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Abstract

In this article, we study the family of probability measures (indexed by ¢t < Rj_), obtained by
penalization of the Brownian motion with a given functional of its local times at time ¢.

We prove that this family tends to a limit measure when # goes to infinity if the functional satisfies some
conditions of domination, and we check these conditions in several particular cases.
© 2007 Elsevier B.V. All rights reserved.
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0. Introduction

Brownian penalizations have been studied in several articles, in particular in [4-6]. The
general principle of these penalizations is the following: let W be the Wiener measure on
C(R4, R), (X¢)i>0 the canonical process, and (I7);>0 a family of positive weights such that
0 < W[I}] < oo; we consider the family of probability measures (W;);>0, obtained from W, by
“penalization” with the weight I

Wi

Ww;
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In many different particular cases, the family (W;);>¢ tends to a limit measure Wy, as t — oo,
in the following sense: for all s > 0, and for A; measurable with respect to 7y = o {X,, u < s},

Wt(As) — Woo(As)
t—00

Up to now, there does not exist a general theorem which covers all the different cases for which
convergence holds. On the other hand, we remark that in many of these cases, one has

Iy = F((] (X)) yer)

where (l;V (X)) yer is the family of the local times of (X)s<;, and F is a measurable functional
from C(R, R;) to Ry.
These two facts led us to prove that if I" is of this form, the limit measure W, exists for a “large”
class of functionals F'.
This proof is the main topic of our article, which is divided into six sections.
In the first one, we define and explain the notation that we need to prove our main theorem, which
is stated at the end of the section.
In Section 2, we prove an equality satisfied by an approximation of a given functional of local
times, and in Section 3, we majorize the error term corresponding to this approximation.
This allows us to obtain, in Section 4, the asymptotic behaviour of the expectation of functionals
which satisfy some particular conditions, and finally we prove the main theorem in Section 5.
In Section 6, we study the four following examples, for which the theorem applies:

(1) F((I7)yer) = #(1°) (which corresponds to I, = ¢(lt0(X))), where ¢ is a function from
R, to Ry, dominated by an integrable and decreasing function .

(2) F((I”)yer) = ¢ (inf{y > 0, Y = 0}) (which corresponds to the weight
It = ¢ (sup{Xs, s < t})), where ¢ is a function from R U{oo} to R4, dominated by a decreasing
function v, which is integrable on R, .

(3) F((I”)yer) = exp(— ffooo V(y)I’dy), where V is a positive measurable function, not a.e.
equal to zero, and integrable with respect to (1 4+ y*)dy.

@) F((I”)yer) = ¢ (7", ?), where y; < y2 and ¢ (I1, [2) < h(l; A Ip), for a decreasing and
integrable function h.
The three first examples have been already studied by B. Roynette, P. Vallois and M. Yor.
As a help to the reader, we mention that Sections 2 and 3 are quite technical, but it is possible to
read the details of these sections after Sections 4 and 5, which contain the principal steps of the
proof of the theorem.

1. Notation and statement of the main theorem

In this article, (B;);>0 denotes a standard one-dimensional Brownian motion, (L,y )1>0,yeR the
bicontinuous version of its local times, and (z/');>0,4er the family of its inverse local times.

To simplify this notation, we put T, = 15’ (first hitting time at a of B) and rlo = 1.

Foreveryl € Ry, (Y, l’; 4 )yeR denotes a random process defined on the whole real line, such that its
“positive part” (Yl}; )y=0 is a two-dimensional squared Bessel process (BESQ(2)), its “negative
part” (Yl:f )y>0 1s an independent zero-dimensional squared Bessel process (BESQ(0)), and its
value at zero Y, l(,) . is equal to /. In particular, by classical properties of BESQ(0) and BESQ(2)
processes, there exists a.s. yp < 0 such that Yly: L= 0iff y < yp.
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We define also (Yﬁ _)yer as a process which has the same law as (Y, I_Jf )yeR, the process obtained
from (Y, l): )yer by “reversing the time”.

In one of the penalization results shown in [5], B. Roynette, P. Vallois and M. Yor obtain a limit
process (Zg),zo, such that Zf = B, fort < 1, (|ZI,/+M|)MZ() is a BES(3) process independent of
B,and € = sgn(ZiIJru) (u > 0) is an independent variable such that P(e=1)=P(e=—1)=1/2.
This process can be informally considered to be a Brownian motion conditioned to have a total
local time equal to [ at level zero. By applying Ray—Knight theorems for Brownian local times
(see [7]) to (Zg ):>0, it is possible to show that the law of the family of its total local times is the
half-sum of the laws of (Yl}"Jr)yeR and (Y,{;)yeR ((Ylﬁ)yeR corresponds to the paths of (Zf),zo
such that e = 1, and (Yl};,)yeR corresponds to the paths such that e = —1).

This explains why the processes (Yl)" )yer and (YZ _)yer occur naturally in the description of
the asymptotic behaviour of Brownian local times.

We also need to define some modifications of (Yl%Jr)yeR and (Y[}’L)yeR: forl > 0,a > 0,
(Yﬁ 2)yeR denotes a process such that (Yﬁ 2)y=0 is markovian with the infinitesimal generator
of BESQ(2) for y < a and the infinitesimal generator of BESQ(0) for y > a, (Yl;y)yzo is
an independent BESQ(0) process, and Yl?a = 1[.Fora < 0, (YZ}: 2)yeR has the same law as
04 l’—;va) yeR-

Now, let F be a functional from C(R, R4) to R, which is measurable with respect to the o -field
generated by the topology of uniform convergence on compact sets. We consider the following
quantities, which will naturally appear in the asymptotics of E[F ((L,y) yeR)]:

IL(F) = /0 AEIF(Y] ) yer)]

I_(F) = /0 dIE[F((Y;_)yer)]
I(F) = 1.(F) + I_(F).

We observe that I (F) is the integral of F with respect to the o-finite measure / on C(R, Ry),
defined by

o o
1 :[ lel,++[ dip —
0 0

where P 4 is the law of (Yljj+)yeR and P _ is the law of (Y[}:,)yeR-

At the end of this section, we give some conditions on F which turn out to be sufficient for
obtaining our penalization result.

Unfortunately, these conditions are not very simple and we need three more definitions before
stating the main theorem:

Definition 1.1 (a condition of domination). Let ¢ and n be in R (generally n will be an integer).
For every decreasing function & from R4 to R;, we say that a measurable function F from
C(R, R,) to Ry satisfies the condition C(c, n, h) iff the following holds for every continuous
function / from R to Ry :

(1) F((I”)yer) depends only on (I7)ye[—c,c]-

vel—e.d P +¢ .
(@) F(()yer) < (i) h(infyef—c. 1),
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Intuitively, a functional of the local times satisfies the above condition if it depends only on the
local times on a compact set, and if it is small when these local times are large and do not vary
too much.

