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Abstract. In this paper we prove the existence and the stability of small-
amplitude quasi-periodic solutions with Sobolev regularity, for the 1-
dimensional forced Kirchhoff equation with periodic boundary conditions.
This is the first KAM result for a quasi-linear wave-type equation. The
main difficulties are: (i) the presence of the highest order derivative in
the nonlinearity which does not allow to apply the classical KAM scheme,
(41) the presence of double resonances, due to the double multiplicity of
the eigenvalues of —0.,. The proof is based on a Nash—Moser scheme in
Sobolev class. The main point concerns the invertibility of the linearized
operator at any approximate solution and the proof of tame estimates for
its inverse in high Sobolev norm. To this aim, we conjugate the linearized
operator to a 2 X 2, time independent, block-diagonal operator. This is
achieved by using changes of wvariables induced by diffeomorphisms of
the torus, pseudo-differential operators and a KAM reducibility scheme in
Sobolev class.
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1. Introduction and main results

We consider the Kirchhoff equation in 1-dimension with periodic boundary
conditions

v — (1 + /(5301))2 da:) Opzv =6 f(wt,z), xe€T, (1.1)
T

where T := R/(2nZ) is the 1-dimensional torus, § > 0 is a small parameter,
feCy T x T,R) and w € Q C R¥, with 2 bounded. Our aim is to prove the
existence and the linear stability of small-amplitude quasi-periodic solutions
with Sobolev regularity, for § small enough and for w in a suitable Cantor like
set of parameters with asymptotically full Lebesgue measure.

The Kirchhoff equation has been introduced for the first time in 1876 by Kirch-
hoff, in dimension 1, without forcing term and with Dirichlet boundary condi-
tions, namely

Opv — <1 + /Oﬂ(('?:,;v)2 d;v) 0¥ = 0, v(t,0) =v(t,m) =0, (1.2)

to describe the transversal free vibrations of a clamped string in which the
dependence of the tension on the deformation cannot be neglected. It is a
quasi-linear PDE, namely the nonlinear part of the equation contains as many
derivatives as the linear differential operator. The Cauchy problem for the
Kirchhoff equation (also in higher dimension) has been extensively studied,
starting from the pioneering paper of Bernstein [9]. Both local and global
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existence results have been established for initial data in Sobolev and analytic
class, see [2,3,23,24,32,40,42] and the recent survey [41].

Concernig the existence of periodic solutions, Kirchhoff himself observed that
the equation (1.2) admits a sequence of normal modes, namely solutions of the
form v(t,z) = v;(t)sin(jz) where v;(t) is 2m-periodic. Under the presence of
the forcing term f(¢,z) the normal modes do not persist,! since, expanding
o(t,z) =325 v;(t)sin(jz), f(t,x) =32, f;(¢)sin(jz), all the components v; ()
are coupled in the integral term [[.(0,v)? da and the Eq. (1.2) is equivalent to
the infinitely many coupled ODEs

o (t) + j2v;(t <1+Zk2|vk )fj(t), J=1,2,....

The existence of periodic solutions for the Kirchhoff equation, also in higher di-
mension, has been proved by Baldi [4], both for Dirichlet boundary conditions
(v =0 on 99Q) and for periodic boundary conditions (€ = T¢). This result is
proven via Nash—Moser method and thanks to the special structure of the non-
linearity (it is diagonal in space), the linearized operator at any approximate
solution can be inverted by Neumann series. This approach does not imply
the linear stability of the solutions and it does not work in the quasi-periodic
case, since the small divisors problem is more difficult.

In general, the presence of derivatives in the nonlinearity makes uncertain
the existence of global (even not periodic or quasi-periodic) solutions, see for
example the non-existence results in [34,37] for the equation vy —a(vy)vze = 0,
a >0, a(v) =vP, p > 1, near zero.

Concerning the existence of periodic solutions, the first bifurcation result is
due to Rabinowitz [44,45], for fully nonlinear forced wave equations with a
small dissipation term

Vgt — Vg + Q¢ + € f (£, 2,0, 04, Vs, Vet Uty Vz) = 0, 2 € T, a#0

with frequency w = 1 (27-periodic solutions). Then Craig [20] proved the
existence of small-amplitude periodic solutions, for a large set of frequencies
w, for the autonomous pseudo differential equation

Dt — Dyav = alz)v + b(x, |D|Pv), g<1

and Bourgain [18] obtained the same result for the equation 0yv — 0ppv+muv+
(0;v)? = 0. The above results are based on a Newton-Nash—Moser scheme and
a Lyapunov—-Schmidt decomposition.

For the water waves equations, which are fully nonlinear PDEs, we mention
the pioneering work of Iooss—Plotnikov—Toland [29] about existence of time
periodic standing waves, and of Tooss—Plotnikov [30,31] for 3-dimensional trav-
elling water waves. The key idea is to use diffeomorphisms of the torus T? and
pseudo-differential operators, in order to conjugate the linearized operator to
one with constant coefficients plus a sufficiently smoothing remainder. This is
enough to invert the whole linearized operator (at any approximate solution)

I This is true except in the case where f is uni-modal, i.e. f(t,z) = f(t)sin(kx) for some
k>1.
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by Neumann series. Very recently Baldi [5] has further developed the tech-
niques of [29], proving the existence of periodic solutions for fully nonlinear
autonomous, reversible Benjamin—Ono equations. We mention also the recent
paper of Alazard and Baldi [1] concerning the existence of periodic standing-
wave solutions of the water waves equations with surface tension.

These methods do not work for proving the existence of quasi-periodic solutions
and they do not imply the linear stability.

Existence of quasi-periodic solutions of PDEs (that we shall call in a broad
sense KAM theory) with unbounded perturbations (the nonlinearity contains
derivatives) has been developed by Kuksin [35] for KdV and then Kappeler—
Poschel [33]. The key idea is to work with a variable coefficients normal form
along the KAM scheme. The homological equations, arising at each step of
the iterative scheme, are solved thanks to the so called Kuksin Lemma, see
Chapter 5 in [33]. This approach has been improved by Liu—Yuan [38,39]
who proved a stronger version of the Kuksin Lemma and applied it to deriv-
ative NLS and Benjamin—Ono equations. These methods apply to dispersive
PDEs like KdV, derivative NLS but not to derivative wave equation (DNL-
W) which contains first order derivatives in the nonlinearity. KAM theory
for DNLW equation has been recently developed by Berti-Biasco-Procesi in
[10] for Hamiltonian and in [11] for reversible equations. The key ingredien-
t is to provide a sufficiently accurate asymptotic expansion of the perturbed
eigenvalues which allows to impose the Second order Melnikov conditions. This
is achieved by introducing the notion of quasi-Tdplitz vector field which has
been developed by Procesi—Xu [43] and it is inspired to the Toplitz—Lipschitz
property developed by Eliasson—Kuksin in [25,26]. Existence of quasi-periodic
solutions can be also proved by imposing only first order Melnikov condition-
s. This method has been developed, for PDEs in higher space dimension, by
Bourgain in [16,17,19] for analytic NLS and NLW, extending the result of
Craig-Wayne [21] for semilinear 1-dimensional wave equation. This approach
is based on the so-called multiscale analysis of the linearized equations and it
has been recently improved by Berti-Bolle [12,13] for NLW, NLS with differ-
entiable nonlinearity and by Berti—Corsi—Procesi [14] on compact Lie-groups.
It is especially convenient in the case of high multiplicity of the eigenvalues,
since the second order Melnikov conditions are violated. As a consequence of
having imposed only the first order Melnikov conditions, this method does not
provide any information about the linear stability of the quasi-periodic solu-
tions, since the linearized equations have variable coefficients. Indeed there are
very few results concerning the existence and linear stability of quasi-periodic
solutions in the case of multiple eigenvalues. We mention Chierchia—You [22],
for analytic 1-dimensional NLW equation with periodic boundary conditions
(double eigenvalues) and in higher space dimension Eliasson-Kuksin [26] for
analytic NLS.

All the aforementioned KAM results concern semi-linear PDEs, namely PDEs
in which the order of nonlinear part of the vector field is strictly smaller than
the order of the linear part. For quasi-linear (either fully nonlinear) PDEs,
the first KAM results have been recently proved by Baldi—Berti-Montalto in
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[6-8] for perturbations of Airy, KdV and mKdV equations, by Feola—Procesi
[28] for fully nonlinear reversible Schrédinger equation and by Feola [27] for
quasi-linear Hamiltonian Schrodinger equation. For the water waves equations
with surface tension, the existence of quasi-periodic standing wave solutions
has been recently proved by Berti-Montalto [15].

The key analysis of the present paper concerns the linearized operator obtained
at any step of the Nash—Moser scheme. The main purpose is to reduce the
linearized operator to a 2 x 2 time independent block diagonal operator. This
cannot be achieved by implementing directly a KAM reducibility scheme, since
the constant coefficients part of the linearized operator has the same order
as the non-constant part, implying that the loss of derivatives accumulates
quadratically along the iterative scheme. In order to overcome this problem, we
perform some transformations which reduce the order of the derivatives in the
perturbation but not its size. We use quasi-periodic reparametrization of time
and pseudo differential operators to reduce the linearized operator to a diagonal
operator plus a one smoothing remainder, see (1.14). At this point we perform
a KAM reducibility scheme that reduces quadratically the size of the remainder
at each step of the iteration. Note that, because of the double multiplicity of
the eigenvalues |j|2, j € Z of the operator —0,., the linearized operator cannot
be completely diagonalized. This problem is overcome by working with a 2 x 2
block diagonal normal form along the iteration, which is obtained by pairing
the space Fourier modes j and —j. This strategy has been also developed by
Feola [27] for quasi-linear Hamiltonian NLS. We will explain more precisely
our procedure in Sect. 1.1.

We now state precisely the main results of this paper. Rescaling the variable
v §3v and writing the Eq. (1.1) as a first order system, we get the PDE

0w =p 2
€:=193 1.3

{@p: (1—}—5]?(83511)2 dx) Orav + e f (wt, ), (13)
which is a Hamiltonian equation of the form

{8,511 =V, H(wt,v,p)

(1.4)
atp = _va(Wt7 ’U»p)
whose Hamiltonian is

H(wt,v,p)

= %/T(p2 + (0,v)%) dx +e (;/T(awvf d:v>2 —E/Tf(wt,x)v dx. (1.5)

In (1.4), V,H and V,H denote the L?-gradients of the Hamiltonian H with
respect to p and v.

We look for quasi-periodic solutions (v(wt,x), p(wt,z)), v,p : T x T — R of
the Eq. (1.3). This is equivalent to find zeros (v(p, ), p(p, x)) of the nonlinear
operator

o w 0,0 —p
Fle,wv,p) = <w “0,p— (14 5f,ﬂ,<(;78$v)2 dx) Opev — 8f> (1.6)
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in the Sobolev space H*(T**! R?) = H*(T**!,R) x H*(T**!,R) where
HS (TU-H, R)

= olp,a) = Y GO o2 =Y {6500 < +oo

ez’ (e
Jez jez
(1.7)
(¢, j) == max{1,¢|,|j|}, |¢] := max;=1,._,|¢;|. From now on we fix s¢ := [(v +

1)/2] + 1, where for any real number x € R, we denote by [z] its integer part,
so that for any s > so the Sobolev space H*(T**!) is compactly embedded in
the continuous functions CO(T¥*1).

We assume that the forcing term f € C4(T" x T,R) has zero average, namely

fle,z)dpdz =0. (1.8)

Now, we are ready to state the main Theorems of this paper.

Tu+1

Theorem 1.1. There exist ¢ := q(v) > 0, s := s(v) > 0 such that: for any
f€CUTY x T,R) satisfying the condition (1.8), there exists eg = eo(f,v) >0
small enough such that for all € € (0,¢q), there exists a Cantor set Cc C ) of
asimptotically full Lebesgue measure i.e.

ICc| — 192 as e — 0,
such that for any w € C. there exist v(e,w), p(e,w) € H*(T*T1 R), satisfying

/ v(e,w)(p,z)dpdr = / p(e,w) (¢, z)dpdx =0, (1.9)
Tv+1

Tu+1
such that F'(e,w,v(e,w),p(e,w)) = 0, where the nonlinear operator F is defined
in (1.6) and
HU(&‘,W)HS,”])(E,W)HS — 0 as e — 0. (110)

Remark 1.1. The condition (1.8) on the forcing term f is an essential require-
ment to get the above existence result. Indeed, if (1.8) does not hold and if
(v, p) solves F(e,w,v,p) = 0, integrating with respect to (¢, ), we get imme-
diately a contraddiction.

Remark 1.2. Note that the Sobolev regularity s = s(v) of the quasi-periodic
solutions and the regularity ¢ = ¢(v) of the forcing term f are required to be
large enough. Actually this is due to the nature of the reduction procedure of
the linearized operator developed in Sects. 4 and 5 and it is typical of such
KAM results. Actually we have made no efforts to find the optimal regularity
exponents.

We now discuss the precise meaning of linear stability. The linearized PDE on
a quasi-periodic function (v(wt,z), p(wt, z)), associated to the Eq. (1.3), has

the form
wepr A (111)
0P = a(wt) 040 + R(wt)[7]
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where
a(wt) =14+ E/T(%(wt,x)) dx, (1.12)
R[] 1= — 205 (wt, 7) /T Vo (wh, )T da. (1.13)

In order to state precisely the next Theorem, let us introduce, for any s > 0,
the Sobolev spaces

H*(Ty, R) := =D w e s fulF =Y () uyl® < oo

JEZ JEL
Hj(T,,R) := {u € H*(T,,R) : /u(:c) dx = 0} ,
T
where (j) := max{1, |j|}.

Theorem 1.2. (Linear stability) There exist i > 0, depending on v, such that
for all S > so+, there exists eg = €o(S,v) > 0 such that: for alle € (0,eq), for
all v = (v,p) € H3 (T, R?) with |v||s,+a < 1, there exists a Cantor like set
Qoo (V) C Q such that, for all w € Qo (v), for all so < s < S —Ti the following
holds: for any initial datum (v, p®) € H*(T,,R) x H3~*(T,,R) the solution
t € R (0(t,),pt,-) € H (T4, R) x Hi *(T,,R) of the Eq. (1.11), with
indtial datum 9(0,-) =9, p(0,-) = p¥ is stable, namely

sup (Jo(t, Yz + (8 M gz-r) < OG6) (19 + 15z

Remark 1.3. Note that the linear stability can be proved only for initial data
p©) with zero-average in z. Indeed, the Eq. (1.11) projected on the zero Fourier
mode is the ODE

{i)o(t) = polt)
Po(t) =0
whose solutions are

po(t) = p©, vo(t) = 0@ 4+ p©¢, v p® c R, vt € R.
Hence, if p(9) # 0, |vg(t)] — +o0 as t — 400 and we do not have the stability.

1.1. Ideas of the proof

In this section we explain in detail the main ideas of the proof. Because of
the special structure of the nonlinear operator F' defined in (1.6), it is conve-
nient to perform the decomposition (3.1), (3.2), in order to split the equation
F(e,w,v,p) = 0 into the Egs. (3.4), (3.5). The Eq. (3.5) arises by projecting
the nonlinear operator F' on the zero Fourier mode in x and it is a constant
coefficients PDE which can be easily solved by imposing a diophantine con-
dition on the frequency vector w (see Lemma 3.1). Hence, we are reduced to
find zeros of the nonlinear operator F defined in (3.7) which is obtained by
restricting F' to the space of the functions with zero average in x. Theorems
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1.1, 1.2 then follow by Theorem 3.1, which is based on a Nash—-Moser iter-
ation on the nonlinear map F on the scale of Sobolev spaces Hg(T"*1 R?),
see (2.2). The main issue concerns the invertibility of the linearized operator
L = 0w,y F (u,v) in (4.1) at any approximate solution and the proof of tame
estimates for its inverse (see Theorem 6.1). This information is obtained by
conjugating £ to a 2 x 2 time-independent block diagonal operator. Such a
conjugacy procedure is the content of Sects. 4 and 5.

Regularization of the linearized operator. The goal of Sect. 4 is to reduce the
linearized operator £ in (4.1) to the operator L4 in (4.52) which has the form

h = (h,h) — w - d,h +imT|Dfh + Ryh, (1.14)

where m € R is close to 1, T := <(1) _01), |ID| = =0z and Ry is a
Hamiltonian (see Sect. 2.2.1) and 1-smoothing operator. More precisely the
operator R, satisfies |R4|D||s < +00, see Lemma 4.5, where the block-decay
norm |-|s is defined in (2.80). This regularization procedure is splitted in three
parts.

1. Symmetrization and complex variables. In Sect. 4.1, we symmetrize the
highest order non-constant coefficients term a(y)d,, in (4.1), by conjugating
L with the transformation S, defined in (4.9). The conjugated operator Lq,
defined in (4.13), has the form

(2) = (&), meenl Y (1)

where aq, ag are real valued Sobolev functions in H*(T",R), with a; — 1, a9 =
O(e) and R® is an arbitrarily regularizing operator of the form (2.101). In
Sect. 4.2, we introduce the complex variables h = %(ﬂ—i— 112)\) and the operator
Ly transforms into Lo defined in (4.25) which has the form

(h> i <(w -0y + a1 ()| D] +1RP) h 4 (ao(p) +iR<2>)h> ’

h complex conjugate

with R := JRW).

2. Change of variables. In Sect. 4.3, we reduce to constant coefficients the
highest order term iaq(¢)|D| in the operator L,. Note that it depends only on
time. This is due to the special structure of the equation, since the nonlinear
term is diagonal in space. To reduce to constant coefficients iai(p)|D|, we
conjugate Lo by means of the reparametrization of time Ah(p,z) := h(p +
wa(p),z) induced by the diffeomorphism of the torus TV, ¢ — ¢ + wa(p).
Since w is diophantine, choosing a(p) as in (4.33), the transformed operator
L3 defined in (4.34) is

<h> o ((w-% +im|D| +R®) b + (b +iR(3))h>

h complex conjugate

where m € R is a constant m ~ 1, by = O(e) is a real valued Sobolev function
in H*(T”,R) and R™ is a one-smoothing operator still satisfying the estimates
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(4.44). Actually R™ is arbitrarily smoothing, since it has the form (2.101),
but we only need that it is one-smoothing.

