g1, g2]d = [g1, g2]g for all g1, g2 ∈ g,
(4) 〈[g, v1]d, v2〉d = 〈ρ(g)v1, v2〉d for all g ∈ g and v1, v2 ∈ V .

We call this the trivial standard extension of g by V and denote it by (d(g, V, ρ), g∗, i, p) or
simply as the underlying metric Lie algebra d(g, V, ρ) := (d, [·, ·]d, 〈·, ·〉d), for short.

Note that i : V −→ V ⊕ g and p : V ⊕ g −→ g are given by the canonical injection and
projection. (In the above equations the canonical inclusions of g∗, g and V into d were
omitted to clean up the equations.)

The definition of trivial standard extensions is justified by the following result:

Lemma 1.7 (of [KO06, Proposition 3.1, 3.2]) The antisymmetric bilinear assignment
[·, ·]d constructed in Definition 1.6 is unique. The tuple d(g, V, ρ) := (d, [·, ·]d, 〈·, ·〉d) defines
a metric Lie algebra and a quadratic extension of g by (ρ, V, 〈·, ·〉V ).

Remark 1.8 This work makes use of the trivial standard extension of a Lie algebra.
There does however exist a more general extension procedure that depends on the choice
of elements of the quadratic cohomology of the underlying Lie algebra. This procedure is
described in Section B and evidently provides an immediate path for a subsequent gener-
alisation of the (trivially-)quadratically extended BF theory we define in this paper.

1.2. Classical Lagrangian Field Theory. In this section we will introduce the basic
notions of classical Lagrangian field theory with local symmetries, and the study of their
induced boundary data. This will serve as the core for the investigations in Section 2. As
indicated, we follow [And89; Del+99; Blo21] for the classical Lagrangian field theory, and
refer to [KT79; CMR12; CMR14; GM95; Mos22] for the construction of boundary data, as
described in Section 1.2.1.

Throughout, M will be a smooth manifold, possibly with boundary. A local Lagrangian
field theory is the assignment, to M , of the following data: A space of fields F and a
local functional S : F → R, the action functional. Locality is encoded by the fact that
F = Γ(M,F ) is the space of sections of a (possibly graded) fibre bundle9 F → M , and
local forms are intuitively dependent on the fields and their derivatives up to some finite
order k, as detailed here:

Definition 1.9 (Local Forms and Local Functionals [Zuc87; And89; Blo21]) Let F
π
−→

M be a (graded) fibre bundle over a smooth, compact, manifold M . Define F := Γ(M,F ),

9Often one can simply work with vector bundles, but in our applications we need to consider open subman-
ifolds of vector bundles due to the nondegeneracy conditions proper of general relativity. The grading will
be useful to encode BV data, see Section 3.
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Jk(F ) as the k-th Jet bundle. Further define the jet evaluation maps

jk : F ×M −→ Jk(F ), (ϕ, x) 7→ jkϕ(x)

where jkϕ is the kth jet equivalence class, and denote by j∞ their projective limit. Similarly
construct the infinite jet bundle as the projective limit of the following sequence:

F = J0(F )←− J1(F )←− · · · ←− Jk(F )←− · · ·

Now finally define the bicomplex of local forms on F ×M as

(Ω•,•
loc(F ×M), δ, d) := (j∞)∗(Ω•,•(J∞(F )), dV , dH).

Here dV and dH denote, respectively the vertical and the horizontal differentials on the vari-
ational bicomplex. Furthermore the differentials δ and d are defined for α ∈ Ω•,•(J∞(F ))
via

δ(j∞)∗α = (j∞)∗dV α, d(j
∞)∗α = (j∞)∗dHα.

The complex of integrated local k-forms is the image of the map∫

M

: Ωk,top
loc (F ×M)→ Ωk∫ (F)

with vertical differential δ. Elements of Ω0,•
loc(F×M) (and Ω0∫ (F)) will be called (integrated)

local functionals.

Definition 1.10 (Classical Field Theories) A classical field theory on a smooth manifold
M is a pair (F , S) where the space of fields F is as above and the action is an integrated

local functional S ∈ Ω0
loc(F), i.e. there exists a Lagrangian density L ∈ Ω0,top

loc (F × M)

such that S =
∫
M L. To any element L ∈ Ω0,top

loc (F × M) one can associate10 a local

Euler–Lagrange form el ∈ Ω1,top
loc (F ×M) and a boundary form θ ∈ Ω1,top−1

loc (F ×M) such
that

δL = el+ dθ.

An element ϕ ∈ F is called a field configuration, and it is said to be extremal if and only
if el(ϕ) = 0. Given the classical field theory (F , S), its critical locus is the zero locus
EL := Loc0(el) ⊂ F of the Euler Lagrange form el associated to the Lagrangian of the
theory. We call the elements of EL classical solutions.

An important concept in field theory that will be relevant for us is that of local/gauge
symmetry. In accordance with the notion of locality at the core of our framework we define

Definition 1.11 (Infinitesimal Local Symmetries) Let (F , S) be a classical field theory.
We call a section V ∈ Γ(F , TF) an infinitesimal local symmetry of the theory if

LV L = dYV ,

10This is a Theorem of Zuckermann [Zuc87, Theorem 3]. See also ibid. for further details.
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for some local form YV ∈ Ω0,top
loc (F ×M).

Remark 1.12 The set of all symmetries forms a subalgebra of the algebra of vector fields

D̃ ⊆ Γ(F , TF). Hovever, among such symmetries there are trivial ones, denoted D0, which
identically vanish on EL and form a subalgebra of all symmetries. A choice of non-trivial
symmetries for the field theory (F , S) is a choice of embedding of all symmetries modulo

trivial ones D = D̃/D0 →֒ D̃. One can show that, in general, this embedding forms an
involutive distribution only on EL [HT92]. From its very definition it is easy to see that
an (infinitesimal) local symmetry leaves the critical locus EL invariant. Hence, classical
solutions that are related by a symmetry describe the same physics, and the space of classical
observables is some suitable model for C∞(EL)D ≃ C∞(EL/D). Generally, however, both
EL and the quotient EL/D can develop singularities, and one does not have easy access to
geometry over these spaces. This is one of the reasons why we treat Lagrangian field theory
with symmetries in the BV formalism, as it instead builds a replacement for C∞(EL/D) in
terms of the cohomology of an appropriately constructed complex. (See Section 3.)

Another pivotal point for field theory and this paper is the equivalence of two theories,
for now on a classical level:

Definition 1.13 (Classical Equivalences) Let (Fi, Si) for i = 1, 2 be two classical field
theories with spaces of classical solutions ELi and symmetry spaces Di. We say that the
two theories are classically equivalent if11

EL1/D1|EL1 ≃ EL2/D2|EL2

As we said, before one can make sense of classical equivalence, an appropriate model
for C∞(ELi/Di) needs to be specified. In Section 1.3 we will discuss the (standard) BV
extensions of classical field theories, which will allow us to answer this question and give a
more precise meaning to Definition 1.13. Throughout this paper we will however encounter
several situations where one can establish classical equivalence without resorting to the BV
formalism:

Remark 1.14 In practical scenarios one might prove classical equivalence by checking
that EL1 ≃ EL2 and D1|EL1 ≃ D2|EL2 . Sometimes, it is possible to find that an even
stronger relation holds when comparing field theories. For example, let (Fi, Si) for i = 1, 2
be two classical field theories with spaces of classical solutions ELi and symmetry spaces
Di. Let further C ⊂ F1 be a set of fields where a subset of the equations defining the zero
locus EL1 is fulfilled. If one can find an isomorphism φcl : C −→ F2 such that

S1|C = φ∗clS2, and D1|C
φcl
≃ D2|EL2 ,

then the two theories are classically equivalent.

11When a smooth description of the quotient spaces is not available, we resort to the algebraic version of
this equivalence, C∞(EL1/D1|EL1

) ≃ C∞(EL2/D2|EL2
), given an appropriate model for C∞(ELi/Di|ELi

).
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1.2.1. Kijowksi–Tulczijew boundary data for classical field theory. In this section we will
briefly review the construction of boundary data12 for a classical field theory (F , S) on a
manifold with boundary (M,∂M), due to Kijowksi and Tulczijew [KT79]. The construction
can be summed up as follows:

(1) First we define a naïve version of “fields near the boundary” by restricting fields and
their derivatives along a direction transverse to the boundary. This space can be
equipped with a closed two-form in a natural way.

(2) When this form is also pre-symplectic (see below for the precise statement), one can
then perform pre-symplectic reduction to obtain a symplectic space of “boundary
fields”, which is often also called the geometric phase space of the theory.

(3) Inside the geometric phase space there is a subset of field configurations that can
be extended to solutions of the equations of motion in a small cylinder. This is
the Cauchy set of the theory, which in good cases is a coisotropic sumbanifold. Its
coisotropic reduction yields the “reduced phase space”, which is interpreted as the
space of admissible boundary configurations modulo symmetries.

More precisely:

Definition 1.15 (Preboundary Fields) Let (F , S) be a classical field theory defined on
a smooth manifold with boundary (M,∂M) and ε > 0. Define the space of pre-boundary

fields F̃∂ as the space of germs13 of fields at ∂M × {0} on the manifold ∂M × [0, ε].

Let (F , S) be a classical field theory and F̃∂ its space of pre-boundary fields with

π̃∂ : F −→ F̃∂ the canonical projection. Then one can always look at α̃∂ ∈ Ω1∫ (F̃∂) such

that14

δS = EL+ (π̃∂)∗α̃∂ .

The relevant assumption of regularity here is on the null distribution of the associated
two form ω̃∂ = δα̃∂

Assumption 1.16 The tuple (F̃∂ , ˜̟ ∂) where ˜̟ ∂ := δα̃∂ is a pre-symplectic manifold,

i.e. the kernel ker( ˜̟ ♭) is a subbundle of T F̃∂ . Moreover, pre-symplectic reduction by said
kernel is the space of sections of a fibre bundle over ∂M .

Definition 1.17 (Geometric Phase Space) Let (F , S) be a classical field theory and

(F̃∂ , ˜̟ ∂ := δα̃∂) the associated pre-symplectic space of pre-boundary fields. Define the

12Truly, one simply needs an embedded codimension 1 submanifold, but the boundary scenario allows for
further interesting interpretations of the data thus obtained.
13Remember that a germ at x ∈ M is the equivalence class of functions f ∈ C∞(U), g ∈ C∞(V ) where U, V
are open neighbourhoods of x, such that f ∼ g if f and g agree on any subset of U ∩ V .
14We denote EL =

∫
M

el.
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geometric phase space F∂ of (F , S) by
(
F∂ := F̃∂/ ker( ˜̟ ∂), ̟∂

)
,

where ̟∂ is the reduction of ˜̟ ∂ . We denote the resulting quotient map by π∂ : F −→ F∂ .

In good cases, one can also find a form α∂ ∈ Ω1∫ (F∂) such that

δS = EL+ (π∂)∗α∂ , ̟∂ = δα∂ ,

Let (F , S) be a classical field theory, EL its space of classical solutions and F∂ its
geometric phase space together with the surjective submersion π∂ : F −→ F∂ . Inside F∂

we select those configurations that can be extended to a classical solution in a small enough
cylinder ∂M × [0, ε]. This is the space of Cauchy data of the theory, and we denote it
by C ⊂ F∂ . In good cases C is coisotropic. Indeed, it is expected that the projection
EL∂

.
= π∂(EL) be a Lagrangian submanifold in F∂ , due to existence and uniqueness of

solutions of the field equations.15 Since obviously EL∂ ⊂ C, the set of Cauchy data must
be coisotropic (because it contains a Lagrangian sumbanifold). See [CMR12] for further
details.

Definition 1.18 (Reduced Phase Space) Let (F , S) be a classical field theory, and let
(F∂ , ̟∂) be its geometric phase space. If C is a (smooth) coisotropic submanifold, the

reduced (or physical) phase space is the symplectic reduction C
.
= C/C̟

∂
, where C̟

∂
is the

characteristic foliation of C ⊂ F∂ .

The reduced phase space of a classical field theory is the space of equivalence classes of
boundary configurations that extend to a solution of the equations of motion. This can
be naturally interpreted as the space of possible initial conditions modulo symmetry. In
concrete examples, and in particular thoughout this paper, the manifold C will be presented
as the vanishing locus of a set of functions over field configurations, often called constraints
of the theory. The number of such (independent) constraints, compared to the total (local)
degrees of freedom of the theory, informs us on the expected dimension of the reduction.
In particular, topological theories are such that, after reduction, there are no residual local
degrees of freedom. In gravitational theories, instead, we expect two local degrees of freedom
to survive after reduction.

1.3. Batalin–Vilkovisky Formalism. In this section we introduce a cohomological ap-
proach to Lagrangian field theory with symmetries that goes under the name of Batalin–
Vilkovisky (BV) formalism [BV77; BV81]. Our brief introduction draws from [CMR14;
CMR17; Mne17; CM20] and the earlier works of Stasheff [Sta97]. The main motivation for
the use of this technique is that we want to explore the moduli space of classical solutions,

15This is phrased as intersection of transverse Lagrangians, in this language, where the other Lagrangian
is a boundary condition.
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EL/D, which is often singular, and a smooth description is not available. Thus, it is conve-
nient to replace the geometric study of the moduli space with a cohomological description
of the quotient. The interested reader is referred to these sources for a more self-contained
introduction and further details.

Definition 1.19 (BV Theory) A BV theory is a tuple F = (F , ̟,Q,S) where F is a
graded manifold (the space of BV fields), ̟ is a (−1)-symplectic form (the BV two-form)
and S : F −→ R is a Hamiltonian function of degree 0 (the BV action) with Hamiltonian
vector field Q ∈ X[1](F) and satisfying the Classical Master Equation16 (CME):

{S,S} = 0.

Here {·, ·} denotes the graded Poisson bracket induced by̟. Thus (F , Q) is a dg-manifold.17

Remark 1.20 When thinking of BV theories one typically additionally wants F to be
the space of sections of a graded bundle over some (closed18) d-dimensional manifold M ,
and assumes Q,̟, S to be local.

Example 1.21 (Standard BV Extension of a Classical Field Theory (compare [BV81;
Hen90])) The classical field theories we will study in this work have symmetries that stem
from the action of a Lie algebra. With reference to Remark 1.12, this means that D is the
image of a Lie algebra action on Fcl. In this case there exists a standard “BV extension”,
which assigns a BV theory to the classical field theory with symmetry (Fcl, Scl,D) with
symmetry Lie algebra (g, [·, ·]):
Define the space of BV fields

FBV := T ∗[−1](Fcl × Ω0[1](M ; g)),

where we denote by (ϕi, ca) the fields in the base and by (ϕ†
i , c

†
a) those in the cotangent

fibres. Note that the shift induces an internal grading (ghost number); this is in addition
to the form degree. Given the non-degenerate bilinear map

〈·, ·〉 : Ωi,k
loc(M)× Ωj,top−k

loc (M) −→ Ωi+j,top
loc (M),

for any i, j, k we can equip FBV with a symplectic structure, the BV two-form

̟ :=

∫

M

〈
δϕi, δϕ†

i

〉
+
〈
δca, δc†a

〉
.

16Using that Q is the Hamiltonian vector field of the BV action S we can require, equivalently to {S,S} = 0,
that [Q,Q] = 0, i.e. that Q = {S, ·} be cohomological.
17In this paper, since we do not consider physical fermions, we always assume that the parity of a variable
is the mod 2 reduction of its degree.
18Extensions to manifolds with boundary are considered in [CMR14], while for an approach towards non-
compact manifolds we refer to [Rej11; RS21].
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The cohomological vector field of our BV extension nicely splits into the Koszul–Tate dif-
ferential δKT and the Chevalley–Eilenberg differential γCE as

Q = δKT + γ̌CE ,

where γ̌CE is the cotangent lift of the Chevalley–Eilenberg cohomological vector field:

γCEϕ
i = cavia, δKTϕ

i = 0, δKT c
a = 0,

γCEc
a =

1

2
[c, c]a, δKTϕ

†
i =

δS

δϕi
, δKT c

†
a = viaϕ

†
i ,

with via denoting the fundamental vector fields of g on Fcl. We define the BV action as

SBV := Scl +

∫

M

{〈
ϕ†
i , γCEϕ

i
〉
+
〈
c†a, γCEc

a
〉}

,

and the tuple (FBV , ̟,Q, SBV ) defines a BV theory in the sense of Definition 1.19.