Now, let us use the notation

o]

No(h) = ch(0) + / h(y)dy.
0

If N.(h) < oo, it is possible to prove our main theorem for all functionals F which satisfy the
condition C(c, n, h), but this condition is restrictive, since the functional F must not depend on
the local times outside of [—c, c].

In order to relax this restriction, we need the following definition:

Definition 1.2 (a less restrictive condition of domination). Let n be in Ry and F be a positive
and measurable function from C(R, Ry) to R.
For all M > 0, let us say that F satisfies the condition D(n, M) iff there exists a sequence
(ck)k=11n [1, oo, a sequence (hx)x>1 of decreasing functions from R4 to R4, and a sequence
(Fi)k>0 of measurable functions from C(R4, R) to R, such that:

(1) Fo = 0 and (Fy)k>1 tends to F pointwise.

(2) For all k > 1, | Fy, — Fy—1] satisfies the condition C(cg, n, hy).

3) Zkzl ch (hi) < M.
We define the quantity N (F) as the infimum of M > 0 such that F satisfies the condition
D(n, M).

Intuitively, if N" (F) < oo, it means that F can be well approximated by functionals which
satisfy conditions given in Definition 1.1.

In particular, if F satisfies the condition C(c, n, ) for ¢ > 1, one has N (F) < N.(h) (one can
prove that F satisfies the condition D(n, N.(h)), by taking in Definition 1.2 ¢y = ¢, by = hli=1,
Fo=0and F, = F ifk > 1).

Now, for a given functional F, we need to define some other functionals, informally obtained
from F by “shifting” the space and adding a given function to the local time family.

More precisely, let us consider the following definition:

Definition 1.3 (local time and space shift). Let x be a real number. If F is a measurable
functional from C(R4, R) to Ry, and if (lg) yeR 1s a continuous function from R to Ry, we

denote by F (p)yer-* the functional from C (R, R}) to R4 which satisfies
y f ) y—
Floyerx (1) g) = F(U) + 1) yer)
for every function (I7)ycR.

This notation and the functionals defined in this way appear naturally when we consider the
conditional expectation E[F ((Lty )yeR)|(By)u<s], for 0 < s < ¢, and apply the Markov property.
We are now able to state the main theorem of the article:

Theorem. Let F be a functional from C(R, Ry) to Ry such that I(F) > 0 and N®(F) < 0o
for some n > 0.

If W denotes the standard Wiener measure on C(R4,R), (X;);>0 the canonical process, and
(lty (X))rer,,yeR the continuous family of its local times (W-a.s. well defined), the probability
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F (2 00), )
w[F(00),)]

is well defined for every t which is large enough, and there exists a probability measure Wgo
such that

W/ (As) = W)

Wi =

foreverys > 0and Ay € Fs = o{X,,u < s}.
Moreover, this limit measure satisfies the following equality:

I ( F(li’(X))yER,Xs)

1(F)

Wh(4) =W |1y,

Remark 1.1. A consequence of the theorem is the fact that if /(F) > 0 and N M (F) < oo for

ey . .
some n > 0, the process W is a martingale. In three of the four examples studied

in Section 6, we compute explicitly this martingale, and in the two first ones, we check that this
computation agrees with the results obtained by B. Roynette, P. Vallois and M. Yor.

Remark 1.2. We point out that our notation, l,y (X), for the local times given in the theorem,
differs from the notation L;v , which is used for the local times of (Bs)s<;. This is because, in
one case, we consider the canonical process (X;);>0 on a given probability space, and in the
other case, we consider a Brownian motion on a space which is not made precise. Hence, the two
mathematical objects deserve different writings, despite the fact that they are strongly related.

Remark 1.3. The domination conditions placed on F in the theorem are modelled on the case
F((I”)yer) = ¢(lo), for which convergence holds if ¢ is a positive and integrable function
(see [6]).

In Definition 1.1, it is natural to replace ¢ (I°) by h(infye—c c11”); the factor (

SUPyer_e ] HC .
in}f).;ee[[—c.’c]]ﬂ )" is
given in order to relax the condition C(c, n, h) if the local time has large variations near level 0.
Intuitively, the motivation for the hypotheses of the theorem is the fact that if they are satisfied,
the mass of W,F arises from paths that do not spend large amounts of time in a neighbourhood of
the origin, as in particular cases studied by B. Roynette, P. Vallois and M. Yor.

2. An approximation of the functionals of local times

In order to prove the theorem, we need to study the expectation of F ((L,y )yeR), Where F is a
function from C(R, R;) to R...
However, in general, it is difficult to do that directly, so in this section, we will replace
F((L})yer) by an approximation.
For the study of this approximation, we need to consider the following quantities:

c c c
A R A A B
—C —C —C
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forc e Ry orc =00,a € R;
C — 1 YC Y*C C _ 1 YC Y*C cC __ 1 YC Y*C
Vit = E( I+ T Y3 Vi-= 5( - T Y D), Via= 5( lat i)

force Ry,a € R;

00 o~ Vi 20T ) I,
les(F) = [ 0B | P ) a0 ¢( ’ )
0

L V= L/t "

o0 e VLRI e
les(F) = /O AE | F(¥))yer) e (—)

T em V)

Ic,t(F) = c,t,+(F) + IC,t,—(F)

and

for c € R4, t > 0, where ¢ denotes the function from R4 to R4 such that ¢p(x) = linx < 1/3,
¢(x) =2—-3xif 1/3 < x < 2/3 and ¢(x) = 0 if x > 2/3 (in particular, this function is
continuous with compact support included in [0, 1]).

ST 26-TE )
important here, since ¢(Il‘; " /t) = 0 in that case.

Now, the main result of this section is the following proposition:

We observe that the expression is not well defined if If T but this is not

Propeosition 2.1. For all measurable functionals from C(Ry,R) to Ry, such that F((I”)yeRr)
depends only on (1) ye[—¢,c] for some ¢ > 0, the following equality holds:

, | I .

V2ntE |:F((Lt})yeR)1|B,2c¢ <;/ Ltydy>:| = 1. (F)

—c

forallt > 0.

Proof. Let Go be a functional from C(Ry,R) x Ry to Ry, such that the process
(Go((Xs)s>0, 1))1>0, defined on the canonical space C(R4, R), is progressively measurable.
If we denote by Hj the functional defined by

Hy((w5)s>0, 1) = Go((wr — w(r—s),)s>0, 1)

for every continuous function w from Ry to R and all ¥ > 0, Hj satisfies the same conditions
as Go; moreover, Go((ws)s>0, t) and Hyo((ws)s>0, t) depend only on (ws)s<;, therefore one can
write

G((ws)sft) = GO((ws)sZOv t)
H((U)s)sft) = HO((('US)SZ()v 1).

