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ON A FLOW OF TRANSFORMATIONS OF A WIENER SPACE

J. NAJNUDEL, D. STROOCK, M. YOR

ABSTRACT. In this paper, we define, via Fourier transform, an ergodic flow of transfor-
mations of a Wiener space which preserves the law of the Ornstein-Uhlenbeck process and
which interpolates the iterations of a transformation previously defined by Jeulin and Yor.
Then, we give a more explicit expression for this flow, and we construct from it a continuous
gaussian process indexed by R2, such that all its restriction obtained by fixing the first
coordinate are Ornstein-Uhlenbeck processes.

1. INTRODUCTION

An abstract Wiener space is a triple (H, F,)V) consisting of a separable, real Hilbert
space H, a separable real Banach space F in which H is continuously embedded as a dense
subspace, and a Borel probability measure YV on F with the property that, for each x* € E*,
the W-distribution of the map = € £ +— (x,z*) € R, from F to R, is a centered gaussian
random distribution with variance ||h,+||%, where h,« is the element of H determined by
(hyhy)g = (h,z*) for all h € H. See Chapter 8 of [5] for more information on this topic.

Because {h,~ : 2* € E*} is dense in H and ||h,-||z = |[(-,2%)||L20w), there is a unique
isometry, known as the Paley-Wiener map, Z : H —— L*(W) such that Z(h) = (-, z*)
if h = hg«. In fact, for each h € H, Z(h) under W is a centered Gaussian variable with
variance ||h||%. Because, when h = h,-, Z(h) provides an extention of (-,h)y to E, for
intuitive purposes one can think of x ~» [Z(h)](z) as a giving meaning to the inner product
x ~ (x, h)g, although for general h this will be defined only up to a set of W-measure 0.

An important property of abstract Wiener spaces is that they are invariant under orthog-
onal transformations on H. To be precise, given an orthogonal transformation O on H,
there is a W-almost surely unique Ty : £ — E with the property that, for each h € H,
Z(h) o To = Z(OTh) W-almost surely. Notice that this is the relation which one would
predict if one thinks of [Z(h)](z) as the inner product of x with h. In general, Tp can be
constructed by choosing {z}, : m > 1} C E* so the {hy: : m > 1} is an orthonormal basis
in H and then taking

Tor = Z(x,$;>0hx¢n,
m=1
where the series converges in E for W-almost every x as well as in LP(W; E) for every
p € [1,00). See Theorem 8.3.14 in [5] for details. In the case when O admits an extension
as a continuous map on F into itself, T» can be the taken equal to that extension. In any
case, it is an easy matter to check that the measure W is preserved by Tp. Less obvious
is a theorem, originally formulated by .M. Segal (cf. [6]), which says that Ty is ergodic if
and only O admits no non-trivial, finite dimensional, invariant subspace. Equivalently, T
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is ergodic if and only if the complexification O, has a continuous spectrum as a unitary
operator on the complexification H. of H.

The classical Wiener space provides a rich source of examples to which the preceding
applies. Namely, take H = HJ to be the space of absolutely continuous h € © whose
derivative h is in L*([0,00)), and set 17l gy = 12]] L2(j0.00))- Then H} with norm || - g is
a separable Hilbert space. Next, take F = O, where © is the space of continuous paths
6 :[0,00) — R such that #(0) = 0 and

16(1)]
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t2 log(e + |logt|)

and set
ot
18]l = sup = 0(t)] '
>0 tz log(e + |logt|)
Then © with norm || - ||e is a separable Banach space in which H{ is continuously embedded

as a dense subspace. Finally, the renowned theorem of Wiener combined with the Brownian
law of the iterated logarithm says that there is a Borel probability measure Wg1 on © for
which (H}, @,WH(%) is an abstract Wiener space. Indeed, it is the classical Wiener space
on which the abstraction is modeled, and Wy is the distribution of an R-valued Brownian
motion.

