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Abstract We prove the existence of small amplitude quasi-periodic solutions for
quasi-linear and fully nonlinear forced perturbations of the linear Airy equation. For
Hamiltonian or reversible nonlinearities we also prove their linear stability. The key
analysis concerns the reducibility of the linearized operator at an approximate solu-
tion, which provides a sharp asymptotic expansion of its eigenvalues. For quasi-linear
perturbations this cannot be directly obtained by a KAM iteration. Hence we first
perform a regularization procedure, which conjugates the linearized operator to an
operator with constant coefficients plus a bounded remainder. These transformations
are obtained by changes of variables induced by diffeomorphisms of the torus and
pseudo-differential operators. At this point we implement a Nash—Moser iteration
(with second order Melnikov non-resonance conditions) which completes the reduc-
tion to constant coefficients.

Mathematics Subject Classification (2010) 37K55 - 35Q53

This research was supported by the European Research Council under FP7 and partially by the PRIN2009
grant “Critical Point Theory and Perturbative Methods for Nonlinear Differential Equations”.

P. Baldi - M. Berti (<)

Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Universita degli Studi
Napoli Federico II, Via Cintia, Monte S. Angelo, 80126 Naples, Italy

e-mail: m.berti @unina.it; berti @sissa.it

P. Baldi
e-mail: pietro.baldi@unina.it

M. Berti - R. Montalto
SISSA, Via Bonomea 265, 34136 Trieste, Italy
e-mail: riccardo.montalto @sissa.it

@ Springer



472 P. Baldi et al.

Contents
I Introduction . . . . . .. . ... ... 472
1.1 Mainresults . . . ... .. ... 474
1.2 Ideasof the proof . . . . . . . . . . 480
2 Functional SEting . . . . . . . . . ... e 483
2.1 Matrices with off-diagonal decay . . . . . ... ... ... ... ... .. ... .. ... 483
2.1.1 Toplitz-in-time Matrices . . . . . . . . . . .ttt 486
2.2 Dynamical reducibility . . . . .. ... oL 487
2.3 Real, reversible and Hamiltonian operators . . . . . . . . . . . ... ... ... 488
3 Regularization of the linearized operator . . . . . . . . . ... . ... 489
3.1 Step I. Change of the space variable . . . . . . ... ... ... ... ... ... .. ... 491
3.2 Step 2. Time reparametrization . . . . . . . . . . ... L e e 494
3.3 Step 3. Descent method: stepzero . . . . . . ... e 495
3.4 Step 4. Change of space variable (translation) . . . . ... ... ... ... .. ....... 497
3.5 Step 5. Descent method: conjugation by pseudo-differential operators . . . . . . . ... .. 498
3.6 Esimates on £5 . . . . o o ot i i e e e e 499
4 Reduction of the linearized operator to constant coefficients . . . . . . .. ... ... ... ... 501
4.1 Proofof Theorem 4.2 . . . . . . . . . 507
4.1.1 Thereducibility step . . . . . . . . ... ... . 508
4.1.2 Theiteration . . . . . . . . v it e e e e e 511
4.2 Inversion of £(1) . . . . o o 515
5 The Nash-Moseriteration . . . . . . . . . . ... . i 520
5.1 Proof of Theorems 1.1, 1.2, 1.3, 1.4and 1.5 . . . .. .. .. ... .. ... .. .. ..... 527
Appendix: Tame and Lipschitz estimates . . . . . . . . . ... .. L 529

1 Introduction

A challenging and open question in the theory of quasi-periodic motions for PDEs
concerns its possible extension to quasi-linear and fully nonlinear equations, namely
PDEs whose nonlinearities contain derivatives of the same order as the linear opera-
tor. Besides its mathematical interest, this question is also relevant in view of appli-
cations to physical real world nonlinear models, for example in fluid dynamics and
elasticity.

The goal of this paper is to make the first step in this direction, developing a KAM
theory for quasi-periodically forced perturbations of the linear Airy equation

Ur + Uyxx +Ef (0, X, U, Uy, Uxy, Uyxx) =0, x €T :=R/2nZ. (1.1)

In (1.1) the modulus of the frequency vector w is used as a parameter in the problem,
see (1.2).

First, in Theorem 1.1 we prove an existence result of quasi-periodic solutions for
a large class of quasi-linear nonlinearities f. Then for Hamiltonian or reversible non-
linearities, we also prove the linear stability of the solutions, see Theorems 1.2, 1.3.
Theorem 1.3 also holds for fully nonlinear perturbations. The precise meaning of
stability is stated in Theorem 1.5. The key analysis is the reduction to constant coeffi-
cients of the linearized Airy equation, see Theorem 1.4. These results are presented in
[3]. To the best of our knowledge, these are the first KAM results for quasi-linear or
fully nonlinear PDEs. We reserve to a future work the study of autonomous, parameter
independent, perturbations of KdV, which also requires the analysis of the frequency-
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to-amplitude map arising from the nonlinearity. We think it is worth to split these
difficulties.