Now, by results by C. Leuridan (see [2]), P. Biane and M. Yor (see [1]), one has

/ T AtH (By)ezr) = f Ta / " aH((BY)yzep).
0 0 —00
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Moreover, for all ¢+ > 0, (Bs)s<; and (B; — B;—s)s<; have the same law; therefore, G ((B;s)s<)
and H ((Bs)s<:) have the same law and

/O th[G((Bs)sst)]Z/O dl/ da E[H ((Bs)s<z)]-

Let us consider a continuous process (Z5%)s=0 such that Z;* = B, fors < 7, and (er}iu)uSTHo
is the time-reversed process of a Brownian motion starting from a, independent of B, and
considered up to its first hitting time of zero (denoted by T,_.0); the trajectory of Z"¢ after
time 7; + T, is not important.

By using invariance properties of Brownian motion by time and space reversals, it is not difficult
to check that (Zf,’“)sfn_ga_)o has the same law as (@ — B¢ ) <¢; therefore, G((Zé’a)sfn_ga_)o)
has the same law as H((Bs)sir[a) and

/O At E[G((By)s=1)] = /0 al f da E[G(Z5Y)<qi1,o)].

Hence, for all Borel sets U of R, if we define J. iy (F) by

1 C
Jeu(F) Z/Uth[F((L;V)yeR)lB,|>c¢ (;/ Lzydy>]

we have, by taking Go and G such that G((B;s)s<;) = F((L;v)yeR),

o0 y JE Lidy
Jeu(F) = /O G| Pzt | 7250 1 e

/oodl/ Wk | P 0 Je plady ;
= a T R e - ® ryla
o JRi-ea YT\ Lotady | T el

where (L7 ’l"‘)yeR is the continuous family of the total local times of zha,
Hence, by the Ray—Knight theorem applied to the independent processes (Bs = Z;)s<; and
(Zy4u)u<T,_ > and classical additivity properties of squared Bessel processes,

o , I,
do By = [Car [ el P00 (2 ) 125
0 R\[—c,c] l,a '
o]

* y IlCa
= / dl/ daE| F((Y] ,)yeR)E | ¢ F lzﬁfley
0 R\[—c,c] l,a
Now, if 6 is a given continuous function from [—c, c] to R, the integrals fL o Yl}!’ady and

since F((Y;],)yer) depends only on (Y;',) ye[—c.c]-

f :OCO Y f; ,dy are independent conditionally on (Y[y 2 = 07)ye[—c,c] and their conditional laws are
respectively equal to the laws of [i* Y. acy, dy and 1Y) Cae), 47
Therefore, by additivity properties of BESQ processes, the conditional law of

, ¢ ) Oo Y
0o —1If, :/ Y,fady+[ Y,{ady
—00 c
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given (¥}, = 67)ye[—c,c), is equal to the law of

o0 o0
y y
/O Yoo rp-cody + /0 ¥0.(al—e), 4

where (qu_e,b. o)yZO and (Yg(\a|—c)+)y30 are supposed to be independent.

By the Ray-Knight theorem, [;°
(BS)SSTch;—c; therefore,

Yeyr +o—c ody has the same law as the time spent in R4 by

o0
y @ @
/o Yoe 1o-c 09 = T0ero-)/2 = Toe0-)2-

Moreover,

o0
y @
/o YO,(la\fc)_de = T(al—c)+-

Hence, the conditional law of Iloz — f 4 given (Y,yu = 0¥)ye[—c,c]» 18 equal to the law of
T(\a|=c); +(6+6—<)2- Consequently,

)

Jeu(F) = / a1 / daE[F()yemVa T 0 Vi) |
0 R\[—c,c]

where, for |a| > c,

z
Z,0) =E — 1 .
Wa( ) |:¢ <I n T|a|—c+0> I+Tlac+0€Ui|
Now, if, for all # > 0, p, denotes the density of the law of T;,, one has
VaZ.0) = [ SE/Dp-cratt - D
U

and
C

o0 T
Jew(F) = f dr f dr f daE[F((Y,{u)yeRm (’—) pa|_c+y;a(r—zf,a)].
U 0 R\[—c.c] t |

By hypothesis, F((Y;',)yer) depends only on (¥;',)ye[—c.c. Moreover, for a > ¢, (Y] ye[—c.c]
has the same law as (Y}, )ye[—c.c}, and for a < —c, (¥;))ye[—c.c] has the same law as

(YI{},))'E[—C,CL
Hence, we have

00 T 00

Jeu(F) = /U dr /0 dlE[F((Y,%;)yeRw (%) / pa—c+y;;+<t—I;;+)da]
c
oo T¢ —c
+ / di / dlE[F((Y,y)yeRw (’—) / p|a_c+y;<t—1,i_)da]
U 0 ’ ! —0o0 ’
Now, for6 > 0, u > 0,
—c ) )

/ plal—c—i—&(u)da = / Pa—c+0m)da 2/ pp(u)db
—00 c 0

_ foo Le_bm“db: ;6—92/214.
0

2mu3 V2mu
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Therefore,

1., (F
JC,U(F)=/ dr et )
U 2t

This equality is satisfied for every Borel set U. Hence, by definition of J. y(F), the equality
given in Proposition 2.1 occurs for almost every ¢ > 0.

In order to prove it for all # > 0, we begin to suppose that F is bounded and continuous.

In this case, for all s, t > 0,

1 1 [€
'E[F((L;V>yeR)1|x,>c¢ (; / Lydy)} |:F((L3Y)yeR)1Xx|>c¢ (; / L?dy)“
y 1 y y 1 ¢ y
<E HF((Lt )yER)¢ (;/ Lz dy) - F((Ls)yeR)¢ (;/ Lsdy>‘j|

+ I FllocP  (Qu € [s, 1], | Xul = 0.

If ¢ is fixed, the first term of this sum tends to zero when s tends to ¢, by continuity of F, ¢ and
dominated convergence.
The second term tends also to

[ FlloP(1X:] = ¢) = 0.

Therefore, the function

y L[ Yy
t > E [F((Lt ))’6R)1|X1|20¢ (;/ ‘Ltdy>:|

is continuous.
Now, let us prove that I, ;(F) is also continuous with respect to ¢.

Forallt > 0,
, eV 2T e s e~ VEDV2AT Y T
F((Y; )yeR) —F——=—9¢| — | = F((¥; ))yeR) —F—=¢ | ——
’ /1 _Ic /S s s—>t ’ /1 _IL /l‘ t

by continuity of ¢ (if Z/ L <t itis clear, and if Z; L= the two expressions are equal to zero
for s < 3¢t/2).
Moreover, for s < 2t,

—QF D2 26-TF ) I
e T+ 1,+ _ve 32
() e
LT}, /s g
c 32
< V3| Flloge™ i1,
Recalling that the Lebesgue measure is invariant for the BESQ(2) process (Y, ly; Jr) y>0, We have

o Y¢,)2/16 o 2
f dlE[e_( (el f] =f dle /100 < oo,
0 0

By dominated convergence, t — 1., +(F) is continuous.

Similar computations imply the continuity of + — [I., _(F), and finally ¢t — I.;(F) is
continuous.

Consequently, for F continuous and bounded, the equality given in Proposition 2.1, which was
proven for a.e. t > 0, remains true for every ¢ > 0.