One of the simplest examples of an orthogonal transformation on H{ for which the as-
sociated transformation on © is ergodic is the Brownian scaling map S, given by S,0(t) =
a~z26(at) for o > 0. It is an easy matter to check that the restriction O, of S, to H} is
orthogonal, and so, since S, is continuous on O, we can take Tp, = S,. Furthermore, as long
as a # 1, an elementary computation shows that lim,, . (g, (’)Zh) ;= 0, first for smooth
g, h € H with compact support in (0, 00) and thence for all g, h € H}. Hence, when a # 1,
O, admits no non-trivial, finite dimensional subspace, and therefore S, is ergodic; and so,
by the Birkoft’s Individual Ergodic Theorem, for p € [1,00) and f € L? (WH(%),

n—1

1
lim — St = AW
i S o= [ rawy

both Wyi-almost surely and in LP(Wpgi1). Moreover, since {S, : a € (0,00)} is a mul-
tiplicative semigroup in the sense that S,3 = S, o Sz, one has the continuous parameter

version
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lim /(foSa)%:/deHé
1
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of the preceding result.

A more challenging ergodic transformation of the classical Wiener space was studied by
Jeulin and Yor (see [1], [2] and [4]), and, in the framework of this article, it is obtained by
considering the transformation O on H}, defined by

[Oh](t):h(t)—/ M) g (1.1)

0 S
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An elementary calculation shows that O is orthogonal. Moreover, O admits a continuous
extension to © given by replacing h € H} in (L)) by # € ©. That is
"0(s)

[Tob] = 6(t) —/ — ds for € © andt>0. (1.2)
0

In addition, one can check that lim,, ., (g, O"h) q =0forallg he H}, which proves that
0
T is ergodic for Wy.
In order to study the transformation T in greater detail, it will be convenient to refor-

mulate it in terms of the Ornstein-Uhlenbeck process. That is, take HY to be the space of
absolutely continuous functions A : R — R such that

1A v = \//R(ih(t)? + h(t)?) dt < oo

Then HY becomes a separable Hilbert space with norm || - ||zv. Moreover, the map F :
H} — HY given by

[F(9)](t) = e_%g(et), for g € Hj and t € R, (1.3)

is an isometric surjection which extends as an isometry from © onto Banach space U of con-
%’ft\ = 0 with norm ||wljy = sup,p (log(e+t])) Ha(t)).
Thus, (HY,U, Wyv) is an abstract Wiener space, where Wyv = F. Wy is the image of
W under the map F'. In fact, Wyv is the distribution of a standard, reverisible Ornstein—
Uhlenbeck process.

Note that the scaling transformations for the classical Wiener space become translations in
the Ornstein—Uhlenbeck setting. Namely, for each o > 0, F'oS, = Tjogo 0 I, Where 7, denotes
the time-translation map given by [rsw](t) = w(s + t). Thus, for s # 0, the results proved
about the scaling maps say that 7, is an ergodic transformation for Wyv. In particular, for
p € [l,00) and f € LP(Wgv),

n—1 T
.1 .1
JL%EW;fOTns_}EOTA fO’Tst—/deHU

both Wyv-almost surely and in LP(Wyv).

The main goal of this article is to show that the reformulation of transformation Tp
coming from the Jeulin—Yor transformation in terms of the Ornstein—Uhlenbeck process
allows us to embed Tp in a continuous-time flow of transformations on the space U, each
of which is Whi-measure preserving and all but one of which is ergodic. In Section [2], this
flow is described via Fourier transforms. In Section Bl a direct and more explicit expression,
involving hypergeometric functions and principal values, is computed. In Section @] we study
the two-parameter gaussian process which is induced by the flow introduced in Section [2l
In particular, we compute its covariance and prove that it admits a version which is jointly
continuous in its parameters.

tinuous w :— R satisfying lim; o

2. PRELIMINARY DESCRIPTION OF THE FLOW

Let O and Ty be the transformations on H] and © given by (LI)) and (L.2), and recall

the unitary map F : H} — HY in (L3) and its continuous extension as an isometry from
3



O onto U. Clearly, the inverse of F' is given by
FYw)(t) = Vtw(logt) fort > 0.