3. Descent method. In Sect. 4.4, we perfom one step of descent method, in
order to remove the zero-th order term from the operator £3. Since the oper-
ator R is already one-smoothing, we need just to remove the multiplication
operator h + bg(p)h. For this purpose we transform L3 by means of the
0 v(@))
—v(p) 0
where v : T” — R is a real valued Sobolev function. Choosing v as in (4.51),
the transformed operator L4 in (4.52) is the sum of a diagonal operator and a
1-smoothing operator R4, such that R4|D| has finite block-decay norm.

symplectic transformations V = exp(iV(¢)|D|™1), V(p) = <

2 X 2-block diagonal reducibility scheme. Once (1.14) has been obtained, we
perform a quadratic KAM reducibility scheme which conjugates the operator
L4 to the 2 x 2 block diagonal operator L, (see Theorems 5.1, 5.2). The reason
for which we cannot completely diagonalize the operator L4 is the following:
since we deal with periodic boundary conditions, the eigenvalues of the oper-
ator m|D| are double, therefore the second order Melnikov conditions for the
differences m/|j| — m| & j| are violated. This implies that after the first step of
the KAM iteration, the correction to the diagonal part im|D| is an operator
of the form ilA)7 D= diagjeN]Sj, where ﬁj is a linear self-adjoint operator
span{e® e~1*} — gpan{el® Y%} which we identify with the 2 x 2 self-
adjoint matrix of its Fourier coefficients with respect to the basis {e"%, e=17%},
The self-adjointness of the 2 x 2 blocks is provided by the Hamiltonian struc-
ture. In order to deal with these 2 x 2 block diagonal operators, it is convenient
to introduce a 2 x 2 block representation for linear operators. We develop this
formalism in Sect. 2.3. We remark that the problem of the double multiplic-
ity of the eigenvalues has been overcome for the first time by Chierchia—You
[22], for analytic semilinear Klein-Gordon equation with periodic boundary
condition. We also mention that the 2 x 2-block diagonal reducibility scheme,
adopted in Sect. 5, has been recently developed by Feola [27] for quasi-linear
Hamiltonian NLS equation.

One of the main task in the KAM reducibility scheme is to provide, along the
iterative scheme, an asymptotic expansion of the perturbed 2 x 2 blocks of
form

m/j| 0 -1
( 0 m|j|) +O(elj| ). (1.15)
This expansion allows to show that the required second order Melnikov non-
resonance conditions are fullfilled for a large set of frequencies w. The asymp-
totic (1.15) is achieved since the initial remainder R is 1-smoothing and this
property is preserved along the reducibility scheme (see (5.17) in Theorem 5.1).
This is the reason why we performed the regularization procedure of Sect. 4 up
to order O(|D|~1). We use the block-decay norm | - |5 (see (2.80)) to estimate
the size of the remainders along the iteration. This is convenient since the class
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of operators having finite block-decay norm is closed under composition (Lem-
ma 2.7), solution of the homological equation (Lemma 5.1) and projections
(Lemma 2.11).

Linear stability. A final comment concerns Theorem 1.2 which is proved in
Sect. 9.1. Using the splitting (3.1), (3.2), the linearized equation (1.11) is
decoupled into the two systems (9.2), (9.3). The system (9.2) is a constant
coefficients ODE which can be solved explicitly, hence it is enough to study
the stability for the PDE (9.3), which is obtained by (1.11), restricting the
vector field to the zero average functions in x. All the transformations we
perform along the reduction procedure of Sects. 4 and 5 are Toplitz in time
operators (see Sect. 2.1), hence they can be regarded as time dependent quasi-
periodic maps acting on the phase space (functions of  only). Hence, by the
procedure of Sects. 4 and 5, the linear equation (9.3), transforms into the PDE
(9.4), whose vector field is a time independent 2 x 2 block-diagonal operator.
Thanks to the Hamiltonian structure, such a vector field is skew self-adjoint,
implying that all the Sobolev norms of the solutions remain constant for all
time. This is enough to deduce the linear stability.

To conclude the introduction, we make some comments concerning possible
extensions and generalizations of the results obtained in this paper.

1. It would be interesting to study the existence of quasi-periodic solutions
for equations of the form

Ot — Ozt + mu + e f (Wt T, U, Uy, Ugr) =0, m >0 (1.16)
where
FiT x T xR =R

is a g-times differentiable function. The analysis of the linearized operator
associated to this equation, would be much more complicated, since the
highest order term depends also on the space variable x (whereas in our
case, it depends only on time). Indeed, the linearized equation associated
to (1.16), written as a first order system in complex coordinates, will have
the form

Oh +1i(1+ca(wt,z)) (\/—0ps + m)h + -+,

where . .. stand for terms of order smaller or equal than 0. The reduction
to constant coefficients of the term (1 + ca(wt, x)) (v/—0zs + m) involves
Pseudo differential operators and Fourier integral operators much more
complicated than the ones used in the present paper.

2. Another possible generalization concerns the extension of our results in
higher space dimension. It is well known that the reducibility of quasi-
periodically forced wave-type equations is a difficult matter in dimension
greater or equal than two. The main reason is that, if

wi ~ il =it +--+33 3 = (G, ja) € 2% with d > 2, the
second order Melnikov conditions

|w - €+ pj = py| = (1.17)

{r
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for any (¢,],5) € Z* x Z4 x Z4 with (4,]j,]3']) # (0,1j,]]) are violat-
ed. Hence, our proof does not cover the higher dimensional case, since,
along the KAM-reducibility scheme, we impose second order Melnikov
conditions of the form (1.17).

Actually one can perform, even in the higher dimensional setting, the
steps 1, 2, 3 of pages 8 and 9, due to the special structure of the equa-
tion. Then, in order to prove the invertibility of the linearized operator,
one could try to use a multiscale approach (developed in [12] for semi-
linear Klein Gordon equation) in which it is required to impose only the
first order Melnikov non resonance conditions. This would be the natural
generalization to the quasi-periodic case of [4]. In any case this approach
does not provide the linear stability of the quasi-periodic solutions.

2. Functional setting

We may regard a function u € L?(T” x T,C) of space-time also as a ¢-
dependent family of functions u(p,-) € L*(T,,C) that we expand in Fourier
series as

u(p, ) = Zuj(go)eijm = Z uj (0)el-etin) (2.1)

JEL tez”
JEZ
where
()i 57 [ulpa)e
U; = — [ u(p,x)e x
J 90 27T T @7 )
=R 1

u;(l) = o /Jrv+1 u(ip, z)e 1t do dy.

We also consider the space of the L? real valued functions that we denote by
L*(T"*Y R), L?*(T,,R). We define for any s > 0 the Sobolev spaces H*(T**1,
C), H*(T,,C) as

HY (T, C):= ue LT xT,C) : ulZ:= Y () |d;(0))> <400 ¢,
(£,§)EZV XL,

H*(T,,C) := qu € L*(Ty, C) : [JullFe := > (5)*|i;|* < +o0
JEL
where (¢,7) := max{1,|¢|, ||}, (4) := max{l,|j|} and for any ¢ € Z", |{| :=
max;=1, ,|¢;|. In a similar way, we define the Sobolev spaces of real val-

ues functions H*(T**!,R), H*(T,,R). When no confusion appears, we simply
write L?(T**1), L*(T,), H*(T**!), H*(T,). For any s > 0 we also define

Hy (T .= {u € H5(T" 1) : /Tu(ap, r)dr = 0} , (2.2)
H(T,) = {u € H¥(T,) : /Tu(x) dx = 0} . (2.3)
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and LZ(T"*1) = HY(T*+1), L3(T,) = HY(T,). We define the spaces H§(T**1,
C?) := H§(T"*1,C) x Hs(’]I"’Jrl C) and H§(T,,C?) := H5(T,,C) x H§(T,,C)
equipped, respectively, by the norms ||(h,v)|s = max{||h|s,]|v|s} and
[(h,v)||g: = max{||hl|g:,||v]|g:}. Similarly we define Hg(T**', R?) :=
H§(T"+1R) x HE(T"™,R) and Hg(Ty, R?) := HE(Ts,R) x HE(Ty,R) and
the norms are defined as in the complex case.

For a function f: Q, — E, w +— f(w), where (E, || -||g) is a Banach space and
), is a subset of R”, we define the sup-norm and the lipschitz semi-norm as

1f(w1) = flwa)l

li
1flzq, = sw |fWle, Iflgq, = sup (2.4)
we, w1,w2 €0, ‘wl - W2|
w1 Fws

and, for v > 0, we define the weighted Lipschitz-norm
Li su i
AT = A%, + 11, (2.5)

To shorten the above notations we snnply omit to write Q,, namely || f||%* =

1A%, 1A = 11, 115" = %) T f + 2 — C, we sim-
ply denote Hf||L1p(’Y by |f|“P() and if E = H*(T**') we simply denote

Hf||1;;5(7) = ||f||I§1p(7). Given two Banach spaces E, F, we denote by L(E, F')
the space of the bounded linear operators £ — F. If F = F, we simply write
L(E).

Notation: The notation a <, b means that there exists a constant C(s) > 0
depending on s such that a < C(s)b. The constant C(s) may depend also on
the data of the problem, namely the number of frequencies v, the diophantine
exponent 7 > (0 appearing in the non-resonance conditions, the forcing term
f. If the constant C' does not depend on s or if s = sg = [(v +1)/2] + 1, we
simply write a < b.

We recall the classical estimates for the operator (w - d,)~! defined as

@-0,) 1] =0, (w-8,) "] = ﬁe“’% W40, (2.6)
for w € € -, where for v,7 > 0,
Q7= {w €EQ:|w L > |€| Ve e Z”\{O}} . (2.7)
If h(-;w) € HSP27H(T ) with w € ., -, we have
I@ -0 hlls <47 M Bllsrr, [l - 0)THRIEPO <RI, (2.8)

Denote by N, the set of the strictly positive integer numbers N := {1,2,3,...}
and we set Ng = {0} UN. Given a function h € L3(T**!), we can write

h(p,) = > hi(0)e@etim) = 3™ hy(0,z)el"?, (2.9)
Lez” 114
JEZ\{0} jEN

where

~

h;(4,z) = h(0)e9” + h_;(0)e 9, VjeN. (2.10)
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It is straightforward to see that if h € H5(T”*!), one has

IR =37 (6, )% b, (0)]3. (2.11)
Z]'EEZNV

We now recall the following classical interpolation result.

Lemma 2.1. Let u,v € H*(T"*) with s > so. Then, there exists an increasing
function s — C(s) such that

[uolls < C(s)l[ullslvllse + Cs0)llullsol[v]ls-

If u(w), v(hw), w € Q, C R” are w-dependent families of functions in
H*(T"*Y), with s > sq then the same estimate holds replacing || - ||s by
” . ”I;IP(’Y).

Iterating the above inequality one gets that, for some constant K (s), for
any n > 0,

[u* s < K ()" ullsy lulls (2.12)
and if u(-;w) € H®, s > sq is a family of Sobolev functions, the same inequality
Lip( )

holds repacing || - || by || - |Is
We also recall the classical Lemmas on the composition operators. Since the
variables (¢, x) have the same role, we present it for a generic Sobolev space
H?*(T™). For any s > 0 integer, for any domain A C R™ we denote by C*(A)
the space of the s-times continuously differentiable functions equipped by the
usual || - ||cs norm. We consider the composition operator

u(y) — £(u)(y) == f(y,u(y)).

The following Lemma holds:

Lemma 2.2. (Composition operator) Let f € C5TH(T" x R, R), with s > sg 1=
[n/2]+1. Ifu € H*(T"), with [Jul|s, <1, then [|£(u)||s < C(s, [ flles)(1+]ulls).

If u(-,w) € H*(T™), w € Q, C R” is a family of Sobolev functions satisfying
P < 1, then, [[£0) [P0 < €, | Flenss) (1 -+ ulZPE0).

Now we state the tame properties of the composition operator u(y) —
u(y + p(y)) induced by a diffeomorphism of the torus T™. The Lemma below,
can be proved as Lemma 2.20 in [15].

Lemma 2.3. (Change of variable) Letp :=p(;w):R" - R", we Q, CR”
be a family of 2m-periodic functions satisfying
Ipllesors <172, |IpllsP™ <1 (2.13)

where so := [n/2] + 1. Let g(y) := y + p(y), y € T™. Then the composition
operator

Az u(y) = (uog)(y) = uly +p(y))

satisfies for all s > sg, the tame estimates

[Aullsy <so l[ullss  [[Aulls < C(s)llulls + Clso)llpllsllullsorr- (2.14)
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Moreover, for any family of Sobolev functions u(-;w)

i Li
| Au|EPO) < [lu) S0, (2.15)
i Li i Li
1 Au)[EPO) < [[ul E207 4 (|p FPO) ] 5050, s > 50, (2.16)

The map g is invertible with inverse g~ '(z) = z + q(z) and there exists a
constant § := §(sp) € (0,1) such that, if Hp||12“;§$2) <, then

i Li
lalls <o lpller— Nall?™ <, Pl (2.17)
Furthermore, the composition operator A= u(z) = u(z + q(2)) satisfies the
estimate
IA™ ulls <s flulls + Ipllslullsor1, Vs > s0 (2.18)

and for any family of Sobolev functions u(-;w)

_ i Li Li Li
1A~ ul5PO) < [u SP0) 4+ pl|E PO ul| X2, Vs > s (2.19)

2.1. Toplitz in time linear operators

Let R : TV — L(LZ(T.)), ¢ — R(p), be a p-dependent family of linear oper-
ators acting on LZ(T,). We regard R also as an operator (that for simplicity
we denote by R as well) which acts on functions u € L3(T” x T) of space-time,
i.e. we consider the operator R € L(LZ(T” x T)) defined by

(Ru)(p, z) == (Rp)ulep,-))(@).
The action of this operator on a function u € L3(T**!) is given by
Ru(p,x) = Y R (p)uy(p)e”
33" €Z\{0}
= > R (€ — Oy (£)elEotie) (2.20)
INEg
3.3/ €2\ {0}
where the space Fourier coeflicients R?l(go) and the space-time Fourier coefhi-

cients R;/(Z) of the operator R are defined as

. 1 L

R) ()= o [ RO dn, peT, 7 €2\(0}, (221
T

. . 1

BREGE

i’ —il- v
[ Rl @etedp tem i eno) (222)

We shall identify the operator R = R () with the infinite-dimensional matrices
of its Fourier coefficiens

RY . (RI—v i 2.23
B ) ey () ez 02

and we refer to such operators as Toplitz in time operators.
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If the map ¢ € TV — R(p) € L(L3(T,)) is differentiable, given w € R”, we
can define the operator w - 0,R as

w-O,R = (w : 64,72;1'(@)) - (iw (=R (0 - e')) -

44" €2\{0}
(2.24)

We also define the commutator between two Toplitz in time operators R =

R(p) and B = B(p) as [R(p), B(¢)] :== R(¢)B(v) — B(p)R(p), ¢ € T".
Given a Toplitz in time operator R, we define the conjugated operator R by

7,3’ €Z\{0}

Ru = Ra. (2.25)

One gets easily that the operator R has the matrix representation
R ) , cT”. 9.26
(RT@), iy # (2:26)

An operator R is said to be real if it maps real-valued functions on real valued
functions and it is easy to see that R is real if and only if R = R.
We define also the transpose operator RT = R(p)T by the relation
(R()[u), v)r2 = (u, R(9) [y 2,  Yu,v € L§(Ts), Vo T’  (2.27)
where
(u,v)pz = /u(m)v(w), dzx, Yu,v € L*(T,). (2.28)
T

Note that the operator R” has the matrix representation
(RT)} (9) =R} (9), Vi i’ € Z\{0}, Vo eT” (2.29)

An operator R is said to be symmetric if R = RT.
We define also the adjoint operator R* = R(y)* by

(R, v) 2 = (u, R()*[0]) 2, Yu,v € LY(Ty), Vo €T, (230)

where (-, -) . is the scalar product on L?(T), namely

(u, U)Li = (u, V)2 = /Tu(m)i(o:) dx, Vu,v € L*(T,). (2.31)

An operator R is said to be self-adjoint if R = R*. It is easy to see that
—T
R* =R and its matrix representation is given by

(R (0) =RL(p), Vj.j' € Z\{0}, VpeT".

In the following we also deal with smooth families of real operators ¢ — G(p) €
L(L3(T,,R?)), of the form

_ (Alp)  Bly) y
G(p) := (C(SD) D(go)) , peT (2.32)

where A(p), B(p),C(¢), D(p) € L(L3(T,,R)), for all p € T". Actually G
may be regarded as an operator in £(L3(T**1,R?)), according to the fact that
A, B,C, D are Téplitz in time operators. By (2.27), the transpose operator G*
with respect to the bilinear form

((u1,91), (u2,%2)) L2 = (u1,u2)p2 + (Y1, ¥2)r2, (2.33)
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v(ulad}l)’ (u27w2) S L%(TraRQ)a is given by
AT o7
GT = (BT DT) : (2.34)

Then it is easy to verify that G is symmetric, i.e. G = GT if and only if
A=AT B=CT, D= DT. It is also convenient to regard the real operator
G in the complex variables

z:= , Z = , 2.35
v V2 2
Z+7z Z—Z
_2rz - , 2.36
NG iv?2 (2.36)
The transformed operator R has the form
(R Ry
R = <R2 R1) , (2.37)
A+D—i(B - A-D+1i(B
Ry = AT 21( C)’ Ry — +21( +0)

Note that the operator R satisfies
R:Ly(T ) — LT, R(p):Lj(T,) — L3(T,), Ve eT” (2.38)

where L3(T"*1), resp. L3(T,) are the real subspaces of L3(T"*1, C?), resp.
L3(T,,C?) defined as

L3 (T = {(2,2) : z € L§(T"*',C) }, (2.39)
L3(T,) == {(2,%) : z € L{(T,,C)} . (2.40)

For the sequel, we also introduce for any s > 0, the real subspaces of Hg(T"*!,
C?) and H§(T,,C?)

H (T ) .= HS (T, C?) N L (T, (2.41)
H{(T,) := Hg(T,, C*) NL3(T,). (2.42)

2.2. Hamiltonian formalism

We define the symplectic form W as

0 1
W[ul,u2] = <111,Jl].2>L3c7 J = (1 O) 5 (243)

for all ug,uy € L3(T,, R?).

Definition 2.1. A ¢-dependent linear vector field X (¢) : L3(T,,R?) — L3(T,,
R?) is Hamiltonian, if X(¢) = JG(p), where J is given in (2.43) and the
operator G is symmetric. The operator

£=w-8,I — JG(p) : HY(T",R?) — L2(T",R?), I, := (Igo o )
0

where Idg : L3(T!) — LZ(T**1) is the identity, is called Hamiltonian oper-
ator.
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Definition 2.2. A p-dependent map ®(¢) : L3(T,,R?) — L3(T,,R?) is sym-
plectic if for any ¢ € T, for any uy,us € L3(T,,R?),

W[P(p)ur, ®(p)us] = Wlu, ul,
or equivalently ®(p)TJ®(p) = J, for all p € T.

Under a symplectic transformation ® = ®(y), assuming that the map ¢ €

T — ®(p) € L(LE(T,,R?)) is differentiable, a linear Hamiltonian operator

L =w- 8,1y — JG(¢p) transforms into the operator Ly = &1L = w -9, ls —
JG 1 () with

G (p) = 0(p) G(9) () + 0(0)" Jw - D, (). (2.44)

Note that for all ¢ € TV, G4 () is symmetric, because G(y) is symmetric and

w-0,[P(p)T]JP () +P(p)T Jw-0,P(p) = 0 for all p € T and then L is still

a Hamiltonian operator. Actually the conjugation (2.44) can be interpreted

also from a dynamical point of view. Indeed, consider the quasi-periodically
forced linear Hamiltonian PDE

Oth = JG(wt)h, teR, weR”. (2.45)

Under the change of coordinates h = ®(wt)v, the above PDE is transformed
into the equation

v = JGy(wt)v (2.46)

which is still a linear Hamiltonian PDE.