F((Yl}j_i_)yeR)
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Now, by monotone class theorem (see [8]), it is not difficult to extend this equality to every
measurable and positive function, which completes the proof of Proposition 2.1. [

This proposition has the following consequence:

Corollary 2.1. Let F be a functional which satisfies the condition of Proposition 2.1. The two
following properties hold:

(1) Forallt > 0,

V2rtE [F((L,y)yeR)1|B,>c¢ G/ Lfdy)} < V3I(F).
(2) When t goes to infinity,
1 [
V2riE [F((LbyeR)lw,zw (; / Li’dyﬂ — I(F).

—C

Proof. The first property is obvious, since ¢(x)/+/T — x < /3 for all x > 0.
In order to prove the second property, we distinguish two cases:
(1) If I(F) < o0, we observe that

o Vi 26-TF ) (Iz‘§+>

V=17, /t ¢

is smaller than /3 F ((Yﬁ +)yeR) and tends to F ((Y ﬁ +)yeR) when ¢ goes to infinity.
By dominated convergence, I, ; +(F) — [ (F).
Similarly, I, ; —(F) — I_(F) and finally

I..(F) = I(F).

F((Y),)yer) :

(2) If I (F) = oo, we can suppose for example I (F) = oo.
In this case,

o0 ) _ c 2 _7°C :Z'IC
Ies(F) > Ioq 4+ (F) = fo dzE[F(<Y5+)yeR)e VI 20210 (%)}

which tends to 7 (F) = oo when t — 0o, by monotone convergence. [
Now, the next step in this article is the majorization of the difference between the quantity
v 27rtE[F((L;V)y€R)] and the expression given in Proposition 2.1.

3. Majorization of the error term

For every positive and measurable functional F, we denote by A, ;(F) the error term that we
need to majorize:

1 c
Aci(F) = 'VZTUE [F((Lty)yek)lmzc(ﬁ (;/ L',ydy>] ~ V2rtE[F((L})yer)]| -

—C

It is easy to check that

Aci(F) < AL (F) + AZ)(F)
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where
AD(F) = V2r B [F((L))yer) 3, <c ]
and

A?(F) = V2R [F((Li’)yeR)l [ Ly /3] .

The following proposition gives some precise majorizations of these quantities, when F' satisfies
the conditions of Definition 1.1.

Proposition 3.1. Let F be a functional from C(R,Ry) to Ry which satisfies the condition
C(c, n, h) for a positive, decreasing function h and ¢, n > 0.
For all t > 0, one has the following majorizations:
ey Nc(h)
(1) A (F) < Anm,

2) ch(0) N¢(h)
@) AL (F) = Anpg ey < Antirey

(3) Act(F) < Anrgsesirs:

) I(F) = AyNc(h),

where A, > 0 depends only on n.

In order to prove Proposition 3.1, we will need some inequalities for the processes (L;) ye[—c,cl
and (Yly;_i_)ye[fc,c]-

More precisely, if we put L = sup,¢;_. ¢ L}, of = infye(—c,e1 L7, O | = SUPyc[_¢.c] Ylﬁ,
0f . = infye—c.a) ¥} OF _ =supyei_c o ¥/ _, 6 _ = infyej—c ¥ _, the following statement
holds:

Lemma 3.1. Forallc, t > 0:
(1) Ifa=0,
C
P(Z’ te za) < Ae .

of +c¢

2) Ifa =4,
Of, +c _ I
p(I+TC 1 ) < ac(erd),
0[,+ +c
) Ifa=4
OFf +c _ I
P2=—— >a) < Ae Mart)
9,)7 +c
Here A > 0,0 < A < 1 are universal constants.

Proof of Lemma 3.1. (1) Let us suppose a > 8, ¢ > 0.
In that case,

c C
P(E, +c2a,L?z%>§P<2{+c>8 L0>E)

of +c¢

EC
< ZP <—’C > 8, L? € [2k_2ac, Zk_lac])
keN

t
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< ZP(Z’IC > 2%q4c, L? € 25 %ac, 2 ac))
keN
+ Zp(a; < 283ac, ¢ < 2%ac, LY € 2 %ac, 2" ac))
keN
3 [P(E%kflac > 2%ac) +Pof, , <2ac, 8¢, | < 2kac)]
keN
> [ec@ao) + o2 2ac)|
keN
where forl > 0, a.(l) = P(ETC[ > 2l) and B.(I) = P(UTC[ <1/2, Efl < 4l).
Now, by the Ray—Knight theorem, o (I) < 2P(supye[0y Y lf 0= 2[), and by the Dubins—Schwarz
y o v } . . .
theorem, Yl,o =+ ﬂ.fo A¥Fodz where $ is a Brownian motion.

IA

Hence, if S = inf{y > 0, Yly0 > 2}, one has Supu<fS4YZ' dz By, = I, and if we suppose
’ =Jo 4 odz

SUPyco.e; Yo = 21, we have S < ¢, [ 4Y7(dz < J; 81dz < 8lc, and finally sup, g, fu > I.
Consequently,

ac(l) < 2P ( sup By = l) = 2P(Bsicl = 1) < 4P(Byic = 1) < e/,
u<8lc
By the same kind of argument, one obtains

lgc(l) S 4671/1280

and finally
P(Zf te a, 10> ﬁ) - 42 (efzkfla/m_i_efzkfza/]zs) < 500e-9/512
c - ’ - - - .
of +c 4 P
On the other hand,
Xe+c o _ ac . o _ ac .
P(o}—l—c >a,L; < T) < P(Z,‘ +c>ac L) < Z> sP(E;ﬂC/4 > (a — 1)0)
Tac ac —a/64
S P (E;;wﬂ 2 ?) E 4% (I) S 4e a/ .
Consequently,
[
P (2’ < a> < 524¢/312
of+c = )~
for alla > 8.
This inequality remains obviously true for a < 8 or ¢ = 0, so the first part of Lemma 3.1 is
proven.

(2) Let a be greater than 4. If [ > ac/4,

P Olite ‘s4)<p(or, = +P(OF, <21,6°, <1/2) <2a.()+ Bl
P (6 + ) (1,+— ’1,+—/)_ ac(D) + Be(1)
1+

where

G.() = P( sup Y,ﬁ > 21)

y€l0,c]
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and

yel—c,el yel=c.c]

Bc(l)zP( sup Yy <2, inf ¥, <1/2>.

Now, (Y,);)yzo is a BESQ(2) process; hence, if (8, = (,8;1), ‘3;2)))},20 is a standard two-
dimensional Brownian motion,

a.() =P ( sup ¥, > 21) =P (i‘iﬁ 18y + (WL,0)| > @)

y€l0,c]
<P (sup 1ByIl = VI(v/2 — 1>) < 8e!/30c,
y<c

Moreover,

ye[—c,c] L0 —c,c]

BL.(Z)§P< sup Y}, <41, Enf Y7 <1/2>=ﬁc(1)54e—’/‘280.