Definition 1.22 (BV Complexes (compare [Sta97, Section 5])) Let F be a BV theory
with cohomological vector field Q. We define the BV complex of F to be the cochain
complex (BV• = Ω0∫ (F), Q), where the grading is the internal ghost number. We denote

the BV cohomology by H•(BV•).

Remark 1.23 As mentioned, the BV complex provides a cohomological replacement of
the moduli space of solutions to the Euler-Lagrange equations of a field theory (modulo their
symmetries). This is done by means of a combination of the Koszul–Tate and Chevalley–
Eilenberg complexes, so that the BV cohomology in degree zero is isomorphic to the space of
functions on the moduli space19. For an interpretation of the higher cohomology groups see
[Sta97, Sections 2 - 5]. Note that the BV complex, as defined above, can be straightforwardly
generalised to higher integrated local forms. See [SCS23, p. 2.2.4] and [MSW19].

We can now state a precise definition of classical equivalence between field theories
[CCS21b; SCS23]:

Definition 1.24 (Classical BV Equivalences) Let F1 and F2 be two BV theories and
BV•

1 and BV•
2 their respective BV complexes. The theories are said to be classically

equivalent if

H0(BV•
1) = H0(BV•

2).

Remark 1.25 Note that the above definition, while elegant, requires us to invoke the
entire BV package. In practice one can often establish classical equivalence with only the
classical field theories at hand using 1.13. In particular we will often encounter the even
simpler situation presented in Remark 1.14. This is precisely the approach we will take in
Section 2.

19Or a replacement thereof, when the moduli space is not smooth.
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The BV cohomology beyond degree zero has more accurate information about a given
field theory. Hence, it is natural to consider the (a priori finer) notion of BV equivalence:

Definition 1.26 (BV Equivalence [SCS23]) Let F1 and F2 be two BV theories and BV•
1

and BV•
2 their respective BV complexes. The two theories are said to be BV equivalent if

there exists a quasi-isomorphism between the two BV complexes. Namely if there exist two
maps f1 : F1 −→ F2 and f2 : F2 −→ F1 such that their pullbacks define cochain maps, i.e.

f∗1Q2 = Q1f
∗
1 , f∗2Q1 = Q2f

∗
2 ,

which satisfy

f∗1 [̟2] = [̟1], f∗2 [̟1] = [̟2], f∗1 [S2] = [S1], f∗2 [S1] = [S2],

i.e. preserve the cohomology class of the respective actions and BV two-forms. Lastly they
should be such that f∗1 ◦ f

∗
2 and f∗2 ◦ f

∗
1 are identities in cohomology, i.e. the two maps are

quasi-inverse of one another.

Remark 1.27 It is obvious that we have the implication

BV equivalence =⇒ Classical BV equivalence.

However, the notion of BV equivalence given in Definition 1.26 is sometimes referred to
as “weak” BV equivalence, since it is modelled over that of a weak-equivalence between
cochain complexes: quasi-isomorphism. One can thus speak of a “strong” BV equivalence
if this quasi-isomorphism is an isomorphism. An interesting non-trivial example is the
strong BV equivalence between 3-dimensional BF theory and 3-dimensional triadic General
Relativity. Classical equivalence is mostly an indicator that it might be interesting to
investigate stronger notions of equivalence. Meanwhile, BV equivalence is a “strong enough”
notion to infer parallels about the quantisation of two theories. Since their BV complexes
are weakly isomorphic, they contain the same information but can operate on different field
content. Practical examples are the first and second order formulations of theories (e.g.
Yang-Mills) or the reduction of theories with fields that induce acyclic subcomplexes.

An important tool when establishing BV equivalence between theories is the elimination
of contractible pairs discussed originally in [Hen90; BBH95; Bra97; BGST05] and more
recently in [BG11; Gri11; Rej11; SCS23].

Definition 1.28 (General contractible pairs) Let S1 be a BV action of the form20

S1(a, b, c
†, d†) = S2(a, c

†) +
1

2
〈b, b〉,

where 〈·, ·〉 is a constant non-degenerate bilinear form on the space V in which the fields v
take values, S2 solves the master equation w.r.t. a, c† and we can split the fields into two

20Here, for simplicity S can be thought of as a functional on some symplectic vector space.



16 ALBERTO S. CATTANEO, LEON MENGER, AND MICHELE SCHIAVINA

families (a, c†) and (b, d†). Let Q1 denote the cohomological vector field of the BV-theory
associated to S1. If

Q1d
† = b, Q1b = 0,

we call the collection of fields (b, d†) a contractible pair. More generally, let S be a BV
action that depends on the collections of fields a, b, c†, d†. If Q denotes the Hamiltonian
vector field of S, and

(Qd†)|d†=0 = 0,

can be uniquely solved for b in terms of the (a, c†) one calls (b, d†) a general contractible
pair.

Remark 1.29 As was shown in [BGST05] contractible pairs are related to the notion
of “auxiliary fields”, [Hen90; BBH95]: it is always possible to eliminate such fields via
suitable gauge fixing conditions without changing the BV cohomology. As mentioned in
[BGST05; BG11; SCS23] there exist a more general variant of the procedure of reduction of
contractible pairs that allows for a construction similar to the one using usual contractible
pairs. This can be interpreted as a “semiclassical” approximation of the BV-pushforward
[Mne17; CMR17].

Construction 1.30 The appearance of a general contractible pair (b, d†) reflects the
fact that d† = 0 is a good (partial) gauge fixing, which allows us to “integrate out” the field
b. Define

B := Qd†, D† := d†,

and note that the change of variables (b, d†) 7−→ (B,D†) is invertible at least near d† = 0
by definition of general contractible pairs. One can then define two maps ψ, φ establishing
a quasi-isomorphism between the theories, which are then BV equivalent (cf. [SCS23,
Theorem 3.2.2.]).

The following result is an immediate consequence of the above construction:

Proposition 1.31 Let S1 be a BV action depending on the collections of fields a, b, c†, d†

where (b, d†) defines a general contractible pair. Denote by Φ the coordinate transformation
(b, d†) 7−→ (B := Qd†, D† := d†) and define a map

φ∗a = ã, φ∗c† = c̃†, φ∗B = 0, φ∗D† = 0.

The BV theory defined by S1 is BV equivalent to the one defined by φ∗(Φ(S1)).
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Remark 1.32 In the case that (b, d†) is a contractible pair on the nose, one can define
two maps ψ, φ via:

φ∗a = ã, φ∗c† = c̃†, φ∗B = 0, φ∗D† = 0,

ψ∗ã = a, ψ∗c̃† = c†.

Then α∗ := φ∗ ◦ ψ∗ is the identity and χ∗ := ψ∗ ◦ φ∗ is homotopic to the identity acting as

χ∗a = a, χ∗c† = c†, χ∗B = 0, χ∗D† = 0.

This special case of Proposition 1.31 is discussed in [SCS23, Lemma 3.2.1 and Theorem
3.2.2.].

2. Classical qeGR, Classical Equivalences and Boundary analysis

This section presents a variety of theories and discusses the classical equivalences that
can be established among them (Definition 1.24).

In Section 2.1 we introduce deformed, quadratically extended BF (dqBF ) theory, restrict
it to so(3, 1) to formulate what we call quadratically extended General Relativity (qeGR),
and we show that the latter is classically equivalent to (resp. quadratic) generalised Holst
theory (gH) (resp. (qgH)), two classical field theories that we define in Section 2.3. To this
end, we employ the strategy outlined in Remark 1.14.

Finally in Section 2.4 we study the (reduced) phase space of qeGR theory, by means of
an analysis of the structure of boundary configurations, following Section 1.2.1.

2.1. Deformed, quadratically extended, BF theory. The following is the standard
definition of a class of topological field theories that go by the name of BF theory.

Definition 2.1 (BF Theory) Let g be any finite-dimensional Lie algebra and G a
Lie group integrating g. Let there further be an invariant inner product ⟪·, ·⟫g on g and a

principal G-bundle P
π
−→M be defined on over a 4-dimensional manifold M . A connection

of this principal bundle is locally described by a local 1-form A with values in g. Four-
dimensional BF theory (abbr. BF ) for Λ ∈ R is given by the data (FBF , SBF (Λ)), where

FBF := AP × Ω2(M ; g∗)∋ (A,B),

and

SBF (Λ) :=

∫

M

⟪B,FA⟫g + Λ

2
⟪B,B⟫g .

If Λ = 0 we call the theory pure BF theory.

Remark 2.2 One of the many interesting features of BF theories, and a main reason
for our investigation, stems from the fact that one can deform the theory to obtain theories
of gravity. Two recent reviews on this application of BF theories can be found in [Mik06]
as well as [FS12]. We will also review some of these formulations ourselves in Section 4.1 to
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contextualize the findings of this work. Note that such gravitational theories are commonly
used in quantisation schemes like Loop Quantum Gravity (see for example [RS06; DL11]).

Definition 2.3 Let g be a finite-dimensional Lie group and (d, [·, ·]d, ⟪·, ·⟫d) the trivial
standard extension thereof by (ρ, V, 〈·, ·〉V ). Let further an automorphism T ∈ Aut(g) be
given. Then one can define a twisted inner product on d via

⟪·, ·⟫T : (z1, v1, ξ1)× (z2, v2, ξ2) 7−→ 〈v1, v2〉V + ξ1(T (z2)) + ξ2(T (z1)).

Now we have all the necessary ingredients to formulate the main subject of this work.
Consider the trivial standard quadratic extension (d := g ⊕ V ⊕ g∗, [·, ·]d, ⟪·, ·⟫d) of a

finite-dimensional Lie algebra g by an orthogonal g-module (ρ, V, 〈·, ·〉V ) and a Lie group D

integrating d. Let further a principal D-bundle P
π
−→M be defined on over a 4-dimensional

manifold M , and denote by AP the associated space of principal connections.

Definition 2.4 (Deformed, quadratically extended BF theory) Given β ∈ R and T ∈
Aut(g), we define deformed, quadratically extended, BF theory (abbr. dqBF ) to be given
by the data (FdqBF, SdqBF(T, β, α)), where

FdqBF := AP × Ω2(M ; d∗)∋ (A,B),

and,

SdqBF(T, β, α) : =

∫

M

⟪B, FA⟫d + α

2

( ⟪B,B⟫d + β ⟪B,B⟫T
)
= SBF (α) + β

∫

M

⟪B,B⟫T .
Here ⟪·, ·⟫T denotes the twisted inner pairing defined in Definition 2.3. We call T the
deformation automorphism.

One immediately finds in Definition 2.4 that α controls the deviation from a pure BF
theory while β controls the deformation term that sets dqBF apart from BF type theories.
The following is an immediate consequence:

Corollary 2.5 For α = 0, or β = −1, and T = id, deformed, quadratically extended
BF theory is a pure BF theory for the trivial standard extension d. Similarly, for β = 0,
or T = id, it is a BF -type theory for the Lie algebra d.

Remark 2.6 (Specialisation) In the following we will set α = 1. All results in this paper
carry over to any α ∈ R, however we found that varying the parameter did not give rise to
any sectors that could not be investigated using combinations of T and β. One can indeed
set α to 1, unless it is equal to zero, by rescaling the field B. Furthermore, from here on
we fix g = so(3, 1) together with the above identifications. It will be indicated whenever a
result does not depend on these choices.

2.2. Quadratically extended General Relativity. Consider an orthogonal g ≃ so(3, 1)-
module (ρ, V, η) where ρ : g −→ O(V ) and η is a Minkowski metric on V . Using the
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orthogonal module (ρ, V, η) we construct the trivial standard extension (d := g ⊕ V ⊕
g∗, [·, ·]d, ⟪·, ·⟫d) (Definition 1.6) where

[V, V ]d ⊂ g∗, [g∗, g∗]d = [g∗, V ]d ≡ 0.

Using the metric η we can identify V ≃ V ∗ and g ≃
∧2 V . Moreover, g∗ is identified (as a

vector space) with
∧2 V via the Killing form K (·, ·):

g ≃
∧2V −→ g∗, χ 7−→ K (χ, ·) ,

(This choice is natural since g = so(3, 1) is semisimple.) Thus, there is a canonical pairing
between two elements (z1, v1, ξ1), (z2, v2, ξ2) ∈ d (cf. Definition 1.6), given by

⟪(z1, v1, ξ1), (z2, v2, ξ2)⟫d = η(v1, v2) +K (ξ1, z2) +K (ξ2, z1)

= η(v1, v2) +K (ξ1, z2) +K (ξ2, z1) ,

where, with a slight abuse of notation, K (·, ·) also denotes the natural pairing of g and its
dual, after the above identification of g ≃ g∗. We can further naturally identify [V, V ]d ⊂ g∗

for v, w ∈ V as

[v, w] = K (·, v ∧ w) .

This yields the following relation between the Minkowski metric η and the Killing form for
v, w ∈ V and χ ∈ g:

η([χ, v], w) = −K (χ, [v, w]) = −K (χ, v ∧ w) .

Denote again by D the Lie group integrating d, and AP the space of connections on a
principal D-bundle. A field in FdqBF := AP × Ω2(M ; d∗), projected onto the factors of d,
can be expressed as A = (A, e, S) and B = (B, τ, c) where

A ∈ Ω1(M ; g), e ∈ Ω1(M ;V ), S ∈ Ω1(M ; g∗),

B ∈ Ω2(M ; g∗), τ ∈ Ω2(M ;V ∗), c ∈ Ω2(M ; g).

Note that using the identification V ≃ V ∗ one can naturally read B as (c, τ, B) ∈ Ω2(M ; d).
In particular we get:

FA = dA +
1

2
[A,A]d = (dA, de, dS) +

1

2
[(A, e, S), (A, e, S)]d

= (dA, de, dS) +
1

2
[(A, e, S), (A, e, S)]

= (dA, de, dS) +

(
1

2
[A,A], [A, e], [A,S] +

1

2
[e, e]

)

=

(
FA, dAe, dAS +

1

2
[e, e]

)
.

(1)

Definition 2.7 (Quadratically extended GR) We define quadratically extended Gen-
eral Relativity (qeGR), to be deformed, quadratically extended BF theory (Definition 2.4)
specialised to the Lie algebra d = so(3, 1)∗ ⊕ V ⊕ so(3, 1).



20 ALBERTO S. CATTANEO, LEON MENGER, AND MICHELE SCHIAVINA

Calculation 2.8 Using the above identifications for g = so(3, 1), the action of qeGR
reads:

SqeGR(T, β) :=

∫

M

⟪B, FA⟫d + 1

2

( ⟪B,B⟫d + β ⟪B,B⟫T
)
,

=

∫

M

K (B,FA) + η(τ, dAe) +K

(
c, (id+βT )B +

1

2
e ∧ e+ dAS

)
+

(1 + β)

2
η(τ, τ),

(2)

and the field equations of quadratically extended General Relativity take the following form:

FA + (id+βT )c = 0, from δB(3a)

dAe+ (1 + β)τ = 0, from δτ(3b)

η(dAτ, ·) +K (c, e ∧ ·) = 0, from δe(3c)

(id+βT )B + dAS + 1
2e ∧ e = 0, from δc(3d)

K (dAB, ·)−K (e ∧ τ, ·)−K ([c, S], ·) = 0, from δA(3e)

dAc = 0, from δS.(3f)

Proof. The stated form of the action functional is simply found by unfolding the definitions.
To obtain the field equations, we calculate the variation of SqeGR (see (2)) and set to zero:

0
!
= δ

∫

M

K (B,FA) + η(τ, dAe) +K

(
c, (id+βT )B +

1

2
e ∧ e+ dAS

)
+

(1 + β)

2
η(τ, τ)

=

∫

M

K (δB, FA + (id+βT )c)−K (B, dAδA) +K (c, e ∧ δe+ [δA, S]− dAδS)

+ η(δτ, dAe+ (1 + β)τ) + η(τ, [δA, e]− dAδe) +K

(
δc, (id+βT )B +

1

2
e ∧ e+ dAS

)

≃

∫

M

K (δB, FA + (id+βT )c) + η(δτ, dAe+ (1 + β)τ) + η(dAτ, δe) +K (c, e ∧ δe)

+K

(
δc, (id+βT )B +

1

2
e ∧ e+ dAS

)
+K (dAB, δA)

+ η(τ, [δA, e]) +K (c, [δA, S]) +K (dAc, δS)

Here ≃ denotes equivalence up to boundary terms; in the last step the boundary term
−dK (A, δA) − dK (c, δS) − dη(τ, dAe) was dropped. From the above form of δSqeGR one
can immediately infer the claimed field equations. �

Remark 2.9 Since dAe is the torsion from, Equation (3b) can dynamically identify τ
as the torsion form scaled by −(1 + β). In particular, one obtains vanishing torsion and
no algebraic constraint for τ if and only if β = −1. From Equation (3a) one can further
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infer that having id+βT vanish, which holds for T = − 1
β id when β 6= 0, yields vanishing

curvature but not necessarily vanishing torsion, i.e., except for β 6= −1.