Because F is unitary and O is orthogonal on H}, —F o O o F~! is an orthognal transfor-
mation on HY, and because

S:=—FoTpoF!

is continuous extension of —F o @ o F~! to U, we can identify S as T popor—1.
Another expression for action of S is

[S(w)](t) = —w(t) + /000 e 2w(t—s)ds forteR.

Equivalently,
S(w) =wx*p,
where p is the finite, signed measure p given by
o= —50 + 6_%]1t20dt.

To confirm that w * p is well-defined as a Lebesgue integral and that it maps U continuously
into itself, note that, for any w € U and t € R,

/ e 2|w(t —s)|ds < Hw||u/ e~2log(e + [t| + s) ds
0 0
< [l log(e + 2] / e 3 (14 5)ds < 9wl logle + |t
0

The Fourier transform 7 of u is given by

, o , 1 1—2iA -
N\ = —zAmd -1 —m(1/2+2)\)d - 1 _ =20 Arctg(2)\).
A /Re Hiw) +/0 ¢ v T T ixan €

Hence, for all h € HY and )\ € R,

—_— ~

hos () = e~ 20 ATtV (), (2.1)
which, since

1 ~
Il = = [ ROOR(L+432) d,
R

provides another proof that S | HY is isometric.

The preceeding, and especially (2.1]), suggests a natural way to embed S | HY into a
continuous group of orthogonal transformations. Namely, for u € R, let ;** to be the unique
tempered distribution whose Fourier transform is given by

,II*\U(A) _ e—2iuArctg(2)\)7 (22)

and define S%p = @ * u*™ for ¢ in the Schwartz test function class .7 of smooth functions
which, together with all their derivatives, are rapidly decreasing. Because

@()\) _ e—2iu Arctg(2)\)¢(>\)’
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it is obvious that S* has a unique extension as an orthogonal transformation on HY, which
we will again denote by S*. Furthermore, it is clear that S*t¥ = §* o S8 for all u,v € R.
Finally, for all g,h € HY, u € R,

(g’Su g = _/ —2zuArctg(2)\)(1 + 4)\2) d\

_(tan(7)\ -~ (tan(T) 9/ 2 _9
h 1+t T d
= T6x _ﬂ/zg< 5 ) < 5 (1+tan®(7)) e T,

where
16% _://Z ; (tar;(T)) n (tanQ(T))‘ (1 + tan?(7))” dr = siw /R G| [RO)] (1 + 4X%) dA

1/2
(/ [GV)2(1 + 4)%) d)\) (/\h 1+4)\2)d>\) = ||gl|lgv||h||gv < oo.

Hence, by Riemann-Lebesgue lemma, shows that (g, S"h)gv tends to zero when |u| goes to
infinity.

Now define the associated transformations S* := Tsu on U for each u € R. By the
general theory summarized in the introduction and the preceding discussion, we know that
{S": u € R} is a flow of Wyv-measure preserving transformations and that, for each u # 0,
S* is ergodic.

3. A MORE EXPLICIT EXPRESSION

So far we know very little about the transformations S* for general v € R. By getting a
handle on the tempered distributions p**, in this section we will attempt to find out a little
more.

We begin with the case when w is an integer n € Z. Recalling that u = —dy + e_%]ltzo dt,
one can use induction to check that, for n > 0,

" = (=1)" (8o + €72 L (t)1y50dt),
where L, is the nth Laguerre polynomial. Indeed, the Laguerre polynomials satisfy the
following relations: for all n > 0,
L,(0)=1
and for alln > 0, t € R,
Ly (t) = Ly (t) — La(2).

