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PROJECTIVE VARIETIES OF MAXIMAL SECTIONAL REGULARITY
MARKUS BRODMANN, WANSEOK LEE, EUISUNG PARK, PETER SCHENZEL

ABSTRACT. We study projective varieties X C P" of dimension n > 2, of codimension
¢ > 3 and of degree d > ¢ + 3 that are of maximal sectional regularity, i.e. varieties
for which the Castelnuovo-Mumford regularity reg(C) of a general linear curve section is
equal to d — ¢ + 1, the maximal possible value (see [10]). As one of the main results we
classify all varieties of maximal sectional regularity. If X is a variety of maximal sectional
regularity, then either (a) it is a divisor on a rational normal (n+ 1)-fold scroll Y C P*+3
or else (b) there is an n-dimensional linear subspace F C P” such that X NF C F is a
hypersurface of degree d — ¢ + 1. Moreover, suppose that n = 2 or the characteristic
of the ground field is zero. Then in case (b) we obtain a precise description of X as a
birational linear projection of a rational normal n-fold scroll.

1. INTRODUCTION

Let X C IP" be a nondegenerate irreducible projective variety of dimension n, codimension
¢ > 1 and degree d over an algebraically closed field k. D. Mumford[15] has defined X to
be m-regular if its ideal sheaf Zx satisfies the following vanishing condition

HY(P", Ix(m —1i)) =0 for all s > 1.

The m-regularity condition implies the (m 4+ 1)-regularity condition, so that one defines
the Castelnuovo-Mumford reqularity reg(X) of X as the least integer m such that X is
m-regular. It is well known that if X is m-regular then its homogeneous ideal is generated
by forms of degree < m. This algebraic implication of m-regularity has an elementary
geometric consequence that any (m + 1)-secant line to X should be contained in X. We
say that a linear space L C IP" is k-secant to X if

length(X N L) := dimg(Op: /Zx + I1) > k.
A well known conjecture due to Eisenbud and Goto (see [6]) says that
(1.1) reg(X) <d—c+1.
Obviously this conjecture implies the following conjecture
(1.2) X has no proper k-secant line if k > d —c+ 1.

So far the conjecture (1.1) has been proved only for irreducible but not necessarily
smooth curves by Gruson-Lazarsfeld-Peskine[I0] and for smooth complex surfaces by H.
Pinkham[20] and R. Lazarsfeld[I4]. Moreover, in [I0] the curves in P" whose regularity
takes the maximally possible value d — r + 2 are completely classified: they are either
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of degree < r + 1 or else smooth rational curves having a (d — r + 2)-secant line. The
statement (1.2) is known to be true when X is locally Cohen-Macaulay (see Theorem 1
n [I7]). But it is still unknown for arbitrary varieties.

The main subject of the present paper is to study the geometry of proper (d — ¢ + 1)-
secant lines to a projective variety. To this aim, we investigate the extremal secant locus
Y(X) of X, that is, the closure of the set of all proper (d — ¢+ 1)-secant lines to X in the
Grassmannian G(1,P"). Of course, if the extremal secant locus of X is nonempty then
its regularity is at least d — ¢+ 1 and so such a variety will play an important role in the
natural problem of classifying all extremal varieties with respect to the above regularity
conjecture. For d > ¢ + 3, Gruson-Lazarsfeld-Peskine’s result in [10] provides a complete
classification of curves having a (d — ¢ + 1)-secant line. They should be smooth and
rational. M. A. Bertin[I] generalizes this result to higher dimensional smooth varieties.
She proves the conjecture (1.1) for smooth rational scrolls — which is reproved in [13] —
and shows that if X is a smooth variety having a (d — ¢ + 1)-secant line then it should
be the linear regular projection of a smooth rational normal scroll. Later, A. Nomal|l7]
obtains a very nice description of those smooth rational scrolls.

In Theorem 3.4 we show that if ¢ > 3 and d > ¢ + 3, then the dimension of ¥(X) is
at most 2n — 2 and the equality is attained if and only if a general linear curve section
of X has the maximal Castelnuovo-Mumford regularity d — ¢ + 1. We will say that X is
a variety of maximal sectional reqularity if its general linear curve section is of maximal
regularity (cf. [4]).

To complete the result starting with Theorem [3.4] it is natural to ask for a classification
of all varieties of maximal sectional regularity. This is the contents of Theorem and
Theorem [T.1l More precisely, for ¢ > 3 and d > ¢+ 3 we obtain a classification of surfaces
of maximal sectional regularity in Theorem and a classification of higher dimensional
varieties of maximal sectional regularity in Theorem [ Il It turns out that X C P" is
variety of maximal sectional regularity if and only if it is one of the followings:

(a) ¢ =3 and X is a divisor of the (n + 1)-fold scroll Y = S( 0,...,0 ,1,1,1) C P**3
(n—2)—times
such that X is linearly equivalent to H + (d — 3)F, where H is the hyperplane
divisor of Y and F' C Y is a linear subspace of dimension n;
(b) There exists an n-dimensional linear subspace F C P" such that X NF in F is a
hypersurface of degree d — ¢+ 1.

In particular, there exist varieties X C P" of maximal sectional regularity of dimension n,
of codimension ¢ and of degree d for any given (n,c,d) with n > 2, ¢> 3 and d > ¢+ 3.
Furthermore, assume that char(k) = 0 or n = 2. Then in case (b), we obtain a very
precise description of X as a birational linear projection of a rational normal n-fold scroll.
See Theorem and Theorem [7.11

1.1. Remark. Let X C P" be a nondegenerate irreducible projective variety of dimension
n > 2, codimension ¢ > 2 and degree d. Thus d > ¢+ 1.

(1) Our subject of the present paper is quite well understood if d < ¢+ 2. More precisely,
varieties of minimal degree (i.e. d = ¢+ 1) are characterized by the 2-regularity (cf. [6]).
Of course, these varieties have many proper secant lines. If d = ¢ + 2, then reg(X) = 3
but X may be cut out by quadrics and so it may have no tri-secant lines (cf. [11], [I8]).
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(2) One can naturally ask whether X satisfies the regularity bound in (1.1) when it has
a nonempty extremal secant locus and hence reg(X) > d —c+ 1. By M. A. Bertin’s work
in [I], the answer for this question is “YES” when X is smooth. But it is unknown if
X is a singular variety. In this direction, the authors in [2] study various cohomological
and homological properties of X when it is a surface of maximal sectional regularity. In
particular, it is shown that such a surface achieves the regularity bound in (1.1).

2. CURVES OF MAXIMAL REGULARITY

In this section we prove some results on curves of maximal regularity, which will be useful
for our later investigations. We first fix a few notations which we shall keep for the rest
of this paper.

2.1. Notation and Remarks. Let C C P" be a nondegenerate projective integral curve
of degree d.
(A) In their fundamental paper (cf. [10]) Gruson, Lazarsfeld and Peskine have shown
that
reg(C) <d—r+2
and the equality is attained if and only if either d < r + 1 or else d > r + 2 and
C is a smooth rational curve having a (d — r + 2)-secant line. We say that C is of
mazximal reqularity if reg(C) = d —r + 2.
(B) If d > r+2 and C is a curve of maximal regularity, then C is the regular projection
of a rational normal curve C C P? of degree d and hence C is not linearly normal.
(C) Let » > 4 and d > r + 2. According to [3, Remark 3.1(C)], if C is of maximal
regularity then the (d —r+2)-secant line of statement (A) is uniquely determined.
We will denote this line by Le. Throughout this section we will see that this line
induces additional geometric properties of C.