2.2.1. Hamiltonian formalism in complex coordinates. In this section we ex-
plain how the real Hamiltonian structure described above, reads in the com-
plex coordinates introduced in (2.35), (2.36). According to (2.37), under the
change of coordinates (2.35), (2.36), a linear Hamiltonian vector field JG(yp),

transforms into
((Bule)  Raly) >
R(p) = —i , 2.47
w--("5G R (247)

where the operators R; = R;(p), i = 1,2 are defined as
A+ D—iB+iB” _A-D+iB+iB"
B 2 B 2
(recall that the operator R is defined in (2.25)). Note that the operators Ry (),
Ra(yp) are linear operators acting on complex valued L? functions L3(T,,C),
moreover since G(¢) is symmetric, A(p) = A(p)T, B(p) = C(¢)T, D(p) =
D(¢)T, then it turns out that

Ri(p) = Ri(p)*,  Ralp) = Ra(p)",  VeoeT” (2.49)

Since the operator R in (2.4) has the form (2.37), it satisfies the property
(2.38). Furthermore, one has that R(y) is the linear Hamiltonian vector field
associated to the real Hamiltonian

R12

. Ry: (2.48)

H(z) = (G(p)la], 2) 12, Gly) = (ﬁf&ﬁ; g;gg) , (2.50)
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namely
H(z,Z) :/TRl(cp)[z]fdx—l—%/TRQ(@)[Z]zdx—i—%/TRQ(@)[E]ECISU. (2.51)

Indeed, G(yp) is symmetric, since by (2.49), E? = R = Ry and RT = Ry,
then

R(p)[z] = -1V, H(z) = —iJG(p)[z], z € L3(T.), (2.52)
where V,H := (V. H, V:H) with
1 , = 1 ,
V.H = E(v,,H —iVyH), V:H:=V.,H= E(v,,H +iVyH)

(recall (2.35), (2.40)). The symplectic form W in (2.43), reads in the complex
coordinates (2.35) as

F[Zl,Zg} = i/(zﬁg —Z129) dx = i(z1, JZ2>L3, Vz1,22 € L(Q)(Tm) (253)
T z

Definition 2.3. Let ®; = ®;(p), ¢ € T, i = 1,2 be ¢-dependent families of
linear operators L3(T,,C) — LZ(T,,C). We say that the map

[ D1(p)  Pa(p) ”
q’“”“(%(ea) @1@))’ peT

is symplectic if

L[0(p)[z1], (p)[z2]] = T[z1,22], V21,22 € L§(Ts), Y €T
or equivalently ®(¢)TJ®(p) = J, for all p € TV.

It is well known that if R(p) is an operator of the form (2.4), (2.49),
namely by (2.52) R(¢p) is a linear Hamiltonian vector field associated to the

quadratic Hamiltonian H in (2.51), the operators exp(£R(p)) are symplectic
maps.

Definition 2.4. If R(p) is a Hamiltonian vector field like in (2.4), (2.49), we
define the Hamiltonian operator in complex coordinates as

L=w:0,ls —R(p) =w- 0,12 +1JG(p) : Hy(T" ') — LI(T" ).

Under the action of a smooth family of symplectic map ®(¢), ¢ € T”, a Hamil-
tonian operator £ transforms into the Hamiltonian operator £, = ®1L® =
w - Oylla +1JG 4 (¢) where

Gi(p) = 2(0)"G(p)®(p) + (p)" Jw - 9,P(¢), Ve T

Note that the operator G () is symmetric and it has the same form as G(p)
in (2.50). Arguing as in (2.45), (2.46), under the transformation v = ®(wt)h,
the PDE

Oth = —1JG(wt)h, weR” teR, (2.54)
transforms into the PDE
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In the following, we will consider also quasi-periodic reparametrizations of
time, namely operators of the form

Ah(p, z) = h(p + wa(p), z),

where o : T — R is a sufficiently smooth function and such that ||«|¢: is
sufficiently small. The transformation A is invertible and its inverse A~! has
the form

A7h(9,z) = h(d + wa(), z)

where ¥ — 9 + wa(9) is the inverse diffeomorphism of ¢ — ¢ + wa(yp). The
conjugated operator is A~1LA = pL, where L = w - 9, +1JG4 () with
1
p(¥) = A1+ w-0,a](9), G4(V):= Tﬁ)Gw + wa(9)). (2.56)
Note that £ is still a Hamiltonian operator. From a dynamical point of view,
under the reparametrization of time

T =1+ a(wt), t =7+ a(wr),
setting v(¢) := A(wt)h := h(t + a(wt), z), the PDE (2.54) is transformed into
0-v = —1JGy(wT)v. (2.57)

2.3. 2 X 2 block representation of linear operators

We may regard a Toplitz in time operator given by (2.20) as a 2 x 2 block
matrix

(RI€=)), 0z - (2.58)
.3’ €N

where for all £ € Z”, 4,7 € N the 2 x 2 matrix R;:' (¢) is defined by

R’ (¢) := Rg,/(g) RJ'_J::(E) (2.59)
C\RL(O RIG(0) '

The 2 x 2 matrix Ri/(f) can be regarded as a linear operator in L(E;/, E;),
where for all j € N, the two dimensional space E; is defined as
E, := span{e®, e 77}, (2.60)

Note that for any j € N, the finite dimensional space E; is the eigenspace of
the operator —@,, corresponding to the eigenvalue j2. We identify the space
L(E;/, E;) of the linear operators from E; onto E; with the space of the 2 x 2
matrices of their Fourier coefficients, namely

k'=j'
Indeed if M € L(E;/, E;), its action is given by

L(Ej,E;)) ~ {M = (M,f) et } ~ Mat(2 x 2). (2.61)

Mu(z) = Z Mf up e Vue By, u(z)=ujed +u_je 77
k=:tj
k=5
(2.62)
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If j = j', we use the notation L(E;) = L(E;/,E;) and we denote by I, the
identity operator on the space E;, namely
According to (2.9), (2.58), (2.62), we may write the action of a Toplitz in time
operator on a function h(p,z) as

Rh(p,x)= > R (0 —)[hy(¢))e"?. (2.64)

e er”
J,J'eN

We denote by [R] the 2 x 2 block-diagonal part of the operator R, namely
[R] := diag,;yR7(0) (2.65)
and its action on a function h(p,z) is given by

[RIk(p.x) = Y RI(0)[h;(0))e"?.

¢€zv, jeN
If Ri/(ﬂ) =0, for any (¢, 4,5") # (0,4,7), we have R = [R] and we refer to such
operators as 2 X 2 block-diagonal operators.

For any M € L(E;/,E;), we define the transpose operator M* € L(E;,E;)
by

(MDY = MZF, k=4j, K =4j, (2.66)
the conjugate operator M € L(E;,E;) by
GO =M=}, k=%j, K ==f, (2.67)
the adjoint operator M* € L(E;, E;/) as
M =11 (2.68)
Given an operator A € L(E;), we define its trace as
Tr(A) == A7 + A, (2.69)
It is easy to check that if A, B € L(E;), then
Tr(AB) = Tr(BA). (2.70)

For all j,j/ € N, the space L(E;/,E;) defined in (2.61), is a Hilbert space
equipped by the inner product given for any X,Y € L(E;/, E;) by

(X,Y) = Te(XY™). (2.71)

This scalar product induces the L2-norm

IX] = VIr(XX) = | > IXFP| . (2.72)

|k|=3
K |=35"

Actually all the norms on the finite dimensional space L(E;,E;) are equiva-
lent.
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Given a linear operator L : L(E;/,E;) — L(E;/, E;), we denote by ||L{|op;,;)
its operatorial norm, when the space L(E;/,E;) is equipped by the L?-norm
(2.72), namely

ILllopg,n = sup{IL(M)]| : M € L(E;, Ey), [[M]| <1} (2.73)
We denote by I j: the identity operator on L(E;/, E;), namely
Ij,j/ . E(Ej/,Ej) - ,C(Ej/,Ej), X — X. (274)

For any operator A € L(E;) we denote by My (A) : L(E;j, E;) — L(E;/,E;)
the linear operator defined for any X € L(E;/, E;) as

Mp(A)X = AX. (2.75)
Similarly, given an operator B € L(E;/), we denote by Mg(B) : L(E;/,E;) —
L(E;/,E;) the linear operator defined for any X € L(E;/,E;) as

Mgr(B)X = XB. (2.76)
The following elementary estimates hold:
ML (Allopggn < Al [Me(B)llopg.yn < IB- (2.77)

For any j € N, we denote by S(E;), the set of the self-adjoint operators form
E; onto itself, namely
SE;)={AcL(E;): A=A"} (2.78)

which we identify with the set of the 2 x 2 self-adjoint matrices. Furthermore,
for any A € L(E;) denote by spec(A) the spectrum of A. The following Lemma
can be proved by using elementary arguments from linear algebra, hence the
proof is omitted.

Lemma 2.4. Let A € S(E;), B € S(Ej/), then the following holds:
(i)  The operators My (A), Mr(B) defined in (2.75), (2.76) are self-adjoint
operators with respect to the scalar product defined in (2.71).
(i)  The spectrum of the operator My (A) + Mr(B) satisfies

spec (M (A) = Mr(B)) ={\+ u: X € spec(A), u € spec(B)}.

We finish this section by recalling some well known facts concerning lin-
ear self-adjoint operators on finite dimensional Hilbert spaces. Let H be a
finite dimensional Hilbert space of dimension n equipped by the inner product
(, ). For any self-adjoint operator A : H — H, we order its eigenvalues as

spec(A) := {A1(A) < X (A) <--- <A\, (4)}. (2.79)

Lemma 2.5. Let H be a Hilbert space of dimension n. Then the following holds:

(i) Let Ay, As : H — H be self-adjoint operators. Then their eigenvalues,
ranked as in (2.79), satisfy the Lipschitz property

‘)\k(Al)—/\k(Agﬂ S HAl_A2HE(H)7 Vk = 1,...,n.

(ii) Let A = nldy + B, where n € R, Idy : H — H is the identity and
B :H — H is selfadjoint. Then

Ae(A) =n+ M\ (B), Vk=1,...,n.
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(iii) Let A:H — H be self-adjoint and assume that spec(A) C R\{0}. Then
A is invertible and its inverse satisfies

1

mink:l,.‘.,n |)‘k(A)| .

A | 22y =

2.4. Block-decay norm for linear operators

In this Section, we introduce the block-decay norm for linear operators. Given
a Toplitz in time operator R as in (2.20), recalling its 2 x 2 block representation
(2.58), (2.59), we define its block-decay norm as

Rls :==suppen | D (L7—7)VIRS (O] (2.80)
€ezv, jeN

where || - || is defined in (2.72). For a family of Téplitz in time operators

R =R(w) € L (H{(T" ")), w € Q,, given v > 0, we define the norm
[RIFPO) = [RI™ 4 ~|RI,P, (2.81)

. ; R -R s

RE™ = sup Rl [RIP i= sup ) ZRlwalle

RIS w1,w72£€Qo |w1 - WQ‘
wiFwa

For families of linear operators R(w), w € ©, of the form

(Ri Ry
R—(R2 Rl)’ (2.82)

where Ry, Ry € L (H§(T*)) are Toplitz in time operators of the form (2.20),
we define

R, = max{[Ra s, [Rals}, [RIFPO) = max{[Ra [P0, [Ro[LPO)).  (2.83)

In the following, we state some properties of this norm. We prove such prop-
erties for operators R € £ (Hg(T*)). If R is an operator of the form (2.82)
then the same statements hold with the obvious modifications. To state the
following lemma we need the following definition. For all m € R we define the
operator |D|™ as
[D|"™(1) =0, [D["™(e¥") = [j]™eV" Vj#0. (2.84)
Lemma 2.6. (i) The norm |-|s is increasing, namely |R|s < |R|s, for s < s'.
(i) |R|s < |R|D||s and the operator w-0,R (see (2.24)) satisfies |w-0,R|s <
‘R|s+1- ) )
(iti)  Foranyj € N, the 2x2 block R}(0) (see (2.59)) satisfies sup,cy [ R}(0)]]
<|Rlo, where ||-|| is defined in (2.72). Moreover the operator [R] defined
by (2.65), satisfies |[R]|s < |R]s.
(iv)  Items (i)-(iii) hold, replacing |- |s by |- |5 and || - || by || - |FPO).

Proof. The proof is elementary. It follows directly by the definitions (2.80),
(2.81), hence we omit it. O
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Lemma 2.7. Let R, B be operators of the form (2.20). Then
IRBls <s [Rls|Bls, + Rls,|Bls- (2.85)

If R = R(w), B = B(w) are Lipschitz with respect to the parameter w € Q, C

Q, then the same estimate holds replacing |- |s by | - |Llp(7)

Proof. According to the matrix representations (2.58), (2.59), the operator RB
has the 2 x 2 block representation

RB = ([RB];I (e—z'))u/ezu, [RBJZ (¢) = > RE((—0)B(0).
35" €N e];eZN”
€

By the Cauchy Schwartz inequality, R} (ﬁ—ﬁ’)B{ ()| <[IRE(—2)]] ||Bi, e,
then for all 7/ € N, we get

2
D i = IRBE (OIP<Y | Y (i — IR = O)]IB ()]
Lez” L \ 0'ez
jEN JGV kEN
(2.86)

Using that (£, — ') <, ((—0, j—k)*+ (€', k—j')*, we get (2.86) <, (A)+(B)

where

2

(A)=> [ D -t =k IREC—)IBLEN| . (2.87)
LeZ” \ t'ez”
JEN kEN

2

B) =Y | S k- IREC-OIBL @) | . (288)
ez \ ez
JjEN keN

By the Cauchy-Schwartz inequality, using that since so = [(v +1)/2] +1 >
(v +1)/2, the series Yy ez pen(l', b —3')" Zs0 = (O(sp), one has

<30 N -G REREE - )Pk~ )20 B ()2

LeL” v er”
JEN keN
< D k=G0 BLE)P D (= 05— Ry RE(L - )]
Ver” LerL”
kEN JEN
<sup > (0 k=) BL (¢)Psup Y (05— k) [RE(C — )]
JGNKGZ” ENZEZV
keN JEN
(2.80)
< [REIBI,

By similar arguments, one gets (B) <|R|2 |B|? and hence the claimed estimate

follows by taking the supremum over j' € N in (2.86). The estimate in |- |L1p(7)

follows by applying the estimate (2.85) to
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Rw)B(w1) —R{wa)Blwz) _ (R(w) = R(w2))Bwr) | Rlwa)(Blwi)—Blws))

w1 — w2 w1 — w2 W1 — w2

and passing to the sup for wy,ws € Q, with wy # ws. O

For all n > 1, iterating the estimate of Lemma 2.7 we get
R[50 < [C(s0)]" M RI%,,  R"[s < nC(s)"|RITHRIs, Vs =50, (2.89)

for some constant C(s) > 0, and the same bounds also hold for the norm
| - H;lp(w if R = R(w) is Lipschitz with respect to the parameter w.

Lemma 2.8. Let R satisfy |R|s < 400, with s > sg. Then for allu € H§(T 1),
the following estimate holds

IRulls <s [Rlsllullsy + Rlsollulls-

If R = R(w), u = u(-,w) are Lipschitz with respect to the parameter w €

Lip(7)

Q, CRY, then the same estimate holds replacing | -|s by | - |s and || -||s by

H ||£le(7)-

Proof. The proof is similar to the one of Lemma 2.7, hence it is omitted. [

Lemma 2.9. Let a € H*(TY). Then the multiplication operator R : h(p,x) —
a(p)h(p, x) satisfies |R|s <||alls- If a = a(-;w) is a Lipschitz family in H*(T"),

Li Li
by || |15 p(v) by |- |5 p(’Y)‘

then the same estimate holds, replacing || - || s and |- |s

Proof. The operator R admits the 2 x 2-block representation
R = (Rgi(z - z’))”, o RI0:=a(L, Wez’, VjeN
eN

(recall (2. 63)) Since ||I;]| = v/2, by (2.80), one has |R|s < [|a||s. The estimate
for \R|L1p follows similarly. O

Lemma 2.10. Let & = exp(V) with ¥ := ¥(w), depending in a Lipschitz way
on the parameter w € Q, C RY, such that |\II|DHSlp(’Y) <1, |\II|DHL1p(’Y) < 400,
with s > sg. Then

(@ —1d)|D|s <s [¥|D|ls, [(@*! —1d)|DI[;?™) <, [¥[D|[FP). (2.90)

The differential Oy ® of the map ¥ +— & = exp(+W) in the direction T
satisfies for any |¥|s, < 1 the estimate

00 @ W] <, (9], + W], 1T],, ) (2.91)

Moreover the map ®>2 = ® — Id — ¥, satisfies
|®>2|Dls <5 [¥[DI[s[¥[D]]s, , (2.92)
20| D||LPO) < |W DLW | D5, (2.93)

90 @22(T)ls <, (W] T + 11T, ) (2:94)
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Proof. Let us prove the estimate (2.90) for ®. We write

\Ifk
<1>-101=\1/+ZF

k>2
For any k > 2 one has
& Lemma 2.7 E—1 k—1
V5D, < Cs) (9o [W[D][5, + |95, [W[D]],)
(2.89

)
<o (k=1)0()" (|01 WI5219IDlls, + [ [D]])

Lemma 2.6— (i)

< 2(k = 1)C(s)" |¥|D|||w|D|[5;
9D <1 )
<7 20— 1)C(s)F 19D (2.95)
Hence
(2.95) E—1)C(s)*
(@1l < iy, (123 EEDCEN) < aipy,
k>2 :

The same inequatity holds for the inverse ®~! = exp(—W).
Now let us prove the estimate (2.91). For any k > 1, one has that
0y (UMW) = D T,
itj=k—1

Foranyi+j=k—1

RRAZIN
Lemma 2.7 9 PR . i ~ . i ~ )
<) (1911 197 10 [ [ 99+ 197 [ 97, )
(2.89) k+1 (1) T
< 26C() (1B, + 9]0, ) - (2.96)
Hence
|Og (T s (2.96) 2kC(s)*
ogafd]], < 30 eI O 5~ OO (1) 4 jay i,
E>1 k>1 ’
SS |\II|5+|\II|S|\II|503 (297)
which is the estimate (2.91). The estimates (2.92)—(2.94), can be proved argu-
ing as above, using that ®>, = k>2 %C O

Given N € N, we define the smoothing operator IIyR, for any operator R as
n (2.20)

My ]:, _ : ! <
(MNR) (=)= T E=0) i lE=ll<N (2.98)
J 0 otherwise,
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or equivalently, using the block-matrix representation (2.58), (2.59)

RI((—¢) if|(—0|<N

(IyR)! (£~ 1) := {0 i (2.99)

otherwise.

Lemma 2.11. The operator Iy :=Id — Iy satisfies
MNR[s < N°Rleps, [MyRIEPD < NPRIFED) b >0, (2.100
N + N

where in the second inequality R is Lipschitz with respect to the parameter
we N, CRY.