β T Type of Theory dAe

0 any BF with Λ = 1 −τ

any id BF with Λ = β + 1 −(1 + β)τ

−1 6= id Torsionless qeGR 0

/∈ {−1, 0} 6= id Generic qeGR −(1 + β)τ

Table 1. Table displaying different choices for β and T , their effect on the type

of theory that qeGR produces and the presence of torsion therein. This work will

mainly investigate the lower two parameter ranges where one could expect non-

topological theories that might be linked to theories of gravity. The last two rows

represent the “gravitational sector”, while the first two represent the “topological

sector”. Note that for T = id and β = −1 the theory is pure BF and the torsion

vanishes.

Remark 2.10 In the first two rows of Table 1 we have that βT = β id always holds
true.21 As a consequence, in these cases one can completely drop T and write the action of
qeGR in the following concise way:

SqeGR(β) = SBF (1 + β) =

∫

M

⟪B, FA⟫d + (1 + β)

2
⟪B,B⟫d .

The field equations can be further simplified to

FA + (1 + β)B = 0, dAB = 0.

In order to investigate the various sectors systematically, we observe the existence of a
(generic) simplification of the field equations for certain values of the parameters. Indeed,
requiring βT 6= − id implies that id+βT is invertible, since T is an automorphism. We
summarise the various sectors-defining conditions as:

Definition 2.11 We distinguish the following conditions on the parameters β ∈ R and
T ∈ Aut(so(3, 1)) of qeGR:22

(1) βT = β id is the topological sector condition.

21Note that β cannot be simplified as it may vanish.
22Notice that an analogous decomposition holds for dqBF for any Lie algebra.
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(2) βT 6= β id is the gravitational sector condition.
(3) βT 6= − id is the invertibility sector condition.

When the • sector condition holds, we will say that “the parameters (β, T ) are in the •
sector”, or simply “in the • sector”.

Lemma 2.12 We have the following relations between sectors:

(1) In the topological sector, the invertibility condition is equivalent to β 6= −1
(2) In the invertibility sector,

• β = 0 implies the topological sector
• β = −1 implies the gravitational sector

(3) In the complement of the invertibility sector, βT = − id,
• βT = β id ⇐⇒ β = −1 (topological sector)
• βT 6= β id ⇐⇒ β 6= −1 (gravitational sector)

Proof.

(1) βT = β id holds in the topological sector. Hence,

β id = βT 6= − id ⇐⇒ β 6= −1.

(2) Assume that βT 6= − id. It is evident that β = 0 is compatible with this condition,
but β = 0 also implies βT = β id = 0. On the other hand, if β = −1 we have

β2T 6= −β id ⇐⇒ −βT 6= −β id ⇐⇒ βT 6= β id .

(3) Straightforward. Note that, in particular β 6= 0.

�

Calculation 2.13 Whenever the invertibility condition (βT 6= − id) holds, we can
rewrite the field equations (3) as

c = −(id+βT )−1FA,(5a)

B = −(id+βT )−1(dAS + 1
2e ∧ e),(5b)

dAe = −(1 + β)τ,(5c)

0 = K (dAB, ·)−K (e ∧ τ, ·)−K ([c, S], ·) ,(5d)

0 = η(dAτ, ·) +K (c, e ∧ ·) .(5e)
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If, additionally, β 6= −1 we can rewrite Equations (5) as

c = −(id+βT )−1FA,(6a)

B = −(id+βT )−1(dAS + 1
2e ∧ e),(6b)

τ = −
1

(1 + β)
dAe,(6c)

0 = K

(
1

(1 + β)
id−(id+βT )−1FA, e ∧ ·

)
,(6d)

0 = K

([
1

(1 + β)
id−(id+βT )−1

]
(dAe ∧ e), ·

)
.(6e)

Remark 2.14 When the invertibility condition holds, the set of Equations (5) yields
two purely algebraic constraints on the fields B, c which do not influence the equations of
A and e. In particular the constraint for B (5b) looks like a deformation of the simplicity
constraints that appear naturally in the Hamiltonian analysis of Palatini–Cartan–Holst
theory [Pel94; Sá01]. This constraint can be used to describe PCH theory as a constrained
BF theory (cf., e.g., [DL11]). We will draw similar parallels in the following. Note that
there are no constraints on the dynamics of the field S. This apparent decoupling will be
made precise later by eliminating the field using general contractible pairs.

Remark 2.15 Following Lemma 2.12, the invertibility condition is equivalent to β 6= −1
in the topological sector (βT = β id). However, the converse is not true: β 6= −1 together
with the invertibility condition (βT 6= − id) does not imply the topological sector condition.
In that scenario, we can only conclude that the set of Equations (6) now yields three purely
algebraic constraints on the fields B, c and τ which comprise B.

2.3. Classical Equivalences. Before investigating the classical equivalences arising from
the field equations of qeGR we will provide a definition of Palatini–Cartan–Holst theory
which is a theory of gravity that can be linked to qeGR. (Cf. [CS19, Definition 11].)

Definition 2.16 (Palatini–Cartan–Holst Theory) Let V −→M be a Minkowski bundle,
a vector bundle with fibre the Minkowski vector space23 (V, η) over a 4-dimensional manifold
M , and let P −→ M be the associated principal SO(3, 1) bundle. Let further γ ∈ R. The
Palatini–Cartan–Holst theory (abbr. PCH) is specified by the pair (FPCH , SPCH), where

FPCH := Ω1(M ;V)︸ ︷︷ ︸
e

× AP︸︷︷︸
A

,

and

SPCH(γ) : =

∫

M

1

2
Tr [Tγ(FA) ∧ e ∧ e] ,

23With a slight abuse of notation we denote by η also the (constant) “Minkowski metric” defined fibrewise
by (V, η).
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where we denoted by Tγ the Holst automorphism α 7−→ α+ 1
γ ⋆ α.

In the limiting case γ −→∞ one has Tγ −→ id and the resulting theory is called Palatini–
Cartan theory.24

Remark 2.17 (Nondegeneracy of coframes) Note that, in order to describe gravity,
Palatini–Cartan theory (and all other coframe-based models considered here) needs to be
supplemented with the requirement that e ∈ Ω1(M,V) be nondegenerate, meaning that
e : TM → V is an isomorphism, so that g = e∗η is a (Lorentzian) metric on M . All of
our calculations and results are valid for the theories defined without the nondegeneracy
requirement, and restrict in particular to their physically relevant nondegenerate versions.
For this reason, Definition 2.16 is more general than what is usually considered.

The field equations found in Calculation 2.13, given certain restrictions on the allowed
values of β and T , provide algebraic solutions for c, B and τ and thus a starting point to
investigate tentative classical equivalences between qeGR and classical theories with fewer
fields.

Definition 2.18 ((Quadratic) Generalised Holst Theory) Let β ∈ R, and let T ∈ Aut(g)
be a deformation automorphism such that the invertibility condition βT 6= − id holds.

(1) The quadratic generalised Holst theory (qgH) is specified by the pair (FqgH , SqgH),
where

FqgH := Ω1(M ;V)︸ ︷︷ ︸
e

× AP︸︷︷︸
A

×Ω2(M ;V)︸ ︷︷ ︸
τ

,

and

SqgH(T, β) : =

∫

M

1

2
K
(
(id+βT )−1FA, e ∧ e

)
− η(τ, dAe)−

(1 + β)

2
η(τ, τ).

(2) Let additionally β 6= −1. The generalised Holst theory (gH) is specified by the pair
(FgH , SgH), where

FgH := Ω1(M ;V)︸ ︷︷ ︸
e

× AP︸︷︷︸
A

,

and

SgH(T, β) : =

∫

M

1

2

(
K
(
(id+βT )−1FA, e ∧ e

)
+

1

(1 + β)
η(dAe, dAe)

)
.

Remark 2.19 The identifier “generalised” stems from the fact that qgH and gH theories
can be seen as a generalisations of Palatini–Cartan–Holst theory (PCH), which is recovered
(up to a boundary term) when T = 1

β (⋆
−1 − id) (see Proposition 2.22). While certain

24The nomenclature is somewhat inconsistent across the literature. See [CS18, Nomenclature] and references
therein for a review.
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choices of T and β yield topological theories,25 we will see that one can indeed model
nontopological PCH theory using gH theory.

Lemma 2.20 The field equations of qgH are:

K
(
(id+βT )−1FA, e ∧ ·

)
− η(dAτ, ·) = 0, from δe

K
(
(id+βT )−1(dAe ∧ e), ·

)
− η(τ, [·, e]) = 0, from δA

dAe+ (1 + β)τ = 0, from δτ.

For any T, β satisfying the conditions of Definition 2.18 the field equations of gH are:

K

((
(id+βT )−1 −

1

1 + β
id

)
FA, e ∧ ·

)
= 0, from δe

(
(id+βT )−1 −

1

1 + β
id

)
(dAe ∧ e) = 0, from δA.

Proof. This follows directly from the variation of SqgH and SgH . �

Proposition 2.21 Consider quadratically extended General Relativity, and assume
that the invertibility condition holds βT 6= − id, then

(1) quadratically extended General Relativity is classically equivalent to quadratic gen-
eralised Holst theory.

Additionally, whenever β 6= −1,

(2) quadratic generalised Holst theory is classically equivalent to generalised Holst the-
ory.

Proof. Denote the action of qeGR for T, β as assumed, as:

SqeGR =

∫

M

K (B,FA) + η(τ, dAe) +K

(
c, (id+βT )B +

1

2
e ∧ e+ dAS

)
+

(1 + β)

2
η(τ, τ).

Further, denote the action of qgH as

SqgH =

∫

M

1

2
K
(
(id+βT )−1F

Ã
, ẽ ∧ ẽ

)
− η(τ̃ , d

Ã
ẽ)−

(1 + β)

2
η(τ̃ , τ̃),

where ẽ ∈ Ω1(M ;V), Ã ∈ AP and τ̃ ∈ Ω2(M ;V). Recall that βT 6= − id implies that
βT + id is invertible. Define the map

F̃1 : Ω
1(M ;V)×AP × Ω2(M ;V) −→ Ω2(M ; g∗)× Ω2(M ; g)× Ω1(M ; g∗)

(e,A, τ) 7−→ (B(e,A, τ), c(e,A, τ), S(e,A, τ)) = −(id+βT )−1

(
1

2
e ∧ e, FA, 0

)
.

25The sense in which we will talk about topological theories will be rendered clear in Section 2.4.
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Then, observing that the domain of F̃1 is FqgH we have the induced map

F1 : FqgH → FqeGR; F1 : (e,A, τ) 7→ (e,A, τ, F̃1(e,A, τ)).

(Observe, in passing, that setting C
.
= graph(F̃1) = im(F1) ⊂ FqeGR we have that

F1 : FqgH → C is a diffeomorphism.)
Then, we have (note in particular the lack of boundary terms):

(F ∗
1 SqeGR) =

∫

M

η(τ, dAe) +
(1 + β)

2
η(τ, τ)−K

(
(id+βT )−1FA,

1

2
e ∧ e

)

=

∫

M

−
1

2
K
(
(id+βT )−1FA, e ∧ e

)
+ η(τ, dAe) +

1

2
η(τ, τ)

= −

(∫

M

1

2
K
(
(id+βT )−1FA, e ∧ e

)
− η(τ, dAe)−

(1 + β)

2
η(τ, τ)

)
= −SqgH .

(Note that this matches with the strategy of Remark 1.14.) Now, let us further assume

that β 6= −1, and denote the action of gH for ẽ ∈ Ω1(M ;V), Ã ∈ AP and T, β as above by

SgH =
1

2

∫

M

K
(
(id+βT )−1F

Ã
, ẽ ∧ ẽ

)
+

1

(1 + β)
η(d

Ã
ẽ, d

Ã
ẽ).

To prove the second claim, define another map

F̃2 : Ω
1(M ;V)×AP −→ Ω2(M ; g∗)× Ω2(M ; g)× Ω1(M ; g∗)× Ω2(M ;V)

(e,A) 7−→ (B(e,A), c(e,A), S(e,A), τ(e,A) = −(id+βT )−1

(
1

2
e ∧ e, FA, 0,

(id+βT )

(1 + β)
dAe

)
.

Then, observing that the domain of F̃2 is FgH we have

F2 : FgH → FqeGR; F2 : (e,A) 7→ (e,A, τ(e,A), F (e,A)),

a diffeomorphism onto graph(F̃2), and similarly to the previous case one obtains:

F2
∗SqgH =

∫

M

1

2
K
(
(id+βT )−1FA, e ∧ e

)
+

1

2(1 + β)
η(dAe, dAe)

=
1

2

∫

M

K
(
(id+βT )−1FA, e ∧ e

)
+

1

(1 + β)
η(dAe, dAe) = SgH .

�

Using the relations between the Killing form, the trace and η one can prove the following
relation between gH and Palatini–Cartan–Holst theory:
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Proposition 2.22 Whenever β /∈ {−1, 0}, generalised Holst theory with T = 1
β (⋆

−1 −

id) takes the following form:

SgH

(
1

β
(⋆−1 − id), β

)
=

1

2

∫

M

Tr[Tγ(FA) ∧ e ∧ e] +
1

γ
dη(dAe, e).

Where we denoted Tγ = 1 + 1
γ ⋆ the Holst automorphism (Definition 2.16) and γ := 1 + β.

Hence, up to a boundary term and scaling, gH theory for the chosen parameters coincides
with Palatini–Cartan–Holst theory.

Proof. For the above choices of β and T we know that the action of generalised Holst theory
is:

SgH

(
1

β
(⋆−1 − id), β

)
=

1

2

∫

M

Tr[FA ∧ e ∧ e] +
1

γ
η(dAe, dAe).

One can rewrite the term η(dAe, dAe) as:

η(dAe, dAe) = dη(dAe, e)− η([FA, e], e) = dη(dAe, e) +K (FA, e ∧ e)

= dη(dAe, e) + Tr[⋆FA ∧ e ∧ e].

Thus one can rewrite the action as

SgH

(
1

β
(⋆−1 − id), β

)
=

1

2

∫

M

Tr[FA ∧ e ∧ e] +
1

γ
(dη(dAe, e) + Tr[⋆FA ∧ e ∧ e])

=
1

2

∫

M

Tr

[(
FA +

1

γ
⋆ FA

)
∧ e ∧ e

]
+

1

γ
dη(dAe, e)

This proves the claim. �

Remark 2.23 (On “quadratic” theories) Note that in passing from quadratic generalised
Holst theory and generalised Holst theory (Definitions 2.18 and 2.18) we have dropped the
identifier “quadratic”. The action of qgH has a term proportional to η(τ, τ) which justifies its
name. Looking at Definition 2.18 we see that gH features the term η(dAe, dAe), which one
could think of as a “quadratic torsion” term as well. However, the identity (cf. Proposition
2.22)

η(dAe, dAe) = dη(dAe, e)− η([FA, e], e) = dη(dAe, e) +K (FA, e ∧ e) ,

shows that η(dAe, dAe) contributes only with a topological and a boundary term. Hence it
makes sense to consider generalised Holst theory as no longer characterised by “quadratic
torsion”, and the terminology we used reflects that.

Remark 2.24 (Palatini–Cartan–Holst theory from qeGR theory) Proposition 2.22 has
several interesting consequences. First of all, note that the chosen parameters belong to
the intersection of the gravitational sector (βT 6= β id) of qeGR and the invertibility sector
(βT 6= − id). Linking this with Proposition 2.21 we can relate the action functional of
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qeGR and that of Palatini–Cartan–Holst theory (Definition 2.16), up to a boundary term,
via classical equivalence:

SqeGR

(
1

β
(⋆−1 − id), β

)∣∣∣∣
C

= −
1

2

∫

M

Tr [Tγ(FA) ∧ e ∧ e]︸ ︷︷ ︸
Palatini–Cartan–Holst

+
1

γ
dη(dAe, e)

︸ ︷︷ ︸
boundary term

,

where C is defined as

C :=

{
(A,B) ∈ FqeGR

∣∣∣c = −(id+βT )−1FA, τ = −
1

(1 + β)
dAe

}
.