2.2. Notation and Remarks. We recall a standard description of rational normal scrolls
(cf. [21]). For the vector bundle

E=0p(a1)® - @ Opi(ay)

on P! where 0 < a; < --- < a, and a, > 0, the tautological line bundle Opg)(1) of
P(€) is globally generated and we write S(ay,--- ,a,) for the image of the map defined
by O]p(g)(l).
(A) It is well-known that S(ay,--- ,a,) is a normal variety and has only rational sin-
gularities. Also the homogeneous ideal of S(aq,--- ,a,) is generated by quadrics.
In particular, any tri-secant line to S(aq,--- ,a,) is contained in S(ay, -, a,).
(B) Suppose that n > 2. Then the divisor class group of P(£) is freely generated
by H € |Op(ey(1)] and a linear subspace F of dimension n — 1. Moreover, if
an—1 > 0 then the morphism ¢ : P(€) — S(ay,- - ,a,) induces an isomorphism
between the divisor class groups. Thus the divisor class group of S(ay,- - ,a,) is
freely generated by the hyperplane divisor H and a linear subspace F' of dimension
n — 1. We refer the reader to [7].
(C) One can compute explicitly the dimension of H'(P(E), Opey(aH + bE')) by using
the projective bundle map j : P(£) — P!. For example, see [16, Section 2].
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2.3. Proposition. Let r > 4 and d > r + 2. Let C C P" be a curve of degree d which is
of mazimal regqularity and let L be as in Notation and Remarks[2.1(B). Then
(a) Join(IL¢, C) is projectively equivalent to the threefold scroll S(0,0,r — 2).
(b) Suppose that C is contained in a rational normal threefold scroll Y := S(0,0,r—2).
Then Y = Join(L¢, C) and the vertex . = S(0,0) C S(0,0,7 — 2) of Y is equal to
Le. In particular, Join(Le, C) is the only rational normal threefold scroll which is
projectively equivalent to S(0,0,r — 2) and which contains C.

Proof. (a): Choose a subspace P"~2 C P which does not meet L¢ and consider the linear
projection map

e : P7\ Le — P2
of C from L¢. Then C' := mp.(C \ L¢) is a nondegenerate rational normal curve in P"~2
and Join(LL¢, C) is the cone over C' with vertex L.

(b): We assume that . # ¢ and aim for a contradiction. As length(C NL¢) > 2 we
have Lo C Y and hence (L, L¢) C Y, so that L. and L. are coplanar. Now, consider the
linear projection map 7, : P* \ L. — P"~2. The restriction map 7, [: Y \ L — S(r — 2)
induces a dominant morphism C \ (C NL) — S(r — 2). As C is smooth, this morphism
may be extended to a surjective morphism ¢ : C — S(r — 2). This implies that

_d—length(CNL) d
deg(9) = degp,—2(S(r —2)) = r—2

As L and L¢ are coplanar, ¢(CNL¢) = m(L¢ \ L) is a point, say z € S(r—2). As S(r—2)
is smooth, this implies that

deg(¢) = length(¢'(z)) > length(C NL¢) =d — 1 + 2.

The two previous inequalities imply that %2 > d — r + 2, which is impossible since

d > r + 2. This contradiction shows that L. = L and hence proves our claim. O

Let C C P" be as in the above Proposition 2.3l In the next Proposition [Z4] we study the
case where our curve C lies on a smooth rational normal surface. Note that the threefold
scroll Join(L¢,C) = S(0,0,7 — 2) contains many smooth rational normal surface scrolls
projectively equivalent to S(1,r—2). For example, any isomorphism from L. = S(0,0) to
C’ in the above proof defines a rational normal surface scroll of type S(1,r — 2) which is
contained in Join(LL¢,C). Also it may happen that C is contained in such a surface scroll.

2.4. Proposition. Let C C P be as in Proposition [2.3. If C is contained in a smooth
rational normal surface scroll S = S(a,r —a — 1) for some 1 < a < %, then
(a) a =1,
(b) C is linearly equivalent to the divisor H+ (d—r+1)F where H and F respectively
are a general hyperplane section and a ruling line of S,
(c) Le is equal to the unique line section S(1) C S(1,7—2) of S, and
(d) S is contained in Join(L¢,C).

Proof. Let C be linearly equivalent to aH +bF. Then a > 1 since C is irreducible and not
a line. As the surface S is arithmetically Cohen-Macaulay, we have H*(P",Z5(1)) = 0 for
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1 = 1,2 and so, the short exact sequence
0 —Zs —Zc — Og(—C) — 0

implies an isomorphism H'(P",Z¢(1)) & H'(S,0s((1 — a)H — bF)). If a > 1, we have
H'(P",Os((1—a)H—bF)) = 0, and we get the contradiction that C C P" is linearly normal
(cf. Notation and Remarks R.I(C)). Therefore a = 1. As d = deg(C) = deg(S) + b =
r — 14 b, we obtain b =d — r + 1 and C is linearly equivalent to H + (d —r + 1)F.

Now, we will see that & = 1. Note that S is cut out by quadrics and so LL¢ should be
contained in S (cf. Notation and Remarks 22(A)). If @ > 2 then the only lines contained
in S are the ruling lines. Obviously, no ruling line of S can be a multi-secant line to C.
Therefore o = 1.

The unique line section L = S(1) of S = S(1,r — 2) satisfies the condition

length(CNL)=C-L=H+d-r+1)F) - H-(r—-2)F)=d—-r+2,

and hence L is indeed the unique (d — r 4 2)-secant line to C. Now, it is clear that S is
contained in the threefold scroll Join(S(1),C) = Join(L¢,C). O

3. THE EXTREMAL SECANT LOCUS OF A PROJECTIVE VARIETY

In this section, we study the geometry of proper (d —c+ 1)-secant lines to a nondegenerate
irreducible projective variety X C P" of codimension ¢ and degree d. To this aim, we
will investigate the extremal secant locus (X)) of X, that is, the closure of the set of all
proper (d — ¢+ 1)-secant lines of X in the Grassmannian G(1,P").

To give precise statements, we require some notation and definitions. We first fix a few
notations, which we shall keep for the rest of our paper.

3.1. Notation and Reminder. Let X C P" be as above.
(A) Let X,,(X) be the locus of all m-secant lines of X in G(1,P"). That is,

Yo (X) :={L € G(1,P") | length(X NL) > m}.
This set is closed in G(1,P"). We also shall use the notation
Yoo (X) :={L € G(1,P") |[L C X}.

Thus we have the inclusion ¥, (X) C ¥,,(X) and the equality holds if X is cut
out by forms of degree < m. In particular, 3., (X) is a closed subset, too.

(B) The set X2 (X) := %,,(X) \ Yoo (X) of all proper m-secant lines to X is locally
closed in G(1,P"). We define 9,,(X) and 9,,(X) respectively as

0,,(X) :=dim %,,(X) and 9,,(X) :=dim X2 (X) (=dim X, (X)).

(C) By definition, the extremal secant locus ¥(X) of X is equal to 33__ ., (X).

(D) Recall that in the introduction we define X to be a variety of mazimal sectional
reqularity if the general linear curve section of X is of maximal regularity. To
be precise, X is of maximal sectional regularity if there exists a nonempty open

subset U C G(c+ 1,P") such that
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() For any A € U, the intersection
Ch:=XNA c A=PH!
is an integral curve of maximal regularity.
In this case, we will denote by U(X) the largest open subset of G(c + 1,P")
satisfying the property (x).

Now, we are heading for the main result of this section. We begin with the following
auxiliary result.

3.2. Lemma. Let T be an integral closed subset of G(1,PT) and let H = P*=! C P” be a
general hyperplane. Then, the following statements hold.

(a) IfdimT < 1, then TNG(1,H) = 0.
(b) If dim T > 2, then each irreducible component W of T' N G(1,H) satisfies
dimW =dim7T — 2.