Similarly, starting from p*~! = —§y + e%]lt>0 dt, one finds that
,U*n = ( ) (50 + 62L/ ( )]lt<0dt)

for n < 0. In particular, u*" is a finite, signed measure for n € Z and S"w can be identified
as " xw for all w e Y and n € Z.

As the next result shows, when u ¢ Z, p** is more singular tempered distribution than a
finite, signed measure.

Proposition 3.1. For each u ¢ Z, the distribution ™ is given by the following formula:

pu(1/x) + ®,(x), (3.1)

sin(mu)

= cos(mu)dg(x) +
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where pv denotes the principal value, and ®, € L*(R) is the function for which ®,(x) equals
i ° _ k / ,

el (_u sin(ru) 5 (1= usgn(@Dlett [T L onn - Dy
i r

— El(k+1)! r
I sin(mu) sin u
= (9 1 _
F( +k)+ og(|x|)} + - ) et

IV/T" being the logarithmic derivative of the Euler gamma function and ()i being the
Pochhammer symbol.

Proof. Define the functions v, and 6, from R* = R\ {0} to R so that 6, (z) = e~ 21, (z) and
. () equals

_ usin(ru) (1 — usgn(z))g|zlF [T I
1 ——(1
ZO Rk = 1) 11( + k — usgn(z)) F( + k)
I sin(mu)
—F(Q—I—k‘)—l—log(m) o

From Lebedev [3], p. 264, equation (9.10.6), with the parameters « = 1 —u or a = 1 + u,
n =1, z=x or z = —x, the function 1, satisfies, for all x € R*, the differential equation:

2y (@) + (2 = |2y, (z) + (u — sgn(@))vu(z) =0,
and grows at most polynomially at infinity. One then deduces that 6, decreases as least
exponentially at infinity, and satisfies (for = # 0) the following equation:

20)(z) +20,(w) + (u—T) Oul) = 0. (3.2)
At the same time, by writing
eel/2 = (ell2 _ 1y 41

and expanding 6, (x) accordingly, we obtain:

(o) =07 ) 11— wsga(a) = (1) = 2 + Do)
ST ) 4,

for

() = aniD (@) + el (x) + zlog(|x)ni® () + |2|log(|z)nf" (x),

where 77&1), 77&2), nq(L ), nQ(L) are all smooth functions. The derivatives of the functions z, |z,

xlog|z|, |z| log || in the sense of the distributions are obtained by interpreting their ordinary
derivatives as distributions. Similarly, the product by z of their second distributional deriva-
tives are obtained by multiplying their ordinary second derivatives by x. Hence, both 7/ (x)
and xn!/(z) as distributions can be obtained by computing 7/ (z) and zn! (x) as functions on
R*.

Now, let v, be the distribution given by the expression:

™

%@:mm%@+mTOﬂH {U @@%. (3.3)
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Note that the term in brackets, in the definition of v,, is a locally integrable function, and
that v, coincides with the function 6, in the complement of the neighborhood of zero. Let us
now prove that v, satisfies the analog of the equation ([B.2]), in the sense of the distributions.
One has:

vu(x) = cos(mu)do(z) + Sin(ﬂu)pv(l/x) — %(Wu) 1%(1 — usgn(z))
) = S2) +log(le) | — T gu(a) + (o).
Since
I’ I’ & CA+wl(1—w)  f(ru/sin(ru) 1
F(l tu) - F(l —u)=* F1+uw)l(l—u) ; Tu/sin(ru)  w ™ cot(u),
one obtains, after straightforward computation,
(@) = cos(m)y(2) + 22T 1) — LT oy — LT yoo () + ) + mle).

where ¢(u) does not depend on z. One deduces that

vu(x) = cos(mu)do(x) + sin(mu)

po(1/x) + Xua (),
where x,,1 denotes a locally integrable function. Moreover,
fp(1/2%) — wcos(mu)do(x) —
where fp(1/z%) denotes the finite part of 1/2?, and then

sin(mu) (1)) —

sin(mu) usin(mu)

po(1/z) +m,(x),

v, (x) = cos(mu)dy(z) —

usin(mu)

av, (z) = — cos(mu)do(z) — + an, (x).
By differentiating again, one obtains:

sin(mu)

v () + 2, (x) = — cos(mu)dy(z) + F(1/2®) +m, (@) + @ ().