Let us outline a short history of the subject. KAM and Nash—Moser theory for
PDEs, which counts nowadays on a wide literature, started with the pioneering works
of Kuksin [29] and Wayne [43], and was developed in the 1990s by Craig—Wayne [17],
Bourgain [12,13], Poschel [37] (see also [16,31,32] for more references). These papers
concern wave and Schrédinger equations with bounded Hamiltonian nonlinearities.

The first KAM results for unbounded perturbations have been obtained by Kuksin
[30,31], and, then, Kappeler—Poschel [27], for Hamiltonian, analytic perturbations of
KdV. Here the highest constant coefficients linear operator is dyy, and the nonlin-
earity contains one space derivative dy. This means that the Hamiltonian density is
a functions of x and u (it could also depend on |8x|1/ 2y). The key idea is to work
with a variable coefficients normal form. The corresponding homological equations
are solved thanks to the so called “Kuksin lemma”, see Chapter 5 in [27]. Their
approach has been recently improved by Liu—Yuan [34] who proved a stronger ver-
sion of the Kuksin lemma. Then in [35] (see also Zhang et al. [44]) they applied
it to 1-dimensional derivative NLS (DNLS) and Benjamin—Ono equations, where
the highest order constant coefficients linear operator is d,, and the nonlinearity
contains one derivative d,. These methods apply to dispersive PDEs with deriva-
tives like KdV, DNLS, the Duffing oscillator (see Bambusi—Graffi [4]), but not to
derivative wave equations (DNLW) which contain first order derivatives dy, d; in the
nonlinearity.

For DNLW, KAM theorems have been recently proved by Berti—Biasco—Procesi for
both Hamiltonian [6] and reversible [7] equations. The key ingredient is an asymptotic
expansion of the perturbed eigenvalues that is sufficiently accurate to impose the
second order Melnikov non-resonance conditions. This is achieved introducing the
notion of “quasi-Toplitz” vector field, which is inspired to the concept of “quasi-
Toplitz” and “Toplitz—Lipschitz” Hamiltonians, developed, respectively, in Procesi—
Xu [39] and Eliasson—Kuksin [19,20] (see also Geng et al. [21], Grébert—-Thomann
[23], Procesi—Procesi [38]).

Existence of quasi-periodic solutions of PDEs can also be proved by imposing only
the first order Melnikov conditions. This approach has been developed by Bourgain
[12-15] extending the work of Craig—Wayne [17] for periodic solutions. Itis especially
convenient for PDEs in higher space dimension, because of the high multiplicity of
the eigenvalues: see also the recent results by Wang [42], Berti—Bolle [9,10] (and
[11,22] for periodic solutions). This method does not provide information about the
stability of the quasi-periodic solutions, because the linearized equations have variable
coefficients.

All the aforementioned results concern “semilinear” PDEs, namely equations in
which the nonlinearity contains strictly less derivatives than the linear differential
operator. For quasi-linear or fully nonlinear PDEs the perturbative effect is much
stronger, and the possibility of extending KAM theory in this context is doubtful, see
[16,27,35], because of the possible phenomenon of formation of singularities outlined
in Lax [33], Klainerman and Majda [28]. For example, Kappeler—Poschel [27] (remark
3, page 19) wrote: “It would be interesting to obtain perturbation results which also
include terms of higher order, at least in the region where the KdV approximation is
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valid. However, results of this type are still out of reach, if true at all”’. The study of
this important issue is at its first steps.

For quasi-linear and fully nonlinear PDEs, the literature concerns, so far, only
existence of periodic solutions. We quote the classical bifurcation results of Rabi-
nowitz [40,41] for fully nonlinear forced wave equations with a small dissipation term.
More recently, Baldi [1] proved existence of periodic forced vibrations for quasi-linear
Kirchhoff equations. Here the quasi-linear perturbation term depends explicitly only
on time. Both these results are proved via Nash—-Moser methods.

For the water waves equations, which are a fully nonlinear PDE, we mention the
pioneering work of Iooss et al. [24] about existence of time periodic standing waves,
and of Tooss—Plotnikov [25,26] for 3-dimensional traveling water waves. The key idea
is to use diffeomorphisms of the torus T2 and pseudo-differential operators, in order to
conjugate the linearized operator to one with constant coefficients plus a sufficiently
smoothing remainder. This is enough to invert the whole linearized operator by Neu-
mann series. Very recently Baldi [2] has further developed the techniques of [24],
proving the existence of periodic solutions for fully nonlinear autonomous, reversible
Benjamin—Ono equations.

These approaches do not imply the linear stability of the solutions and, unfortu-
nately, they do not work for quasi-periodic solutions, because stronger small divisors
difficulties arise, see the comment 1.2 below.

We finally mention that, for quasi-linear Klein—Gordon equations on spheres, Delort
[18] has proved long time existence results via Birkhoff normal form methods.