Proof. Fix a hyperplane Hy C P". The canonical action of the integral algebraic group
scheme G =: Aut(P") on the integral scheme X = G(1,P") is transitive. Thus a result
of Kleiman (see [12, Corollary 4]) says that all irreducible components of g(G(1,H,)) N T
have dimension

dimG(1,Hp) + dim 7T — dim G(1,P") = dim 7" — 2
for general g € G. O

3.3. Proposition. Let X C IP" be a nondegenerate irreducible projective variety of dimen-
sion n, codimension ¢ > 3 and degree d > ¢+ 3. Then
() 00(X) < 2n — 3.
(b) 0g_cs1(X) < 2n — 2 and the equality is attained if and only if X is a variety of
mazximal sectional reqularity.

Proof. For any hyperplane H of P" and any m € NU {co}, it holds that
(3.1) Yn(XNH) =%,(X)NG(1, H).
Now, let Hy, ..., H,_; be general hyperplanes and let C := X NH; N---NH,_;. Then by
combining Lemma [3.2] and (3.I]), one can see that

(i) 2,(C) is empty if and only if 9, <2n —3
and

(ii) 9,,(C) > 0 if and only if 9,,(X) > 2n — 2. In this case, it holds that

0,(C) =0, (X) — (2n — 2).

(a): Obviously, ¥ (C) is empty. Thus we have 0.(X) < 2n — 3 by (i).
(b): We know that C has at most one (d — ¢ + 1)-secant line and so 94-.+1(C) < 0
(cf. Notation and Remarks 2.11(B)). It follows by (i) and (ii) that 9;_c1(X) < 2n — 2.

Moreover, 04_.11(X) = 2n — 2 if and only if 04_..1(C) = 0 and hence C is a curve of
maximal regularity. O

3.4. Theorem. Let X C P" be as in Proposition [3.3. Then 34 c11(X) < 2n — 2 and
equality is attained if and only if X is a variety of mazximal sectional reqularity.
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Proof. Since it holds always that 04 c11(X) > 04_c11(X), we get the desired inequality
Vi—c+1(X) < 2n — 2 from Proposition B3[(b). Also since 9, (X) < 2n — 3 by Proposition
B3(a), it holds that 9g_41(X) = 2n — 2 if and only if 94_c41(X) = 2n — 2. O

4. SECTIONALLY RATIONAL VARIETIES

Let X C P" be a nondegenerate irreducible projective variety. We will say that X is
a sectionally rational variety (resp. sectionally smooth rational variety) if its general
linear curve section is rational (resp. smooth rational). We are interested in this kind of
varieties since any variety of maximal sectional regularity is sectionally smooth rational
(cf. Notation and Remarks 2T A)). The aim of this section is to show — under some mild
conditions — that a sectionally rational variety is always obtained as a birational linear
projection of a variety of minimal degree.

4.1. Theorem. Let X C P" be a nondegenerate irreducible projective variety of dimension
n and degree d. Assume that either

(1) char(k) =0 and X is a sectionally rational variety, or else
(2) X s a sectionally smooth rational surface.

Then X s a projection of a variety of minimal degree. More precisely, X = WA()’Z) where

(a) X C P71 s an n-dimensional variety of minimal degree,
(b) A = Pdtn—r=2 c Prn—l i g subspace such that X N A = 0,
(c) mp : PN\ A — P is the linear projection map from A and
(d) ma |1 X = X is the normalization of X .

Furthermore, X is a sectionally smooth rational variety if and only if the singular locus
Sing(my) := {x € X | length(r*(x)) > 2}
of mp : X — X has dimension at most n — 2.

Proof. Let v : Y — X be the normalization of X, so that Y is an n-dimensional normal
projective variety and v is a finite surjective birational morphism. Also the line bundle
L :=v*Ox (1) onY is ample and base point free. Let Hy, ..., H,_; be general hyperplanes
and consider the /-dimensional irreducible varieties X, := X NH; N ---NH,,_, and their
preimages Y, := v~1(X,) (¢ =1,...n). As the hyperplanes H; are general, X, is not
contained in the singular locus of v and so Y, are irreducible and the induced finite
morphisms
v=v:Y,—>» X, (=1,...,n

are birational. Note that X7 is a rational curve since X is sectionally rational.

Assume first that char(k) = 0. As Y, C Y is cut out by the n — ¢ general divisors
V(X NHy),...,v (X NH,_,) € |L£], it is normal by the Bertini Theorem [§, Corollary
3.4.2]. So, the sequence

YiyCcYsC...CY, =Y

forms a ladder with normal rungs of the polarized variety (Y, £) in the sense of T. Fujita[9].
As vy 1 Y] — X is birational, it follows that Y; & P! and hence the sectional genus g(Y, £)
of the polarized variety (Y, £) is equal to zero.
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Assume now, that X is a sectionally smooth rational surface. Thus the curve X; C X is
smooth rational and v : Y7 — X7 is an isomorphism. Hence, again the polarized surface
(Y, £) has a ladder Y; C Y =Y with normal rungs and its sectional genus g(Y, £) is zero.

Thus, in both cases the sectional genera satisfy g(Y, L) = 0. Therefore, by [l Proposi-
tion 3.4], the A-genus A(Y, £) of the polarized variety (Y, £) is equal to zero. According
to T. Fujita’s Classification Theorem [9, Theorem 5.15], it now follows that £ is a very
ample line bundle which embeds Y to the (d + n — 1)-dimensional projective space as a
variety of minimal degree. Let

Xv C Pd+n—1

be the image of the linearly normal embedding ;) @ Y — Pn=1 Tt is clear that the
normalization map v : ¥ — X consists of the embedding ¢z of Y followed by a linear
projection 7y : P41\ A — P from a linear space A = P¥"~"=2_ In particular, the map
TA - X — X is the normalization of X.

Finally, consider the short exact sequence 0 — Ox — (74),Og — F — 0 on X where
F is the quotient sheaf (m5).O5/Ox. Note that Sing(ma) = Supp(F). In particular, the
dimension of Sing(m,) is equal to the degree of the Euler-Poincaré characteristic x(F(t)).
Let us write x(Ox(t)) and x(Ox(t)) respectively as

WOx() = Y ox) (7Yt vog0) = X ozan (")

J J

Here, it holds that x,(Ox (1)) = x»(Ox(1)) = d since my : X — X is a finite birational
morphism. Also x,—1(Ox(1)) = 1 since the general linear curve section of X is a smooth
rational curve. Now, let m be the degree of the polynomial x(F(¢)). Then, from the
relation x(F(t)) = x(Ox(t)) — x(Ox(t)) among the Euler-Poincaré characteristics, we
can see that m < n —2 if and only if x,,—1(Ox (1)) = 1 and hence the general linear curve
section of X is a curve of arithmetic genus 0, or equivalently, a smooth rational curve. [

It occurs to me, that Corollary 4.2 could be extended as follows:

Assume that X C P" is as in Theorem 4.1 and that X has only finitely many non-normal
points (which is always the case if condition (2) of Theorem 4.1 holds). Then

X(Ox(t))=d<t+n_1) N (t—l—n—l) 5

n

where

§(X) = length((m4).O0%/Ox).