Therefore,

zv) (x) + 2v,(z) + (u — %) vu(2) = Xu2(x) + (— cos(mu)dy(z) +

sin(7u)

sin(mu)

)

fp(1/2*) — wcos(mu)do(x) — usin(mu)

+ ( cos(mu)dl(z) — pv(1/z)
( )

sin(mu)

u (costraldn(a) + T p(1/2) ) = o).

where x,2 is a locally integrable function. Since 6, satisfies (3.2]), xu 2 is identically zero.
Hence, v, is a tempered distribution solving the differential equation:

zv (x) + 2v,(x) + (u — Z) vu(z) =0,

or equivalently,
x d?

ZVU(SL’) — %(:Wu(x)) — uv,(x) = 0.



Multiplying by —4¢ and taking the Fourier transform (in the sense of the distributions), one
deduces:

7y (A)(1+ 4)\2) = —diuiy, (N).
This linear equation admits a unique solution, up to a multiplicative factor c:

PN A —diu - w A
Uu(N\) = cexp i mdt = cexp(—2iu Arctg(2X)).

Hence, v, is proportional to p*. In order to determine the constant ¢, let us observe that
the distribution v, given by

csin(mu)

Vuo(2) = vy (x) — ccos(mu)do(z) — pv(1/x)

admits the Fourier transform:

gu,\O()\) — Ce—2zuArctg(2)\) _ Ce—musgn()\).

One deduces that 77,0 is a function in L? | which implies that v, is also a function in L?,
and then locally integrable. Since the last term in (B.3) is also a locally integrable function,
one deduces that ¢ = 1, and then

*U

H = Vy,

which proves Proposition B.11 O

The reasonably explicit expression for p** found in Proposition B3] yields a reaonably
explicit expression for the action of §*. Indeed, only the term pv(1/x) is a source of concern.
However, convolution with respect of pv(1/z) is, apart from a multiplicative constant, just
the Hilbert transform, whose properties are well-known. In particular, it is a translation
invariant, bounded map on L?(R), and as such it is also a bounded map on HY. Thus,
we can unambiguously write S“(h) = h * p** for all h € HY. On the other hand, the
interpretation of w * p** for w € U needs some thought. No doubt, w * p* is well-defined as
an element of .7’ the space tempered distributions, but it is not immediately obvious that it
is can be represented by an element of U or, if it can, that the element of &/ which represents
it can be identified as S“w. In fact, the best that we should expect is that such statements
will be true of Wyuv-almost every w € U. The following result justifies that expectation.

Proposition 3.2. For Wyuv-almost every w € U, the tempered distribution w x p*" is repre-
sented by an element of U which can be can be identified as S*w.

Proof. Recall that, for ¢ € .7, @ % pu*~" is the element of .# whose Fourier transform is given
by
g% i () = G(N)e2mArE@)  for ]l ) € R.
Also, if T € ./, then T % u** is the tempered distribution whose action on ¢ € .7 is given
by
(0, T ™) s = (@ % " T) 1.
Now choose an orthonormal basis {h,, : n > 1} for H U all of whose members are elements

of .7, and, for each n > 1, set g, = ihn + h!. Next, think of g, as the element of U* whose
action on w € U is given by

u(Ww, gnJur = (Gns w).r-
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It is then an easy matter to check that, in the notation of the introduction, h,, = hy,. Hence,
if B is the subset of w € U for which

w = lim Z_ly<gn,w>y/hn and  S"w = lim Z_ly(gn,wy/hn *

where the convergence is in U, then Wyv(B) = 1.
Now let w € B. Then, for each ¢ € .7,

A, wr ™) = S x ' w) o = 7}1_{{)10 Z 7 Gns W) 1 7Py P % ) 0
m=1

= am D G W) (0, S ) = 5 (0, S w) .
m=1
Thus, for w € B, w* u** € &' is represented by S*w € U. O

4. A TWO PARAMETER GAUSSIAN PROCESS

By construction, {S“w(t) : (u,t) € R?} is a gaussian family in L*(Wpyo). In this conclud-
ing section, we will show that this family admits a modification which is jointly continuous
in (u,t).