Therefore, if I > ac/4,

e, +
P<9£’++ ¢ > a) < 20e—1/128¢,
I+ T¢€

Now, let us suppose [ < ac/4. In this case,

Of +c
P(e'—+2)
1+

Hence, for every [ > 0, a > 4,

IA

a

P (950/4,4_ > 3ac/4) < 25&-(06‘/4) < 16e_“/200,

C
p < O, +c - a) < Qe (@+(1/c)/1024
6, +c — -
1+

which proves the second inequality of the lemma.
The proof of the third inequality is exactly similar. [

Now, we are able to prove the main result of the section, which was presented in Proposition 3.1.

Proof of Proposition 3.1. (1) For ¢ = 0, A§‘2 (F) = 0, so we can suppose ¢ > 0.
The functional F satisfies the condition C(c, n, h); hence, foralla > 1,

A“)
=E[F

F((L})yer)1|B,=c]

ZC
< hi C) hﬁfﬁh&sc}

Z‘—l—c
E{ RO } +a"E {h(o;)lmt«lw }

C't +r

IA
=1

IA

cr/ +c

LY
t t > 14
Now, if o T <a, a,°+c < aand of ( - c)+.
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Therefore,

AL)(F e\ LY
) hoE| (2 1. v [n (5 —e) Vs
V 2t atc +c aré+c za a + B
By Lemma 3.1,
EC n ZC o0 EC .
E ( IC+C> 1sey. =a”P( 2+C2a>+/ nb”_1P<t‘,—+CZb>db
of +c) ihiza of +c a of +c
9] n+1
<A (a"e—“* +/ nb"—le—“’db> <A (X) (n+ Dla"e 4.
a

On the other hand, by using the probability density of (L?, |B;]) (given for example in [3],
Lemma 2.4),

70 2 oo c l 2
E[h ((—f—c) )1|B,|§C] :,/—Sf dl/ dxh((——c) )(l+x)e<l+x) /2
a + wt> Jo 0 a +
2 ac c )
- /—3h(0)/ dl/ dox (I 4 x)e” 07/
Tt 0 0
o c
+,/i3/ dl/ dx h (i - c) (1 + x)e= H7 /2
T Jace 0 a
— \/th(o) /d dlfldxme—cz(lﬂ)zﬂt
Tt 0 0 NG

2
+\/z£/0o dz/ldx h(ety SCLF AT Cataory
Tt Jo 0 NG

Forall 0 > 0, 96_92/2 < e /2 < 1. Hence,

0 2 oo
E [h ((5 — c) ) 1|Bt|§c:| <y 2ac (h(O) +/ h(cl)dl) =,/ EENc(h)-
a + ot 0 Tt

Moreover, for 0 < ¢ < ¢2,

LO N.(h) N,.(h)
. [h ((7[ B C)+) 1|Bt|§c‘] <h(0) < ; < a v .

The majorizations given above imply

n+1
A (F) < A (;) (n + Dla"e 27t h(0) + V2ma" ™! (% A 1> N.(h).

Now, let us choose a as a function of 7.
Fort < cz, we take a = 1 and obtain

n+1
AN (F) < A (;) (1 + Dle ™2 ch(0) + v2 Ne(h)

6 n+1
<V2r (1 +A <X> (n+ 1)!e—A> N (h).
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Fort > ¢2, we take a = (1/c%)!/60++D),

6 n+1 ; 1/6 (i 1/6(n+1)
AN (F) < A (X) (n+1)! (7) ) vmmmo)
&
i (L)
(L) S
c2 N/
S o

n+1 —1/3 1/6(n+1)
V2n (1 +A <9> (n + 1)!) Ne(h) (%) (1 + Lze_k<c ) )
A c c

6\""! /6D t\"3
<A2m|1+A 7 (n+ 1! 1 + supue - N.(h)
u>1 c

16+
where sup,-, ue

constant).

In the two cases, the first inequality of Proposition 3.1 is satisfied.
(2) Forc =0, Aft)(F) = 0, so we can again suppose ¢ > 0.

Fora > 1,

AZ)(F) s S\
\/ﬁ = E[F((Lz )yeR)lffc Ltydyzt/3:| =< E |:(Gc —‘,—C) h(UtL)IEth/6c:|

t

X+ c\" t
]’lO E 4 1 C e nP LO>__
()( |:<Uf+c) fti-;>a]+a < "'~ 6ac C))

2

n+l 1 t
A <X> (n + Dla"e ™ h(0) + 2a"h(0)e 2 (aae =)

is finite and depends only on n (we recall the A is a universal

IA

IA

If t < 12¢2, we take a = 1;
@ 6 n+1 L
AS(F) <ch(Ov24m |2+ A 5 n+1le .

1/3
Ift212c2,wetakea=( ! ) ;

12¢2

A 12¢2

3
n 2( ! )n/ e—gf(z(z/12c2)2/3—1)2:|

ntl n/3 RNVE
AR)(F) < V27t h(0) [A (ﬁ) (n+1)!(L) )

12¢2

62 3 6 n+1
< (7> ch(0)v/2712%/ 2+A<X> (n+ 1)!

- (#)g-’_% <e_k(|2t02>]/3 + e_214(12t02)l/3) .
C

The second inequality of Proposition 3.1 holds, since sup,,- u%+% (e
and depends only on n.

1/3 _ 1130, .
w4 em 2 M is finite
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(3) This inequality is an immediate consequence of (1) and (2).
(4) Forevery I > 0,

or "
E[F((Y,)yer)] < E [(”—”) h(9f+)i|
' O, +c '

o, +c\" l
cow [ (FY 1 Jee((-0),
91,+ +c 9"Y++c 24 4 +

1+

Now, by Lemma 3.1,

o, +c\" PFf  +c
é*+— Lof, e — 4P £+— >4
917+ +c =4 91’+ +c

00 O°f +c¢ 6 n+1
+ f nb"~'p (”— > b) db < Ae~M/e (—) (n+ 1)14"e .
4 91,+ +c A

Hence,

n+1
E[F((Y],)yer)] < Ah(0)e /¢ (;) (n+ D)14"e™ 4 4"p ((f-l — c) )
+

and, by integrating with respect to [,

A6 n+1 [es)
L+(F) = + (X) (n 4+ D4 *ch(0) + 4" ch(0) + 4"+ / h(Ddl
0

n+1

By symmetry, the same inequality holds for /_(F'), and

n+1
I(F) <2%+3 (1 + % G) (n+ 1)!) N.(h)

which completes the proof of Proposition 3.1. [

4. An estimation of the quantity E[F((Lty )yer)]

In this section, we majorize E[F((L}) yeR)] using an equivalent of this quantity when ¢ goes
to infinity. The following statement holds:

Proposition 4.1. Let F be a functional from C(R,Ry) to Ry, which satisfies the condition
C(c, n, h), for a positive, decreasing function h, and ¢, n > 0.
The following properties hold:

(1) Forallt > 0,

V2 tE[F (L} )yer)] < KuNe(h)

where K,, > 0 depends only on n.
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(@) If Ne(h) < o0,
V2 tE[F((L])yer)] — I1(F).
11— 00
Proof. We suppose N.(h) < oo.
Proposition 3.1 implies the following:
Aci(F) < ApNc(h)
Ac,t(F) — 0
—00

Moreover, by Corollary 2.1,

V27 1iE [F((L?’)yER)1|Bt|ZC¢ < L 'dy)} oo )

L
B

S| = S =

Yy
t
V2riE [F((L,y>yeR)1|B,|>c¢ ( L,ydy)} < V3I(F) < V3A,N(h)

forallt > 0.
Now, by definition, one has

) L[e
'V27TIE[F((Lf)yeR)] — V2K I:F((L;})yeR)lBtIZC(p (;f Ltydyﬂ‘ = Aci(F).