Observe that the boundary term corresponds to the Nieh–Yan class; this, among other
topological contributions, is discussed in [RP09, eq. 2, 3].

The following diagram summarises the classical equivalence results obtained so far:

qeGR

(id+βT ) 6=0

||②②
②②
②②
②②
②②

(1+β) 6=0
(id+βT ) 6=0

��

SqeGR =
∫
M ⟪B, FA⟫d + 1

2

( ⟪B,B⟫d + β ⟪B,B⟫T )

qgH

β 6=−1
""
❉❉

❉❉
❉❉

❉❉
❉❉

SqgH =
∫
M

1
2 K

(
(id+βT )−1FA, e ∧ e

)
− η(τ, dAe)−

(1+β)
2 η(τ, τ)

gH SqH = 1
2

∫
M K

(
(id+βT )−1F

Ã
, ẽ ∧ ẽ

)
+ 1

(1+β)η(dÃẽ, dÃẽ)

Figure 1. Diagram of classically equivalent theories displaying the results of

Proposition 2.21. The classical equivalence between qeGR and gH is obtained

via composition.

2.4. Classical boundary/Hamiltonian picture. In the following we review the classical
boundary structure of qeGR. This is instrumental to obtaining a Hamiltonian version of the
Lagrangian field theories we studied so far, and will give us direct information on the (local)
degrees of freedom of the various models we consider and their symmetries, the study of
which will be perfected in Section 3.1.

The basis of the procedure adopted in the following section is the Kijowksi–Tulczijew
construction [KT79] reviewed in Section 1.2.1. It outputs a symplectic space of (boundary)
fields (Definition 1.17), and a submanifold of “Cauchy data”, defined by the field equations,
which in turn defines the reduced phase space (Definition 1.18) of the theory. If the theory
has a well-defined Cauchy problem, the submanifold is coisotropic, and is possibly specified
by a first-class constraint set. In certain cases, however, the restriction of the field equations
to the boundary yield a constraint set that is not first-class. In that case, the reduced phase
space cannot be obtained by means of coisotropic reduction alone, and the procedure is more
involved.
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In Definition 2.4, qeGR theory was defined as a family of theories that depend on the
choice of deformation automorphism T and a real parameters β. In this section we want to
understand how these choices influence the properties of qeGR by looking at the constraint
algebra, through which we will infer the structure of the reduced phase space and learn
about the (residual, local) degrees of freedom therein. For an application of these methods
to gravity, see [CS18; CCS21a; CCT21].

In particular we want to find out how these properties link to known theories of gravity.
Thus at each step we will highlight what restrictions we impose on T and β. In this
investigation, the gravitational sector (see 2.11) will be of particular interest.

Recall that the classical space of fields of qeGR on a manifold M is FqeGR := AP ×
Ω2(M ; d∗), where P −→M is a D-bundle with D integrating d, which in all our examples
is the trivial standard extension of g ≃ so(3, 1) by an orthogonal module. When ∂M 6= ∅,
the boundary inclusion map ı∂ : ∂M −→M induce the (boundary) principal bundle P ∂ :=
ı∗∂P → ∂M .

Proposition 2.25 For every β ∈ R and T ∈ Aut(so(3, 1)), the geometric phase space
of quadratically extended General Relativity is given by the symplectic manifold

F∂
qeGR := AP ∂ × Ω2(∂M ; d),

with the exact symplectic form

̟∂
qeGR :=

∫

∂M

K (δB, δA) + η(δτ, δe) +K (δc, δS) .

Proof. The space of pre-boundary fields F̃qeGR is26

F̃qeGR = AP ∂ × Ω2(∂M, d∗).

Denote the restricted fields in F̃qeGR with the same symbols as in FqeGR. The variation of
SqeGR (compare Calculation 2.8) splits into a bulk term and a boundary term which can

be seen as a 1-form on F̃qeGR. This 1-form takes the following form:

α̃qeGR =

∫

∂M

K (B, δA) + η(τ, δe) +K (c, δS) .

From α̃qeGR we deduce a pre-symplectic 2-form on the pre-boundary fields F̃qeGR via

˜̟ qeGR := δα̃qeGR =

∫

∂M

K (δB, δA) + η(δτ, δe) +K (δc, δS) .

One immediately sees that the kernel of the map ˜̟ ♯
qeGR : T F̃qeGR → T ∗F̃qeGR, denoted

for simplicity ker( ˜̟ qeGR), is empty. Hence, the geometric phase space is the quotient

26In principle one should consider higher transverse jets of fields, but they drop out trivially.
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F∂
qeGR := F̃qeGR/ker( ˜̟ qeGR), the quotient map π : F̃qeGR → F

∂
qeGR is the identity, and the

boundary 1- and 2-forms are simply

α∂
qeGR =

∫

∂M

K (B, δA) + η(τ, δe) +K (c, δS) ,

̟∂
qeGR =

∫

∂M

K (δB, δA) + η(δτ, δe) +K (δc, δS) .

�

Remark 2.26 It should be stressed again that the above result is completely independent
of T and β. Thus both the gravitational and topological sector have the same (exact)
symplectic space of (classical) boundary fields

F∂
qeGR = AP ∂ × Ω2(∂M ; d); ̟∂

qeGR = δα∂
qeGR,

with α∂
qeGR and ̟∂

qeGR as in Equation (11).

Let us now inspect the constraints imposed on the boundary data of qeGR which let
us define the reduced phase space of Definition 1.18. By restricting the field equations
(3) to the boundary, one can implement six constraints using the Lagrange multipliers
a = (θ, ε, σ) ∈ Ω0(∂M ; d) and H = (α, ρ, ζ) ∈ Ω1(∂M ; d) as

Hθ :=

∫

∂M

K (dAB − e ∧ τ − [c, S], θ) , Kα :=

∫

∂M

K

(
(id+βT )B + dAS +

1

2
e ∧ e, α

)
,

Iε :=

∫

∂M

η(dAτ, ε) +K (c, e ∧ ε) , Lρ :=

∫

∂M

η(dAe+ (1 + β)τ, ρ),

Jσ :=

∫

∂M

K (dAc, σ) , Mζ :=

∫

∂M

K (FA + (id+βT )c, ζ) .

These are local functionals on the symplectic space F∂
qeGR. We will determine their

mutual dependence, and compute their Poisson brackets to establish which of them are
first class27 and how the choices for T and β influence the outcome.

Calculation 2.27 Whenever the invertibility condition βT 6= − id holds, the constraint
functions Jσ and Mζ are dependent, upon choosing ζ = −dA

(
(id+βT )−1σ

)
.

27Recall that every first class constraint eliminates two local degrees of freedom [Dir58; HT92]. This is
because the underlying procedure is symplectic reduction, which is a combination of a restriction to a
coisotropic submanifold and a quotient by its characteristic foliation.
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Proof. Let us set ζ = −dA
(
(id+βT )−1σ

)
and keep in mind that dAFA = 0:

M−dA((id+βT )−1σ) =

∫

∂M

K
(
FA + (id+βT )c,−dA

(
(id+βT )−1σ

))

=

∫

∂M

−dK
(
(id+βT )−1FA + c, σ

)
+K (dAc, σ)

≃

∫

∂M

K (dAc, σ) = Jσ.

In the last line we dropped the boundary term by using that ∂M = ∅ and used the com-
mutation of dA with automorphisms. �

Definition 2.28 Let c1, c2 ∈ N respectively denote the number of independent local
first- and second-class constraints, and let d be the number of local degrees of freedom in
F∂ . A theory is said to be topological if d = 2c1 + c2.

Theorem 2.29 In the invertibility sector the Poisson brackets of the constraint functions
Hθ, Iε,Kα, Lρ,Mζ are given by:

{Kα,Kα} = 0, {Kα, Lρ} =

∫

∂M

K (β(id−T )α, e ∧ ρ) , {Kα,Mζ} = 0,

{Kα, Hθ} = K[θ,α], {Kα, Iε} = L[α,ε] +

∫

∂M

K (β(T − id)α, (τ ∧ ε)) ,

{Lρ, Lρ} = 0, {Lρ,Mζ} = 0,

{Lρ, Hθ} = L[θ,ρ], {Lρ, Iε} =Mρ∧ε +

∫

∂M

K (β(id−T )c, ρ ∧ ε) ,

{Mζ ,Mζ} = 0, {Mζ , Hθ} =M[θ,ζ], {Mζ , Iε} = 0,

{Hθ, Hθ} = H[θ,θ], {Hθ, Iε} = I[θ,ε], {Iε, Iε} = 0.

Proof. See Appendix A. �

Remark 2.30 (On first and second class constraint sets) One can immediately see that
the above relations do not define a Poisson subalgebra for all choices of T and β due to
the functional form of {Kα, Lρ}, {Kα, Iε} and {Lρ, Iε} for arbitrary T , which means they
are not all first-class. The failure of being involutive of some of these constraints (i.e. their
second-class nature) is controlled by β(id− T ) ∈ Aut(g). Hence, the constraint set is first
class iff T and β are in the topological sector (βT = β id), in which case the theory reduces
to a BF theory (cf. Definition 2.1).

A theory whose constraint subalgebra is not first class cannot have a well-posed Cauchy
problem.28 This is because existence and uniqueness of solutions corresponds to the pro-
jection of the EL locus to the boundary being Lagrangian. Since by construction such

28Our construction—following Kijowski–Tulczyjew—aims at constructing coisotropic submanifolds of the
(symplectic) space of boundary fields. These are often given by first-class constraint sets therein. Dirac’s
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projection lies in the constrained set, it being not coisotropic means that it cannot contain
any Lagrangian submanifold, and thus in particular the Cauchy problem is not well defined.
An example of this scenario within gravitational theories is given by Palatini–Cartan theory
with a null boundary [CCT21].

Another way of thinking about this is as follows. Let M = Σ × [0, 1], so that F∂ =
FΣ×{0} ×FΣ×{1}, where the overline indicates the symplectic manifold with opposite sim-
plectic structure. Denote by LM

.
= π(EL) the projection to the space of boundary fields of

the set of solutions to the field equations, as above. (In regular Hamiltonian theories, this
is the graph of the Hamiltonian evolution at finite time.) If LM is Lagrangian (in the sense
that its tangent spaces are isotropic with isotropic complement), then π1(LM ) ⊂ FΣ×{0}

must be coisotropic [CMW22, Lemma A.16] (see [CMR12] for more details).
As we will see later on, this problem is resolved “effectively”, in the sense that elimination

of auxiliary fields (BV pushforward or classical equivalence) takes us to theories with better-
behaved evolution equations. Indeed, we can further distinguish two classes of examples
within the invertibility sector:

(1) For β 6= −1 qeGR theories are (BV-)equivalent to generalised Holst theories (Propo-
sition 3.19), which have a well defined Cauchy problem. Such equivalence goes
through by enforcing the equations of motion for only a part of the fields (specifically
for B, c and τ). If one restricts the constraint functions to solutions of said partial
EoM’s, most of the constraint functions vanish, and the remaining two (namely Iε
and Hθ), coincide with those reported in Equations (12) (cf. with [CS18]).

(2) For β = −1 the above procedure fails because τ is eliminated from the constraint
function Lρ, which is therefore not automatically satisfied, even if we enforced EoM’s
for c and B. In this case three constraint functions remain (namely Iε, Hθ and Lρ),
and the theory reduces to “half-shell” Palatini Cartan Holst theory (cf. Proposition
2.34).

Ultimately this suggests that neither classical equivalence nor BV pushforward necessarily
preserve the boundary structure of a field theory, an observation that is consistent with
[SCS23]. Field theories are realisations of “a cohomology” of physical data. Some reali-
sations may be better suited for certain applications, such as solving field equations, and
others for different applications, such as quantisation.

The Lagrange multiplier a = (θ, ε, σ) ∈ Ω0(∂M ; d) has 6 + 4 + 6 = 16 local degrees of
freedom, while the field H = (α, ρ, ζ) ∈ Ω1(∂M ; d) has 18 + 12 + 18 = 48. The following is
a direct consequence, which justifies the nomenclature:

Theorem 2.31 In the topological sector, qeGR is topological.

classical construction [Dir58] instead defines constraints in a different ambient space, so also second class
constraints are allowed in systems with well-posed Cauchy problems.
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Proof. We begin with β = −1 and T = id. In this case the generators can be written as

Ja :=

∫

∂M

⟪dAB, a⟫d , LH :=

∫

∂M

⟪FA,H⟫d .
Those are just the generators for a BF theory. We move on to choices of T, β for which
βT = β id. This holds for β = 0 and T = id respectively. In this case the generators are

Ja :=

∫

∂M

⟪dAB, a⟫d , LH :=

∫

∂M

⟪FA + (1 + β)B,H⟫d ,
which are the generators for a BF + (1 + β)BB theory. Since (1 + β) 6= 0 one can further
see that Ja and LH are dependent upon choosing H = − 1

(1+β)dAa. Hence, H and a have 54

collective local degrees of freedom, but 16 of those generate redundant first-class constraints.
Thus, the number of independent constraints is 48 and qeGR is topological. �

Theorem 2.31 is not surprising, since we already knew that in the topological sector
qeGR theory reduces to a BF +ΛBB (topological) theory. This tells us that qeGR theory
cannot directly be taken as a model for gravity, as it should instead have two local degrees
of freedom. The classical equivalences of Proposition 2.21, together with 2.22 prompt us to
study qeGR theory in the gravitational sector.

Note that results derived in Section 2.3 (see Figure 1) always required the invertibility
condition βT 6= − id. This rules out the special case β 6= 0, T = − 1

β id (the complement

of the invertibility sector), which yields a BF theory with an additional β-dependent de-
formation term (see Proposition 2.32, below). From Lemma 2.12 β = −1 differentiates the
topological from the gravitational sector within the invertibility sector and, indeed, from
Theorem 2.29 one can directly infer that the constraint algebra for this special case differs
from that of for pure BF theory only by the constraint Lρ, which is sensitive to β = −1.
To sum up the above, one has the following special choice of parameters for qeGR:

Proposition 2.32 (Non-invertible qeGR theory) In the complement of the invertibility
sector, βT = − id, we have

SqeGR

[
−
1

β
id, β

]
=

∫

M

K (B,FA) + η(τ, dAe) +K

(
c,
1

2
e ∧ e+ dAS

)
+

(1 + β)

2
η(τ, τ)

=

∫

M

⟪B, FA⟫d + (1 + β)

2
η(τ, τ).

The resulting theory lies in the topological sector whenever β = −1, and in the gravitational
sector otherwise.

Following Remark 2.30, the constraint set is bound to be only second-class in the gravi-
tational sector of qeGR.

Remark 2.33 (Equivalent boundary analysis) In the following we will not tackle a direct
analysis of qeGR in the gravitational sector, but we will analyse the boundary structure of
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gH and qgH theories instead, which are both classically equivalent29 to qeGR in virtue of
Proposition 2.21.

Note that Proposition (2.32) covers all combinations of β and T in the gravitational
sector that are not in the parameter ranges of Proposition 2.21 (which instead assumed
the invertibility sector, i.e. βT 6= − id). Thus, from now on, we restrict ourselves to the
invertible gravitational sector by fixing βT 6= − id and requiring βT 6= β id, which lets us
use said classical equivalences. If β = −1 one needs to use qgH as the equivalent model,
while for β 6= −1 one can use the simpler gH theory by rule of Proposition 2.21.

We have:

Proposition 2.34 For T 6= id−⋆−1 and β = −1, qgH reduces to so-called “half-shell
Palatini–Cartan theory”

SqgH
[
T = id−⋆−1, β = −1

]
=

∫

M

1

2
Tr[FA ∧ e ∧ e]

︸ ︷︷ ︸
Palatini–Cartan

−η(τ, dAe)︸ ︷︷ ︸
zero torsion

.

Moreover, for any T 6= id and β = −1, the space of classical boundary fields as well as
the degrees of freedom of quadratic generalised Holst are the same as that of half-shell
Palatini–Cartan theory.