Proof. The proof follows easily by the definitions (2.80), (2.81) and hence it is
omitted. 0

Lemma 2.12. Let us define the operator
Rh(p,x) := q(¢7x)Ag(w7x)h(@,x) dr, q,g€ Hy(T"™), s> s.

Then
IRls <s llgllsollglls + llgllsllgllso- (2.102)

Moreover if the functions g and q are Lipschitz with respect to the parameter

w € O, CRY, then the same estimate holds replacing |- |s by |- |L1p(7 and |- ||s
by - JE70).

Proof. A direct calculation shows that for all £ € Z" and for all k, k&’ € Z\{0}

REWO) =" Gl —)g-w(l).

e

Using definition (2.72) we get that for all £ € Z¥, j,j' € N,

2
IR @2= > IRF@OF < | Y R
k=+j k=+j
k;/::tj’ k/:ij/
2
<[ 3 jae-0lG-re)
VELY k=%
k,::tjl
2
< (Z ||aj(e—e’>LG’g‘jf(e')np) (2.103)
ey

0), for any k = +j, k' =

where the last inequality holds, since, recalling (2.10
| < ||gj/(¢)||z2. Now for all

5", 1@ (¢ = )] < [lg;(¢ = €)= and [g—p (¢')
j' €N,
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St — IR (o))

LerZ”
JEN
(2.103) 2
< ) (Z <€,j—j’>sIaj(€—E’)IILzllgj/(é’)lle> : (2.104)
e

Lez”
jEN

Using that (€,5 — ") <s (€ =€, 5)° + (¢, j)%, one gets (2.104) <, (A) + (B),
where

(4) =) <Z (Z—Z'»J')sll?lj(f—f’)IILzlléj'(ﬂ’)Hm) ;o (2.105)

Lez” \L'ezv
JjeN
2
(B):=Y_ (Z <e',j'>5||aj<ee'>||Lz||§jf<6’>||L2> . (2.106)
Z‘GGZI\’; ez
J

By the Cauchy-Schwartz inequality, using that >- ;. (¢') 2% = C(s) (recall
that s = [(v+1)/2] +1 > (v + 1)/2), one gets

2.11
<3 3 IR~ O I (Ol <. gl
ez’ v ery
jEN
By similar arguments one can prove that (B) <g ||q||s,||¢]ls and the claimed es-
timate follows by taking the sup over j° € N in (2.104). The Lipschitz estimates
follow by applying (2.102) to

R(w1) = R(w2) _ gq(w1) _q(w2)<-,g(w1)>Lz + gwn) <g(w1) — g(w2) >
x ’ L2

w1 — w2 w1 — w2 w1 — w2

and passing to the sup for wy,ws € Q, with wy # ws. O

As we already mentioned, a Toplitz in time operator R in (2.20) may be
regarded as p-dependent family acting on the space of functions depending
only on the z-variable

_ i’
R(p) = (Rj (w))j)j,ez\ '

and it admits the block representation
R(p) = (RJI' ) . R’
() 7 () Len 5 ()

_ <R§ () R;7 ()

j i, Vo e T, Vj,j €N
R (p) RZ; (w))

The 2 X 2 matrix R;/(cp) may be regarded as a linear operator in L(E;/, E;),
given by

Z Rk Yug el Vu(z) = ujed ™ 4 u_ /efij/”” cE;.

k==+j
K =+j
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For the operator R(y), we denote by |R(p)|s» the block-decay norm (only
with respect to the z-variable)

IR(P)|se = sup | > (G =) IR () | - (2.107)
JEN \jez

If R is an operator of the form (2.82), we define
IR(#)]s5,0 = max{|R1(¢)ls,z, [R2(¢)]s,0}- (2.108)
The following Lemma holds:

Lemma 2.13. Let R be a Toplitz in time operator. Then the following holds:
(1) Let s > 1. If for any ¢ € T, |R(p)|s,x < +00, then for any u € H§(T,)

IR(P)ullm: <s IR()]1, s+ [R(O) s, llul -
(i) |R(90)|S,r < |Rls4s0-

Proof. The proof of item (i) is similar to the one of Lemma 2.8, hence it is
omitted. Item (ii) follows since, expanding R7 () = 3 ,cz RS (0)ei?, ap-
plying the Cauchy-Schwartz inequality and using that >-,.,. (¢) 2% = C(so),
one has that for all j/ € N,

S G = IR @I < D7 G = )20 R (O] < [R]s 400
JEN ter”
JEN
which implies the claimed estimate passing to the supremum on j’ € N. 0

3. A reduction on the zero mean value functions

For any function u € L?(T), we define

ToU = u(x) dx, Ty =1d — 7 (3.1)

27

&) 0 1 7r0L 0
IIy = (O Wo)’ Iy = ( 0 7T0L . (3.2)

Given a function v € H*(T" 1), v(p, x) = diez v;(p)e®, we write

and

U(@? .’E) = 'UO(QO) + 'UJ-(SDv iE),
'UO(SO) = WOU(% Z’), UL(SOa ) - 7TO v 410) Z Uy 1]I. (33)
Jj#0
Then according to the splitting (3.3), applying the projection Ily, IT5- to the

nonlinear map F' defined in (1.6) and setting u := 773‘1}, = m p, the equation
F(v,p) = F(e,w,v,p) =0 is decomposed in
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w-0ou—19Y =0

) (3.4)
w-Opth — (1 + € [1]0pul? dx) Oppu — ef1L =0,
w~8¢vo—po =0 (35)
w-0ppo —€fo=0

(we have used that 0,v = 0,v, = O,u in (3.4)). The above two systems are
completely decoupled, hence they can be solved separately. In the next lemma,
we solve explicitly the second system (3.5). We use the hypothesis (1.8) on the
forcing term f(p,x).

Lemma 3.1. Let v, 7 > 0 and ¢ > 27. Then, for allw € Q, » (see (2.7)), there
exists a solution vo(-;w,e),po(+;w,e) € HI27(T",R) of the system (3.5) with
Jpo Po(@) do =[5, vo(@) dp =0 and satisfying the estimates

lvolls <&y flls+2r,  llpolls <ey M Ifllssr,  VO<s<g—27. (3.6)

Proof. Since
(1.8)
Jo(p) dep = flo,x)dpdx =70,
Tv Tv+1
the second equation in (3.5) can be solved by taking po := e(w-9,) " fo where,
since w € €, ,, the operator (w-d,)~" is well defined by (2.6). Then we can
solve the second equation in (3.5) by defining vy := (w-9,) *po = e(w-0,) 2 fo.
Clearly [, vo(@)de = [1, po(e)dyp = 0 and the claimed estimates follow by
applying (2.8). O
In all the rest of the paper, we will study the equation (3.4) on the
zero mean value functions in x. We will find zeros of the nonlinear operator
Fle,w,) s H3(TYT1,R?) — H 2(TY*+!,R?) (recall (2.2)), defined as
a w - 0ot — 1P
Flewu,y) = (w O — (1+ £ fo(0p)? dar) Dyt — efl> NG
Note that, setting u := (u, ), F(u) = F(e,w, u), one has

Flu) = w-d,u— JVeH(w),  J = (_01 é) : (3.8)

where JV H, is the Hamiltonian vector field
(0 1 ViHe\ —V¢H5
o= (4 o) (905%) = ()
generated by the Hamiltonian

He(u,1p) = %A(z/ﬂ + (0yu)?) dz+e (; /T(amu)2 dx)z—s/TfLuda:, (3.9)

defined on the phase space Hg (T, R) x L2(T,,R). The Hamiltonian H. is sim-
ply the restriction of the Hamiltonian H in (1.5) to the space of the functions
with zero average in x. We look for the zeros of (3.7) by means of an implicit
function Theorem of Nash—Moser type. The Theorem 1.1 will be deduced by
Lemma 3.1 and by the following Theorem
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Theorem 3.1. There exist ¢ :== q(v) > 0, s := s(v) > 0 such that: for any
f e CiT” x T,R), there exists eg = eo(v, f) > 0 small enough such that for
all € € (0,eq), there exists a Cantor set C. C  of asimptotically full Lebesgue
measure i.e.

IC.| — |9 as e—0,

such that for any w € C. there exists u(e,w) = (u(e,w), (e, w)) € HF (T 1 R?)
satisfying F (e, w, u(e,w)) =0 where the nonlinear operator F is defined in (3.7)
and

lu(e,w)]|s — 0 as e —0.

Theorem 3.1 is based on a Nash—Moser iterative scheme implemented in Sec-
t. 7. he key ingredient in the proof—which also implies the linear stabili-
ty of the quasi-periodic solutions—is the reducibility of the linear operator
L = L(u) = 9yF(u) obtained by linearizing (3.7) at any approximate (or
exact) solution u = (u, ). This is the content of Sects. 4 and 5. The proof
of the invertibility of £ and the tame estimates for its inverse is provided in
Sect. 6. The measure estimate of the set C. of the good parameters is provided
in Sect. 8.

4. Regularization of the linearized operator
For any family w € Q,(u) — u(;w) := (u(;;w),¥(;w)) € HS (T, R?), we

consider the linearized operator £ = L(u) = L(w,u(w)) := 0y F(e,w,u(w)) :
Hg (T R?) — Hy 2(TYT1,R?) for 2 < s < S — 2 (recall (2.2)). It has the

form
o w0l —

where
a(p) =1+ s/(@mu(go,x))z dz, Ru := 25amu/(8mu)ﬁdx. (4.2)
T T

Along this section, we will always assume the following hypothesis, which will
be verified along the Nash—Moser nonlinear iteration of Section 7.

e AssuMPTION. The function u := (u,1)) depends in a Lipschitz way on
the parameter w € Q, = Q,(u) C Q, , with v € (0,1), 7 > 0 (recall
(2.7)) and for some p := p(r,v) > 0, for some S > s¢ + p, the map
w € Qo(u) = u(;;w) € HY (T, R?) satisfies

lal¥%) <1 and eyl <1 (4.3)

where we recall that sg := [(¥+1)/2]+1, so that H% (T**!) is compactly
embedded in CO(T**!). We remark that in Sects. 4-7, the constant 7 > 0
is independent from the number of frequencies v. It will be fixed as a
function of v only in Sect. 8 for the measure estimates (see (8.2)).
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The function a and the operator R in (4.2) depend only on the first component
w of the function u = (u, ). We denote by dya[h], 9, R[h] their derivatives
with recpect to u in the direction h.

Note that, since a(¢p) is a real valued function and R is symmetric, the operator
L is Hamiltonian in the sense of the definition 2.1. Let us give some estimates
on a and R defined in (4.2).

Lemma 4.1. Assume (4.3), with p = 2. Then for any so < s < S — 2 the
following holds:

i Li
la =15 <s elfullorr,  fla— 15RO <, efju) 2P0, (4.4)
10ualhllls <s e(lhllss1 + ullsrallhllsos1)- (4.5)

The operator R in (4.2) has the form (2.101), with q and g satisfying the
estimates

lalls <s ellullsra,  Nlglls <s lullsro, (4.6)
i Li i Li

lgllZPO) <, ellul X557, (gl < [fullFE, (4.7)

||8UQ[h]Hs <s EHh”erQ» Haug[h]”s <s ”hHs+2' (4~8)

Proof. The estimates (4.4), (4.5) follow by the definition (4.2) and by the
interpolation Lemma 2.1, using the condition (4.3). The estimates (4.6)—(4.8)
follow since R is an operator of the form (2.101), with ¢ := 2¢0,,u and g :=
Oz ll. O

Notation. In the following, with a slight abuse of notations, for any function
a(p), we simply denote by a = a(p), the multiplication operator h(y,z) —
a(p)h(p, x), acting on the space of functions with zero average in .

4.1. Symplectic symmetrization of the highest order

We start by symmetrizing the highest order of the operator

C— w -y -1
—0gz + R w-0,) "
Let us consider the transformation
Ble)ID| 2 0 )
S=S8(p) = ( ~ 1 4.9
¥ 0 Bl )
where § : T — R is a Sobolev function close to 1 to be determined (recall

also the definition (2.84)). The inverse of the operator S (acting on Sobolev
spaces of zero average functions in x) is given by

Using that for any function a = a(p) depending only on time, the commmuta-
tors [a,|D|™] = 0, [a, R] = 0 where R is defined in (4.2) and since —0,, = |D|?,
we have

w0y + BN (w - Dp3) —B72D|

1 .
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We choose () so that 372(¢) = a(p)B%(p), namely we define

1
Ble) = ——. (4.12)
[a(p)] 7
Since fw - 9,(B7') = =B w- 9,8, we get that
elpe [ w0y +ag —a1|D|
Ly =8 LS = (a1|D| TRL . 0, —ao)’ (4.13)
where
w- 0,0 ) 2 1 1
ap == . ap:=+a, RW:=p%D|"z2R|D| =. (4.14)

g

Since ((¢p) is a real-valued function and the operators |D|%2 are real operators,
the operator S is real. A direct verification shows that it is also symplectic (see
Definition 2.2). Hence the transformed operator £ is still real and Hamiltonian
(see Definition 2.1). Now we give some estimates on the coefficients of the
operator L.

Lemma 4.2. Assume (4.3), with p = 2. Then for any so < s < S — 2 the

S 1 .
following holds: the maps SE' : Hy 2 (T*+1,R2) — HZ(T+',R?) satisfy the
estimates

RIS Ry
IS 0l <o [blls g + lullsprlbllyr g, b€ HT2(TLR?). (4.15)

For any family h(;w) € HS+2(11’”‘H R?), w € Q,,

[SERIEPO <y [RIEE + full 5 IRIED . (4.16)

The functions ag, a1 defined in (4.14) satisfy the estimates
llax =15, [laolls <s &(1+ ||U||s+2) (4.17)
lax = L[EPO, Jlao 3P <, e (1 + [[ull 357, (4.18)
[0uar[B]lls <s & (1Plls+2 + ||U|\s+2||h\|sO+2) , k=01 (4.19)

The remainder RY) in (4.14) has the form (2.101), with ¢ = q1, g = ¢1
satisfying the estimates

laills <s ellulls+2,  Ngills <s [lullst2s (4.20)

a5 <sellull 357 gally™ <. flulll 57, (4.21)

[0uar[h]lls <s & (1Blls+2 + [ullss2llPllso+2) s [Ougalh]lls <s IAlls+2.  (4.22)
Proof. The estimates (4.15)—(4.19) follow by the definitions (4.9), (4.10), (4.12),

(4.14), by the estimates (4.4) and by Lemmata 2.1, 2.2. Let us prove the esti-
mates (4.20)—(4.22). By (4.2), (4.14), using that |D|~2 is symmetric, one has
that RWh = g [; g1 hdz with

¢ = 26D 3 0), g1 o= D[ "3 Oppu. (4.23)

One can estimate the function /3 in (4.12) by using Lemma 2.2 and the estimate
(4.4). Applying the interpolation Lemma 2.1, the claimed estimates follow. [
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Lemma 4.3. The operators S defined in (4.9), (4.10) can be regarded as an
operator acting on the Sobolev space of the functions in x, namely for any
s> 1, for any ¢ € T,

Slp) € £ (Hy ™ * (To, R?), H(Ta, R) x H; (T, R)),

1
ST3

Sy ter (HS(TT,R) x HS~Y(T,,R), He (’IFI,R2)> .

Proof. By the definition of the function ((p) in (4.12), using the estimate

(4.4) on a(yp), the Lemma 2.2 and the ansatz (4.3), one gets ||3%|| oo (v) < 1.

Moreover |[|D|zh|lgs < ||l oir, 1P| 2hllgs < |h]| ._1 and then the
x Hz 2 x Hs 2

Lemma follows. O

4.2. Complex variables

Now we consider the complex variables z := a\-;;ﬁ introduced in (2.35), (2.36)

in order to write the operator £; defined in (4.13) in complex coordinates.
More precisely, we consider the transformations

N

and we get that the conjugated operator Lo := B~1£, is given by

_ (w-08, +ia;|D| +iR® ag +iR®
L2 = ( ap —iR®? w0y —iay|D| —iRP )’ (4.25)
with R® .= % Since a; and ag are real valued functions and R (and

then 7'\’,(2)) is symmetric and real, the operator Lo is a Hamiltonian opera-
tor in complex coordinates, in the sense of the Definition 2.4. Note that the
transformations B*! satisfy for all s > 0

B:Hy (T — HZ (TP R?), B~': H (Tt R?) — Hy(T" ™), (4.26)

B:H(T,) — H§(T,,R?*), B~ ':H;(T,,R?) — H(T,) (4.27)
where we recall that the real subspace Hg (T 1), resp. H§(T,) of H(T*+1,C?),
resp. H§(T,,C?), is defined in (2.41).

4.3. Change of variables

The aim of this section is to reduce to constant coefficients the highest order
term a1 (p)|D| in the operator Lo defined in (4.25). In order to do this, let us
consider a diffeomorphism of the torus T of the form

p €T — pt+walp) € T,

where oo : T — R has to be determined. This diffeomorphism of the torus
induces on the space of functions h(p,z) a linear operator

(Ah)(p, z) = h(p +wa(yp), ), (4.28)
whose inverse has the form

AR, x) i= h(9 4+ wa (), ), (4.29)
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where ¥ — ¥ 4+ wa(?) is the inverse diffeomorphism of ¢ — ¢ + wa(p). One
has

AN w-0,)A= A 14w 0yalw 0y, A 'DA=|D|, A ‘'ad=A""[q]
where we recall that a denotes the multiplication operator A — ah. Recalling

that I := (Igo 13 ) ,  where Idg : L2 — L2 is the identity and defining
0

pi=Al+w-d,al, (4.30)
we get
A oL Al
_ (pw <09 + 1A a]| D] +iATTRP A A" ao] +iATITRP A )
- A ag] —iATTRP A pw - By —iA a1 ]|D| —iATITRPA)

We want to choose the function a so that the coefficient p in front of w - dy
is proportional to the coefficient A~1[a;] in front of the operator |D|. To this
aim it is enough to solve the equation

m(1+w-0,a(p)) =ai(p) meR. (4.31)

Integrating on T” we fix the value of m as
o

mi= ——— a1(p) dy (4.32)

(27'(') Tv
and then, since w € Q, C Q,, ;, recalling the definitions (2.6), (2.7) we get
RPN I
ale) = (w-9,) 7" [ 2 = 1] (o). (4.33)

Note that, since the function ay is real valued, m is real and then « is a real
valued function. We have A~ Lo All, = pL3, with

(w3 +im|D| +iR®) by +iR®)
L3 := < by —iR®) w-dy —im|D| —iR®) ) (4.34)
boi=p A ao), R = pTATIREIA (4.35)

Note that the operator L3 is still Hamiltonian in the sense of the definition 2.4,
since m € R, |D| is a symmetric real operator, by is a real valued function and

R®) is a real and symmetric operator, implying that (R(3))* = (R®)T = R®).