Let ¢, € # and u,v € R? be given. Then, by Proposition B.2, for Wyv-almost every
welU,

/ / D)D) (S"(@))()(S™(@)) (£) dsdt = {05 ™) 1 (1,0 5 1) 1,

where the integral in the left-hand side is absolutely convergent. Because Ey_, [S“w(t)ﬂ is
finite and independent of (u,t) € R?, by taking the expectation with respect to Wyv and
using (2.2), one can pass from this to

[ A0 OB, (S NS @) O] dsdt = B, [ o s 1) (04 7).
2

9] e2i(u—v) Arctg(2)) S0 id)\ 2 ei[(t—s))\+2(u—v) Arctg(2))] edtd
=2 [ e Wi = 2 [ [ e et dsden

RS

2 0o Li[(t—s)A+2(u—v) Arctg(2X)]
/ ‘ d\, (4.1)

By, [5(@))(5)(S"(@))(8)] = = T

T
first for almost every and then, by continuity, for all (s,t) € R?. In particular, we now know
that the Wyu-distribution of {S%(w))(¢) : (u,t) € R?} is stationary.

To show that there is a continuous version of this process, we will use Kolmogorov’s
continuity criterion, which, because it is stationary and gaussian, comes down to showing
that

[e.e]

L= Ew,, [(S"(@)(s)(S" @) ®)]] < Cl(u, s) = (v,8)|"
9



for some C < oo and o > 0. But
u v 2 > d>\ i|(t—s u—v) Arc
‘1 — EWHU [(S“(w))(s)(S (w))(t)]‘ < — / ‘e [(t=$)A+2(u—v) Arctg(2))] _ 1

oo L H4N2
2 [ dX , 2 [ d\ .
< — i(t=s)A _ 1 - / 2i(u—v) Arctg(2)) 1
_ﬂ-/—o<>1_'_4>\2 ‘6 ‘_'_77' —ool+4)\2 ‘6 ‘
2 [~ _dA 4 [ dA
<2 [ P (s A+ [ (=) Arctg(2h
—w/_oo1+4k2(| 8H|/\>+7r/_001+4x2|(u v) Arctg(2))],

and, after simple estimation, this shows that

1= B[(8"(@))(5)(S* (@) (B)] < C [\u o+ = (1 +log (1 ¥ ﬁ))] |

where C' < co. Clearly, the desired conclusion follows.

Remark 4.1. A question about filtrations comes naturally when one considers the group of
transformations (S*),cg on the space U. Indeed, for all t,u € R, let F}* be the o-algebra
generated by the Wyv-negligible subsets of U of and the variables (S*(w))(s), for s € (—o0, ]
(these variables are well-defined up to a negligible set). From the results of Jeulin and Yor,
one quite easily deduces the following properties of the filtrations of the form (F}*);cr for
ueR:
e Forall t,u € R, F* is generated by F/™ and (S%(w))(t).
e For all t,u € R, 7™ and (S*(w))(t) are independent under Wyu.
e For all t,u € R, the decreasing intersection of /™™ for n € Z is trivial (i.e. it satisfies
the zero-one law).
o If u € R is fixed, the o-algebra generated by F/™™ for ¢ € R does not depend on
n € Z.

All these statements concern the sequence of filtrations (F“*"), <z for fixed u € R. A natural
question arises: how can these results be extended to the continuous family of filtrations
(F")uer? Unfortunately, for the moment, we have no answer to this question (in particular
the family does not seem to be decreasing with u).
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