4.2. Corollary. Let X C P" be a sectionally smooth rational surface of degree d. Then
t+1
x(Ox(t)) = d( 5 ) +t+1-6(X)

for a non-negative integer §(X). Furthermore, X is smooth if and only if 6(X) = 0.
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Proof. From Theorem ] and its proof, we have x(Ox(t)) = x(Ox(t)) — x(F(t)). Also
Supp(F) is at most a finite set and hence x(F(t)) is a non-negative integer, say J(X).
Since

wos) =a(" 3 ree

we get the desired formula of x(Ox(t)). Moreover, §(X) = 0 if and only if 7y : X = Pris

an isomorphic projection of X. Since X is either smooth or else a cone, we can rephrase
this fact as §(X) = 0 if and only if X is smooth. O

4.3. Corollary. Let X C P" be a nondegenerate irreducible projective variety of dimension
n and degree d which is of maximal sectional regularity. If char(k) =0 or if n = 2, then

X is a projection of a rational normal scroll. More precisely, X = mp(X) where

(a) X C P71 is g rational normal n-fold scroll,

(b) A = Pdtn—r=2 c Pdin-1 i g sybspace with X N A = 0,

(c) mp : P\ A — P is the linear projection map from A and
(d) ma |1 X = X is the normalization of X .

Furthermore, if X is not a cone then X is a smooth rational normal scroll.

Proof. Since X is sectionally smooth rational (cf. Notation and Remarks[2.T|(A)), it holds
by Theorem LTl that X is a projection of a variety of minimal degree. In our case, d is at
least 5 and hence the projecting variety X should be an n-fold rational normal scroll.

If X is not a cone, then X should be not a cone and hence smooth by the well-known
classification result of varieties of minimal degree. 0J

5. THE EXTREMAL VARIETY OF A VARIETY OF MAXIMAL SECTIONAL REGULARITY

Let X C IP" be a nondegenerate irreducible projective variety of dimension n, codimension
¢ > 3 and degree d > ¢+ 3. Assume that X is of maximal sectional regularity and let
U(X) C G(c+ 1,P") be as in Notation and Reminder B.I(D). Then for any A € U(X),
the intersection

Cr:=XNAcCPH!

is an integral curve of maximal regularity. In particular, it admits a unique (d — ¢ + 1)-
secant line, say Ly (cf. Notation and Remarks 2.I[(B)). Along this line, we consider the
extremal variety F(X) of X which is defined as

F(X)= ] La c P
A€U(X)

Through the next two sections it will turn out that either F(X) is an n-dimensional linear
space or else ¢ = 3 and F(X) is the (n + 1)-fold rational normal scroll

S(0,...,0,1,1,1) C P**3,
(n—2)—ti

This structure of the extremal variety will play a crucial role in the classification of
varieties of maximal sectional regularity.
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Along this line, this section is devoted to prove a criterion on the linearity of F(X)
and to classify varieties of maximal sectional regularity whose extremal variety is a linear
space.

5.1. Lemma. Let X C P" be a nondegenerate irreducible projective variety of dimension
n, codimension ¢ > 3 and degree d > c + 3. Suppose that there exists an n-dimensional
linear subspace F C P such that dim(X NF) =n — 1.
(a) Ifdegp(XNF) > d—c+1, then X is of mazimal sectional reqularity and F = F(X).
(b) Suppose that X is a variety of mazimal sectional reqularity. If Ly C T for general
AelU(X), then F(X) =F.

Proof. (a): Set t := degp(X NTF) and let A = P! € G(c + 1,P") be a general member.
Then the line L := F N A is t-secant to the integral curve Cp := X N A C P¢*! of degree
d. Therefore t < teg(Cy) < d—c+1, whence t = d — c+ 1. Thus Cy, C Pt is a curve of
maximal regularity and I C F is its unique (d — ¢ + 1)-secant line. This shows that X is
a variety of maximal sectional regularity and F C F(X). Now, let A € U(X) and consider
the integral curve Cy := X N A C P*! of maximal regularity. It is clear that L :=FN A
is a line such that length(Cy NL) > d — ¢+ 1. Thus L is the unique (d — ¢+ 1)-secant
line to C. This shows that F = F(X).

(b): For general A € U(X), we have L := FN A and thus

d—c+ 1 =1length(Cy NL,) < length(XNLy) = length((XNF) NL,) = degp(X NTF).
So, our claim follows by statement (a). O
5.2. Proposition. Let X C IP" be a nondegenerate irreducible projective variety of dimen-

sion n, codimension ¢ > 3 and degree d > ¢+ 3. If X is a variety of mazimal sectional
reqularity, then the following conditions are equivalent.

(i) F(X) is an n-dimensional linear space.

(ii)) dimF(X) = n.
Proof. (i) = (ii) is obvious.
(ii) = (i): Let Dy,..., D; be the different n-dimensional irreducible components of F(.X)
and write

F(X)=DyU---UD;UFE
where 2 C P" is a closed subset of dimension at most n — 1. Also we write X N D, as
V;UW; where Vj is either empty of else an equidimensional scheme of dimension n —1 and
W; is a closed subscheme of dimension at most n — 2. Now, choose a general A € U(X).
So, it avoids W7, ..., W, and E N A is at most a finite set. Then we have
LACFX)NA=(D1NA)U---U(DNA)U(ENA)
and hence Ly = D; N A for some 7. This means that D; is a linear space. Also
CaNLy = (XﬂDi)ﬂA:Viﬁ]LA

is nonempty and hence X N D; is of dimension n — 1. Furthermore, we have

degp, (X N D;) = degp, V; = length(X N D; N A) = length(V; NLy) =d — c+ 1.
Therefore it follows by Lemma [5.I(a) that F(X) coincides with D;. O
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5.3. Lemma. Let X = S(0,...,0,ar11,--.,a,) C PH""1 be q rational normal n-fold
k—ti

scroll for some 0 < k < n — 2 and positive integers a1 < ... < a,. Let~D cX beg
divisor linearly equivalent to sH + tF where H is a hyperplane section of X and F C X
is an (n — 1)-dimensional linear space. Then

(a) Ifs>2ors=1andt>0 ors=0 andt > a,, then (D) =P,

(b) If s=1 andt <0, then dim (D) =d+n+t— 2.

(¢) If s=0 and a;_1 <t < a; for some i < n, then

dim (D) = (a1 + -+ +ai-1) + (n—i+ Dt + (i —2).

(d) If s=1andt <0, then Ip = I + I;py.

Proof. First, observe that it is enough to show the statements in the case where & = 0. So,
we suppose that X is smooth. Let R denote the homogeneous coordinate ring of P71,
Also let Ip and Zp be respectively the homogeneous ideal and the sheaf of ideals of D in
P4 ~! and consider the exact sequence 0 — Iz — Zp — Ox(—D) — 0. Since X is a
projectively normal variety, we get the exact sequence

(5.1) 0—>[55—>[D—>E:@Ej—>0
jez
of graded R-modules where £ := HO(X, Ox(jH — D)).

(a) ~ (c): From the above short exact sequence (B.1I), we know that
dim (D) =d4n -1 —h%(X, Og(H — D)).

If s > 2, then H(X, Ox(H — D)) = 0 and hence D spans the whole ambient space. If
s =1, then HY(X,0%(H — D)) = H°(P', Op1(—t)) and hence we get the desired result.
If s =0, then
H(X,03(H-D))= @ H(P' Opn(a;—1))
k+1<j<n
and hence again we get the desired formula.
(d): One can easily check that O(H — D) is 1-regular with respect to O5(H) and hence

E is generated by E;. Then it follows from (5.1]) that I is generated by its degree one
piece and I'y. This completes the proof. O

5.4. Theorem. Suppose that char(k) = 0 orn = 2 and let X C P" be a nondegenerate
irreducible projective variety of dimension n > 2, codimension ¢ > 3 and degree d > ¢+ 3.
Then the following two conditions are equivalent:

(i) X is a variety of maximal sectional reqularity and F(X) is an n-dimensional linear

space. N
(ii) Fither X is a cone over a curve of mazimal reqularity or else X = wa(X) where
1. X =5(0,...,0,ak41, . ..,a,) C PP 4s q rational normal n-fold scroll for
——

k—times
some 0 < k < n — 2 and positive integers aii1 < ... < ay,
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2. D C X is an effective divisor linearly equivalent to H + (1 —c¢)F where H is
a hyperplane section of)? and F C X is an (n — 1)-dimensional linear space
(hence (D) = Pi=ctr=1) " and

3. A C (D) is a (d — c — 2)-dimensional subspace such that the restriction my |
(DY \ A — P™ is generically injective along D.