Lemma 4.4. There exists a constant o = o(7,v) > 2 such that if (4.3) holds
with = o, then for all s < s < .S — o the following estimates hold:

Im—1|<e, |m—1"P0 <e  |0,m[h]| <e|h]ss2 (4.36)

The transformations AT' : H§(TYT!,C) — HZ(T*+, C) satisfy
A= Alls <5 [1Alls + lullstollAllso+1, (4.37)
A= BP0 < BIED + Jull 22 Rl (4.38)

10w (A B)glls <s &yt (1Bl stollgllsoro + 1Bllsorollgllsto
+||u||5+0'Hh||50+0'||h|‘50+0')' (4-39)
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The function p defined in (4.30) satisfies
o=t = 1lls <o (U + fulloro), o= = 1EPD) <, o1+ Jull ), (4.40)
Haupil[h]ns <s e ([[Mls+o + 1Pl s+ollPllso+o) - (4.41)
The function by defined in (4.35) satisfies
Ibolls <o (14 Ifullsro), ool < e+ [ul 257, (4.42)
HaubO[h]Hs <s¢€ (Hh||s+0 + ||u||s+0||h‘|80+0)~ (4-43)
The remainder R®) defined in (4.35) satisfies the estimates

i Li
IROIDIs <o e(1+ [ullsto), [RPDIEPD) <, e(1+ [ul| FE), (4.44)
|8uR(3) [A]ls <s € ([[Alls+o + ulls+ollPllsoto) - (4.45)

Proof. The estimates (4.36) follow by the formula (4.32) and using the esti-
mates (4.17), (4.19). The transformation A has been also used in [6-8,15,28].
The proof of the estimates (4.37)-(4.41) can be done by using Lemma 2.3 as
in these papers. For a detailed proof see for instance [28], pp. 25-26.

Let us prove the estimates (4.44), (4.45). One has

25) 1 )
ROh=p ' AR AR (12%) gpflAflR(l).Ah (12%) qs3 /gg hdz,
T

with
1 4. _
g3 =50 AT @), gs= AT g0
Therefore, the functions g3 and g3, can be estimated by using (4.20), (4.22),
(4.37)—(4.41) and Lemma 2.1. The estimates in (4.44) then follow by applying
Lemma 2.12. The estimate for 9, R(®) [h] follows by differentiating the expres-
sion of R, g3, g5 given above and applying again Lemma 2.12. O

4.4. Descent method

Introducing the notation

(1, 0
T:= ( ) —Id0> (4.46)
we can write the operator L3 in (4.34) as
L3 =w- 0,0y +imT|D| + By + R, (4.47)
where
—( 0 bl _(R® RO
BO(QO) = (b()(@) 0 , Rsg:=i _R(g) _R(g) . (448)

Our aim is to eliminate from the operator £3 the terms of order |D|°, namely,
since R(3) is an operator of the form (2.101) (then arbitrarily regularizing), we
only need to remove the multiplication operator by the matrix valued function
By ().

For this purpose, we consider the operator

v =Vie men WD), Ve = (1 "W). aa)
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where v : TV — R is a real valued function to be determined. Note that V is
symplectic, since iV (¢)|D|~! is a Hamiltonian vector field. We write

ke
) B i _
V=1, +iV|D| 1-|—V227 Voo 1= E ﬁvk‘D‘ g

k>2
hence
L3V =V (w- 9,1y +imT|D|) + [imT|D|,iV|D| '] + By + Bo(V — L)
+ [imT'|D|, Vso] +iw - 0,(V — L) + R3V. (4.50)
The term of order |D|° is given by
T DLIV@IDI T+ 500 = Ly ey 0 )
In order to remove it, we choose
o) = ) (451)
and we get
Ly =V L3V =w- 0,0y +imT|D| + Ry, (4.52)
Ra =V (Bo(@)(V — o) + [imT|D], Vao] +w - 0,(V — o)) + V' RyV.

(4.53)

Note that, since L3 is Hamiltonian and V is symplectic, we have that L4 is
still a Hamiltonian operator. In the next lemma we provide some estimates on
the transformation V and on the remainder R4.

Lemma 4.5. There existsd = o(T,v) > 0 > 0, where o is the loss of derivatives
in Lemma 4.4, such that if (4.3) holds with =@, then for any sp < s < S—7,
VELH(TY L) — HY(TY ) (recall (2.41)) and the following estimates hold:

(V¥ ~L)[D|ls <, e(1+ |Jullsso), (4.54)
(VEL — I)| DI [HP0) <, e(1 + [|u] 7). (4.55)
0.V Ry <o e(lAllsro + ullsrollbllsora), (4.56)
(4.57)
(4.58)

RaD|s <s e(1+ ullssz)s  [Ra|DIEPD) < e(1+ [|ul ),

0uRa[h]|s <s e([[Pllstz + [lull sz 1Al so17)-

Proof. PROOF OF (4.54)—(4.56). By Lemma 2.9 one has

. (4.36),(4.42)
((VIDITOIDls = [IVI[s < flolls <5 (@4 [lullsto)- (4.59)
By (4.3) we have that |(V|D|™)|D||s, = |Vls, <& < 1, for € small enough,
then Lemma 2.10 can be applied and the claimed estimate (4.54) follows.

The estimate (4.56) follows by applying the estimate (2.91) and using that by
(4.51), (4.36), (4.43), || DY), < 1

|auV|D|_1‘s < |Ouv[h]lls <s e(|Blls+o + l[wllsto 1Rl sot0)-
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PROOF OF (4.57), (4.58). The claimed estimates follow by the definition (4.53),
by applying Lemmata 2.6, 2.7, 2.9, 2.10. and by the estimates (4.42)—(4.45)
and (4.54)—(4.56). O

Lemma 4.6. Assume (4.3) with u =37+ sg. Then for any so < s < S —7 —sg
for any o € TV, VE(p) : H(T,) — H(T,.) (recall (2.42)) and

VE Q) 5.0 <o 1+ [|ullsosso-

Proof. The claimed estimate follows by applying Lemma 2.13-(ii) and by the
estimates (4.54). O

5. 2 X 2 block-diagonal reduction

The goal of this section is to block-diagonalize the linear Hamiltonian opera-
tor L4 obtained in (4.52). We are going to perform an iterative Nash-Moser
reducibility scheme for the linear Hamiltonian operator

Lo:=Ly=w-0,ls+Dy+Ro: Hy(T) — LT ), (5.1)

where
Do Dél) 0 P . Dl = di . 59
0=1 0 7D(()1) ] o =m|D|= 1agjeZ\{o}m|J| (5.2)

and R := R4 is a Hamiltonian operator of the form
D RO ) .
Ro=i| 20 Ol R =(RYY) . RY =R (53
0 <Ré2) —Rél) 0 ( 0 ) 0 (Ro") (5.3)
satisfying, by (4.57), for any sg < s < S — & the estimates
[Ro| D[S <y e(1+ ullst7), [0uRo[hlls <s & (Ihllssz + [ullstallhllsorz)

where @ is the loss of derivatives given in Lemma 4.5. We define o4
N_y:=1, N,:=N)X Ww>0, x:=3/2 (5.5)
(then N, 41 = N)YX, Vv > 0) and
a:=67+4, b:=a+1l. (5.6)
We assume that (4.3) holds with = & + b, so that by (5.4)
RoDISS <2, 10uRo[]lso+o < ellAllsgroso. (5.7)

For the reducibility Theorem below, we use the 2 x 2 block representation
of linear operators, given in Sect. 2.3. According to (2.58) and recalling also

(2.65), the operator D(()l) can be written as
1 . .
DY = diag;cnmjl;, (5.8)

where I; : E; — E; is the identity, E; = span{e'/®,e~7} is the two dimen-
sional space (2.60) and the real constant m satisfies the estimates (4.36). We
also recall the definition of the space S(E;) given in (2.78) which is isomor-
phic to the space of the 2 x 2 self-adjoint matrices, the definition of the norm
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| - llop(j,j7) given in (2.73), the identity I; ;» in (2.74), the definition of My (A)
in (2.75) and the definition of Mp(B) in (2.76). Now we are ready to state the
following.

Theorem 5.1. (KAM reducibility) Let v € (0,1) and 7 > 0. Assume (4.3)
with = +b and with S > so+7 +b. There exist No = No(S,7,v) > 0 large
enough, 5o = 6o(S,7,v) € (0,1) small enough, such that, if

E’}/71 < (5'9)
then:
(S1), For allv >0, there exists an operator
Ly, :=w- -0, +D, +R, (5.10)
(1)
Dy :
D, =i < 0 22(1)> , DY .= diag;cyDY, (5.11)

D! := D¥(w) = D}(w) + D¥(w), DY:=mjl;, VjeN, (512)

(with ]3;J = 0) defined for all w € Q) (u), where Qf(u) := Q, = Qy(u),
and forv > 1, Q) = QY(u) is defined by

_ PN 0" . o
QZ = {w € szl : ”Aufl(&]a]/) 1”Op(j,j’) S %,v(&.ﬁjl) 7é (07]7.7)a
G =3
0 Noa, 1AE (653D opo < b,
Y +3")

v(&j,j/), |€| S Nl/—l} ) (513)
where the operators AT [ (£,5,5") : L(E;, ;) — L(E;, E;) are defined
by

A (6,5,5") = w- ML + M (D7) — Mr(D47H), (5.14)

.. v— —v—1

A (0,4,5") =w- M ; + ML(DY) + Mp(Dj, ). (5.15)

Forv >0, for all j € N, the 2x2 self-adjoint block f)’; € S(E;) satisfies
DY 1P < g571 WjeN. (5.16)

The Hamiltonian remainder R, : H(TY+1) — H(TY*L) satisfies Vs €
[s0,S — T —b],

in() < [Rol DR
[Ru| D[P < = Ry |DY R < [Ro| DI Nt (5.17)

v—1

Moreover, for any v > 1,

ﬁ,, = q);}lﬁy_lq)y_l 5 (I)V—l = exp(\I/l,_l) 5 (518)

where V,,_1 is Hamiltonian, ®,_1 is symplectic and they satisfy V, _1,
@1 H(T ) — Hy(T ),

0,1 [FPO) W, [ D|[FPO) < |Ro|D|[FEO A INZTHIN R, (5.19)
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(S2), For all j € N, there exists a Lipschitz extension to the whole parameter
space Q,, DY() : Q, — S(E;) of DY(-) : Q) — S(Ej) satisfying, for
v>1,

DY — DY H[MPO) < 51 R, | D[S < N, 2pei 7t (5.20)

Let u;(w) = (ui(w),¥i(w)), i = 1,2 be Lipschitz families of Sobolev
functions in H*ToT2(TYT1 R2), defined for w € Q, satisfying (4.3)
with 4 = & + b. Then there exists a constant Ky > 0 such that, for
v >0, Vw € QJ (ur) N2 (uz), with y1,72 € [v/2,29],
Ry (u1) = Ru(uz)]s, < KoN, 2 ellur — uzllse 4740, (5.21)
Ry (u1) = Ry (uz)]so+v < KoNy—1€[ur — uzllsyto+o- (5.22)

Moreover, forv>1,Vj €N,

| (B5(w) = Byw)) - (5 wa) - B ()|
< [Ru—1(u2) = Ry—1(u1)]so. (5.23)
1D (ug) = DY ()| < ellur — uzllsp+or40- (5.24)
(S4), Let uy,uy like in (S3), and 0 < p < ~v/2. For allv >0
eKIN] flun —wo|[lepm <p = QJ(w) € Q)" (uz), (5.25)
where K1 is a suitable constant depending on T and v.

5.1. Proof of Theorem 5.1
PROOF OF (Si),, i = 1,...,4. Properties (5.10)~(5.17) in (S1), hold by (5.1)-
(5.3) with D} defined in (5.12) and f)g(w) = 0 (for (5.17) recall that N_; :=1,
see (5.5)). Moreover, since m is a real function, DY is self-adjoint. Then there
is nothing else to verify.

(S2), holds, since the function m(w) = m(w,u(w)) is already defined for
all w e Q, = Qp(u).

(S3), follows by the estimate (5.7) and by the mean value Theorem, by
taking Ky > 0 large enough.

(S4), is trivial because, by definition, QJ(u;) := Q, =: Q) (u2).

5.2. The reducibility step

We now describe the inductive step, showing how to define a symplectic trans-
formation @, := exp(¥,) so that £,,1 = ®, 1L, ®, has the desired properties.
To simplify notations, in this section we drop the index v and we write + for
v + 1. At each step of the iteration we have a Hamiltonian operator

L=w-0,l+D+R (5.26)

where

. D(l) O 1) .
D:=i 0 EONE D .= diag;cnDyj, (5.27)
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D, € S(E;), Vj € N (recall the definiton (2.78)) and R is a Hamiltonian
operator, namely it has the form

R R(2)
RZi(‘R@) mm ] RU=@®RY) RO = (RET (5.28)

Let us consider a transformation

(1) P(2)
D = exp(¥), U:=i _W(g) _@(1) , (5.29)
with U1 = (M) ¢ = (TCHT Writing
\I’k
=D+ 0+ Dsy, Pspi= ZH’ (5.30)
k>2
we have
LO = (w9, + D)+ (w-9,¥ + [D,¥] + MyR) + xR
4w - 0,P>0 + [D, P2 + R(P — I). (5.31)
We want to determine the operator ¥ so that
w- 0,V + [D, V] +1IINyR = [R], (5.32)
where, recalling the notation (2.65),
([RW 0 . ;
[R] :=1i <[ 0 ) —[RU)]) , [RW] = diag,cn(R™M)(0). (5.33)

We recall that, according to (2.58), the operator (R(l))§ (0), j € N is identified
with its 2 x 2 matrix representation

RD);0) = (RV) (0)

o
Since RM is self-adjoint, all the 2 x 2 blocks (R(l))g (0) are self-adjoint and
then also [R(M] is self-adjoint.

Lemma 5.1. (Homological equation) For allw € ), (see (5.13)), there exists
a solution ¥ of the homological equation (5.32), which is Hamiltonian and
satisfies

W|D|[FPY) < N2y~ R| DI [0, (5.34)

Moreover if 7/2 < y1,72 < 2, and if w;(w) = (u;(w), 1hs(w)) € HoTTR(TVH
R?), i = 1,2 are Lipschitz families, then for all s € [sq,so + b], for all w €
QY (ar) N Q7 (u2)
[W(ur) — W(uz)ls (5.35)
<s N*THATH (IR () [sllun — uallso oo + [R(ur) = Rluz)ls) -



NoDEA Quasi-periodic solutions of forced Kirchhoff equation Page 41 of 71 9

Proof. Recalling (5.28), (5.29), the Eq. (5.32) is splitted in the two equations
iw -8, 8N 4 [¢® DD 4imyRM = i[RW), (5.36)
iw- 0,0 — (DO 1 gAY LR = 0. (5.37)

Using the decomposition (2.58), the Egs. (5.36), (5.37) become, for all j, 7' € N,
¢ € Z¥ such that || < N,

w - L) (0 + Dy D)) (0) — (¥D)] (0D, = iRM)] () ~iRVY
(5.38)
W LED) () + D (ED) () + (DY (D =i(RP) (). (5.39)

By the Definitions (5.14), (5.15), the Egs. (5.38), (5.39) can be written in the
form

A (05,7 () = iRV (0) — iRV,
AT 5,7 (@) () = i(RP)T (0).

Then, since w € Q) ,, we can define, ¥((,7,7') € Z" x Nx N, ((,5,5') #
(07j7j)’ ‘£| S N7

(1)\d’ A — VA | 1)y4"

(TW)T () =iA7(€,4,5") T RV (), (5.40)
with the normalization (®V)%(0) = 0, and ¥(¢,,j') € Z x Nx N, [¢| <N,
21N (Y — AT (p 5 =12\

(TE)7(0) = 1A (£,4,5")HRP)] (0). (5.41)
Since
e or - 0"
Agavll ”’<<7) A+€a7/1 i < )
A4, 5,5 lopg.in < G =7 AT (43,5 lopgn < TG+
(recall (2.73)) we get immediately that
IO O] < Ny RO (O, i=1.2. (5.42)

Now, let wi,ws € Q) ;. As a notation for any function f = f(w), we write

Auf = flwr) = flw2).
By (5.40), one has

A (DY (0) =i {ALAT(C,5,5) 7 F RO (fw1)
FIAT (L, wa) L {Aw<R<1>)g’(e)} . (5.43)
The second term in the above formula satisfies
JA (64,75 w2) " {AGRDY (O} < Ny AL®RD) ()], (5.44)
hence it remains to estimate only the first term in (5.43). We have
ALA (44,57 (5.45)
= AT, w) T {ACAT ()} AT (6 5 ws) T
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therefore
s —1 N>T -l
||AUJA7(65.77.] )7 ||Op(j,j') S W”AwAi(emjaj )”Op(j,j') (546)
Moreover

ALAT(4,5,5") = (w1 —w2) - £ L jy + ML(ALDj) — Mp(A,Dy)  (5.47)
and using that, by (5.12), (5.16)
Dj(w) = m(w)jI; + D;(w), with |D;|“P) <¢j™t, VjeN, (5.48)
we get
M (AuD;) = Mp(A,D;)=(Aym) (=51 ;o + ML(AuD;) — Mp(A,Dy).
By (4.36), (5.48) and using the property (2.77) one gets
IML(AD;) = Mr(AuDj)|lopg.in<ey ™ (j = §")|wr — wal. (5.49)
Recalling (5.47), we get the estimate
1AGAT (5, ) lopiin < (O +ev 1 — 57)) lwi — wal,
which implies, by (5.46), for ey~1 <1 that
1AGAT(4,5,5) HopGan < N? Ty |wr — wal.
By (5.43), (5.44), we get the estimate
(1)y\j' 71 1)yJ’
1AL (T (O < NTyHALRD)(0)]| (5.50)
NP RO ()|
Thus (5.42), (5.50) and the definition (2.80) imply
|gW|D| kPO <« N2~ R p||Lir(),

The estimate of W) in terms of R(?) follows by similar arguments and then
(5.34) follows.