Therefore,

V2RI EIF(L)yer)] = 1(F)

V2t E[F ((L])yer)] < (1+ V/3) Ay Ne(h)
which proves Proposition 4.1. I
The following result is an extension of Proposition 4.1 to a larger class of functionals F:

Proposition 4.2. Let F : C(R,R;) — Ry be a positive and measurable functional. The
following properties hold for all n > 0:

(1) Forallt > 0,

V2miE[F((L))yer)] < Ko N (F).
() If N™(F) < o0,

V2 EIF(L))yer)] 2 1(F).

Proof. We suppose N (F) < oo.
(1) Let us take M such that N (F) < M.
By definition, F satisfies the condition D(n, M), so there exists (ck)k>1,(Ak)k>1, (Fi)k>0 as in
Definition 1.2.
One has F = ), (Fx — Fx—1); hence,

V2 EIF((L))yer)] < ) V2t Bl Fy — Feoi (L)) yer)]
k>1
< Kp ) No () < KuM.
k>1

By taking M — N (F), one obtains the first part of Proposition 4.2.
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(2) In order to prove the convergence, let us consider the equality

V2rtE[F((L})yer)] = Zv27ftE[(Fk — Fi-1)+((L])yer)]

k>1
— Y V2riEI(F — Feen)-(L})yer)]
k>1

where the two sums are convergent.

By Proposition 4.1, the two terms indexed by & tend to I ((Fy — Fyx—1)+) and I ((Fy — Fr—1)-)
when ¢ goes to infinity, and they are bounded by K, N, (hx).

Hence, by dominated convergence,

V2 E[F(L])yer)] = D 1((Fi = Fee)4) = ) T(Fi = Feep)-).
k>1

k>1
Now, by the definition of I,

D IF - Py =1 (Z(Fk - Fk1)+)
k>1 k>1
Y I(Fe—Feen) =1 (Z(Fk - Fk_l)_) :

k>1 k>1
Therefore, if G = Zkzl(Fk — Fi_1)4,and H = Zkzl(Fk — F;_1)_, one has
Y I(Fe = Fien)y) — Y T((Fy = Fro1)-) = 1(G) — I (H)
k>1 k>1
where
I1(G)—I(H)=1(G— H)=I(F)
since 1(G) + I (H) < 2Ky ) 451 Ny (hg) <00, O

Proposition 4.2 is proven, and we now have all we need for the proof of the main theorem, which
is given in Section 5.

5. Proof of the main theorem

Our proof of the theorem starts with a general lemma (which does not involve the Wiener
measure):

Lemma5.1. If F : C(R,Ry) — Ry is a measurable functional, [y € C(R,R4), x € R, and
n>0,

" n
N® (FU%HER’X) <2 (1 + <sung) > (14 x)" T N (F).
zeR

Proof of Lemma 5.1. Let M be greater than N (F).
There exists a sequence (cx)k>1 in [1, oo[, a sequence (fx)x>1 of decreasing functions from R
to Ry, and a sequence (Fy)r>0 of measurable functions C(R, Ry) — Ry, such that:

(1) Fp =0, and Fkk—> F.

—> 00
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() (| F — Fe—1D((?)yer) depends only on (1) y|<c,. and

sup 17 + ¢k
) lyl=c i
F F (0 <= ]y £
(1Fx = Fi—1D((F)yer) = ‘i?f 1Y + ¢k “\ise )
yl=c

3) Zkzl ch(hk) <M.
ly ER>
These conditions imply the following ones for the sequence (G = Fk( 0)yer X)k21:
(1) Go = 0,and Gy — FUo)rerr,

k— 00
(2) (IGk — Gx—1)((1*) yeR) depends only on (I%)¢|<c,+(x| and
sup (5T +17) + ek
z€[—ck—x,ck—x]
inf ](15“ +15) +

z€[—ck—x,cp—x

xhk< inf (15+X+11)>

z€[—ck—x,cp—x]

(1Gk = Gr—1D((P)yer) <

sup I§ +  sup  [F +cp + |x]

zeR |z|<cr+|x| .
< - , hi inf [*
inf 2+ |zl <cr+Ix]|
|zl <ex+Ix]
zZ\ " z n
sup [ sup I+ cx + |x| n
< on zeR lz|<ck+|x| |x|
- Ck inf 2+ cp + |x| inf 24 ¢
lz|<ck+|x] lz|<ck+|x]
x hy inf [?
|z| =ck+Ix]
sup  IF 4+ x]\"
<

n
|z]<ck+|x| .
2" (sup 3] + (1+ |x ") : h ( inf lz>.
<<ze£ 0> (1D inf |l“erJrIJCI “Nlz<extixl
X

lzl<ck+l

Therefore, |Gy — Gi—1] satisfies the condition C (ck + x|, n, 2" ((sup g [§)" + (1 + le)”)hk).
(3) Now,

n n
Ney+1x| (2” ((521218) + 4+ le)") hk) <2 <(§2§ lé) + 0+ le)”>

¢k + |x|
X

ch (hk)

< 2" <l + (suplé) > (1 + |xD" T N, (i)

zeR

Therefore,

; n
N®™ (F<13>>'€R’x) <2 (1 + (sung) ) (1 +[x)" M.
zeR

By taking M — N (F), we obtain the majorization stated in Lemma 5.1. [
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Proof of the Theorem. +/27tW[F ((/] (X))yeRr)] tends to I (F) > 0 when ¢ goes to infinity, so
it is strictly positive if # is large enough, and Wf is well defined.

If ¢ is large enough, by the Markov property,

» w [F ((lty(X))yeR) 6{X,, 1 < s}]
L W),

1 U (13 (X)) yer, Xs)

L WA (0 0) )]

where, for all continuous functions / from R to Ry, and forall x € R, u > 0,

W) =W

=W

B ((1)yer ) = WP (G 00),er) |

By Proposition 4.2,

Wiy (B OO)yer, Xs) I(F(l?(X»yeR,xs)
WF(Bx),g)] — 10

Moreover, for t > 2s,

t ;
V21T (B (X))yer. Xs) < \[-——N® (FU% <X)>,\,ER,X_Y)
— S
n
< otz (1 + (Suplf(X)> )(1 + X )" N (F)

zeR

and for ¢ large enough,
V2mtW [F ((17 (X))yer)] = 1(F)/2.