In this case, X is singular.

Proof. (i) = (ii) : Let X € P! and A = P42 be as in Corollary B3l Thus

X =5(0,...,0,ap41,...,a,) C P
N——

k—times

for some 0 < k < n — 1 and positive integers a1 < ... < a,. If &k = n — 1, then
X should be a cone over a curve of maximal regularity. Now, assume that £ < n — 1.
Note that G := X N F(X) contains a hypersurface of F(X) whose degree is at least
d—c+ 1. Let E and D be respectively the pre-images of F(X) and G by my. Thus E
is a (d — ¢ + n — 1)-dimensional linear space and D C E is a subscheme of dimension
n — 1 and degree > d —c+ 1. Thus D contains a divisorND’ of X whose degree is at least
d—c+ 1. Let sH 4+ tF be the divisor class of D' in X. Thus we have the inequality
deg(D') = sd+t > d—c+1. Note that (D’) is a subspace of E which is a proper subspace
of P44"=1 On the other hand, one can show by Lemma[5.3(a)~(c) that if s = 0 and hence
t>d—c+1lors=1andt>1—cors > 2then the dimension of (D’) is strictly greater
than that of E. Therefore we have s =1 and t = 1 — ¢. Then it follows respectively by
Lemma [5.3(b) and (d) that

() (D) =E and (f) XN (D) =D".

From (f), we know that (D) contains A. Also from (f), it holds that D = D" and hence
G = ma(D') is a hypersurface in F(X). Finally, the restriction my [: (D) \ A — F(X) is
generically injective along D since D and G have the same degree.

(i) < (ii) : Assume that X is a cone over a curve C C P“™ of maximal regularity. Let
A = P" 2 be the vertex of X and LL¢ the unique (d — ¢ + 1)-secant line of C. It is clear
that X is a variety of maximal sectional regularity. Also the n-dimensional linear space
F := (L¢, A) satisfies the conditions that dim(X NF) =n — 1 and Ly, C F for general
A € U(X). Therefore it follows by Lemma [B.I[(b) that F(X) =F.

Now, consider the second case. Let F be the n-dimensional linear space my(E \ A).
Note that D is of degree d — ¢+ 1. As mp [: (D) \ A — F is generically injective along
D, the map 7 : X — X is birational and hence G := ma(D) C F is a codimension one
subscheme of degree d —c+1. As G C X NF it holds that X NF is of dimension n—1 and
of degree > d — ¢+ 1. It follows by Lemma [5.1] that X is a variety of maximal sectional
regularity and F(X) = F is an n-dimensional linear space.

Finally, the map ma [: D — G cannot be an isomorphism since G in P" is linearly nor-
mal. This implies that the finite birational morphism 7, : X — X is not an isomorphism
and hence X is singular. 0
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6. SURFACES OF MAXIMAL SECTIONAL REGULARITY

This section is aimed to classify projective surfaces of maximal sectional regularity. To this
end, we will first classify the extremal varieties of surfaces of maximal sectional regularity.
To give precise statements, we require some notation and definitions.

6.1. Notation and Remark. Let » > 5 and let X C P" be a surface of degree d > r + 1
and of maximal sectional regularity. Thus ¢ (X) is a nonempty open subset of (P")*. For
every H € U(X), the intersection Cy := X NH C P"! is an integral curve of maximal
regularity. We denote by Ly the unique (d — r 4+ 3)-secant line to Cy.

(A) Theorem M.l says that the normalization 7 : X — X of X is realized as a linear
projection of a rational normal surface scroll X C P In particular, X is covered
by lines.

(B) By view of Theorem [Tl it follows that the singular locus Sing(X) of X is finite.
Therefore the set

V(X):={HelU(X) | Sing(X)NH =0}

is a nonempty open subset of U(X).
(C) For each H € V(X), consider the nondegenerate projective surface
ZH = WH(X\LH) - Pr—2
where 7 : P"\ Ly — P"~2 is the linear projection from Ly. Since the intersection
X N Ly is contained in the smooth locus of X, we have
deg(Zy) = deg(X) — length(X NLy) =d—(d—r+3)=r—3
and hence Zy is a surface of minimal degree. By (A), Zy is covered by lines and
so it is a rational normal surface scroll. Write
ZH = S(bH,’f’ — 3 — bH)
for some 0 < by < % Whence the join
WH = JOIH(LH,X) = JOiIl(]LH, ZH)
is a fourfold rational normal scroll S(0,0, by, 7 — 3 — by) such that S(0,0) = Ly
and S(bH, r—3— bH) = ZH
(D) Recall that Wy is cut out by quadrics. As X is a subset of Wy and
length(X NLy)=d—r+3>2
for any H' € U(X), we have F(X) C Wy.

6.2. Proposition. Let 5 <r < d and let X C P" be a surface of degree d and of maximal
sectional regularity. Let the notations be as in Notation and Remark [0 1.

(a) Suppose that by = 0 for some H € V(X). Then the following statements hold:
(1) F(X) is equal to the set of vertices of Wy. In particular, it is a plane;
(2) For any H' € V(X), Wi = Wy and hence by = 0.

(b) Suppose that by > 0 for some H € V(X). Then it holds
(1) Ly is either equal or disjoint to Ly for any H' € V(X);
(2) dim F(X) =3 and X C F(X);
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(3) r=25;
(4) by =1 fO’F all H' € V(X)

Proof. (a) Let F be the plane S(0,0,0) of vertices of Wy. Thus we have Wy = Join(F, X).
For a general member H' € V(X), we have

(6.1) Co C Wy NH = 5(0,0,7 — 3)

where the line S(0,0) in Wy N H' is equal to the intersection F N H'. By Proposition
23, this line is the (d — r + 3)-secant line Ly, of Cy and hence Ly is contained in F.
Furthermore, X N is of dimension one. Thus, F(X) is exactly equal to the plane F by
Lemma 5.1l Moreover the above (6.1]) holds for all H' € V(X). This implies that

WHf = JOiH(LH/,X) C JOiH(F, X) = WH
Therefore we have Wy = Wy and by = 0.
(b) Suppose that by > 0 for some H € V(X). Let f: X \ Ly — Zg be the restriction of
the linear projection map from Ly. By Notation and Remark [6.1]1(A) and (C), we know
that f is a birational map, X is covered by lines and those lines map to the ruling lines

of the smooth rational normal surface scroll Zy.

Let H € V(X). Then we claim that the lines Ly and Ly are either disjoint or else
Ly = Ly. Consider the curve C' := f(Cw \ Lg). The map f [: Cw \ Ly — C’ extends
to a unique birational morphism g : Cgr — C’ since Cyr is smooth. Also C' and a general
ruling line of Zy intersect at a point. This means that C’ is a section of Zy and hence it
is a smooth rational curve. So, the morphism ¢ is indeed an isomorphism. Assume that
Ly and Ly are different and not disjoint. Then they must meet at the vertex ¢ of the
threefold scroll Wy NH' = S(0, by, — 3 — by). Hence, the point p = mr(Lw \ {q}) € Zu
satisfies

p€C’ and length(g™'(p)) =length(Ly NCy) =d—r+3> 1,

which is a contradiction. This proves the stated disjointness of Ly and Ly.