Proof. Note that for any T 6= id and β = −1 the action of qgH looks as follows:

SqgH(T,−1) : =

∫

M

1

2
K
(
(id−T )−1FA, e ∧ e

)
− η(τ, dAe).

Denoting the invertible automorphism (id−T )−1 by T̃ this yields the following pre-boundary
two-form:

˜̟ ∂
qgH =

∫

∂M

K
(
T̃ [δA], δe ∧ e

)
− η(δτ, δe)

Its kernel is given by

(Xτ ) = ⋆
[
(X

T̃ [A]
) ∧ e

]
,

(Xe) = 0.

Thus one can fix A using the following vertical vector field:

X = (X
T̃ [A]

)
δ

δT̃ [A]
+ ⋆

[
(X

T̃ [A]
) ∧ e

] δ

δτ
.

29While this strongly suggests that our results should hold for qeGR, in principle one needs to check if
the classical equivalence preserves the boundary structure. A stronger hint of this will be provided by the
discovery that the classical equivalence can actually be promoted to a full BV equivalence, see Section 3.2.
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Flowing along X we can choose a background connection A to obtain an explicit map to
the space of boundary fields:

πM :

{
t = τ + ⋆

[
T̃ [A−A] ∧ e

]
,

e = e.

From here on one can follow the proofs of [CS18, Theorem 4.28] and [CS18, Proposition
4.29] mostly verbatim while carrying in mind that τ is an element of Ω2(M ;V) in our case,
and hence the internal Hodge star ⋆ in the above formulas is required. �

Remark 2.35 Half-shell PC theory has been investigated in [CS18, Section 4.3]. It
is however somewhat pathological in that the projection to the boundary of the space of
solutions of the Euler–Lagrange field equations is not Lagrangian (which is compatible with
the observation that the constraint set is not coisotropic).

We now look at the invertible, gravitational sector where additionally β 6= −1. Note that,
in this sector qeGR is classically equivalent to generalised Holst theory (Proposition 2.21).
As anticipated in Remark 2.33, we directly analyse qgH theory. The proof of the following
Proposition is analogous to the proof of [CS18, Theorem 4.6] with minor modifications due
to β and T .

Proposition 2.36 (See [CS18, Theorem 4.6, Corollary 4.23 and Remark 4.27]) The
geometric phase space of generalised Holst theory in the invertible, gravitational sector
with β 6= −1 is the symplectic manifold given by the fibre bundle

F∂
gH −→ Ω1

nd(∂M ;V∂),

where V∂ := ı∗V denotes the induced vector bundle on ∂M , and the generic fibre over
e ∈ Ω1

nd(∂M ;V∂) is given by the reduced space of connections Ared
P ∂ := AP ∂/∼ with respect

to the equivalence relation

A ∼ A′ ⇐⇒ A−A′ ∈ ker(e ∧ ·), e ∧ · : Ω1(∂M ;
∧2V∂) −→ Ω2(∂M ;

∧3V∂).

We denote equivalence classes by [A]e ∈ A
red
P ∂ . The symplectic form is given by

̟∂
gH =

∫

∂M

2K

([
1

1 + β
id+(id+βT )−1

]
δA, e ∧ δe

)
.

The surjective submersion πgH : FgH −→ F
∂
gH has the explicit form:

πgH :

{
e = e,

A = [A]e,

where e ∈ Ω1
nd(∂M ;V∂) and [A]e ∈ A

red
P ∂ . Moreover, the field equations of generalised Holst

theory define the following constraints on the space of pre-boundary fields, basic w.r.t. πgH
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and first-class:

L̃α =

∫

∂M

K

((
(id+βT )−1 −

1

1 + β
id

)
α, e ∧ d

Ã
e

)
,(12a)

J̃µ =

∫

∂M

K

((
(id+βT )−1 −

1

1 + β
id

)
FA, e ∧ µ

)
,(12b)

where α ∈ Ω0(∂M ;
∧2 V∂), µ ∈ Ω0(∂M ;V∂) and Ã is defined as in [CS18, Lemma 4.12].

Remark 2.37 In the invertible gravitational sector with β 6= −1, the constraints (12)
define a coisotropic submanifold in (F∂

gH , ̟
∂
gH). Their projection to F∂

gH are first class
constraints eliminating 10 local degrees of freedom. Consequently the reduced classical
phase space of generalised Holst theory in this sector has exactly 2 local degrees of freedom.
Indeed, this constraint algebra can be linked to that of four-dimensional diffeomorphisms30.

3. BV Equivalences

The goal of this section is to formulate the BV extensions of qeGR for both the topo-
logical and the gravitational sector as well as the BV extensions of (quadratic) generalised
Holst theory. We will look for general contractible pairs (Definition 1.28) such that, for
suitable parameters T and β, we can prove that qeGR and (the BV extensions of) qgH
and gH are BV equivalent. This clarifies the relation between qeGR and known theories of
gravity, extending Proposition 2.22 to the BV framework.

In Section 3.1 we will investigate the symmetries of qeGR in both the topological and
gravitational sector. We will find that in the topological sector some symmetries are either
reducible or entirely redundant. The first case can be dealt with, in the BV formalism, by
introducing higher-order ghost fields to the BV extension of a classical theory. The second
case indicates that a symmetry can be fully represented by other symmetries (at least)
on-shell.

We use these findings in Section 3.1 where we formulate the BV extension of qeGR in
the topological and gravitational sector, basing our constructions on the classical analysis
from Section 2. We then move on to identify general contractible pairs in Section 3.2.1. In
Section 3.2.2 these pairs will be eliminated in order to prove several BV equivalences. By
doing so, we also draw direct parallels between the gravitational sector of qeGR and known
theories of gravity.

3.1. Symmetries. Quadratically extended GR can be endowed with a variety of local
symmetries, as we explain now.

30See [CS18, Remark 4.24] where this is explicitly discussed for the Palatini–Cartan–Holst action which
corresponds to T = 1

β
(⋆−1 − id)
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Calculation 3.1 For any choice of T, β, the action of quadratically extended GR given
in (2) is preserved (up to boundary terms31) under the following tangent distributions, for
every ζ ∈ Ω1[1](M ; g∗), σ ∈ Ω0[1](M ; g∗), θ ∈ Ω0[1](M ; g) and ξ ∈ Γ[1](TM):

• Two gauge symmetries generated by θ and σ:

(QA)θ :





(QA)θ = dAθ

(Qe)θ = [θ, e]

(QS)θ = [θ, S]

, (QB)θ :





(QB)θ = [θ,B]

(Qτ)θ = [θ, τ ]

(Qc)θ = [θ, c]

,

(QA)σ :





(QA)σ = 0

(Qe)σ = 0

(QS)σ = dAσ

, (QB)σ :





(QB)σ = [c, σ]

(Qτ)σ = 0

(Qc)σ = 0

.

• One shift symmetry generated by ζ:

(QA)ζ :





(QA)ζ = 0

(Qe)ζ = 0

(QS)ζ = (id+βT )ζ

and (QB)ζ :





(QB)ζ = dAζ

(Qτ)ζ = 0

(Qc)ζ = 0

.

• One diffeomorphism symmetry generated by ξ:

(QA)ξ :





(QA)ζ = ıξFA

(Qe)ζ = L
A
ξ e

(QS)ζ = L
A
ξ S

and (QB)ξ :





(QB)ζ = L
A
ξ B

(Qτ)ζ = L
A
ξ τ

(Qc)ζ = L
A
ξ c

.

Remark 3.2 Here we denote, e.g., (QA)θ to indicate the component of the vector field Q

in the direction of a the field A, generated by θ seen as the element (θ, 0, 0) in Ω0[1](M ; g∗)×
Ω0[1](M ; g)×Γ[1](TM) (which can be easily seen is a Lie algebra action). We will also use
the notation Qθ for the image of (θ, 0, 0) under the Lie algebra action, and (QA)θ ≡ Qθ(A).
In the physics literature, this is often denoted as δθA.

Proof. First note that the action of a general symmetry vector field Q on the action of qeGR
yields LQSqeGR(T, β) = ıQδSqeGR(T, β), thus

ıQ

∫

M

K (δB, FA)−K (B, dAδA) + η(δτ, dAe) + η(τ, [δA, e]− dAδe) + (1 + β)η(δτ, τ)

+K

(
δc, (id+βT )B +

1

2
e ∧ e+ dAS

)
+K (c, δe ∧ e+ [δA, S]− dAδS) +K ((id+βT )c, δB) .

31The contraction ıQδS vanishes modulo boundary terms. This is Noether’s definition of local symmetries.
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Starting with the first gauge symmetry Qθ yields:

∫

M

K ([θ,B], FA)−K (B, [FA, θ]) + η([θ, τ ], dAe) + η(τ, [θ, dAe]) + (1 + β)η([θ, τ ], τ)

+K

(
[θ, c], (id+βT )B +

1

2
e ∧ e+ dAS

)
+K (c, [θ, e] ∧ e+ [θ, dAS]) +K ((id+βT )c, [θ,B]) .

By invariance of η and K (·, ·) this vanishes identically. For Qσ one obtains:
∫

M

K ([c, σ], FA)−K (c, [FA, σ]) +K ((id+βT )c, [c, σ]) ≡ 0.

Again the invariance of the pairing was used. For the shift symmetry Qζ one obtains
∫

M

K (dAζ, FA)−K (c, (id+βT )dAζ) +K ((id+βT )c, dAζ) ≃ 0.

In the last equation dAFA = 0 was used and the boundary term dK (FA, ζ) was dropped.
The last symmetry is the diffeomorphism symmetry Qξ:

∫

M

K
(
LAξ B,FA

)
+K

(
B,LAξ FA

)
+ η(LAξ τ, dAe) + η(τ,LAξ dAe) + (1 + β)η(LAξ τ, τ)

+K

(
LAξ c, (id+βT )B +

1

2
e ∧ e+ dAS

)
+K

(
c,LAξ e ∧ e+ L

A
ξ dAS

)
+K

(
(id+βT )c,LAξ B

)

=

∫

M

Lξ

(
K (B,FA) + η(τ, dAe) +

(1 + β)

2
η(τ, τ) +K

(
c, (id+βT )B +

1

2
e ∧ e+ dAS

))
≃ 0.

Since LξLqeGR = d ◦ ıξLqeGR, it contributes only boundary terms. �

Remark 3.3 The ghost fields ζ ∈ Ω1[1](M ; g∗), σ ∈ Ω0[1](M ; g∗) are themselves subject
to a local symmetry, which is a consequence of the (Lie algebra) gauge action having
stabilisers. (Another way of saying this is that the symmetry is reducible.) Within the BV
framework, this can be dealt with by introducing a second order ghost ν ∈ Ω0[2](M ; g∗) (of
ghost degree two) and extending the symmetry vector field Q by (Qσ)ν = (id+βT )ν and
(Qζ)ν = dAν.

In Proposition (2.36) we observed that, for T, β in the gravitational sector, qeGR is not a
topological theory. Meanwhile in the topological sector (see Table 1) there exist additional
symmetries known from BF (Definition 2.1) type theories:
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Lemma 3.4 In the topological sector quadratically extended GR enjoys the following
additional symmetries, where ε ∈ Ω0[1](M ;V), ρ ∈ Ω1[1](M ;V) and α ∈ Ω1[1](M ; g)

• Two shift symmetries generated by ρ and α:

(QA)ρ :





(QA)ρ = 0

(Qe)ρ = (1 + β)ρ

(QS)ρ = 0

, (QB)ρ :





(QB)ρ = −ρ ∧ e

(Qτ)ρ = dAρ

(Qc)ρ = 0

,

(QA)α :





(QA)α = (1 + β)α

(Qe)α = 0

(QS)α = 0

, (QB)α :





(QB)α = −[α, S]

(Qτ)α = −[α, e]

(Qc)α = dAα

.

• One gauge symmetry generated by ε:

(QA)ε :





(QA)ε = 0

(Qe)ε = dAε

(QS)ε = e ∧ ε

and (QB)ε :





(QB)ε = −τ ∧ ε

(Qτ)ε = [c, ε]

(Qc)ε = 0

.

Proof. First note that in the topological sector (id+βT ) = (1+β) id always holds. Applying
a general symmetry vector field Q to the action of qeGR returns:

ıQ

∫

M

K (δB, FA)−K (B, dAδA) + η(δτ, dAe) + η(τ, [δA, e]− dAδe) + (1 + β)η(δτ, τ)

+K

(
δc, (id+βT )B +

1

2
e ∧ e+ dAS

)
+K (c, δe ∧ e+ [δA, S]− dAδS) +K ((id+βT )c, δB) .

Start by verifying the shift symmetry Qρ:∫

M

−K (ρ ∧ e, FA) + η(dAρ, dAe)− (1 + β)η(τ, dAρ)

+K (c,−(id+βT )(ρ ∧ e) + (id+βT )(ρ ∧ e)) + (1 + β)η(dAρ, τ)

=

∫

M

−K (ρ ∧ e, FA) + η(dAρ, dAe) ≃

∫

M

−K (ρ ∧ e, FA)− η([FA, ρ], e) = 0.

In the last equality one uses η([FA, ρ], e) = −K (FA, ρ ∧ e). For the second shift symmetry
Qα one obtains:

∫

M

K (−[α, S], FA)−K (B, (id+βT )dAα) + η(−[α, e], dAe) + η(τ, [(id+βT )α, e])

− (1 + β)η([α, e], τ) +K

(
dAα, (id+βT )B +

1

2
e ∧ e+ dAS

)
+K ((id+βT )c,−[α, S] + [α, S])
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=

∫

M

K (−[α, S], FA) + η(−[α, e], dAe) +K

(
dAα,

1

2
e ∧ e+ dAS

)

≃

∫

M

−K ([α, S], FA) +K (α, e ∧ dAe)−K (α, e ∧ dAe+ [FA, S]) = 0.

At last verify the gauge symmetry Qε for which one needs to keep in mind that it is
represented by a 0-form:∫

M

−K (τ ∧ ε, FA) + η([c, ε], dAe)− η(τ, [FA, ε])

+K (c,−(1 + β)(τ ∧ ε) + dAε ∧ e− dA(e ∧ ε)) + (1 + β)η([c, ε], τ) = 0.

The above terms all vanish due to the relation of the Minkowski metric and the Killing
form. �

Remark 3.5 In the topological sector, the ghosts ε and ρ are subject to an additional
symmetry, which can be similarly taken care of by adding a degree 2 field, γ ∈ Ω0[2](M ;V).
The symmetry vector field is then extended as (Qε)γ = (1 + β)γ and (Qρ)γ = dAγ. Fur-
thermore, the ghost fields θ and α are also subject to a symmetry, which can be encoded
by second-degree ghost field f ∈ Ω0[2](M ; g). The cohomological vector field Q can be
extended by (Qθ)f = (id+βT )f and (Qα)f = dAf . (Note that this redundancy is expected
since we have seen that all three generators Hθ, Iε and Jσ are redundant in that scenario
(cf. Theorem 2.31).)

The following result will allow us to disregard the component Qξ of Q under certain
conditions:

Lemma 3.6 Whenever T, β are in the topological sector the component Qξ of Q can be
represented as a combination of Qα,Qρ,Qζ ,Qσ,Qε and a symmetry vector field that vanishes
identically on-shell. Thus Qξ is redundant.

Proof. We choose α = −ıξc, ρ = −ıξτ , ζ = −ıξB as well as σ = −ıξS and ε = −ıξe. Let

for the following Q := Qα + Qρ + Qζ + Qσ + Qε. The given choices yield

QA = ıξFA − ıξ(FA + (id+βT )c),(13a)

Qe = LAξ e− ıξ(dAe+ (1 + β)τ),(13b)

QS = LAξ S − ıξ((id+βT )B + dAS + 1
2e ∧ e),(13c)

QB = LAξ B − ıξ(dAB − e ∧ τ − [c, S]),(13d)

Qτ = LAξ τ − ıξ(dAτ − [c, e]),(13e)

Qc = LAξ c− ıξ(dAc).(13f)
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The additional terms that do not belong to Qξ are directly dependent on the field equations
(compare Calculation 2.8). Thus define a new symmetry vector field Qχ, for χ ∈ Γ[1](TM),
acting as

(QA)χ = ıχ(FA + (id+βT )c), (Qe)χ = ıχ(dAe+ (1 + β)τ),

(Qc)χ = ıχ(dAc), (Qτ)χ = ıχ(dAτ − [c, e]),

(QS)χ = ıχ((id+βT )B + dAS + 1
2e ∧ e), (QB)χ = ıχ(dAB − e ∧ τ − [c, S]).