Hence, for ¢ large enough,

zeR

on+3/2 (1 ( (X )") : X, n+l A (
Vs (05 (X))yer, Xs) _ +(sup 5D ) ) (A +1XsD) (F)
w(F(#x0),w)] 1(F)

Now,

w [(1 + <supz§.(x>) ) (1+ |Xs|>"+1]
zeR
ny 27\ /2 1/2
= (W (0 Cogron) ) O™ <
zeR

since sup, g /Z(X) and | X;| have moments of any order.
By dominated convergence, we obtain the theorem. [
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6. Examples

In this section, we check that the conditions of the theorem are satisfied in three examples
studied by B. Roynette, P. Vallois and M. Yor, and one more particular case.

(D) First example (penalization with local time at level zero)
We take F((I”)yer) = ¢ (1) where ¢ is bounded and dominated by a positive, decreasing and
integrable function .
F satisfies the condition C(1, 0, ). Hence,

NOE) < M) = v+ [ vy < oc.
On the other hand,
I(F) = 2/(;Oo¢>(l)dl
PO (1)) = 10(X) +17%
and
1(FEOs) - /0 " ar (E[p000 + ]+ E[e0200 + 7).

Now, by using the fact that the Lebesgue measure is invariant for a BESQ(2) process, we obtain

o]

/O dlE[¢(1§’(X)+Ylj§;,n(xx))]= /0 dlp(2(X) +1) = p()dl.

(x)

Moreover, the image of the Lebesgue measure under a BESQ(0) process taken at time x > 0 is
the sum of the Lebesgue measure and 2x times the Dirac measure at 0; more precisely, for all
measurable functions f : Ry — Ry, one has

/O dUEL£ (V)] = 2xf(0) + /0 dyf ().

Therefore,
/ B [@U000 + ¥, )| = 21X, 16 0 00) + / ()l
0 ' ) 19(X)

and finally

I (F(l;(x))yeksxx) =2 <|xs|¢(1?(x)) +/ ¢>(l)dl) .
12(X)

Consequently, if ¢ is not a.e. equal to zero, we can apply the theorem, and for s > O,
As € Fy = o{Xy,u < s},

o | X519 (12(X)) + @(L?(X)))
W, (4) =W (IAS. 5(0)

where &(x) = [ ¢ (1)dl.
This result is consistent with the limit measure obtained by Roynette, Vallois and Yor in [6].
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(IT) Second example (penalization with the supremum)
We take F((I”)yer) = ¢(inf{y > 0,17 = 0}), where ¢ is dominated by a decreasing function
¥ : Ry U {00} — Ry such that [~ ¢ (y)dy < oco.
Let us recall that for this choice of F, F' ((l,“V (X)) yeR) = ¢(S;), where S; denotes the supremum
of (Xs)s<t-
Now, we take for k € N,
Fi () yer) = ¢ (inf{y > 0,17 = 0})

Where ¢2k_1 = ¢‘1]—OO,2k—l[‘
(1) One has Fy = 0 and Fj k—> F pointwise.
—> 00

(2) (I1Fx — Fi—11)((I”)yer) depends only on (1)<t and
(1Fx — Fr—1D((7)yer) < @(nf{y > 0,17 = 0D Linpy>0,1v—0perak-1—1,2¢—1[
<y = D1 i peo

lyl<2k—1
Hence, |Fy — Fy_1| satisfies the condition C (2% — 1,0, ¥ (2¥~! — D)1g)).
(3) Therefore,
o0
NOF) <Y @ -y @ =1 <90 +4/ ¥ < 0.
k>1 0
Moreover,

I(F) = /Ooodz E [qs (inf{y >0,Y), = 0})] + /OO dlE [¢ (inf{y >0,Y)_ = 0})] .

0

The first integral is equal to zero and inf{y > 0, Yﬁ _ = 0} is the inverse of an exponential
variable of parameter [ /2.
Therefore,

(T [T av Loty
1(F) di [ dys—=e /T o(y)dy
0 0 2y

= / " dyp () / wdz%e—’/b‘ =2 f " b0dy.
0 0 2y 0

By similar computations, we obtain

; o
1(FEOmer) / dUE[$(Ss v (X, +inf{y > 0, ¥)_ = 0})]
; ,

oo
= z((ss - X050+ [ ¢><y>dy).
Sy
Consequently, if ¢ is not a.e. equal to zero, the sequence (Wf )i>0 satisfies for every s > 0,
Ay € Fy = o{Xy,u < s},
W/ (4y) = W (4)
where

F__9(S)
C T WIgGHT
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and

Wgo(/l?) =W |:1/1 (Ss — X)) (S5) + @(Ss)jl

: &(0)

This corresponds to B. Roynette, P. Vallois and M. Yor’s penalization results for the supremum
(see [6]).

(IIT) Third example (exponential penalization with an integral of the local times)
Let us take F((I”)yer) = exp(— ffooo V(y)I”dy), where V is a positive measurable function,
not a.e. equal to zero, and integrable with respect to (1 + y%)dy (this condition is a little more
restrictive than the condition obtained by Roynette, Vallois and Yor in [4]).
In that case, there exists ¢ > 1 such that

/C V(y)dy >0

—c
We consider the following approximations of F: Fy = 0, and for k > 1,
2k
Fi((17)yer) = exp(— [Ty, VNI dy).
The following holds:
(1) Fp = 0and Fkk_) F.

— 0

(2) | Fx — Fr—11((I”)yer) depends only on (ly)ye[izkc’zkc] and if k > 2,

[Fi — Fie—11(7)yeRr) < (/ V(y)dy)
[—2kc,2kc]\[—2Kk—1¢,2k1¢]

2k=1¢
. sup Y )exp|— / V(y)lPdy
ye[—2ke,2kc] —2k=l¢

sup 1Y +2kc
e[—2ke,2k¢
= </[‘—2kc 2kc]\[—2k—1¢,2k=1¢] V(y)dy> = inf ]ly +2ke
' ' ye[—2ke,2kc]
2k=1¢
x ( inf 1Y +2kc) . exp [— (/ V(y)dy) ( inf l>‘>]
ye[—2ke,2kc] k=1, ye[—2kc,2kc]

Moreover,

2¢
|F1 — Fol((I”)yer) < exp |:— (/21 V(y)dy> <y€[lr£’2dl>>] )

Therefore, if we put p = ffL V(y)dy > 0, for every k > 1, |Fyx — Fy_1] satisfies the condition
C(2%¢c, 1, hy) where the decreasing function &y, is defined by

hi(l) = <1k=1 + f V(y)dy) (L + 2+ p~hHe "L,
[—2kc,2ke]\[—2k=1¢, 2k~ 1¢]
(3) One has

Noi(hy) < (1k=1 + / V(y)dy) %2 4 2kl ep=t 4 2p72),
[—2ke,2kc]\[-2k—1¢, 2k 1c]
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Hence,
SOND ) = (4 p7 4 o7 (4 + Y 2% / V(y)dy
=1 =1 [—2kc,2kc]\[-2k—1¢,2k=1¢]

<4(l+p " +p7H (c2 + / a+ yz)V(y)> < 0.
R
Moreover, by properties of BESQ processes, for all/ > 0, y € R,
E[v) | =421y

and

B| [y < [ar2mpvou <o

Therefore,

E _exp (—/ Yly"+V(y)dy>:| >0
L R

and I (F) > 0.
Consequently, the theorem applies in this case and B. Roynette, P. Vallois and M. Yor’s
penalization result holds (see [4]).