The previous disjointness implies that F(X) cannot be a plane since it should contain
two disjoint lines. It follows by Proposition 5.2 that the dimension of F(X) is at least 3.
On the other hand, we will show that F(X) has dimension at most 3. To do so, let us
consider the incidence correspondence

Yi={(z,L) e P" x G(1,P") |z € L} CP" x G(1,P")
and the canonical projections
p: X =P and ¢ : ¥ — G(1,P").

TheoremBAsays that X9___, (X) is 2-dimensional and so ¢»~*(39_,, ; (X)) is 3-dimensional.

Therefore the closed subset
A )= U L cP
Lexg ., (X)

has dimension < 3. Since F(X) is contained in this closed subset, we have dim F(X) < 3.
In consequence, it is shown that

dim F(X) = dim (¢ (51_,,(X))) = 3.
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Now, we will show that X is a subset of F(X'). To this aim, consider the set
E(X):={Ly | He V(X)}.

From the the proof of Proposition B.3] one can see that Z(X) is 2-dimensional and
3G et1(X) \ E(X) is of dimension at most one. This means that the coincidence set

Y =9 (E(X)) = {(z,Ly) | HE€ V(X) and z € Ly}
is 3-dimensional and its subset
T:=YN(XxG(1,P)) ={(z,Ly) | He U(X) and z € X N Ly}
is 2-dimensional. Now, the previous disjointness implies that the projection map
o T — XNFX)

is injective. It follows that X NF(X) is 2-dimensional and so X C F(X).

Next, we will prove that by = 1. Recall that Ly and Ly are disjoint if Ly # Ly.
This implies that the line Ly avoids the vertex ¢ of the threefold rational normal scroll
Wy NH = S(0, by, r — 3 — by) and that it is not contained in any of the ruling planes of
Wy NH'. Therefore My := 7, (Lyr) is a line such that ¢(Cw NLy) C Zg N Mp. As g
is an isomorphism, we have

length(C' N My/) = length(Cy NLy ) =d —r+3 > 2.

Then My C Zy since Zy is cut out by quadrics (cf. Notation and Remarks 2Z2(A)).
Furthermore, My is not a ruling line of Zy since the ruling lines of Zy are precisely the
images of the ruling planes of Wy NH' by the linear projection map from ¢. Consequently,
My must be a line section of Zy. In particular, by = 1.

Now, we will show that r = 5. Assume to the contrary, that » > 6. Note that Ly is
contained in WyNH' = S(0, 1,7 —4) while it is not contained in any of the ruling planes of
Wy NH'. This means that Ly is contained in the plane S(0,1) of Wy NH'. It follows that
the 3-space S(0,0,1) of Wy contains Ly for all H' € V(X) and hence F(X) C S(0,0,1).
This is impossible since F(X') contains X and hence it spans P". This contradiction shows
that indeed r = 5.

Finally, note that since by > 0 we have by > 0 for all H' € V(X)) by (a). Then applying
the previous arguments to H', we get the desired equality by = 1. 0

Now, we are ready to prove the following complete classification result of surfaces of
maximal sectional regularity.

6.3. Theorem. Let 5 < r < d and let X C P" be a nondegenerate irreducible projective
surface of degree d > r + 1. If X 1is a surface of maximal sectional reqularity, then either
F(X) is a plane or else r =5, F(X) = S(1,1,1) and X C F(X). Moreover we have
(a) The following two statements are equivalent:
(i) X is a surface of maximal sectional reqularity and F(X) is a plane.
(i) X is either a cone over a curve of mazimal regulamty or else a projection
ma(X ) of a smooth rational normal surface scroll X C P where
1. DcC X isan effective divisor linearly equivalent to H 4+ (1 — ¢)F where

H and F are respectively a hyperplane divisor and a ruling line of X
(hence (D) = P¥"3) and
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2. A C (D) is a (d — r)-dimensional subspace such that the restriction
ma 1 (D) \ A — P? is generically injective along D.
In this case, X 1is singular.
(b) The following two statements are equivalent:
(i) X is a surface of maximal sectional reqularity and F(X) = S(1,1,1).
(ii) X is contained in S(1,1,1) as a divisor linearly equivalent to H + (d — 3)F,
where H is the hyperplane divisor and F is a ruling plane of S(1,1,1).
In this case, X is smooth.

Proof. Suppose that F(X) is not a plane. Then Proposition shows that r = 5,
dim F(X) = 3 and X C F(X). Thus it remains to prove that F(X) = S(1,1,1). To
this aim, let H, H' € V(X) such that Ly # Ly. Then Proposition [6.2(b) says that the
two quadrics Wx and Wy in P5 are both of type S(0,0,1,1) and (Ly, Ly/) is a 3-space.
Moreover, as Ly is the vertex of Wy = S(0,0,1,1) and Ly C Wy it holds (Lg, Lg) C Wy
Hence, by symmetry we get

X C F(X) CWygnNWg and P3 = <]LH,]LH/> C Wy N Wy

As Wy and Wy are two distinct integral hyperquadrics in P%, we know that WyN Wy is a
complete intersection and hence a 3-dimensional arithmetically Cohen-Macaulay scheme
of degree 4. As X C IP° is non-degenerate and contained in Wy N Wy, it follows that

WH N WH/ = <LH,LH/> uv

for a 3-dimensional non-degenerate integral closed subscheme V' C P of degree 3. Note
that V' is a scroll of type S(1,1,1) or S(0,1,2) or S(0,0,3). In particular, V' is cut out by
quadrics. Also X C V. Therefore Ly» C V for all H” € V(X) and hence that F(X) = V.
Finally, we aim to exclude the latter two cases. First, V' cannot be equal to S(0, 0, 3) since
any divisor of S(0,0,3) is arithmetically Cohen-Macaulay while X is not. Now, assume
that V' = 5(0,1,2) and let H” € V(X) be a general member. Then, we have

Cyr CVNH = S(1,2) c H" =P,

and according to Proposition 2.4l (c), the line section S(1) of S(1,2) coincides with L.
Therefore Ly should lie on the plane S(0,1) and hence this plane is F(X), which is a
contradiction. Therefore F(X) =V is equal to S(1,1,1).

(a) This follows immediately from Theorem [5.41
(b) (i) = (ii) : Note that X is contained in S(1, 1, 1) since F(X) is not a plane. For all
H € U(X), we have

Cy=XNHCFX)NH=5(1,2) c P*

and Proposition 241 (b) yields that the divisor X is linearly equivalent to H + (d — 3)F.

(i) < (ii) : It is clear that any line in the 2-dimensional family of line sections of
S(1,1,1) is a (d —r + 3)-secant line to X. Then Theorem B4l (b) shows that 04_,,3(X) is
equal to 2 and so X is a surface of maximal sectional regularity. Furthermore, S(1,1,1)
is contained in F(X) and hence we get the desired equality S(1,1,1) = F(X) by our
previous classification result of F(X).

It remains to show that X is smooth. One can easily check that the A-genus of
(X,0x(1)) is equal to zero. This implies that the linearly normal embedding of X by
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Ox(1), say X C P! is a rational normal surface scroll and X is the image of an iso-
morphic linear projection of X. Since X admits an isomorphic linear projection, it is
not a cone and hence a smooth rational normal surface scroll. Therefore X is a smooth
surface. n

6.4. Remark. Let X be as in Theorem [6.3(b)(ii). Thus it is contained in Y := S(1,1,1)
as a divisor linearly equivalent to H + (d — 3)F, where H is the hyperplane divisor and
F is a ruling plane of S(1,1,1). One can easily check that H*(Y, Oy (2H — X)) = 0 (cf.
Notation and Remarks 2.2(B)). From the exact sequence

0->Zy 5 Zxy - Oy(—X)—0

it follows that H°(P5 Zy(2)) = H°(P5 Zx(2)). In particular, Ix requires exactly three
quadratic generators.