The vector field Qχ is a symmetry of SqeGR since it can be represented as a combination of
Qξ and the other symmetries as seen in Equations (13). However, due to the field equations
(2.8), all components of Qχ vanish identically on-shell, making it a trivial symmetry (cf.

Remark 1.12). But we have seen in (13) that one can represent Qξ as Q− Qχ by choosing
χ = ξ. Since Qξ can be represented as a combination of Qα,Qρ,Qζ ,Qσ,Qε and the trivial
symmetry Qχ it is redundant. �

3.1.1. BV extension of qeGR in the topological sector. In the following pages we provide
the BV extension of qeGR in the topological sector. To this end we first show that not only
the action, as shown in Remark 2.10, but also the symmetries of topological qeGR allow
for a compact writing which significantly compresses the form of the BV extension.

Remark 3.7 Lemma 3.6 shows that ξ ∈ Γ[1](TM) generates a redundant symmetry in
the topological sector. This result does not extend to the gravitational sector since two of
the symmetries, generated by ρ and α, do not exist here and thus the component Qξ cannot
be recovered by means of other symmetries as it was done in Lemma 3.6.

Remark 3.8 Following the concise writing of SqeGR in the topological sector (see Remark
2.10) one might expect that a similar rewriting can be done for the symmetries.32 Thus
define (θ, ε, σ) =: a ∈ Ω0[1](M ; d) and (α, ρ, ζ) =: H ∈ Ω1[1](M ; d) and express their
symmetry vector fields as:

• The shift symmetry:

QHA = (1 + β)H, QHB = dAH.

• The gauge symmetry:

QaA = dAa, QaB = [a,B].

One can easily check that this aligns with the definitions of the individual symmetries from
Calculation 3.1 and Calculation 3.4. It further allows for a formulation of the BV extension
of topological qeGR using superfields similar to the results of [CR01, Section 5], and inspired
by the seminal work of [AKSZ97].

Following Calculation 3.4 we inferred in Remark 3.8 that not only the action (see Remark
2.10) but also the symmetries of qeGR in the topological sector can be written in a very

32Note that this is obvious once one realises that topological qeGR returns a BF theory.
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compact form. This allows for the following simple BV extension which is just the known
extension of BF theory (see 2.1) and is stated here mainly for completeness:

Definition 3.9 (Topological qeGR) For T, β within the topological invertible sector33

we call standard BV theory for topological qeGR a 4-dimensional manifold M , or simply
topological qeGR, the BV theory

F
β
qeGR := (FqeGR,ΩqeGR := δαqeGR, Q

β
qeGR, S

β
qeGR)

where

FqeGR = T ∗[−1]
(
AP × Ω2(M ; d∗)× Ω0[1](M ; d)× Ω1[1](M ; d)× Ω0[2](M ; d∗)

)
.

We denote the additional fields by

(f, γ, ν) = f ∈ Ω0[2](M ; d), A† ∈ Ω3[−1](M ; d∗), B† ∈ Ω2[−1](M ; d),

a† ∈ Ω4[−2](M ; d∗), H† ∈ Ω3[−2](M ; d∗), f† ∈ Ω0[−3](M ; d),

where the superscript † indicates the corresponding fields in the cotangent fibre. Using this
notation the symplectic BV 2-form is given by

ΩqeGR :=

∫

M

⟪δA, δA†⟫
d
+ ⟪δB, δB†⟫

d
+ ⟪δa, δa†⟫

d
+ ⟪δH, δH†⟫

d
+ ⟪δf, δf†⟫

d
,

the BV action is given by

Sβ
qeGR :=

∫

M

⟪B, FA⟫d + (1 + β)

2
⟪B,B⟫d + ⟪B†, [a,B] + dAH− [f,B†]⟫

d

+ ⟪A†, dAa + (1 + β)H⟫
d
+ ⟪H†, [a,H] + dAf⟫

d

+ ⟪a†,
1

2
[a, a] + (1 + β)f⟫

d

+ ⟪f†, [a, f]⟫
d
,

and the cohomological BV vector field Qβ
qeGR defined by ı

Q
β
qeGR

ΩqeGR = δSβ
qeGR can be

represented by its components as

Qβ
qeGRB = [a,B] + dAH− [f,B†],

Qβ
qeGRB† = FA + (1 + β)B + [a,B†],

Qβ
qeGRA = dAa + (1 + β)H,

Qβ
qeGRA† = dAB + [B†,H] + [a,A†]− [f,H†],

Qβ
qeGRa =

1

2
[a, a] + (1 + β)f,

Qβ
qeGRa† = dAA† + [B†,B] + [H†,H] + [a, a†] + [f†, f],

Qβ
qeGRH = [a,H] + dAf,

33By this we mean the intersection of the two.
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Qβ
qeGRH† = dAB† + (1 + β)A† + [a,H†],

Qβ
qeGRf = [a, f],

Qβ
qeGRf† = dAH† + [a, f†] + (1 + β)a† +

1

2
[B†,B†].

Notice again that such theories have been shown to allow an even more concise formu-
lation in terms of superfields (see [CR01, Section 5]). Since this work aims to investigate
the relation of qeGR to theories of gravity, we will not focus on the topological sector any
further.

3.1.2. BV extension of qeGR in the gravitational sector. In Calculation 3.1 it was shown
that in the gravitational sector there exist four symmetries that are not redundant. This
allows for the formulation of the BV extension of qeGR in the gravitational sector.

Definition 3.10 (Gravitational qeGR) For T, β within the invertible gravitational sec-
tor, we call standard BV theory for gravitational qeGR on a 4-dimensional manifold M , or
simply gravitational qeGR, the BV theory

F
T,β
qeGR := (FqeGR,ΩqeGR := δαqeGR, Q

T,β
qeGR, S

T,β
qeGR)

where

FqeGR := T ∗[−1]
(
AP × Ω2(M ; d∗)× Ω0[1](M ; g)× Ω1[1](M ; g∗)

× Ω0[1](M ; g∗)× Γ[1](TM)× Ω0[2](M ; g∗)
)
,

with the fields in the base denoted by (A, e, S,B, τ, c, a, ζ, σ, ξ, ν) and their correspondents
in the cotangent fibre by

(A†, e†, S†) ∈ Ω3[−1](M ; d∗), (B†, τ †, c†) ∈ Ω2[−1](M ; d), a† ∈ Ω4[−2](M ; g∗),

ζ† ∈ Ω3[−2](M ; g), σ† ∈ Ω4[−2](M ; g), ξ† ∈ Ω4[−2](M ;T ∗M),

ν† ∈ Ω4[−3](M ; g).

And further

ΩqeGR :=

∫

M

⟪δA, δA†⟫
d
+ ⟪δB, δB†⟫

d
+K

(
δa, δa†

)
+K

(
δζ, δζ†

)

+K
(
δσ, δσ†

)
+K

(
δν, δν†

)
+Tr[ıδδξξ

†],

ST,β
qeGR :=

∫

M

K (B,FA) +K

(
c, (id+βT )B +

1

2
e ∧ e+ dAS

)
+ η(τ, dAe)

+
(1 + β)

2
η(τ, τ) +K

(
A†, dAa+ ıξFA

)
+ η(e†, [a, e] + LAξ e)

+K
(
c†, [a, c] + LAξ c

)
+K

(
S†, dAσ + [a, S] + (id+βT )ζ + LAξ S

)
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+ η(τ †, [a, τ ] + LAξ τ) +K
(
B†, [a,B] + [c, σ] + dAζ + [B†, ν] + LAξ B

)

+K
(
ζ†, [a, ζ] + dAν + L

A
ξ ζ
)
+K

(
a†,

1

2
[a, a]−

1

2
ı2ξFA

)

+K
(
σ†, [a, σ] + (id+βT )ν + LAξ σ

)
+K

(
ν†, [a, ν] + LAξ ν

)
+

1

2
Tr[ı[ξ,ξ]ξ

†].

The cohomological BV vector field QT,β
qeGR defined by ı

Q
T,β
qeGR

ΩqeGR = δST,β
qeGR can be explic-

itly expressed as:

QT,β
qeGRA = dAa+ ıξFA,

QT,β
qeGRA

† = dAB − [c, S]− e ∧ τ + [ζ, B†] + [a,A†] + [σ, S†] + [ν, ζ†]− ıξ(e
† ∧ e)− dAıξA

†

− ıξ
(
τ † ∧ τ + [c†, c] + [S†, S] + [B†, B] + [ζ†, ζ]

)
−

1

2
dAı

2
ξa

† − ıξ[σ
†, σ]− ıξ[ν

†, ν],

QT,β
qeGRe = [a, e] + LAξ e,

QT,β
qeGRe

† = dAτ − [c, e] + [a, e†] + LAξ e
†,

QT,β
qeGRS = dAσ + [a, S] + (id+βT )ζ + LAξ S,

QT,β
qeGRS

† = dAc+ [a, S†] + LAξ S
†,

QT,β
qeGRB = [a,B] + [c, σ] + dAζ + [B†, ν] + LAξ B,

QT,β
qeGRB

† = FA + (id+βT )c+ [a,B†] + LAξ B
†,

QT,β
qeGRτ = [a, τ ] + LAξ τ,

QT,β
qeGRτ

† = dAe+ (1 + β)τ + [a, τ †] + LAξ τ
†,

QT,β
qeGRc = [a, c] + LAξ c,

QT,β
qeGRc

† = (id+βT )B +
1

2
e ∧ e+ dAS + [a, c†] + [B†, σ] + LAξ c

†,
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QT,β
qeGRa =

1

2
[a, a]−

1

2
ı2ξFA,

QT,β
qeGRa

† = [c, c†] + [B,B†] + dAA
† − [S, S†] + [ζ, ζ†]− [a†, a] + [σ†, σ] + τ † ∧ τ + e† ∧ e+ [ν, ν†],

QT,β
qeGRσ = [a, σ] + (id+βT )ν + LAξ σ,

QT,β
qeGRσ

† = [c, B†] + dAS
† + [a, σ†] + LAξ σ

†,

QT,β
qeGRζ = [a, ζ] + dAν + L

A
ξ ζ,

QT,β
qeGRζ

† = dAB
† + (id+βT )S† + [a, ζ†] + LAξ ζ

†,

QT,β
qeGRξ =

1

2
[ξ, ξ],

QT,β
qeGRξ

†
• = −e

†
• ∧ dAe− dAe

† ∧ e• −A
†
•FA − ıξa

†
• ∧ FA − c

†
• ∧ dAc− dAc

† ∧ c• − S
†
• ∧ dAS

− dAS
† ∧ S• − τ

†
• ∧ dAτ − dAτ

† ∧ τ• −B
†
• ∧ dAB − dAB

† ∧B• − ζ
†
• ∧ dAζ

− dAζ
† ∧ ζ• − σ

†
• ∧ dAσ − dAσ

† ∧ σ• − ν
†
• ∧ dAν − dAν

† ∧ ν• + ∂•ξ
aξ†a + ∂aξ

aξ†•,

QT,β
qeGRν = [a, ν] + LAξ ν,

QT,β
qeGRν

† = dAζ
† + [a, ν†] + (id+βT )σ† + LAξ ν

†.

In QT,β
qeGRξ

†
• the index • is used to highlight that ξ† is a 1-form with values in densities.

3.1.3. BV extension of gravitational generalised Holst theory. We state here the BV exten-
sion of gravitational generalised Holst theory since it will be pivotal in linking gravitational
qeGR to known theories of gravity. Note that qgH as well as the topological sector of gH
will not receive the same treatment since they are of minor interest at this point.

Definition 3.11 (Gravitational Generalised Holst Theory) For T, β within the gravita-
tional sector and M a 4-dimensional manifold we call standard BV theory for gravitational
gH the data

F
T,β
gH := (FgH ,ΩgH := δαgH , Q

T,β
gH , S

T,β
gH ),
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where

FgH := T ∗[−1]

(
Ω1(M ;V)×A(M)× Ω0[1](M ; g)× Γ[1](TM)

)
,

with the fields in the base denoted by (A, e, a, ξ) and their correspondents in the cotangent
fibre by

A† ∈ Ω3[−1](M ; g), e† ∈ Ω3[−1](M ;V), a† ∈ Ω4[−2](M ; g∗), ξ† ∈ Ω4[−2](M ;T ∗M).

The BV two-form is given by

ΩgH :=

∫

M

K
(
δA, δA†

)
+ η(δe, δe†) +K

(
δa, δa†

)
+Tr[ıδξξ

†],

and BV action of FT,β
gH by

ST,β
gH :=

∫

M

1

2

(
K
(
(id+βT )−1FA, e ∧ e

)
+

1

(1 + β)
η(dAe, dAe)

)
+K

(
A†, dAa+ ıξFA

)

+ η(e†, [a, e] + LAξ e) +K

(
a†,

1

2
[a, a]−

1

2
ı2ξFA

)
+

1

2
Tr[ı[ξ,ξ]ξ

†],

The cohomological BV vector field QT,β
qeGR defined by ı

Q
T,β
qeGR

ΩqeGR = δST,β
qeGR can be explic-

itly expressed as:

QT,β
qeGRA = dAa+ ıξFA,

QT,β
qeGRA

† =

(
(id+βT )−1 −

1

1 + β
id

)
(dAe ∧ e) + [a,A†]− dA ◦ ıξA

† − ıξ[e
†, e]−

1

2
dA ◦ ı

2
ξa

†,

QT,β
qeGRe = [a, e] + LAξ e,

QT,β
qeGRe

† =

((
(id+βT )−1 −

1

1 + β
id

)
FA

)
∧ e+ [a, e†] + LAξ e

†,

QT,β
qeGRa =

1

2
[a, a]−

1

2
ı2ξFA,

QT,β
qeGRa

† = dAA
† − [a†, a] + [e†, e],

QT,β
qeGRξ =

1

2
[ξ, ξ],

QT,β
qeGRξ

†
• = −e

†
• ∧ dAe− dAe

† ∧ e• −A
†
•FA − ıξa

†
• ∧ FA + ∂•ξ

aξ†a + ∂aξ
aξ†•.
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In QT,β
gH ξ

†
• the index • is used to highlight that ξ† is a 1-form with values in densities.

Remark 3.12 (Topological Generalised Holst Theory) As discussed, we will not state
the full data for the standard BV theory for topological generalised Holst theory and instead
restrict to stating the BV action:

Sβ
gH :=

∫

M

1

2(1 + β)
(K (FA, e ∧ e) + η(dAe, dAe)) +K

(
A†, dAa+ α

)

+ η(e†, dAε+ [a, e] + (1 + β)ρ) +K
(
α†, [a, α] + dAf

)

+ η(ρ†, [a, ρ] + [α, ε] + dAγ − [f, e]) +K

(
a†,

1

2
[a, a] + (1 + β)f

)

+ η(ε†, [a, ε] + γ) +K
(
f †, [a, f ]

)
+ η(γ†, [a, γ] + [f, ε]).

3.2. BV equivalence: Main results. Over the following pages we will state the core
results of this work. We first identify general contractible pairs among the fields of the
BV extensions of topological and gravitational qeGR in Section 3.2.1. We then provide
two possible paths for BV equivalences, based opn their elimination. This is carried out in
Section 3.2.2 where we finally link (under certain parameter choices) gravitational qeGR to
Palatini–Cartan–Holst gravity.

3.2.1. General Contractible Pairs. In this section we will identify general contractible pairs
within the BV extensions of both topological and gravitational qeGR. Since these fields con-
tribute trivially to the cohomology, they can be eliminated to give rise to simpler theories,
described with different but quasi-isomorphic cochain complexes within the BV setting.

Note ahead that for topological qeGR the goal is not to identify every general contractible
pair, since some of them are not pertinent for our investigation, which instead aims to relate
qeGR to known theories of gravity.

The first result will clarify what has already been foreshadowed by the lack of field
equations for the field S (compare Equation (3)):

Lemma 3.13 In the invertibility sector (βT 6= id), ({B, c, S†, ζ, σ†, ν}, {c†, B†, ζ†, S, ν†, σ})
is a general contractible pair.