(IV) Fourth example (penalization with local times at two levels)
This example is a generalization of the first one.
Let us take, for y; < y2, F((I¥)yer) = ¢ (71, 172) where ¢(I1, ) < h(l; A ) for a positive,
integrable and decreasing function 4.
In that case, F satisfies the condition C(|y1| V |y2], 0, k), so the theorem applies if we have
I(F) > 0.
Fory > 0,z,7 >0, let q)(,o) (z, 7') be the density at 7’ of a BESQ(0) process starting from level
z and taken at time y, Q&O) (z, 0) the probability that this process is equal to zero, and g )(,2) (z,7)
the density at z' of a BESQ(2) process starting from z and taken at time y. If 0 < y; < y;, one
has

I(F) = /0 da fo diy /0 d ¢, 10g ., U1, )6 U, 1)
e [Can [ gl et
0 0 0 )

o o0 o
+ /0 di /0 i g 1)), (11, 0 (1, 0) + fo A0V (1, 0)¢ (0, 0).
Now, by properties of time-reversed BESQ processes, q}(p) (z,7) = q}(,4

density of the BESQ(4) process) and q§2) (z,7) = qﬁz) (7, z). Hence,
o0 o0
/ q\"(z.7)dz =f g\ 2)dz = 1
0 0

)(2', z) (where ¢ is the

and
o o
/ q\P (z. 2)dz = / g\ dz =1
0 0

since ¢ and ¢ are probability densities with respect to the second variable.
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Moreover,
o o
/ Q;O) (z,0)dz = / e /2dz = 2y.
0 0
Therefore,

I(F) = / i f dbqC),, () + ¢, 1, )G U, 1)

+ fo d11 05, (11, 0)¢ (11, 0) +2y1¢(0, 0)

for 0 < y; < yo.
Similar computations give for y; < y» <0

I(F) = / iy f daq ., (o 1) + 40, (2, 1) 1. 1)
+ /O L0 | (12, 0)$(0, 1) + 2|21 (0, 0).
For y; < 0 < y», we have
1(F) = f a f diy / d @ 1. 1)g® 0. 1)@ (1. 1)
f a / a2 42110 1.0 0. 1)
+ / a f d / d 01 1)g 2\ 1D L1, 1)
+ [Ta [T a0 a0 ¢ oo

Now, for y’, y” > 0, and z, 7/, 7’ < 0, the two following equalities hold:

7 (2) roon 1 (0) roon
yago @72+ y'q (277
/ /2 Z)q<0)(Z Sz = 2 Yty

& Y+

"
@ () Y () /
7,2 z,0)dz = (2,0
/(; ( )Q (z,0) ,+y,,Q (z',0)

Y4y

(the first one can be proven by using [10], Lemma 3, and the relation gy )(z 7)) = q(4) (7, 2); the

second is a consequence of the equality Q(y,, (z,0) = e~ %/ 2y ! ’q(%) 0, 2)).
Therefore,
y1lge (o) + y2q 8, (. 1)
I(F) = d11 T [0, 1) + fo— ¢, 1)

o0
0)
+ fo d11y2 “01, 11,0091, 0

o |y1| o
+ di Qyz_y1 (12,0)9(0, I2).
0

Y2 —
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This computation of I (F) implies the following:
(1) For 0 < y; < y», the theorem applies iff

o0 o0 o0
/ dllf dlz¢(11,lz)+/ dly ¢ (11, 0) + ¢ (0, 0) > 0.
0 0 0
(2) For 0 = y; < y», it applies iff
o0 o0 o0
/ dhf dly $ (01, 1) +/ dly ¢ (11, 0) > 0.
0 0 0
(3) For y; < 0 < yy, it applies iff
o0 o0 o0 o0
/ dh/ dly ¢, 1) +/ dly $(01, 0) +/ dy $(0, 1) > 0.
0 0 0 0
(4) For y; < yo = 0, it applies iff
o0 o0 o0
/ al, f dls $ (01, 1) + / di> (0, 1) > 0.
0 0 0
(5) For y; < y2 < 0, it applies iff
o0 o0 o0
/ dh/ dlz¢<ll,lz)+/ dl $(0. 1) + (0, 0) > 0.
0 0 0

If the theorem holds, it is possible to compute I (F (ZS)V(X))JVER’XS) in order to obtain the density,
restricted to Fy, of Wgo with respect to W.
For X; < y; < y», we have

I(F(l A XA) - / dis / dlz(qm -y (1, )
+q' % (1, )W (X) + 1, B2 + 1)
+ /O a0, (11, 006 @' (X) + 11, [2(X) + 200 — X0 @ (X). [2(X)).

For y; < X5 < y2,

; o oo
I(F(lg X)yer-Xsy — / dl, / dl |:q;§) s ()
0 0

L - yDGSy (1) + (32 = X)g .y (11, 1)
Y2 — )

SO+, 2(X) + D)

+ f a2 - Q§2> 1 (1,0 (X) + 11, B2 (X))
0

+ /O an X o Q§2) 11 (2 0P (1 (X), B2(X) + 1),
For y; < y» < X,

I(F(l "(X))yeR, Xa)—/ dl]/ dlz(qy2 yl(lz,ll)

+qi (. D)) (X) + 1. B2 (X) + b)
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o0
+ f iy O (1, 00 (" (X). B2 (X) + ) + 2(X, — y)o (3 (X), B> (X)).
0
These formul@ give an explicit expression for the limit measure obtained in our last example.

Remark 6.1. It is not difficult to extend this example to a functional of a finite number of local
times. We have only considered the case of two local times in order to avoid too complicated
notation.

Remark 6.2. The main theorem cannot be extended to every functional F'. For example, if we
consider the functional

F((I”)yer) = exp (— / (Wdy)

which corresponds to Edwards” model in dimension 1 (see [9]), the expectation E[F ((L; )yeR)]
tends exponentially to zero, and I (F') = 0, since for all / > 0,

o0
/ (¥} )*dy = o0
W

almost surely.

Therefore, it is impossible to study this case like the examples given above.
Another case for which the theorem cannot apply is the functional

F((I")yer) = ¢ (sup(l*)yer)

where ¢ is a bounded function with compact support.
It would be interesting to find another way to study such penalizations.
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