7. CLASSIFICATION OF VARIETIES OF MAXIMAL SECTIONAL REGULARITY

This section is aimed to prove the following classification of varieties of maximal sectional
regularity in the case where the dimension and the codimension are both at least three.

7.1. Theorem. Suppose that char(k) = 0 and let X C P" be a nondegenerate irreducible
projective variety of dimension n > 3, codimension ¢ > 3 and degree d > ¢+ 3. If X is a
variety of mazimal sectional reqularity, then either F(X) is an n-dimensional linear space
orelsec=3 and F(X)=S5(0,...,0 ,1,1,1). In the first case, X NF(X) in F(X) is a
(n—2)—times
hypersurface of degree d —c+ 1. In the second case, F(X) contains X. Moreover we have
(a) The following two statements are equivalent:
(i) X is a variety of maximal sectional reqularity and F(X) is an n-dimensional
linear space. _
(ii) Either X is a cone over a curve of mazimal reqularity or else X = mp(X)
where
1. X =5(0,...,0,ak41, - ..,a,) C P™1is a rational normal n-fold scroll
k—times
for some 0 < k < n — 2 and positive integers ag+1 < ... < ap,
2. D C X is an effective divisor linearly equivalent to H + (1 — ¢)F where
H is a hyperplane divisor of X and F C X is an (n — 1)-dimensional
linear space (hence (D) = P4=m+2=1) " gnd
3. A C (D) is a (d— c— 2)-dimensional subspace such that the restriction
A [ (D) \ A - P" is generically injective along D.
(b) The following two statements are equivalent:

(1) X is a variety of mazimal sectional regularity and F(X) = S( 0,...,0 ,1,1,1).
(n—2)—ti
(ii) X is contained in the (n+1)-fold scrollY := S( 0,...,0 ,1,1,1) as a divisor
(n—2)—ti

linearly equivalent to H + (d — 3)F, where H is the hyperplane divisor of Y
and F' C Y is an n-dimensional linear space.
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To prove this theorem, we need the following two lemmas.

7.2. Lemma. Let X C P" be a variety of mazximal sectional reqularity of dimensionn > 2
and codimension ¢ > 3. IfF(S) is a plane for a general linear surface section S C Pr—"+2
of X, then F(X) is an n-dimensional linear space.

Proof. We use induction on n > 2.

The statement is obvious for n = 2.

Suppose that n > 3. By induction hypothesis, if H; and H, are general hyperplanes
of P" then Ay :=F(X NH;) and Ay := F(X NHy) are (n — 1)-dimensional linear spaces.
Furthermore, F(X NH; NHy) is an (n—2)-dimensional linear subspace (either by Notation
and Remarks 2.I[(A) for n = 3 and by induction if n > 3), which is contained in A; N As.
Thus the linear space

A= <A1, A2>
is of dimension n. Now, let H be a general hyperplane. Then F(X NH) is an (n — 1)-
dimensional linear space. Also we know that F(X NH N H;) and F(X NH N Hy) are
(n — 2)-dimensional linear subspaces (again, either by Notation and Remarks 2.T(A) for
n = 3 or by induction if n > 3) and hence that

F(XNH) =(F(XNHNH,),F(XNHNH,)).

Since F(X NHNH;) and F(X NHNH,) are respectively linear subspaces of A; and A,, it
follows that F(X NH) is contained in A. By Lemma [5.1], we conclude that F(X) is equal
to the n-dimensional linear space A. O

7.3. Lemma. Suppose that char(k) = 0 and let X C P° be a 3-dimensional variety of
mazimal sectional regularity such that F(X NH) = S(1,1,1) for a hyperplane H = P>.
Then

(a) F(S) = S(1,1,1) for a general hyperplane section S C P° of X.

(b) F(X) is the rational normal fourfold scroll S(0,1,1,1) and X is contained in F(X)
as a divisor linearly equivalent to H + (d — 3)F, where H is a hyperplane divisor
of S(0,1,1,1) and F is a linear 3-space in S(0,1,1,1).

Proof. (a) By Theorem [6.3((c) and Corollary €2 we have

X(Oxnn(t)) = d<t -

t+ 1.
2)++

Clearly, this implies that the Euler-Poincaré characteristic x(Ox(t)) is of the form
wos)=a("57) + ("5 1) + 4 xa(0x )
and hence for a general linear surface section S C P° of X, we have
ORI

2
Thus S is a smooth surface by Corollary Now, from the classification result in
Theorem [6.3] it follows that F(S) = S(1,1,1).

)—I—t+1.
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(b) Recall that X is a linear projection of a threefold rational normal scroll X C P4+2 (cf.
Corollary A.3]). If X is a cone over the rational normal curve, then X should be a cone
over a curve of maximal regularity and hence F(S) is a plane for a general hyperplane
section S C P° of X, a contradiction. Thus Sing(X) is at most a point. By combining this
with the fact that dim Sing(my) < 1 (cf. Theorem [.1]), we know that dim Sing(X) < 1.
Thus for general A € U(X), the intersection X N L, is contained in the smooth locus of
X and hence the join Q4 := Join(LLy, X) is a quadratic hypersurface of P° (cf. Notation
and Remark [61]). Now, choose two general members Ay, Ay € U(X). Thus we have

X CQn, NQy, C PO

We will see that the intersection @, N @, is reducible. Indeed, let H be a general
hyperplane and Qa, mw = Qx, NH (i = 1,2). Then

S=XnNHC QAl,H N QAQ,H-

Note that 1(S)s = I(F(S5))2 (cf. Remark [6.4]) and hence Qa, m and Qa, u are contained
in I(F(S))s. Therefore the intersection Qa, m N @, is the union of the scroll F(S) =
S(1,1,1) and a linear subspace P? of H. Then, it is clear that Qx, N Q4, should be the
union of a scroll Y := S(0,1,1,1) and a 4-dimensional linear space. Obviously, our X is
contained in Y as a divisor. Also from the divisor class of S in S(1,1,1), we know that
X is linearly equivalent to H + (d — 3)F. Finally, F(X) C Y since Y contains X and
it is cut out by quadrics. On the other hand, Y N H = F(X NH) C F(X) for a general
hyperplane H of P5. So, we get the desired equality F(X) =Y. O

Now we give the

Proof of Theorem [T.I. Let S C P2 be a general linear surface section of X. Then
S is a surface of maximal sectional regularity and either F(S) is a plane or else ¢ = 3,
F(S)=5(1,1,1) and S C F(S) (cf. Theorem [G.3)).