Proof. Starting with the topological sector of qeGR, where one can set T = id without loss
of generality (see Remark 2.10), the chosen pairs yield:

Qβ
qeGRc

†|c†=0 = (1 + β)B +
1

2
e ∧ e+ dAS + [B†, σ] + ε ∧ τ †,

Qβ
qeGRB

†|B†=0 = FA + (1 + β)c,

Qβ
qeGRζ

†|ζ†=0 = dAB
† + (1 + β)S†,

Qβ
qeGRS|S=0 = dAσ + e ∧ ε+ (1 + β)ζ,
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Qβ
qeGRν

†|ν†=0 = dAζ
† + (1 + β)σ†,

Qβ
qeGRσ|σ=0 = (1 + β)ν.

When set to zero these yield equations that can be uniquely solved for B, c, S†, ζ, σ† and ν
respectively:

B = −
1

(1 + β)

(
1

2
e ∧ e+ dAS + [B†, σ] + ε ∧ τ †

)
,

c = −
1

(1 + β)
FA,

S† = −
1

(1 + β)
dAB

†,

ζ = −
1

(1 + β)
(dAσ + e ∧ ε),

σ† = −
1

(1 + β)
dAζ

†,

ν = 0.

Meanwhile for the gravitational sector of qeGR the same procedure yields:

QT,β
qeGRc

†|c†=0 = (id+βT )B +
1

2
e ∧ e+ dAS + [B†, σ],

QT,β
qeGRB

†|B†=0 = FA + (id+βT )c,

QT,β
qeGRζ

†|ζ†=0 = dAB
† + (id+βT )S†,

QT,β
qeGRS|S=0 = dAσ + (id+βT )ζ,

QT,β
qeGRν

†|ν†=0 = dAζ
† + (id+βT )σ†,

QT,β
qeGRσ|σ=0 = (id+βT )ν.

Setting the above terms to zero yields equations that can be uniquely solved, by fixing
S†, ζ, σ† and ν respectively as

B = −(id+βT )−1

(
1

2
e ∧ e+ dAS + [B†, σ]

)
,

c = −(id+βT )−1FA,

S† = −(id+βT )−1dAB
†,

ζ = −(id+βT )−1dAσ,

σ† = −(id+βT )−1dAζ
†,

ν = 0.

Following Definition 1.28 we obtain the claimed general contractible pair. �
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Lemma 3.14 Whenever β 6= −1, (τ, τ †) is a general contractible pair.

Proof. Again we start with topological qeGR, where

Qβ
qeGR|τ†=0 = dAe+ (1 + β)τ + [B†, ε].

Setting this to zero yields an equation that can be uniquely solved for τ with the given
restrictions to β:

τ = −
1

(1 + β)
(dAe+ [B†, ε]).

A similar situation is found for gravitational qeGR, where

QT,β
qeGR|τ†=0 = dAe+ (1 + β)τ.

Setting this expression to zero allows us to uniquely solve for τ :

τ = −
1

(1 + β)
dAe.

This proves the claim. �

Remark 3.15 From Lemma 3.13 and Lemma 3.14 one can infer two important results:

• In the invertibility sector the following general contractible pairs exist independent
from each other: (B, c†), (c, B†), (S†, ζ†), (ζ, S), (σ†, ν†), (ν, σ).
• In the invertibility sector, and when β 6= −1, the pair

({B, τ, c, S†, ζ, σ†, ν}, {c†, τ †, B†, ζ†, S, ν†, σ})

is a general contractible pair.

Remark 3.16 By rule of Lemma 2.12, since invertibility in the topological sector implies
β 6= −1, one can combine the smaller contractible pairs from Remark 3.15. This yields the
following unique solutions for the general contractible pair ({B, τ, c}, {c†, τ †, B†}):

c = −(id+βT )−1FA,

B = −(id+βT )−1

(
1

2
e ∧ e+ dAS

)
,

τ = −
1

(1 + β)
dAe.

This amounts to setting B = − 1
(1+β)(FA).

The following is an immediate corollary of the previous results:

Corollary 3.17 Let T, β be in the intersection of the topological and invertibility
sector. Then on the Lagrangian submanifold L defined by

ζ† = S = ν† = σ = c† = τ † = B† = 0,
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the following unique solutions for the fields {S†, ζ, σ†, ν, B, τ, c} arise:

c = −(id+βT )−1FA, B = −
1

2
(id+βT )−1(e ∧ e), τ = −

1

(1 + β)
dAe,

S† = 0, σ† = 0, ν = 0.

Meanwhile for ζ one obtains ζ = −e ∧ ε for topological qeGR and ζ = 0 for gravitational
qeGR.

The above results provide several conditional paths for reduction of gravitational and
topological qeGR by eliminating general contractible pairs (see Proposition 1.31). They
can be summarised in the following diagrams:

Topological qeGR F
β
qeGR

(Topological qgH)
(
F
β
qgH

)

Topological gH F
β
gH

Gravitational qeGR F
T,β
qeGR

(Gravitational qgH)
(
F
T,β
qgH

)

Gravitational gH F
T,β
gH

(id+βT ) 6= 0

(1 + β) 6= 0

(id+βT ) 6= 0

(1 + β) 6= 0

Figure 2. Paths for elimination of general contractible pairs for both topological

and gravitational qeGR. By rule of Proposition 1.31 the resulting BV theories are

BV equivalent. Note that for brevity we did not introduce the standard BV theories

for qgH.
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i) Vertical branch: In the invertibility sector (βT 6= − id) with β 6= −1, one can
immediately eliminate

({S†, ζ, σ†, ν, B, τ, c}, {ζ†, S, ν†, σ, c†, τ †, B†}).

For topological qeGR this leaves only A, e, a, ε, α, ρ, f, γ and their antifields while
for gravitational qeGR one retains A, e, a, ξ and their antifields.

ii) Right branch: In the invertibility sector with no additional assumptions on β one
can eliminate

({S†, ζ, σ†, ν, B, c}, {ζ†, S, ν†, σ, c†, B†}),

i.e. all fields of i) but τ and τ †. Following Remark 3.16 and 2.12 this suffices
to also eliminate (τ, τ †) in topological qeGR which yields the situation of i). For
gravitational qeGR (1 + β) 6= 0 needs to be assumed separately.

3.2.2. BV Equivalences. In this section we will follow the diagrams presented in Figure 2 to
construct BV equivalent theories stemming from either gravitational and topological qeGR.
This will enable us to clarify the relation of gravitational qeGR to theories of gravity within
the BV formalism.

Notation 3.18 Denote in the following by F
T,β
⋆ the BV extensions associated to gravita-

tional qeGR, qgH and gH. Similarly denote the BV extensions associated to the topological

theories by F
β
⋆ .

In what follows we will only explicitly present the proof of one of our BV equivalences,
since the remaining ones, while lengthy, are completely analogous and straight-forward.
Indeed, the strategy to prove BV equivalence by eliminatiion of general contractible pairs
follows Proposition 1.31, and the strategy of proof we will use is outlined in Proposition
3.19.

Proposition 3.19 In the invertibility sector (βT 6= − id) with β 6= −1 there exists
a BV equivalence between gravitational quadratically extended GR (Definition 3.10) and

gravitational generalised Holst theory (Definition 3.11), FT,β
qeGR ≃ F

T,β
gH .

Proof. Let T, β be within the gravitational sector such that one can use the BV extension
of gravitational qeGR given in Definition 3.10. From Remark 3.15 we know that for β 6=
−1 and βT 6= − id, ({S†, ζ, σ†, ν, B, c, τ}, {ζ†, S, ν†, σ, c†, B†, τ †}) is a general contractible
pair. We use the unique solutions of the equations of motion for {S†, ζ, σ†, ν, B, c, τ} from
Corollary 3.17 to define the map

Φ: (S†, ζ, σ†, ν, B, c, τ, ζ†, S, ν†, σ, c†, B†, τ †) 7−→ (P †, U †, V †,W †, X†, Y †, Z†, P, U, V,W,X, Y, Z),

where

P † = ζ†, U † = S, V † = ν†, W † = σ, X† = c†, Y † = B†, Z† = τ †,

P = Qζ†, U = QS, V = Qν†, W = Qσ, X = Qc†, Y = QB†, Z = Qτ †,
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and all other fields are mapped via the identity, such that:

S† 7−→ P − (id+βT )−1dAY
† − [a, P †]− LAξ P

†,

ζ 7−→ U − (id+βT )−1dAW
† − [a, U †]− LAξ U

†,

σ† 7−→ V − (id+βT )−1dAP
† − [a, V †]− LAξ V

†,

ν 7−→W − [a,W †],

B 7−→ X − (id+βT )−1

(
1

2
e ∧ e+ dAU

†

)
− [a,X†]− [Y †,W †]− LAξ X

†,

c 7−→ Y − (id+βT )−1(FA)− [a, Y †]− LAξ Y
†,

τ 7−→ Z −
1

(1 + β)
dAe− [a, Z†]− LAξ Z

†.

Applying this transformation to ST,β
qeGR yields:

Φ
(
ST,β
qeGR

)
=

∫

M

−
1

2

(
K

(
(id+βT )−1FA,

(
1

2
e ∧ e+ dAU

†

))
+

1

(1 + β)
η(dAe, dAe)

)

+K
(
A†, dAa+ ıξFA

)
+ η(e†, [a, e] + LAξ e) +K

(
a†,

1

2
[a, a]−

1

2
ı2ξFA

)
+

1

2
Tr[ı[ξ,ξ]ξ

†]

+ η

(
Z†, ([a, ·] + LAξ )

(
Z −

1

(1 + β)
dAe− [a, Z†]− LAξ Z

†

))

+
(1 + β)

2
η
(
Z − [a, Z†]− LAξ Z

†, Z − [a, Z†]− LAξ Z
†
)

+K

(
X†, ([a, ·] + LAξ )

(
Y − (id+βT )−1(FA)− [a, Y †]− LAξ Y

†
))

+K
(
(Y − [a, Y †]− LAξ Y

†), (id+βT )(X − [a,X†]− [Y †,W †]− LAξ X
†)
)

+K

(
P − (id+βT )−1dAY

† − [a, P †]− LAξ P
†, [a, U †]

+ (id+βT )(U − [a, U †]− LAξ U
†) + LAξ U

†

)

+K

(
Y †,

[
Y − (id+βT )−1(FA)− [a, Y †]− LAξ Y

†,W †
]

+ ([a, ·] + LAξ )

(
X − (id+βT )−1

(
1

2
e ∧ e+ dAU

†

)
− [a,X†]− [Y †,W †]− LAξ X

†

)
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+ dA

(
U − (id+βT )−1dAW

† − [a, U †]− LAξ U
†
)
+ [Y †, (W − [a,W †])]

)

+K

(
P †, ([a, ·] + LAξ )

(
U − (id+βT )−1dAW

† − [a, U †]− LAξ U
†
))

+K
(
V − [a, V †]− LAξ V

†, [a,W †] + (id+βT )(W − [a,W †]) + LAξ W
†
)

−K
(
(id+βT )−1dAP

†, [a,W †] + LAξ W
†
)
+K

(
V †, ([a, ·] + LAξ )(W − [a,W †])

)
.

While this action looks convoluted, the next step will drastically reduce it. Following what

was done in Proposition 1.31 define a map φ : FT,β
gH −→ F

T,β
qeGR such that

φ∗κ =

{
0, κ ∈ {P †, U †, V †,W †, X†, Y †, Z†, P, U, V,W,X, Y, Z},

κ, κ ∈ {A†, e†, a†, ξ†, A, e, a, ξ}.

Applying it to Φ(ST
qeGR) yields:

φ∗(Φ(ST,β
qeGR)) =

∫

M

−
1

2

(
K
(
(id+βT )−1FA, e ∧ e

)
+

1

(1 + β)
η(dAe, dAe)

)
+K

(
A†, dAa+ ıξFA

)

+ η(e†, [a, e] + LAξ e) +K

(
a†,

1

2
[a, a]−

1

2
ı2ξFA

)
+

1

2
Tr[ı[ξ,ξ]ξ

†].

Rescaling the fields in the cotangent fibre, A†, e†, a†, ξ†, by −1 yields −ST,β
gH . This rescaling

can be promoted to a symplectomorphism. Comparing with the construction in Proposition
1.31 and Definition 3.11 this proves the claim. �

The following results will remain without explicit proof, as it is an adaptation of the
previous one.

Proposition 3.20 If (1+β) 6= 0 then there exists a BV equivalence between topological

quadratically extended GR 3.9 and topological generalised Holst theory 3.12, Fβ
qeGR ≃ F

β
gH .

Proposition 3.21 In the invertibility sector there exists a BV equivalence F
T,β
qeGR ≃

F
T,β
qgH . For (1 + β) 6= 0 there exists a BV equivalence F

T,β
qgH ≃ F

T,β
gH . This statement holds

for both the gravitational and topological sector.

Using the above results yields the following theorem that theorem that summarises the
relationship between the different theories considered in this work:

Theorem 3.22 For any T, β the following diagram of BV equivalences commutes:
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F
T,β
qeGR

F
T,β
qgH

F
T,β
gH

(id+βT ) 6=0

(1+β) 6=0, (id+βT ) 6=0

(1+β) 6=0

Proof. One needs to prove the claim for topological and gravitational qeGR separately,
however the proof has been completely carried out in its parts. By combining Proposition
3.19, Proposition 3.20 and Proposition 3.21 all required components are provided. �

An immediate corollary of Theorem 3.22 is the following:

Corollary 3.23 For β /∈ {−1, 0} and T = 1
β (⋆

−1 − id) the BV theory of deformed,

quadratically extended BF (Definition Definition 3.10) is BV equivalent to that of Palatini–
Cartan–Holst [CS18] (also compare Remark 2.24) up to a boundary term. Whenever M is
closed they are BV equivalent.

4. Discussion and Outlook

In this work we have proposed a novel model for gauge theories and torsion modifications
of gravity using a symmetry-broken BF +ΛBB theory and without imposing external con-
straints. To this end we have utilised the trivial standard Lie algebra extensions presented
in [KO06; KO07] together with a deformation term. It was subsequently shown that the
deformations of the resulting theory, dubbed quadratically extended GR (qeGR), can be
divided into two sectors of interest, the topological sector for which qeGR is topological and
the gravitational sector for which it has exactly 2 local degrees of freedom and diffeomor-
phism symmetry. Through classical and later BV equivalences it was then shown that, for
certain restrictions on the deformation and parameters, one can find significantly simpler,
(weakly) BV equivalent, effective theories of qeGR. In particular it was shown that for
specific deformation choices the quadratic torsion term that arises in these models directly
relates qeGR to Palatini–Cartan–Holst theory (up to a boundary term that corresponds to
the Nieh–Yan class). This result is stated in the sense of BV equivalences.

4.1. BF Theories of Gravity. We want to conclude by briefly highlighting other known
paths to obtaining established theories of gravity from BF theory. In the following ex-
position we mostly follow [FS12] and the sources presented therein for the introduction
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of (self-dual) Plebanski and MacDowell–Mansouri gravity. After each exposition we will
highlight the relation and differences to the model of qeGR presented in this work.

4.1.1. Self-dual Plebanski gravity. The self-dual Plebanski formalism was first presented in
[Ple77] and operates on a BF +BB type theory with Lie algebra g = su(2). Further fix the
adjoint representation for the fields A and B. A theorem due to Urbantke [Urb84] states
that if B is non-degenerate then the Urbantke tensor gµν , defined by

√
|g|gµν =

1

12
εijkε

αβγδBi
µαB

j
βγB

k
δν ,

is a (pseudo-Riemannian) metric. The action of self-dual Plebanski is written as

S[A,B,Φ] :=

∫

M

Bi ∧ F (A)
i +

1

2
(Λδij +Φij)B

i ∧Bj .(25)

The Lagrange-multiplier field Φ imposes the following condition on the field B:

Bi ∧Bj =
1

3
δijBk ∧B

k.(26)

Assuming non-degenerate B one now uses the induced Urbantke metric gµν to define the
associated tetrads e such that g = e∗η where η is the Minkowski metric. One can then show
(compare [FS12, p. 3]) that B is self-dual with respect to gµν and that, by rule of (26), B
can be written in terms of the tetrads e as either of

Bi
± = sgn(η)(P±)

i
IJe

I ∧ eJ ,

where P± denotes the projection on the first or second factor of the chiral decomposition
so(3, sgn(η)) ≃ su(2)⊕su(2) respectively. This constraint is sometimes called the simplicity
constraint. When working with the self-dual Plebanski action one usually fixes one of the
two possible solutions.