Now we prove the estimate (5.35). As a notation, we write A13A4 := A(uy) —
A(us), for any operator A depending on u. We prove the estimate (5.35) for the
operator (). The estimate for ¥(?) is analogous. By (5.40), for all j,7' € N,
ez, (L,4,5") #(0,7,7), || < N one has

v

AT (0) = 1 {AA™(6,5,7) 7} R () (5.51)
+iAT (4,4, 5 u) {A12(R(1))?(€)} :
Since w € Q)Y 1 (u1) N Q)% (uz) and /2 < 1,72 < 27, we have
A7 (05,5 u2)  {A®D) @} | < N A®D) @) (5.52)

Moreover, arguing as in (5.45), (5.46) (replacing wy resp. wa by uj resp. uz),
one has
N2T

[A12A7 (4, 5,5 Hlopy) < W||A12A_(&j,j/)HOp(j,j’% (5.53)
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By the definition (5.14), we get
ApA™(0,4,7") = M(A12Dj) — Mr(A12Djr)

5.48 o ~ R
C2 (Aom) (G — )15 + My (A12D;) — Ma(A12D;), (5.54)
therefore by (4.36), (2.77), (5.24)
| A12A7 (4,7, i)lop(in < €0 — 3" lur — uzllso 4ot (5.55)
Then (5.53), (5.55), ey~! < 1 imply that
I {ALA™(,5,7) R ()|

< N?Ty7H|(RM)) <e;u1>||uu1 — Uzl sg s o
and recalling (5.51), (5.52), we obtain the estimate
1A (ED)7 ()]
<Ny (JRO) (G un)ar = wsllagrzss + (A1 RO) (O)])

This last estimate imply the estimate (5.35) for A W), by using the defini-
ton of the norm | - |, in (2.80). The estimate for A1, ¥ follows by similar
arguments and then the proof is concluded. O

By (5.31), (5.32), (5.33), we get
Ly =0""Ld=w- 0,0 +Ds+Ry, (5.56)
where
Dy =D+ [R],
Ry = (2 —L)R+ O ! (TINR +w-0p®s2 + [D, P5a] + R(P — 1))

Lemma 5.2. /[The new 2 x 2 block-diagonal part/ The new block-diagonal part

18
(DY 0 D) (1) o ] — g +
D+ =D + [R] =1 0 _ﬁ(l) , D+ =D + ['R, } = dlangNDj ,
+
where
D =D, + (RM)}(0) = mjI; + D; + (RM)/(0) = m jI; + D,
D/ :=D;+RW)(0), VjeN, (5.57)
and
ID; = Dy|[MP™) < i1 R|D|[5P) (5.58)

Y (w)), i = 1,2 are families of Sobolev functions,

Moreover, if u;(w) = (u;(
(u 2(ug), v/2 < y1,72 < 27, for all j €N,

for allw € Q7 (uy) N QY

w),
(u
| (D () = Df (u2) )=(D; (u) =Dj(u2) ) 2 < [R(wr) ~R(uz)ls, ~ (5:59)
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Proof. Notice that, since R (p) is selfadjoint, the operators (R(l))-(()) :
E;, — E; are self-adjoint for all j € N, i.e. (R(l)) (0) € S(E;). Since D],D
are self-adjoint, we get that D;r, ]/jj+ are self-adjoint for all j € N. Furthermore,
by Lemma 2.6

IDF — D70 = [BF By [4) = (RO (0)[+)
< j 7 supgenl(RW)EO0)K] VPO < Y R| D[P,
which is the estimate (5.58).
Since, by (5.57) we have (ﬁj(ul)—ﬁj(uﬂ) - (ﬁj(ul)fﬁj(uz)) -
(R(l)) (0;u1) — (R(l)) (0;uz), the estimate (5.59) follows since, applying a-
gain Lemma 2.6, for all jeN
IRM);(0;u1) = (RW); (05 uz) | < R (ur) = RW (uz)s,
0

5.3. The iteration
Let v > 0 and let us suppose that (Si), are true. We prove (Si), 41. To simplify
notations, in this proof we write | - |, for | - [£P().

PROOF OF (S1),41. Since the self-adjoint 2 x 2 blocks DY € S(E;) are
defined on 7, the set Q7 41 is well-defined and by Lemma 5.1, the following
estimates hold on Q7

17)
@, |Dls <s Ny 7R, DI < NN, 277 Ro| Dllssn, (5.60)
and in particular, by (5.7), (5.9), (5.6), (5.5), taking dp small enough,
|, |Dllso < 1. (5.61)
By (5.61), we can apply Lemma 2.10 to the map ®}! := exp(+V,) and using
also Lemma 2.6-(77) we obtain that
05! — Lofs < [(@5" — L) D|ls < ¥, |D]. (5.62)
By (5.56) we get L,41 := @, 'L, P, = w - dyls + Dyy1 + Ryq1, where
D41 :=D, +[R,] and
Rus1:= (2" — 12)[R))]
+ 0,1 (Ty, Ry +w - 0,0y 52+ [Py, Uy 5] + Ry(®, —I2)) . (5.63)
Note that, since R, is defined on Q) and ¥, is defined on Q) , the remainder
Ry+1 is defined on Q) ; too. Since the remainder R,, : H§(T ') — H§(T" 1)
is Hamiltonian, the map ¥, : H5(T"!) — H5(T"*!) is Hamiltonian, then ®,,
H (T +!) — H(TY*!) is symplectic and the operator £, : H§(T"*1) —
H; ' (T**1) is still Hamiltonian.
Now let us prove the estimates (5.17) for R, 41. Applying Lemmata 2.6,
2.7 and the estimates (5.61), (5.60), (5.62), we get
(@, = )[R Dls, [, ' Ro (@, — I2)|Dl|s
<s NET-H'V_l|RV|D||S|RV‘DHSO (5.64)
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and
;1114 Ry Dl <. [Ty, Ro|Dll, + N2y R, DR DLy (5.65)

Then, it remains to estimate the term @, (w - 9,®, >2 + [Dy, P, >2]) |D| in
(5.63). A direct calculation shows that for all n > 2

W 0, (V)) + [P0, Wyl = Y Wi(w 0,0, + Dy, W]

i+k=n—1
C2 ST W(R) - R, (5.66)
i+k=n—1

Lemma 2.6—(ii)
therefore using (5.61), (5.60), (2.89) and that | U, |, <
get that for all n > 2

W+ 9p () + [Dw, W71 [ D]
< n*C(s)" (10| DI]s)" " [Ru|Dlls + (10| Dl]5)" [ Lu| D||s|Ru| Dlls, )
< 2n°C(s)" NSy Ry [D|[s| Ry D] s, (5.67)

| U, |D||s we

for some constant C(s) > 0. Thus

1 n n

|(w ' 8¢@U722 + [Dy, \I}MZQ]) ‘DHS g E |(C<.) . a<p(\111/) + [Dy, \I/u]) |-DHS
n>2

(5.67) Ole)n”

2t+1, -1
< N RDIIRD 2 Y S

n>2

<o N2 R, Dl RolD . o

The estimates (5.62), (5.68) and Lemma 2.7 imply that
@, (w-0,%,,52 + Dy, ¥, 22)) | D
<s Ny 7R, D||s|Ry Dl s, (5.69)
Collecting the estimates (5.64)—(5.69) we obtain the estimate
[Ru+11Dlls <s My, Ro|Dlls + N7y 7Ry D5 Ry | Dlls, (5.70)
which implies (using the smoothing property (2.100) and (5.9), (5.17) )

[Ru+1|Dlls <5 Ny PRy |Dl[s4n + NSTHYTHRD|[s| Ry | Do, (5.71)
[Ru+1]Dlls+v < C(s + b)|Ry[Dl s+ (5.72)

Hence

(5.72),(5.17)
RostlDllys = Cls +B)[Ro|DllssnNucr < [Ro|DllusnNo,

for Nog := No(s,b) > 0 large enough and then the second inequality in (5.17)
for R,41 has been proved. Let us prove the first inequality in (5.17) at the
step v + 1. We have
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|RV+1 |D||s

(5.72),(5.17) or 41 n—2a —1
Ss NJPNooa|RolDllsss + NTHN 271 [Ro| Dllsg-45|Ro| Dllso

< [Ro|D|[s+sN, %,

provided

N2a1N a—27—1
2C(s) ’

which are verified by (5.5), (5.6), (5.7) and (5.9), taking Ny large enough and
0o small enough.
The estimate (5.16) for D;H follows by a telescopic argument, since Dj”- 1

>ro ]5?4-1 - f);C and applying the estimates (5.58), (5.17), (5.7).

Ny7*N;1 2 20(s), 77 RolDllsgsn <

PROOF OF (S2),11 We now construct a Lipschitz extension of the function
we, - D”'H( ) € S(E;), for all j € N. We apply Lemma M.5 in [36].
Note that the space S(E;), defined in (2.78), is a Hilbert subspace of L(E;)
equipped by the scalar product defined in (2.71). By the inductive hypothesis,
there exists a Lipschitz function f)]” : Q, — S(E;), satisfying f)J” (w) = D¥(w),
for all w € Q). Now we construct a self-adjoint extension of the self-adjoint
operator D! = D¥ +[D]¥, where [D]% := (R")%(0). By (5.58), for all j € N,
one has that
Iy

v iLi o ; (5.17) a __
= DY = DYHPO) < TR, D[P < N, 2 Ro| Dl g 0d

(5.7)
< N2 ejt

and then by Lemma M.5 in [36] there exists a Lipschitz extension [D ] 1 Q, —
S(Ej) of [D] : Q) — S(E;) still satisfying the above estimate. Therefore we

define ]5]141 : D” + [D]J”

PROOF OF (S3),,,. As a notation we write AjpA = A(uy) — A(uz), for
any operator A = A(u) depending on u. Now we will estimate the operator
A19Ry 41, where R, 11 is defined in (5.63). Moreover, we define

R, (s) :== max{|R, (u1)ls, | Ru(u2)|s}, Vs € [so, S0 + b].
Note that, by (5.17) and (5.7) and by Lemma 2.6-(i7), one gets
R, (so) <eN, 2, R,(so+b) <eN,_;. (5.73)
By (5.34), (5.35), (5.73), (5.21), (5.22), Lemma 2.6-(i%), one has
|A12‘I’ |so N2T+1N e ||U1 - u2||so+5+b7
|A12W, |sg10 < NJTHIN, 167 Jug — gl syrz1o,
@y (1) 5o, [V (u2) |5 < NJTHIN, 26y
Wy (u)]sg+0s [P0 (u2) 500 < N7 N, ey
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By the estimates (5.62) (applied to ®, = ®,(u;), i = 1,2 ), (5.76)—(5.77) and
using also (2.91), one gets

|5 () — Ta|s, < N2ZTHIN, 26y 7Y, (5.78)
| (u) = Iofsgqn < NoTHIN, ey, (5.79)
A0 oy < NJTHIN2 ey Hlun — uallso o+, (5.80)
[A1205 5o < NJTHN, 1oy Hlun — sl s roto- (5.81)

We estimate separately the terms of AjoR, 1, where, by (5.63)
Ru+1 = (q);l - H2)[Ru] + (I);le
Hy, =1y Ry +w 0,V 50+ Dy, Uy 50 + Ry (@, — ). (5.82)
In the following we will use that by (5.5), (5.6), (5.9) (choosing §y small enough)
NZHIN2 eyt <1, Ww>0. (5.83)

Lemma 2.6-(¢9i), Lemma 2.7 and the estimates (5.78)—(5.81), (5.73), (5.21),
(5.22), (5.83) imply that

1A {(®," —12)[Rul} [ses [A12 {Ru (P21 — I2)} |5, (5.84)
< NJTHN 2y — usllse 40,
A1 {(@," = 12)[Ru]} [stbs [B12 {Ru (P — T2)} |51 (5.85)
< Ny_1€lur — uzllsg++b-
Moreover by (2.100), (5.21), (5.22) one gets
Iy A1eRuls, <N, °Ny_iellur — uallsyrotv, (5.86)
TIn A12Ry[so+o <Ny—1€|u1 — ual|sgo+o- (5.87)

It remains to estimate only the term Aqp{w - 0,P, >2 + Dy, D, >2]}, where
we recall that ®, > = Zn>2 —. By (5.66), for all n > 2 we have

Ap{w- 0,0+ (D, U0} = Y Ap{U(R]-R,)¥}.  (5.88)
i+k=n—1

Tterating the interpolation estimate of Lemma 2.7 and using (5.21), (5.22),
(5.73), (5.74)—(5.77), we have that for all i + k =n — 1,

|A12 {TL([R,] — Ru)WEDY [,

< nC(so)" (NZH N 269 ™) "7 NZTHIN 2862y~ s — s gt

(5.83)
< nC(so)" N2 N2y g — usllsg oo (5.89)

and
A1 {UL([R)] — R)UEY [s40

_ _ —1
<nC(so+b)" (NN 2ev™ )" Ny_aeljur — uallsg 40

(5.83)
< nC(so+b)"Ny_1e]lur — uzlsg+o+b- (5.90)
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Hence
(5. 88) .
w0y @y, >2 + [Dy, Dy >2]| Z > A {TL(R) - ROV
n>2 .H—lc n—1
(5.89) . n2C(sp)"™
< N2 +1NV3 62’}/ 1Hu1 — UQ||SO+E+b Z — TE' )
n>2 :

< NNy un — wsllso oo (5.91)

and
|w . 8 (I)l/ >2 + [DV7(PV >2]|50+b

(5. 88)

Z > A {v (R =RV,

n>2 .z—i-k n—1

(5.90) n2C(sq + b)™
2 Nocrellun — el Y #
= n!
< Nl,,1€||u1 — U2||So+ﬁ+b. (592)

Collecting the estimates (5.86), (5.87), (5.91), (5.92) and recalling the defini-
tion of H, in (5.82), one gets

|A12H |30 q ( le, 1€+N27—+1N 2?82’}/ )||U1 —’U,QHSO+5+b (593)
|A12Hy [sg46 < Ny—1€lfur — uz|lso 4o (5.94)

Arguing as in the proof of (5.17) one can obtain that for i = 1,2

|H, (ui)]so < N, PN, 16 + N2TTIN 2222471 (5.95)
(Mo ()] so+0 < Ny—16, (5.96)

thus, by (5.82), writing ®,'H, = H, + (®,;! — I1)H,, using Lemma 2.7, and
the estimates (5.78)—(5.81), (5.83)—(5.85), (5.93)—(5.96), one obtains

ARy 115y < C(7,v) (N, PNy1e + NJTHN 28y ) [lug — sl s 440
S KON;aga
and
|A12Ru+1|so+b < 0(7'7 V)Nuflf':”ul - U2Hs(,+a+b < KONVEHU1 - U2||so+ﬁ+b

by (5.5), (5.6), taking Ny large enough and ey~! small enough. Then the
estimate (5.21), (5.22) has been proved at the step v+ 1. The estimates (5.23),
(5.24) follow by (5.59), (5.21) and by a telescopic argument.

PROOF OF (S4),11 We have to prove that, if
KiNjelur = uzlso4z40 < p, (5.97)
for a suitable constant Ky = K;(7,v) > 0, then

we Q) () = w e Q) F(ug).
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By the definiton (5.13), we have Q) (u;) € Q}(u;), and by the inductive
hypothesis Q7 (u;) C Q) ?(us), hence
we) (a) = w e Q7P (uy) € /2 (uy). (5.98)
Then for all j € N, the 2 x 2 matrices D (uz) = D¥(w, u2(w)) are well defined
on Q) (ur). We set for convenience
A12A;(€7j7j/) = A;(&jajla ’U,g) - A;(€7J7j/7ul)
By (5.98), on the set ), (u1), both the operators A (¢, j,7";u1) and A (¢, 7,
J';uz) are well defined. By the estimate (5.55),
18124, (45,5 lopiin <&l = 3 Mur = uzllso4z+o- (5.99)
Now we write
A;(Zajajlv u2) = A;(f,j’j/; ul) + AIZA;(&].M]J)
= A, (04,55 w) {0 + Ay (64,55 u) T AA (64,5} (5.100)
For all |¢| < N,, we have

HA;(&j,j,;U1)71A12A;(€7j,j,)”Op(j,j’)
< A7 (05,5 u1) " Hlopn 121245 (45, 5 lop.i)
(5.99) <g>T
< [ S —

30 = j,>5<j = )1 = uzllsoroo < (O Ty lur — uzllsg oo

(5.97)
< NZey Mug — uglsgrare < py L (5.101)
Since p < /2, we get that the operator I; ;s + A, (¢, 4, j';u1) "' A2 A, (¢, 4,5")
is invertible and by Neumann series we get
Lo+ A (0], u)  AwAL (4, ], 5 *H < T (5102
|5+ Az s ) aeAs @) < T (a02)
By (5.100), (5.102) we get
_ .o _ Y _ .o _
HAV (67]3]/;u2) 1HOp(j,j’) S HHAV (gvjaj/;ul) 1HOp(j,j’)
(0"

v O
Y=oy —J3) " (v=p)i -3

IN

< (5.103)

By similar arguments one can also prove that on the set ), (u;) the following

estimate holds

o
(Y =P+
Summarizing we have proved that if w € Q) (u1), then (5.103), (5.104) hold,

||A1—/~_(€7j7j/;u2)_1||0p(j,j’) < (5104)

v

implying that w € Q) 7 (uz) (recall the definition (5.13)). This concludes the
proof of (S4),41.
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5.4. Conjugation to a 2 X 2-block diagonal operator

In this section we prove that the operator Ly in (5.1) can be conjugated to
the 2 x 2, time independent, block-diagonal operator L., in (5.116). This will
be proved in Theorem 5.2 and it is a consequence of the KAM reducibility
Theorem 5.1. First, we state some auxiliary results.

Corollary 5.1. (KAM transformation) Yw € N,>0Q) the sequence

$, = yod 00D, (5.105)
converges in | - \I;ip(v) to an operator ®., and
|oE! — 1| P < |R,| D[R 41, (5.106)

Moreover ®L! is symplectic.

Proof. The proof is similar to the one of Corollary 4.1 in [6] and hence it is
omitted. O

By Theorem 5.1-(S2),, for all j € N, the sequence of the 2 x 2 blocks
(DY¥)u>0 (defined for w € €,) is a Cauchy sequence in S(E;) (recall (2.78))

with respect to || - [|MP(), then, it converges to a limit D (w) € S(E;), for
any w € ,. We have
D (w) := Vli)rfoo D} (w) = D?(w) + D77 (w). (5.107)
D¥(w) := Y DY (w) - DY (w).
v>0

It could happen that Q) = 0 (see (5.13)) for some . In such a case the
iterative process of Theorem 5.1 stops after finitely many steps. However, we
can always set DY := D;”, Vv > 1, and the functions D$° : Q, — S(E;) are
always well defined.