If F(S) is a plane for a general linear surface section S C P2, then F(X) is an n-
dimensional linear space by Lemma [7.2]

Now, consider the case where ¢ = 3 and there exists a 3-dimensional linear section
T C IP% of X which is a variety of maximal sectional regularity and which has an integral
hyperplane section S C P° of maximal sectional regularity such that F(S) = S(1,1,1).
Then Lemmal[7.3(b) shows that F(T") = S(0,1,1, 1) and T is contained in IF(T") as a divisor
linearly equivalent to H+(d—3)F, where H is a hyperplane divisor of S(0,1,1,1) and F is
a linear 3-space in S(0, 1,1,1). We first claim that for a general linear subspace P5 C P"+3,
the surface X NP5 satisfies the property that F(X NP%) = S(1,1,1). Indeed, by the same
argument as in the proof of Lemma [3(a), S and X NP® have the same Euler-Poincaré
characteristic. Thus our claim is verified by Theorem [6.31 Now, observe that depth(T) is
equal to 2 (cf. [19, Theorem 4.3]) and hence depth(X) = n — 1. In particular, Ix and Ig
require the same number of quadratic generators. Then it follows by Remark that Iy
contains exactly three k-linearly independent quadrics. Let {Q1, @2, @3} be a basis for
H°(P"*3,Zx(2)) and consider the closed subset W C P""? defined as the intersection of
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the three hyperquadrics @1, )2 and ()3. We claim that
W=5(0,...,0,1,1,1).
——
(n—2)—times

Indeed, for a general linear subspace P° C P"*3 consider the quadrics Q;ps = Qilps
(¢ = 1,2,3). Since depth(X) = n — 1, we know that {Q1ps,Qops, Q3ps} is a basis for
HO(P® Ixrps(2)). This implies that W NP5 which is the intersection of the quadrics
Q1ps, Qaps and Qs ps is precisely equal to the threefold scroll F(X NP°). Therefore W
contains a nondegenerate (n+ 1)-dimensional irreducible variety W’ of degree 3. Since W’
is a variety of minimal degree and hence cut out by exactly three quadrics, we conclude
that W = W’. Also since W NP? is equal to S(1,1,1), it follows that W is as above.
Finally, note that F(X) C W since W is cut out by quadrics. On the other hand, for a
general linear subspace P5 C P"™3 we have

WNP =FXNP°) c F(X)
which means that W C F(X). Therefore W = F(X).
(a) See Theorem [5.41

(b) (i) = (ii) : Note that X is contained in F(X) since F(X) is not a linear space. For
general A € U(X), we have

CA=XNACFX)NA=5(1,2)cP*

and Proposition 2.4 (b) yields that the divisor X is linearly equivalent to H + (d — 3)F.
(i) <= (ii) : Let P° € G(5,P""3) be a general member. Then we have

S:=XNP cynP’=5(1,1,1) c P

where S is apparently a divisor of S(1,1, 1) linearly equivalent to Hy + (d — 3)Fp, where
Hj is the hyperplane divisor and Fj is a ruling plane of S(1,1,1). Therefore S is a surface
of maximal sectional regularity and F(S) = S(1,1,1) (cf. Theorem [G63[(b)). It follows
that

Y NP =S5(1,1,1) C F(X)
for general P° € G(5,P"*?) and hence Y C F(X). Then we get Y = F(X) from our
classification result of F(X) in the present theorem. O

Acknowledgement. The first named author thanks to the Korea University Seoul, to
the Mathematisches Forschungsinstitut Oberwolfach, to the Martin-Luther Universitat
Halle and to the Deutsche Forschungsgemeinschaft for their hospitality and the financial
support provided during the preparation of this work. The second named author was
supported by the Nation Researcher program 2010-0020413 of NRF and MEST. The third
named author was supported by the NRF-DAAD GEnKO Program (NRF-2011-0021014).

REFERENCES

[1] BERTIN, M-A. : On the regularity of varieties having an extremal secant line. Journal fir die reine
und angewandte Mathematik. 545 (2002), 167-181.

[2] BRODMANN, M., LEE, W., PARK, E., SCHENZEL, P.: On surfaces of mazimal sectional reqularity.
In preparation.



PROJECTIVE VARIETIES OF MAXIMAL SECTIONAL REGULARITY 21

[3] BRODMANN, M., SCHENZEL, P.: On projective curves of mazimal regularity. Mathematische
Zeitschrift 244 (2003), 271-289.
[4] BRODMANN, M., SCHENZEL, P.: Projective curves with mazimal reqularity and applications to
syzygies and surfaces. Manuscripta Mathematica 135 (2011) 469-495.
[5] CASTELNUOVO, G.: Sui multipli di une serie lineare di gruppi di punti appartenente ad une curva
algebraic, Rend. Circ. Mat. Palermo (2) 7 (1893), 89-110.
[6] E1sENBUD, D., GOTO, S.: Linear free resolutions and minimal multiplicity. Journal of Algebra 88
(1984) 89-133.
[7] FERRARO, R.: Weil divisors on rational normal scrolls, Lecture Notes in Pure and Applied Mathe-
matics, 217 (2001), 183-198.
[8] FLENNER, H., O’CAROLL, L., VOGEL, W.: Joins and intersections. Springer Monographs in Math-
ematics, Springer Verlag, Berlin/Heidelberg/New York, 1990.
[9] Fuaita, T.: Classification theories of polarized varieties. London Mathematical Society Lecture
Notes Series 155, Cambridge University Press, 1990.
[10] GrUSON, L., LAZARSFELD, R., PESKINE, C.: On a theorem of Castelnuovo and the equations
defining space curves. Inventiones Mathematicae 72 (1983), 491-506.
[11] Hoa, L-T., STUCKRAD, J., VOGEL, W.: Towards a structure theory for projective varieties of
degree=codimension+2. Journal of Pure and Applied Algebra 71 (1991), 203-231.
[12] KLEIMAN, S.: The transversality of a genearal translate. Compositio Mathematica 28 (1974) 287-297.
[13] KwaAK, S., PARK, E.: Some effects of property N, on the higher normality and defining equations of
nonlinearly normal varieties. Journal fir die reine und angewandte Mathematik 582 (2005) 87-105.
[14] LAZARSFELD, R.: A sharp Castelnuovo bound for smooth surfaces. Duke Mathematical Jornal 55
(1987) 423-429.
[15] MUMFORD, D.: Lectures on curves on an algebraic surface. Annals of Mathematics Studies 59,
Princeton University Press, Princeton, 1966.
[16] M1yazaki, C.: Sharp Bounds on Castelnuovo-Mumford regularity. Transactions of the American
Mathematical Society 352 (1999), 1675-1686.
[17] NomA, A.: Multisecant lines to projective varieties. Projective varieties with unexpected properties,
349 - 359, Walter de Gruyter GmbH and Co. KG, Berlin, 2005.
[18] PARK, E.: Smooth varieties of almost minimal degree. Journal of Algebra 314 (2007), 185-208.
[19] PARK, E.: On syzygies of diwvisors of rational normal scrolls. Mathematische Nachrichten 287, No.
11-12 (2014), 1383-1393.
[20] PINkHAM, H.: A Castelnuovo bound for smooth surfaces. Inventiones Mathematicae 83 (1986),
321-332.
[21] SCHREYER, F-O.: Syzygies of canonical curves and special linear series. Mathematische Annalen
275 (1986), 105-137 .

UNIVERSITAT ZURICH, INSTITUT FUR MATHEMATIK, WINTERTHURERSTRASSE 190, CH — ZURICH,
SWITZERLAND
FE-mail address: brodmann@math.unizh.ch

DEPARTMENT OF APPLIED MATHEMATICS, PUKYONG NATIONAL UNIVERSITY, BUSAN 608-737,
KOREA
E-mail address: wslee@pknu.ac.kr

KOREA UNIVERSITY, DEPARTMENT OF MATHEMATICS, ANAM-DONG, SEONGBUK-GU, SEOUL 136-
701, REPUBLIC OF KOREA
E-mail address: euisungpark@korea.ac.kr

MARTIN-LUTHER-UNIVERSITAT HALLE-WITTENBERG, INSTITUT FUR INFORMATIK, VON-SECKEN-
DORFF-PLATZ 1, D — 06120 HALLE (SAALE), GERMANY
E-mail address: schenzel@informatik.uni-halle.de



	1. Introduction
	2. Curves of maximal regularity
	3. The extremal secant locus of a projective variety
	4. Sectionally Rational Varieties
	5. The extremal variety of a variety of maximal sectional regularity
	6. Surfaces of Maximal Sectional Regularity
	7. Classification of varieties of maximal sectional regularity
	References