Plugging this constraint into the Plebanski action one immediately recovers the form of
Einstein–Cartan gravity in self-dual variables. Note however that if we work with su(2)
and a Lorentzian metric, all fields are a priori complex. To obtain real gravity one needs to
impose further reality constraints (compare [CDJM91]). While classically unproblematic,
they obstruct the quantisation of the theory (compare [FS12, p. 5],[Mik06]).

Plebanski gravity is quite different from the family of qeGR theories considered here:
Instead of an explicit symmetry breaking using additional terms in the fields A and B,
Plebanski gravity uses the algebraically complicated interplay of su(2) and so(3, sgn(η))
together with additional constraints (cf. 26) to reproduce a theory of gravity. Note that
these “external” constraints, on which qeGR does not rely, become harder to handle in
the quantisation procedure. However, inspecting (25) it could be an interesting exercise to
define a qeGR family over su(2) and find constraints similar to the simplicity and reality
constraints to investigate possible direct parallels to Plebanski gravity.
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4.1.2. MacDowell–Mansouri Gravity. An approach that differs from Plebanski’s formula-
tion of gravity can be found in that of MacDowell and Mansouri (MS), first introduced in
[MM77] without any relation to BF theory. As proposed in [FS12] we will here present
an Euclidean version of MS gravity with positive cosmological constant to showcase its
main features. Instead of splitting so(4) with a chiral decomposition as is done in self-dual
Plebanski gravity, we make use of the split

so(5) ≃ so(4)⊕ R4,

such that we can embed so(4) within the larger so(5). Note that in this context we should
interpret the factor R4 as the symmetry algebra for translations. Using this split we can
write a connection A on an so(5)-bundle as A = (ω, e)34. This split translates to the
associated curvature as

F (A) = (F (ω)− e ∧ e, dωe).(27)

The action underlying MS gravity for Λ > 0 and V ∈ R is

S[A,B] =

∫

M

Bij ∧ F (A)
ij −

1

2
(Λδαγδβδ + εαβγδ4 V )Bαβ ∧Bγδ.(28)

As for usual BF + ΛBB type theories, B is an auxiliary field which one can eliminate, at
least classically, to obtain the second order action:

SMM [A] =
1

2(V 2 − Λ2)

∫

M

V Tr[F (A) ∧ ⋆F (A)]− ΛTr[F (A) ∧ F (A)] + η(dωe, dωe).

In the above action ⋆ denotes the Hodge star internal to so(4). The original formulation
of MacDowell–Mansouri gravity in [MM77] was not yet connected to BF theories and
contained only the first term. As noted in [FS12, p. 10] one can make use of the explicit
form of A and F (A) to bring the action into the following form:

S[ω, e] =
V

(V 2 − Λ2)

∫

M

(
Tr[T Λ

V
(F (ω)) ∧ e ∧ e]−

1

2
Tr[e4]

)
(29)

+ C1E(ω) + C2P (ω) + C3NY (ω, e).

Here we denote by E(ω), P (ω) and NY (ω, e) the Euler, Pontryagin and Nieh–Yan class
respectively. The factors Ci are combinations of V and Λ35. Thus one obtains, up to topo-
logical contributions, the Palatini–Cartan action for gravity with a cosmological constant.

MacDowell–Mansouri gravity does not rely on constraints enforced by Lagrange multi-
pliers. Together with its likeness to a BF +BB type theory, which is then recast into the
second order formalism in a form similar to topological Yang–Mills theory, one might ex-
pect that some quantisation properties carry over. Note however that MacDowell–Mansouri
gravity is not a topological theory: The additional term introduced in (28) explicitly breaks
the shift symmetry into a diffeomorphism symmetry. As [FS12] put it: The term “introduces
a direction in the internal space”. The authors also mention that attempts to mitigate this

34Note that for simplicity we omit here some dimensionful constants introduced in [FS12].
35The Ci also depend on the choice of a length scale l, which we have chosen to drop in our discussion. See
however [FS12, p. 10].
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problem by perturbatively expanding around the topological kinetic term has proven to be
problematic since the first, topological order has different symmetries from all subsequent
ones (cf. [RS06; Cat+98]).

We find that qeGR is quite similar to MacDowell–Mansouri gravity. Both essentially
start with the idea of embedding the symmetries of theories of gravity, in our work so(3, 1),
in a larger Lie algebra. One can even see striking parallels between the respective curvature
forms (1) and (27). We have further shown in 2.4 and 3.1 that the gravitational sector
of qeGR explicitly breaks several shift symmetries into a diffeomorphism symmetry, just
as MS gravity does. Furthermore, both theories retain their likeness to BF + ΛBB type
theories and thus allow for an interpretation of gravity as a deformation of a topological
background theory. They also share the benefit of a constraint-free description of gravity,
working solely with field equations in their primary fields.

The model of qeGR studied here does however display several features that MS gravity
does not. First and foremost qeGR provides a genuine generalisation over MS gravity by
allowing general deformation automorphisms T . Even with the restrictions on T, and β
enforced to obtain BV equivalence to gH (cf. Theorem 3.22) this still gives access to a
vast family of theories. qeGR also avoids the (arbitrary) split of the Lie algebra performed
in MS gravity, but it instead makes use of the (more natural) trivial quadratic extension
of so(3, 1) by a suitable orthogonal module V . While this does introduce additional fields
and symmetries, we have shown in this work that they can be eliminated within the BV
formalism. Note as well, that the extension of so(3, 1) chosen here is but the most trivial
one, and other ones can be studied, see Appendix B. This could be used to either formulate
the most general action of gravity in first order variables (compare [RP09]) or rule out
certain terms

All in all one could see the family of qeGR theories as a generalisation of MacDowell–
Mansouri gravity. It allows for more general “potential” terms (compare (28)) while yielding
interesting results for the role of torsion and the deformation of BF +BB type theories. In
a sense it combines the versatility of Krasnov’s approach [KP18] to modified gravity with
the algebraically simple and constraint-free approach of MacDowell–Mansouri gravity. It
would be particularly interesting to investigate which generalisations of the qeGR reproduce
all topological terms found in (29) such that it yields the most general form of gravity in
tetrad variables (compare [RP09]).

Appendix A. Calculations for Theorem 2.29

Here we collect the calculations needed for the proof of Theorem 2.29. We begin by
stating the boundary 2-form

̟∂
qeGR =

∫

∂M

K (δB, δA) + η(δτ, δe) +K (δS, δc) .

Now calculate the action of δ on the six constraint functions and derive the respective
hamiltonian vector fields with respect to ̟∂

qeGR.



58 ALBERTO S. CATTANEO, LEON MENGER, AND MICHELE SCHIAVINA

• For Iε

δIε =

∫

∂M

K (δc, e ∧ ε) +K (c, δe ∧ ε) + η([δA, τ ]− dAδτ, ε).

The non-trivial components of the associated hamiltonian vector field Iε are:

(Iε)B = −τ ∧ ε, (Iε)S = e ∧ ε, (Iε)τ = −[c, ε], (Iε)e = dAε.

• For Mζ

δMζ =

∫

∂M

K (−dAδA+ (id+βT )δc, ζ) .

The non-trivial components of the associated hamiltonian vector field Mζ are:

(Mζ)B = dAζ, (Mζ)S = (id+βT )ζ.

• For Lρ

δLρ =

∫

∂M

η([δA, e]− dAδe+ (1 + β)δτ, ρ).

The non-trivial components of the associated hamiltonian vector field Lρ are:

(Lρ)B = −ρ ∧ e, (Lρ)e = (1 + β)ρ, (Lρ)τ = dAρ.

• For Kα

δKα =

∫

∂M

K ((id+βT )δB + [δA, S]− dAδS + δe ∧ e, α) .

The non-trivial components of the associated hamiltonian vector field Kα are:

(Kα)A = (id+βT )α, (Kα)B = −[α, S], (Kα)c = dAα, (Kα)τ = −[α, e].

• For Hθ

δHθ =

∫

∂M

K ([δA,B]− dAδB − δe ∧ τ + e ∧ δτ − [δc, S] + [c, δS], θ) .

The non-trivial components of the associated hamiltonian vector field Hθ are:

(Hθ)A = dAθ, (Hθ)B = [θ,B], (Hθ)e = [θ, e],

(Hθ)τ = [θ, τ ], (Hθ)S = [θ, S], (Hθ)c = [θ, c].

Using the above one can calculate the Poisson-brackets between the generating function. For
two 0-forms f, g the bracket takes the following form: {f, g} = ıXf

δB. Here Xf denotes
the hamiltonian vector field associated to f . We restrict here to the three non-trivial
brackets that might result in the constraint algebra not defining a Poisson subalgebra,
namely {Kα, Lρ}, {Kα, Iε} and {Iε, Lρ}.
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• For {Kα, Lρ}:

{Kα, Lρ} = ıKα

∫

∂M

η([δA, e]− dAδe+ (1 + β)δτ, ρ)

=

∫

∂M

η([(id+βT )α, e]− (1 + β)[α, e], ρ) =

∫

∂M

η([β(T − id)α, e], ρ).

• For {Kα, Iε}:

{Kα, Iε} = ıKα

∫

∂M

K (δc, e ∧ ε) +K (c, δe ∧ ε) + η([δA, τ ]− dAδτ, ε)

=

∫

∂M

K (dAα, e ∧ ε) + η([(id+βT )α, τ ] + dA[α, e], ε)

∂
= L[α,ε] −

∫

∂M

η([β(id−T )α, τ ], ε).

• For {Iε, Lρ}:

{Iε, Lρ} = ıIε

∫

∂M

η([δA, e]− dAδe+ (1 + β)δτ, ρ)

=

∫

∂M

η(−[FA, ε] + (1 + β)[c, ε], ρ) =

∫

∂M

K (FA + (1 + β)c, ε ∧ ρ)

=Mε∧ρ +

∫

∂M

K (β(id−T )c, ε ∧ ρ)

Appendix B. Quadratic Lie Algebra Extensions

Let g be a finite-dimensional Lie algebra and (ρ, V, 〈·, ·〉V ) an orthogonal g-module. Think
of V as an abelian metric Lie algebra. Combining the wedge product ∧ on Chevalley–
Eilenberg cochains C•

CE(g;V ) of g and the non-degenerate symmetric pairing 〈·, ·〉V on V
one obtains a bilinear multiplication map

〈· ∧ ·〉 : Ci
CE(g;V )× Cj

CE(g;V )
∧
−→ Ci+j

CE (g;V ⊗ V )
〈·,·〉V−→ Ci+j

CE (g),

(α, β) 7−→ 〈α ∧ β〉.

Definition B.1 (Quadratic Cochains and Cocycles) Let k ∈ 2N0. Define the group of
quadratic (p− 1)-cochains as

Cp−1
Q (g;V ) := Cp−1

CE (g;V )⊕ C2p−2
CE (g;V ).
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The group structure is induced by the following multiplication map:

∗ : Cp−1
Q (g;V )× Cp−1

Q (g;V ) −→ Cp−1
Q (g;V ),

(α1, β1)× (α2, β2) 7−→ (α1, β1) ∗ (α2, β2) := (α1 + α2, β1 + β2 +
1

2
〈α1 ∧ α2〉).

In the same manner we define the set of quadratic p-cocycles as

Zp
Q(g;V ) :=

{
(α, β) ∈ Cp

CE(g;V )⊕ C2p−1
CE (g)d̄α = 0, dβ =

1

2
〈α ∧ α〉

}
.

Lemma B.2 ([KO06, Lemma 2.1]) Let k ∈ 2N0. Let further (α, β) ∈ Ck
CE(g;V ) ⊕

C2k−1
CE (g) and (γ, δ) ∈ Ck−1

CE (g;V )⊕ C2k−2
CE (g). One can define a right action of Ck−1

Q (g;V )

on Ck
CE(g;V )⊕ C2k−1

CE (g) acting as the identity on k-cocycles Zk
Q(g;V ) by

(α, β)(γ, δ) :=

(
α+ dγ, β + dδ +

〈(
α+

1

2
dγ

)
∧ γ

〉)
.

Definition B.3 Let again k ∈ 2N0. Since Z2k−2(g) acts trivially on Ck
CE(g;V ) ⊕

C2k−1
CE (g) using the action defined in Lemma B.2, it amounts to an action of the group of

quadratic k-coboundaries

BkQ(g;V ) := (Ck−1
CE (g;V )⊕ B2k−1

CE (g), ∗),

equipped with the following multiplication map:

∗ : BkQ(g;V )× BkQ(g;V ) −→ BkQ(g;V ),

(α1, β1)× (α2, β2) 7−→ (α1, β1) ∗ (α2, β2) :=

(
α1 + α2, β1 + β2 +

1

2
d 〈α1 ∧ α2〉

)
.

Definition B.4 (Quadratic Cohomology) Let k ∈ 2N0. Define the k-th quadratic
cohomology of g as the quotient space

Hk
Q(g;V ) := Zk

Q(g;V )/BkQ(g;V ),

where the quotient is understood as the quotient space defined by the action of BkQ(g;V )

on Zk
Q(g;V ). We denote a cohomology class as [α, β] ∈ Hk

Q(g;V ).

We will now describe a procedure pioneered in [KO06] to extend any pair of a Lie algebra
and an orthogonal module on it to a metric Lie algebra. For this we closely follow [KO06,
chapter 3].

Remark B.5 The above notion of a quadratic extension coincides with the categorial
notion of an algebra extension where an extension of an algebra a ∈ Alg over a field k is

given by an epimorphism ã
p
−→ a. If the kernel of p exists, as it does for most cases, this
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induces a short exact sequence

ker(p) −→ ã
p
−→ a.

The following extension procedure for Lie algebras makes use of their quadratic cohomol-
ogy and provides a generalisation to the trivial standard extensions introduced in Definition
1.6.

Definition B.6 (Standard Extensions) Let (α, β) ∈ Z2
Q(g;V ) and define the vector

space d := g∗ ⊕ V ⊕ g. We define an inner product 〈·, ·〉d : d× d −→ k by

(z1 + v1 + g1)× (z2 + v2 + g2) 7−→ 〈v1, v2〉V + z1(g2) + z2(g1).

We further denote by [·, ·]d : d× d −→ d the unique antisymmetric bilinear assignment such
that

(1) 〈[X,Y ]d, Z〉d = 〈X, [Z, Y ]d〉d for all X,Y, Z ∈ d,
(2) [d, g∗]d ⊂ g∗, [g∗, g∗]d = 0, [V, V ]d ⊂ g∗,
(3) [g1, g2]d = β(g1, g2, ·) + α(g1, g2) + [g1, g2]g for all g1, g2 ∈ g,
(4) 〈[g, v1]d, v2〉d = 〈ρ(g)v1, v2〉d for all g ∈ g and v1, v2 ∈ V .

In the above equations the canonical inclusions of g∗, g and V into d were omitted to
clean up the equations. We call the standard extension arising from the metric Lie algebra
dα,β(g, V, ρ) := (d, [·, ·]d, 〈·, ·〉d) the standard extension by (α, β) of g by V and denote it by
(dα,β(g, V, ρ), g

∗, i, p) or dα,β(g, V, ρ) for short. Note that i : V −→ V ⊕g and p : V ⊕g −→ g

are given by the canonical injection and projection. For (α, β) = (0, 0), call the arising
standard extension the trivial standard extension.

The definition of standard extensions is justified by the following result:

Proposition B.7 ([KO06, Proposition 3.1, 3.2]) The antisymmetric bilinear assignment
[·, ·]d constructed in Definition 1.6 is unique. For (α, β) ∈ Z2

Q(g;V ) the tuple dα,β(g, V, ρ) :=

(d, [·, ·]d, 〈·, ·〉d) defines a metric Lie algebra and a quadratic extension of g by (ρ, V, 〈·, ·〉V ).

The following coherence result shows that, up to isomorphisms, we only need to consider
standard extensions:

Theorem B.8 ([KO06, Theorem 3.1]) The equivalence classes of quadratic extensions
of a Lie algebra g by an orthogonal g-module (ρ, V, 〈·, ·〉V ) are in one-to-one correspondence
quadratic 2-cohomology classes in H2

Q(g;V ).

Thus in particular one can talk about the trivial standard extension of a Lie algebra by
an orthogonal module.
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