Corollary 5.2. (Final blocks) For allv > 0,j € N,
DS — DY|MP0) < Ny2eg ™!, IDF(MPO) < g7t (5.108)

Proof. The bound (5.108) follows by a telescoping argument, applying the
estimate (5.20). O

Now we define the Cantor set
02 = Q% (u)

g - 07T
=weQ: AL, 4,5 5w) 7t S%,
{oenianeiiw s 2

(0,7.5) #(0,4.5), AL 4,550)7 | <

V(¢,7,7') €Z¥ x N x N,

(07
29(j +J')
V(L,7,5') € Z¥ x N x N} , (5.109)
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where the operators AZ(4,],7') = AL(L],55w) = AZ(4 ], 75w, u(w))
L(E; E;) — L(E;,E;) are defined by

AL (4, 4,5') = w L + M(D$°) — Mr(D?), (5.110)
AL(0,5,5) = w (L + ML(D®) + Mg(D). (5.111)

Lemma 5.3. (Cantor set)
Q2 C N,>eQ. (5.112)

Proof. Tt suffices to show that for any v > 0, Q% C Q7. We argue by induction.
For v = 0, since 2] = ,, it follows from the definition (5.109) that Q27 C Q.
Assume that Qg;/ C Q7 for some v > 0 and let us prove that QEZ - QZH. Let
w € Q% By the inductive hypothesis w € Q7, hence by Theorem 5.1, the self-
adjoint matrices DY (w) € S(E;) are well defined for all j € N and DY (w) =

f);’(w) By the definitions (5.14), (5.15), also the matrices AF(¢,7,5";w) are
well defined. Since w € 927, A (¢, j, j';w) is invertible and we may write

AJ(0g,55w) = A (0,5,5w) + AL (4, 4,55 w)
= Ago(évjvj,7w) (Ij,j' + A;o(&]v j/;w)ilA;o(&ja j/;w))
where

AL (.5 w) = My (D} (w) — D§*(w)) — Mg (D} (w) — D (w)) -

by
By the property (2.77) and by the estimate (5.108)

AL (5,5 w)lopg,) < Ny 2ei (5.113)
Moreover, one has that for all [¢{| < N,, 7,5 € N, with (¢, 74, j") # (0,4,7)
NN, 2

f‘g S
2v(j — 7')

AL (4,5 w) AL 4,5 w)lopi.in < 5 (5.114)
by (5.6), and for dp in (5.9) small enough. Therefore the operator A7 (¢, j,j';w)
is invertible, with inverse given by the Neumann series. For all |[{| < N,,

J,3" € Nwith (¢, 5, 5") # (0,4, 5')
1AZ(4,5,5"5w0) Hope,n
(gajajl?”)ilA;O(g’jaj/;w)HOp(j,j’)

(5.114) (5.109)  (f)7
< 21lAL (44,5 w) N e t A—
H ( ) ||Op(],j ) ’Y<.7 — ],>

By similar arguments, one can also obtain that for any (¢,7,j') € Z¥ x N x N
with |[¢] < N,

A7 (4,5 50) Hlopgn <
A, (4,5, w) HOp(m)flango

"
¥ +3")

and then the lemma follows. O

1A (€,4,5"5w) Hlopg.in <
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To state the main result of this section we introduce the operator

(DX 0 @
Do =1 0 —5((;) , D) = diag;eyD5, (5.115)
where the 2 x 2 self-adjoint blocks D° € S(E;) are defined in (5.107). Fur-
thermore, we introduce, for w € €Q,, the operator

Loo(W) :=w - Ol + Do (w). (5.116)

Then Lo (w) is a ¢-independent block-diagonal bounded linear Hamiltonian
operator Lo (w) : H(T**+!) — Hy~ ' (T**1), for any s > 1.

Theorem 5.2. Under the same assumptions of Theorem 5.1, the following hold-

s:

(i) For all w € QX and s € [s0,S — & — b], the transformations ®L! :
H (T ) — H (T ) satisfy the estimates

DL — T WP <, ey~ (1 + [|ul|247). (5.117)

(ii)  On the set Q% the Hamiltonian operator Lqy in (5.1) is conjugated to
the Hamiltonian operator Lo, by ®oo, namely for all w € Q%

Loo(w) = DM (w)Lo(w)P oo (w). (5.118)
(5.112)

Proof. (i)  Since Q% (u) C  N,>09Q7(u), the estimate (5.106) holds on the
set Q27 and Vsg < s < S —a — b,

. . (5.4) .
i — Li — Li
0% — LFPO <y R DIEY <y ev 1+ ull ),

which is the claimed estimate (5.117).
(ii) By (5.18), (5.105) we get

L,=®' LoD, =w-00s+D,+R,, D, =Bp0...00,. (5.119)
Note that, for all v > 0,

Lemma 2.6— (i)
<

DY — DY P (DY) — D)D) [Fre)

. (5.108) s
= sup j||D§° — DY|[MP™) T eN, 2 TR0 (5.120)
JjEN

and for any s € [sg, S — 7 — b]

emma 2.6—(ii
|Ru‘£ip(v) g < 6-G) |RV\D\|EP(7)
(5.17),(5.4) i V—to0
< eNgA (1l EET,) T,

Hence, |£, — Eoo|15ip(7) VA 0 forall sp < s < S — & — b. Since,

by Lemma 5.1, ‘I),jfl v &=l in the norm | - |£‘ip(7), formula (5.118)
follows by passing to the limit in (5.119). O
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Corollary 5.3. Assume (4.3) with 4 = @ + b + sg, then for any sop < s <
S —T —b— s, for any p € T, the maps ®L!(p) : HY(T,) — H(T,) and
they satisfy the estimates

11 (9) s <s 1+ lullsstors0-

Proof. The claimed estimate follows by Lemma 2.13-(4¢) and by the estimate
(5.117). O

6. Inversion of the operator L
We define

W1 = SB(.AHQ)V(I)OO, W2 = SB(AHQ)[)V(I)OO (61)
(recall the Definitions (4.9), (4.28), (4.49), (4.30) and Corollary 5.1). By Sect-
s. 4 and 5, the operator £ in (4.1) may be written as

L =Wl Wi, (6.2)

where the operator L, is given in (5.116).
Lemma 6.1. There exists po := po(T,v) > 0, po > 7 + b such that if (4.3)

holds with i = pg, then the operators Wy and Wa defined in (6.1) satisfies for
CmySOSSSS—HO;m:LQ

W, H3+%(Tu+1) N HS(TV+1,R2), w-1. Hg+%(TV+1,]R2) _ HS(TV+1)

m

; Li Li Li
Wi e [P0 <, i [E50 + al[E50 e 550, m = 1,2
for any Lipschitz family of Sobolev functions hy (- w) € HS ™ (TY*1), h_(;;w)
€ Hs o (T R?), w € QX (u).

Proof. The lemma follows by the estimates (4.16), (4.37), (4.38), (4.55), (4.40),
(5.117) and applying also Lemma 2.8. O

For all ¢ € Z¥, for all j € N, for all w € Q, = Q,(u), we define the 2 x 2 matrix
Boo (4, jiw) = Beo (4, jiw, u(w)) as

Buo(f.jiw) = - 1, + D () (63)
(recall (2.63), (5.107)). Then we define the set

A% (u) = {w € Qp(u) : | Boo(l,j;w0) 7| < ;ﬁ V(L j) € Z" x N}. (6.4)
Y
We prove the following

Lemma 6.2. [Invertibility of L.,/ For all w € A%I(u), the operator Lo is
invertible and its inverse L} : HyP2THH(TY+1) — HE(TY*!) satisfies the tame
estimate

— i — Li
(o 2 ) e

for any Lipschitz family h(-;w) € HyP2THH(TY ), w € A% (u)
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Proof. By (5.115), (5.116) the operator L has the form
0
Lo={" _o ), £O:=w-9,+iDY,
< 0 L((;) ©

then it suffices to prove that E&) is invertible and its inverse satisfies the
claimed estimate. Let w € A%Y(u), and let h € H3T7(T¥*4). Using the block-
representation (2.64), we have

Q1 hpr) = 30 Baolljiw) ()7, (65)
(¢,4) €2y xN

where the 2 x 2 self-adjoint matrices B (¢, j;w) are defined in (6.3). Using
(2.11), we get

HEDLT R2 < ST (6% IBoe(l, jiw) ~ hy(0)][2

(¢,5)€Z¥ xN

(6.4) N9e ) 2r o _
<> 0Ty (017 <y RIRlIZ,. (6.6)
(€,5)€Zv xN

Now let us consider a Lipschitz family of Sobolev functions w € A2Y(u) —
h(;w) € HyT*™ 1 Then, for any wy,ws € A2 (u) one has that

(£ )] hlwr) = (£ (wa)] ™ hlws)
= (LD @] (hwr) = hlw2) + (LD (1) = L8 (w2)) hlwa).  (6.7)
Arguing as in (6.6), the first term in (6.7) satisfies
£ @017 (hwn) = bw2))|| <y lbfwr) = hwn)lser
<RI o — el (68)

Now we estimate the second term in (6.7). One has that
(L9 @)™ = LY (@) ™) hlw2)

= > (Bulljiw) ™ = Buo(ljiwn) ) (G wn)e .
(£,5)€Z¥ xN

Since
Boo(fjsw1) ™ = Boo (£, jiw2) ™
= Boo (£, j;w1) ™ (Boo(4, jiwa) = Boo (£, j5w1)) Boo (€, jiwa) 1,
using that wy,ws € A%2Y(u), one has that

HBoo(gvj;wl)_l - BOO(£7j;w2)_1”
(¢

) [Boo (4, j5w2) — Boo (£, jswi) |- (6.9)
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Furthermore, by (5.107), (5.12) one gets
||BOO(€7‘7aw2) - Boo(gaj;wl)H
< Jwr = wallf] + [m(wr) = m(ws)]j + D5 (w2) = D3 (wn)]

(4.36),(5.108) L
< ([+er7) lwr —wal. (6.10)
The estimates (6.9), (6.10) (using that ey~! < 1) imply that
[Boo (£, j;w1) ™" = Boo (€, jswa) 1| < (027 ?|wy — wal. (6.11)
Therefore
2
| (£ @) = £0 (o)) hlws)
S
(2.11) ey ] _ . PPN 2
<Y G |[(Beollyjiwn) Tt = Boo(t fiwa) ) hj(é;wz)’ L
(¢,j)€Z¥ xN
6.9 ey
<t NPT (G ws) | for — wal? (6.12)
(£,5)€Z¥ XN
which implies (recalling (2.11)) that
| (£B ) = £8wn)) wa)|| < 2RI lor —wal. (6.13)
Hence, by (6.7), (6.8), (6.13), one gets
i — Li
MELT AP < RIED (6.14)

Recalling (6.6) and the definition of the norm || - HLIP(’Y) (2.5), the lemma
follows. O

Theorem 6.1. [Invertibility of £] Let v € (0,1) and 7 > 0. There exists a
constant

= p(T,v) > po >3 +b (6.15)
where po s given in Lemma 6.1, such that for any Lipschitz family u(-;w) €
Hy (T R?), S > so + 1, satisfying

Li
a0 < (6.16)

there exists a constant § = 01(S,7,v) >0 (possibly smaller than the constant
0o given in Theorem 5.1) such that if

ey~ <6, (6.17)

then for all w € Q% (u) := QX (u) N A% (u) (see (6.4), (5.109)), the operator
L defined in (4.1) is invertible and its inverse L~ : HgtH (T, R?) —
H§ (T R?) satisfies Vsg < s < S — uy the tame estimate
_ i — Li Li Li
e~ h)EPO) < 57t (I + a5 InikEs) ) (6.18)
for any Lipschitz family h(-;w) € Hy ™ (T R?), w € Q2 (u).

Proof. The estimate (6.18) follows by (6.2) and by Lemmata 6.1, 6.2. O
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7. The Nash—Moser iteration

Our next goal is to prove Theorem 3.1. It will be a consequence of Theorem
7.1 below where we construct iteratively a sequence of better and better ap-
proximate solutions of the operator F(u) = F(e,w, u), defined in (3.7), and of
the Sects. 8 and 9.
We consider the finite-dimensional subspaces
Hy o= {ue LT R*): u=TI,u}

where II,, is the projector

M= (L IL4),  Mhpa)= Y. h@)de) (1)

[(£,5)|<Nn

with N,, = Ng‘n (see (5.5)). We also define IT;- := Id — II,,. The projectors II,,,
I satisfy the following classical smoothing properties for the weighted norm
|- 15 namely Vs, b > 0,

[P0 < K || LiP() [T u BP0 < iP5 (7.2)

s+b ’ s+b
In view of the Nash—Moser Theorem 7.1 we introduce the constants
ko= 6up +19, byi=2u +4+r(1+x)+1, (7.3)
_ 3
ay = RkX T = 2u1, X = 3 (7.4)

where p; := pi(7,v) > 0 is given in Theorem 6.1.

Theorem 7.1. (Nash-Moser) Let v € (0,1) and 7 > 0. Assume that f €
CUT” x T,R), with ¢ > so + by. There exist 6 € (0,1) small enough and
Ny > 0, Cy > 0 large enough such that if
eyt <4 (7.5)
then:
(P1),, For all n > 0, there exists a function W, := (tun,¥n) : G T Q —

Hn, w = (W) = (un (W), Yn(w)), with

Li
5255 < 1, (7.6)

ug := 0, where G, are Cantor like subsets of Q) defined inductively by:
Go = Qyry Guar = Q" (W), ¥n 20, (7.7)
(recall (2.7)) where v, := (1 + 27") and the set Q*7"(u,,) is given in

Theorem 6.1, with Q,(u,) = G,. There exists a constant Cl, > C, such
that for all n > 1, the difference h,, := u, —u,_1 satisfies

[, [[SR0) < Cley tN, 2. (7.8)
(P2),, For alln >0, |F(u,)|5%P" < CeN*.
Li ® Li
<C733>Nn For all n > 0, [[u, |55 < Cuey™'NE, [ F(ua) |55 <
«ENF.

All the Lip norms are defined on G, .
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Proof. To simplify notations, in this proof we write || - ||s instead of || - ||I§ip(7).

STEP 1: Proof of (P1,2,3)9. They follow, since by (3.7),

0
FO = (f, (o) - 17Ol <011

and taking Ci > max{{|fl[s, Ng's [[fllso+e. }-

STEP 2: Assume that (P1,2,3), hold for some m > 0, and prove
(P1,2,3),+1. We are going to define the successive approximation u,41. By
(P1)p, one has ||u,||sg+u, < 1, moreover the smallness condition (7.5) implies
the smallness condition (6.17) of Theorem 6.1, by taking 6 < §; = 61(S,7,v)
with S = sg + p1 + by. Then Theorem 6.1 can be applied to the linearized
operator

L, = L(u,) = 0uF(uy), (7.9)

implying that for all w € G,y = Q2" (u,), the operator £, is invertible
and its inverse satisfies Vso < s < s9 + by, Vh € Hy ™ (T"+1 R?), the tame
estimate

1£2 Bl <o v (st + 0Lt [l sg0,) - (7.10)

Specializing the above estimate for s = sg, using (7.6), one gets
125 Bl <o 7 B (7.11)
We define the successive approximation
Uyt = U, + hn+1, h,, = —Hn+1£;1Hn+1.7:(un) € Hpt1 (7.12)

where II,, is defined in (7.1). We now show that the iterative scheme in (7.12)
is rapidly converging. We write

Jf(lanrl) = f(un) + Enhn+1 + Qn
where £,, := 0, F(u,,) and
Qn = Q(um hn+1) > Q(unyh) = f(un + h) - F(un) — Lyh, (7~13)

h € H,4+1. Then, by the the definition of h,41 in (7.12), writing II,,41 =
Id — II;-, ;, we have

Fapy1) = F(u,) — Lo, 1 £ 00 F(w,) + Qn
=11 F(u,) + Ry + Qn, (7.14)
where
Ry = (Lo, Ty ] £ 1 F(uy) = Mg, £o]L5 1 Fuy,).  (7.15)

We first note that, for all w € G, by (P2),, and by the smallness condition
(7.5), one has that

[F(un)lsoy™ ! < 1. (7.16)
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Lemma 7.1. On the set G,11, defining

Bn = ||‘7:<u7l)||80+b1 + 6||u7l||80-|‘b1’ (717)
we have
Bn+1 Sso-‘rbl NZ’.T_11+GBn7 (718)
2 4— 2 6 _
H‘F(un+1)||50 <so+by ]VnillJr ban "‘Nnil;r €y 2||-7:(un)||§0 (7'19)

Proof. We first estimate h,,11 defined in (7.12).

Estimates of h,, 1. By (7.12) and (7.2), (7.10) (applied for s = so+b1), (7.11),
(7.6), we get

Byt sotbr <sotvy ¥ (M1 F(Un) lsg4 01451
+||un||80+u1+b1||Hn+lf(un)‘|80+u1)

(7.2) -
Zsotor Ny ™ (IF () lsgsor + 100 llsoo 1 F ()]s
(T16) o
Zsotor N (Y HIF(n) lsoro, + [anllsors,) (7.20)
||hn+1||80 <so 7_1N7€L-1-1||'7:(un)||80- (7-21)

Now we estimate the terms @, in (7.13) and R,, in (7.15).
Estimate of Q,. By (7.13), (3.7), (2.1), (7.6), (7.2), we have the quadratic

estimate
1Q(un, h)[[s <s eNgy (Ihllslbllso + lunlls|hllZ,), (7.22)

Vh € Hp41, Vs > sg. Then the term @, in (7.13) satisfies, by (7.22), (7.20),
(7.21), (7.16)

2 6 _
||Qn||80+b1 §50+b1 ‘anill+ € (H}—(un)HSo+b1’7 ! + Huanoval) ) (723)
1@nllso <so N4 ey F (wn) 13, (7.24)

Estimate of R,,. Now we estimate the term R,, defined in (7.15). By (7.9),
(4.1), Lemma 2.1, (7.2), (7.6) the operator £, satisfies the estimates

”[[’n’ H'r%—i—l]hHSo Sso+bs N??:i+25 (||h||80+b1 + Huano-‘rbl ||hH50+2) )
||[£n’H%+1]h‘|50+bl = ||[Hn+lv£n]hH80+b1
§50+b1 Nr%JrlE (||hH50+b1 + ||un||50+bl ||h||50+2) :
The above estimates, together with the estimates (7.10), (7.11), (7.2) and using
also (7.16) imply
2pu1+4-D _
”RnHSO <so+by Nn/-:—11+ ‘e (H]:(un)HSO-i-bl'Y 'y ||unH50+b1) ) (7-25)
2p1+4 _
||RTLH50+b1 §50+b1 ‘N'nillJr € (||f(un)||50+b1’7 ! + ||un||80+b1) . (726>
Estimates of u,, ;. By (7.12) and by the estimates (7.20) one gets
2 -
[t llsoror Ssorvn Na'th (Inllsoro, + 1F (@) lso+0,771) - (7.27)

Finally, by (7.14), (7.23), (7.24), (7.25), (7.26), (7.27), (7.2), ey~ < 1 and
recalling the definition (7.17), we deduce the estimates (7.19), (7.18). O
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The estimates (7.19), (7.18), together with (7.3), (7.4), (P2)n, (P3)n, (7.5),

taking d; small enough and Ny large enough, imply (P2),11, (P3)ny1.

The estimate (7.8) at the step n + 1 follows since

2 (7.21) o
||hn+1||30+u1 < Nn+1||hn+1||30 < C(SO)Nn-HV ||‘7:(un)||30

(P2), o
< C(SO)C*Nnilan KE’-Y

which implies the claimed estimate, by (7.4) and taking C, = C(sg)Ck.

The estimate (7.6) at the step n + 1 follows since
n+1

(7.8) - B
ant1llsodps < Z hillsorp < Ciey™ ZNk <Oy <1

k=0 k>0

by taking § in (7.5) small enough. Then (P1),41 follows and the proof is

concluded.

8. Measure estimates

In this Section we estimate the measure of the set

Goo = ﬂnzogn

O

(8.1)

where the sets -+ C G411 € G, C -+ C Gy are given in Theorem 7.1-(P1),,.

First, let us define the constants

TTi=v+2, T=2T"+v+1,

v =5y, =1 4277, Yn >0
and recall also that the constants

Tn=7(14+27"),  Vn =0,
are given in Theorem 7.1-(P1),,. We prove the following
Theorem 8.1. One has
[NGos| <.

The rest of this section is devoted to the proof of Theorem 8.1.

First, we write
NG = (\G0) | (G\Gs1):
n>0
Since Gy = -, see (7.7), it follows by standard volume estimates
NGo = O(y).

For any n > 0, we define the set

(1) — : s Inld)
Q) (uy) = {w €Gp i |w- L+ mluy)j| >

V(¢,j) € (Z¥ x No)\{(0,0)}

—

(8.2)

(8.4)
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where we recall that the constant m(u,) = m(w, u,(w)) satisfies the estimates
(4.36) (recall also that Ng = {0} UN = {0,1,2,...}). For all n > 0, we make
the splitting

Gi\Gns1 = AD UAD) (8.8)

where
AD = (Ga\Gni1) NSV . (), (8.9)
= (Ga\Gut1) N (G . (u,)). (8.10)

Estimate of A%”.
By (8.9), using the inductive definition of the sets G,, given in (7.7) and recall-
ing (6.4), (5.109), one has that for all n > 0,

.A,(,Ll) = U Q@] u, U U RE]] Up U U RZJ? lln 811)

(¢,§)€Z” XN ZEZ” Lez”
4,3’ €N 4.’ €N
(£,3,5")#(0,5,5)

where
Qej(uy,) == {w €GN QEQT* (uy,) : the operator Boo (4, j;w, up (w))

is not invertible or it is invertible and

.. Ly
[Buc(t i un) 1 > 50, (8.12)

Ry (uy) = {w €G,N Qg{)ﬁ* (u,) : the operator A (¢, 7,7 ;w, un(w))

is not invertible or it is invertible and

. _ 0T
Aoo Eu%]/?wyun w ! i T (s 8.13
H ( ( )) ||Op(j,J ) 2'Yn<.] — ]I> ( )
RZ] (u,) = {w €G,N QSYI*),T* (u,) : the operator AL (¢, 7, j";w, un(w))

is not invertible or it is invertible and

AL 55010 Mo > 52} (3.14)

where we recall that by (5.110), (5.111), (6.3)
Boo (4, j;w,un(w)) = w - M; + D (w,un(w)), L€Z”, jeN, (8.15)
AL (G, 7w up (W) == w - L T o + ML (D5 (w, up(w))) (8.16)

— Mgr(DF (w, un(w))),

forall £ €7, 4,5/ €N, (4,4,5') #(0,7,7) and

AL (0,4, 55w un (W) = w - LT 5 + Mp (D5 (w, un (w))) (8.17)
+ Mp(DF (w, un(w)))

for €2, 5,7 € N.
First we need to establish several auxiliary Lemmas.
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Lemma 8.1. For alln > 1,

sup Hﬁ‘f’(un) - f);o
JjeN

where f)J‘X’(un) = f)]‘”(w,un(w)) is given in (5.107) and a is defined in (5.6).

(un_l)H <eN-2, YweGn, (8.18)

Proof. We first apply Theorem 5.1-(S4), with v =n, v = v,—1, v — p = Vn,
and uy, ug, replaced, respectively, by u,_1, u,, in order to conclude that
Q1= (u,—1) C QI (uy,). (8.19)

The smallness condition in (5.25) is satisfied because 7+ b < p; (see (6.15))
and so

KN} _eljun — Un71||80+5+b < KN, jellun — un,1||50+#1

(7.8)
< KiN; _jellun —wpoa|lsgppy < C,.Kie?y 'NT_ N =
<Y1 =T =1p=72""

for ey~! small enough, Ny large enough and using that a; > 7 (see (7.3), (7.4),

(6.15), (5.6)). Then, by the definitions (7.7), (6.4), (5.109), we have

(5.112) (8.19)
C ﬂ Q) (1) C QY (1) © Q7 (uy).
v>0
Next, for all w € G, C Q"' (u,—1) N Q)" (u,) both the operators ﬁ?(un_l)

and f)y(un) are well defined and applying the estimate (5.24) with v = n, we
deduce that

. o (5.24)
sup 1B () — B (tn) | 7 elftn — tra
JE

(6.15) (7.8) _

< gllun — up—illsog4pn < €N, (8.20)

Moreover by (5.107), (5.108) (with v = n), for all j € N, we get

|52 (1) = B ()| + | D () = D () (8.21)
Therefore, for all w € G,,, Vj € N,
HD;?"(un) — D (1, 1) H
< [B7100 - Bftua-] <[5 o 00|
+ D5 (un) ~ D} ()
(8.20),(8.21)
< e(N 2 + N ®) <eN, 2, (8.22)

(5.6)
since by (7.3), (7.4) one has a; > i, and by (6.15) g >3 +b > a. Then

the claimed estimate is proved. ]
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Lemma 8.2. For ey~! small enough, for allm > 1, |[{| < N,,_1,

Proof. We prove that R,..,(u,) C R, (an,—1). The proof of the other inclu-
sions is analogous. For all 5,7’ € N, /| < N,,_1, (¢,4,7) # (0,4,7), w € Gy, we
write

A;o(£7]7]/7un) = Ao_o(‘gajaj/;unfl) (IJ,J’ + Ago(gmjmj/;unfl)_leo(jmj/un)) ’

where

AsolGrd'sn) = My, (D2 (up) — DX (un_1)) (8.24)
— Mg (D3 (un) — D3 (un—1)) -
Note that
.. 5.12),(5.107 . .
Ao Gy 'm) TPLT () = m(un 1)) (G — 7L

M, (ﬁ;@(un) - ﬁ;O(un_l)) ~ Mg (f);??(un) - f);??(un_l)) . (8.25)
By (8.25), (4.36), (2.77), (8.18) one gets
180 (G, ) o <l = 3 )N (8.26)
Hence for |¢| < N,,_1 we get
LA
P97 21 (G = ')

(826) .
< eyTIN;TE <

n—

HAO_O(E,.],jl, unfl)_leo(jvjc n)HOp( ||Aoo(jajlan)||0p(j,j/)

for ey~1 small enough and since a > 7 (see (5.6)). Then for all |¢| < N,,_1, for
all j,j" € N, the operator A (¢, 7,j’;uy) is invertible by Neumann series and

IAZ (07,3 un—1) " lop(ig) (1 +Cery ™ NITE)

<O (14 Cey™'NZP).

IN

||A;o(£7.77 j/;u'rL)_lHOp(j,j’)

- 2’7n71<j - ]/>
Since by the definition of ~,,

Y1 = Yn 1

Y 1427’
it follows that for ey~! sufficiently small
Cey 'NI2 < Il =
’Yn
Hence
AR (i35 ows) < 5=

which implies the claimed inclusion R,/ (u,) € R, (an—1) in (8.23). O

Corollary 8.1. For anyn >1
(Z) Qﬂj(un) = w7 fO'l“ all ‘€| < anl;
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(ZZ) Ré_jj/(un) = 07 fOT’ all |£| < Nn—17 (gajaj/) # (Oaj7j):
(iii) Ry (an) =0, for all |[¢| < Np_y.
Hence for any n > 1,

AS) L0 U er(un)U U Rij’(u”)U U R;jj/(u")'

[£]>Np 1 []>Np_1 [€]>Np 1
jeN j.j €N J,d'eN
(£,3,5")#(0,5,5)
(8.27)

Proof. By definition, thjj,(un),ng(un) C G, and, by (8.23), for all |[¢| <
N,,_1, we have Rfijj,(un) - R}jj,(un,l) and Q;(u,) € Qj(u,—1). On the
other hand again by definition thjj,(un,l) NGn, Qrj(up—1) NG, = 0. As a
consequence, V[{| < N,_1, Rfjj,(un), Quj(uy) = 0. O

Lemma 8.3. For all n > 0 the following statements hold:
(i)  If Qej(uy) #0, then £ #0 and j < |¢].
(i) If Ry (un) # 0, then £ #0 and |j — j'| < |€], j,5" <[]
(ii)  If Ry (wn) # 0, then £ # 0 and j,j' < |¢].
Proof. We prove item (iz). The proofs of items (i) and (iii) are similar. The
statement follows by the following claim:

CrAIM If ey~ ! is small enough and

(07 < (j — j') min{y, '} (8.28)

then for all w € G, N QEYI*),T* (uy,) (recall (8.7)), the matrix A (¢,7,5') =
A (4, 7,75 w,up(w)) is invertible and

0o

A (,5,5)7! §<7

” oo( 757 ) HOp(j,j) 2'7n<] _,7/>

PROOF OF THE CLAIM. By (5.110), (5.107), (5.12), (5.8), we can write
Ago(éajhjl):Ioo(gajaj/)+Aoo(j;jl)v (829)

where

~

Ioo(&jajI) = (OJ A + m(] _jl)) Ij,j’? Aoo(j?.j/) = ML(]S(;O) - MR(D;’O)

Since w € Qgi))T*(un), for any (¢,7,5") # (0,4,7), the operator I (¢,7,j') is
invertible and its inverse satisfies the bound

*

"

IOO E?jaj/ -t N S - NG 8.30
[[Too ( )" Mlop(.g ) vi (i — 5 ( )
Moreover the operatorial norm of the operator A, (j, ;') satisfies
(2.77),(5.108) 1 1 €

A jajl ig < 3 < + > < —]——~. 8.31

1e (5 0w ) < mm (831)
The estimates (8.30), (8.31) imply that

e

1
I (4,5,5) " Ao (4, ) lop(ijr) < ——— i+ < =,
Tao ) (3ot Y5 (g — j')min{g, 5/} ~ 2
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by (8.28) and for ey~! small enough. Hence by (8.29), the matrix A (¢, j, ')
is invertible by Neumann series and
IAZ (5,37 lope,m

*

o (8:30)  2(¢)7
< 2|1 (5, 5) HlopGgy <

(07

Vild =3 " 2m (i =57’

since by (8.3), (8.4) we have 7 < 7* and v} > 4~,,.

By the definition (8.13), the claim implies that if w € G, N QEYI*),T* (u,) and if

the condition (8.28) holds, then w ¢ R, (u,), hence if R, (u,) # 0, then
(j ="y min{j, '} < (07" (8:32)

For ¢ = 0, since (¢) = max{|¢|,1} = 1, the above condition becomes (j —

J"Yymin{j,j'} < 1 which is violated since (j — j') min{j, '} = max{|j — j'|, 1}

min{j,j'} > 1, therefore Ry;; (u,) = 0 for any j # j'. Finally, by (8.32), we

may easily deduce that

J 3" <407
By similar arguments, it can be proved that if R, (u,) # 0, then [j— j'[ < (£)
and the proof is concluded. (]

Combining Corollary 8.1 and Lemma 8.3, recalling the formulae (8.11),
(8.27), we get

AV = U Que)l U Ryl U Rp(w), (833)

040 1#0 1#0
JeN 4,j' €N 4,3’ €N
i<l (£,3,5)#(0,5.5) j.g'<le]
li—3"l<l|
Jri' <7
AW — U er(un)U U Re]’j’(un)U U Ry (un)
[€|>Ny—1 [€|>Ny—1 [€|>Np—1
jEN 040 00
J<(0) 4,j' €N Jj' €N
(€.3:3)#(0.5.9) 33" <(0)
Jri' <

(8.34)

Vn > 1. The measure of the resonant sets on the right hand side of the latter
identities now are estimated separately:

Lemma 8.4. For ey~! small enough, if Qj(uy), Rfjj,(un) # 0, then
|Qej(un)l, |Rétjj’ ()| <v(6)7".

Proof. We prove the estimate of the set R, j,(un). The other estimates can
be proven arguing similarly. Recall that for all j € N, the 2 x 2 blocks D3 =
mjl; + f);>O € S(E;), are self-adjoint and Lipschitz continuous with respect
to the parameter w. We set

spec(D(w)) i= {ri (@), @)} with () <rf @), (835)
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By Lemma 2.5-(4) the functions w +— r(j)(w) are Lipschitz with respect to w,
since

9 n) — ) (@a)] < B () — B @)l < D57 ¥len — )
UL et e . (8.36)
Setting also
spec(DF () i= AV (@) AP @)} with A (w) <2 (@),
by Lemma 2.5-(ii) we have that
W =mwi+r)w, k=12 (8:37)
By the definition (5.110) and by Lemmata 2.4, 2.5-(i7) the operator A__ (¢, 7, ') :

L(E;,E;) — L(E;, E;) is self-adjoint with respect to the scalar product
(2.71) and

spec (AL (L, j, 7 w)) = {w LA W) A (w), kK = 172} .
Therefore, recalling the definition (8.13) and by Lemma 2.5-(ii7) we get
2 ~
Ry () C | Rejyr(k, k), (8.38)
kok'=1

where

7 4 ’ 2u(j — 7'
Ry g (k, ) = {w;|w-e+Ag)(w)—A§g>(w)< EW >}.

We estimate the measure of the set ﬁgjj/ (k, k") defined above for all k, k' = 1,2.
Since, by Lemma 8.3-(ii), £ # 0, we can write

w:|i|s+v, with v-£¢=0.

and we define
6(s) == s + 07 () = A (s), (8.:39)
where for any j € N, for all £ =1,2
j Nl
)\,(j)(s) = )\g) <€|s + v)
According to (8.37), (8.36)

N (s)=mls)j+rd (), P <oy (8.40)
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One gets
[6(s1) = @(s2)| = [ells1 = s2| = [m(s1) — m(s2)llj = J'|
= (I 4 1) 131 5ol
(4.36),(8.40) I
= (U= —35)) ls1— s
Lemma 8.3~ (ii) |£|
> |s1 — 2]
for ey~! small enough. The above estimate implies that

H Z””ERM (k, k>}' 47<<Z>_‘7>

and by Fubini Theorem we get

= NG—J") >
| Rejjo (b, k)| < —ii
(T
The claimed estimate follows by recalling (8.38) and using that by Lemma
8.3-(i1), |7 — j'| < |¢|. O

Lemma 8.5. For all n > 0, we get
AL <N

Proof. We prove the estimate for AS in (8.34) with n > 1. The estimate for
A(l) in (8.33) follows similarly. One has

ADT< Y0 Q)+ Y R+ Y (RS (w)

|€|>Ny—1 |€|>Ny -1 [€|>Np—1
JEN jg’eN j,j' €N
J<() (€.5,5)7(0,7,7) 3.3 < (L)
li—J |<<*>
G’ <7

Lemma 8.4 1 1 1
< Y Z W + Z W + Z W

|€|>Np—1 [€]>Np—1 [€|>Nyp 1
jeN 4.4'€N 4.4'€N
Jj<(t) g <" J,j' < ()
1 1 (8.2) 1
<7y ( —— t o > < 7N, _ (8.41)
2\t e :
n—1
which is the claimed estimate. O

Estimate of Ag). By the same arguments used to prove Lemma 8.5, one may
deduce that the sets A defined in (8.10) satisfy the lemma below.



NoDEA Quasi-periodic solutions of forced Kirchhoff equation Page 67 of 71 9

Lemma 8.6.
AP <N, >0,
Proof of Theorem 8.1. The theorem follows by (8.5), (8.6), (8.8), by Lemmata

8.6, 8.5, using that the series ) N,:l < 400, since N,, = Nécn, N_,:=1
with Ng > 1. -

9. Proof of the main theorems concluded

PROOF OF THEOREM 3.1. Set v = €%, with 0 < @ < 1. Then ey~! = &!~% and

hence the smallness condition (7.5) is fullfilled by taking ¢ small enough. By
the estimate (7.8) we deduce that the sequence (u,)n>1 is a Cauchy sequence

with respect to the norm || - H?;ﬁ_(;ff on the set G defined in (8.1), then it

converges to a limit u.,, which satisfies the estimate
Li — _ —0

||uoo|\sﬁ(zz <ey t<elme 200, (9.1)

Moreover, by Theorem 7.1-(P2),,, we deduce that for all w € G, F(us) =0

and by Theorem 8.1, since v = €%, we get
|[O\Goo| — 0 as e — 0.

PRrROOF OF THEOREM 1.1. Recalling the splitting (3.4), (3.5), if (vo(¢), po(¥))
are the solution of the Eq. (3.5) found in Lemma 3.1, and by applying Theorem
3.1, we get that for any w € Go, the function (vee, Poo) = (Vo, Po) + Uso satisfies
F(Voo, Poo) = 0. Furthermore, choosing v = %, with 0 < a < 1/2, by (3.6)

1—2a €20

= 0, |lpolls <€

1—a €0

[volls <& =00,

hence, (1.10) follows by recalling (9.1). Finally (1.9) follows since
/ Voo (i, @) dip dix = / vo() dp, / Poo(p, @) dp d = / polp) dy
Tu+1 v ’]TV+1 v

and by Lemma 3.1, vy and py have zero average in , this concludes the proof
of Theorem 1.1.
9.1. Linear stability

In this section we prove Theorem 1.2. The linearized equation on a quasi-
periodic Sobolev function v(wt, ) = (v(wt, x), p(wt, x)), with v,p € HY(T**+1,
R) has the form (1.11). Since the linearized vector field

L(wt) := (a(wt)amo+ R(wt) é)

(recall (1.12), (1.13)) preserves the space of the functions with zero average in
x, the equation (1.11) can be splitted into the two systems

po =0

O =
{CW = a(wt) 0z, U + R(wt)[d], (9:3)
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where, recalling (3.1), 99 = m0, po = TP, U = TV, zz = 75 p. By assumption,
the initial datum p®) has zero average in z, hence the solution of the system
(9.2) is given by Do (t) = const, pp(t) = 0, for all ¢t € R, implying that the system
projected on the zero Fourier mode in x is stable. It remains to establish the
stability for the system projected on the z-zero average functions (9.3). By
Lemma 4.3, by (4.27), by Lemmata 4.6, 5.3, using also Lemma 2.13, there
exists @ > 0 such that for S > so + @, for any sg < s < S — @, for any
w € Q% (see (5.109)), the linear and continuous maps 77 (wt) := S(wt) o B and
To(wt) := V(wt) o P (wit) satisfy

_1
ST3

Ti(wt) : Hy H(T,) — Hi(T..R) x Hy ™ (T, ),
Ti(wt)~ : HY(T4,R) x HSY(T,,R) — H."2(T,),
To(wt)® : HY 2 (T,) — H 2 (T,).

Setting Ah(t,z) = h(t + a(wt),z), A~ h(r + a(w7), ), where o and @ are
given in Sect. 4.3, by the results of Sects. 4.1-4.4, by Theorem 5.2 and using the

arguments of Sect. 2.2, we get that a curve u(t) = (a(t),v(t)) € H5(T,, R) x
HE Y(T,,R) is a solution of the PDE (9.3) if and only if

() = (jip)) = Tl 0 A7 o Tir) i) € By ()
is a solution of the PDE

© (9.4)

oh = —iDWVn
oh =D UR

where DY is defined by (5.115), (5.107). Using that DY is a 2 x 2-block diago-
nal operator, it is straightforward to verify that the commutator [Dg})), |DJ*] =

0. Furthermore, using the self-adjointness of Dg},)
estimate that d;||h(¢,-)||3,. = 0, implying that

one sees by a standard energy

A(t,)||as = const, Vi € R.

Arguing as in the proof of Theorem 1.5 in [6] one concludes that
1A ) o s s [[0(0, )| o rs—1 for all ¢ € R, which proves the linear
stability of (9.3) and the proof of Theorem 1.2 is concluded.
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