The key analysis of the present paper concerns the linearized operator (1.16)
obtained at any step of the Nash—Moser iteration. Its reduction to constant coeffi-
cients can not be obtained by the KAM schemes [27,30,35]. The reason is that the
perturbation in (1.1) is unbounded of order three (i.e. O(dyy,)) and the homologi-
cal equation (solved by the Kuksin lemma) gains only two space derivatives (thanks
to the cubic dispersion relation of KdV). Therefore the scheme does not converge.
Our idea is to perform, before starting with the KAM iteration, some preliminary
transformations which decrease the d,-order of the perturbation, but not its size. We
use changes of variables, like quasi-periodic time-dependent diffeomorphisms of the
space variable x, a quasi-periodic reparametrization of time, multiplication operators
and Fourier multipliers, which reduce the linearized operator to constant coefficients
up to a bounded remainder, see (1.24). These transformations, which are inspired by
[2,24], are very different from the usual KAM transformations. At this point, we start
a KAM reducibility scheme a la Eliasson-Kuksin which reduces the size of the per-
turbation quadratically, and completely diagonalizes the linearized operator (actually,
since we work with finite differentiability, we implement a Nash—Moser scheme). For
reversible or Hamiltonian perturbations we get that the eigenvalues of this diagonal
operator are purely imaginary, i.e. we prove the linear stability. In Sect. 1.2 we present
the main ideas of the proof.

1.1 Main results

We consider problem (1.1) where ¢ > 0 is a small parameter, the nonlinearity is
quasi-periodic in time with diophantine frequency vector
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3
l

|]T

VI € Z°\{0}, (1.2)

1 3
=r0elR’, LeA:=|=, =
@=re [22

] -1 =

and f(p, x,2), ¢ € T, z := (20, 21, 22, 23) € R4, is a finitely many times differen-
tiable function, namely

feCiT xT xR R) (1.3)

for some g € N large enough. For simplicity we fix in (1.2) the diophantine exponent
79 := v. The only “external” parameterin (1.1) is A, which is the length of the frequency
vector (this corresponds to a time scaling). We consider the following questions:

e For & small enough, do there exist quasi-periodic solutions of (1.1) for positive
measure sets of A € A?
e Are these solutions linearly stable?

Clearly, if f (¢, x, 0) is not identically zero, then # = 0 is not a solution of (1.1) for
& # 0. Thus we look for non-trivial (2n)”+1—periodic solutions u (¢, x) of the Airy
equation

w'a(pu+uxxx+€f((pvxvus Uy, Uy, Uxxy) =0 (1.4)

in the Sobolev space

H® = H*(T" x T; R)

= qulp,x) = Z uj e tin) o R, i j=u_q_;j,
(1, J)eZY X1
lallf == D0 )l < o0 (1.5)
(1.))EZY XL

where
(L, j) :== max{1, |I], | j[}.

From now on, we fix s := (v +2)/2 > (v + 1)/2, so that for all s > 50 the
Sobolev space H* is a Banach algebra, and it is continuously embedded H* (T"*!) —
C(TU+] ).

We need some assumptions on the perturbation f (@, x, u, Uy, Uxy, Uxxx). We SUp-
pose that

e TYPE (F). The fully nonlinear perturbation has the form

f(ﬁovxvuaum”xxx)’ (16)

namely it is independent of u,, (note that the dependence on u,, may be nonlinear).
Otherwise, we require that
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e TYPE (Q). The perturbation is quasi-linear, namely

S = Jolo, x,u, uy, uxy) + f1(@, x, u, thy, Uy )Uyxx

is affine in u,, and it satisfies (naming the variables zo = u, 21 = uy, 22 = Uyy,
23 = Uyxx)

0o f = ale) (02, f + 2102, f + 2202, f + 2302, 1) (17

for some function «(¢) (independent on x).

The Hamiltonian nonlinearities in (1.11) satisfy the above assumption (Q), see remark
3.2. In comment 3 after Theorem 1.5 we explain the reason for assuming either con-
dition (F) or (Q).

The following theorem is an existence result of quasi-periodic solutions.

Theorem 1.1 (Existence) There exist s := s(v) > 0, g := q(v) € N, such that:
For every quasi-linear nonlinearity f € C? of the form

f =0y (glwt, x, u,uy, uyy)) (1.8)
satisfying the (Q)-condition (1.7), for all ¢ € (0, g9), where o := eo(f, v) is small
enough, there exists a Cantor set Cc C A of asymptotically full Lebesgue measure,
ie.

[Cel > 1 as ¢ — 0, (1.9)

such that V). € C; the perturbed equation (1.4) has a solution u(e, ) € H® with
lu(e, M|ls — O ase — 0.

We may ensure the linear stability of the solutions requiring further conditions on
the nonlinearity, see Theorem 1.5 for the precise statement. The first case is that of
Hamiltonian equations

2
ur=0,V2H(t, x,u,uy), H(t,x,u,ux):z/l%x+8F(a)t,x,u,ux)dx (1.10)
T

which have the form (1.1), (1.8) with

FQ@,x, u, Uy, Uy, Unxy) = _ax{(azoF)((Ps X, U, ux)} + axx{(am F) (g, x,u, ux)}
(1.11)

The phase space of (1.10) is

Ha(T) := Ju(x) € H(T,R) : /u(x)dx =0
T
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endowed with the non-degenerate symplectic form

Qu,v) = /(B;Iu)vdx, Vu,v € Hi(T), (1.12)
T

where 3, 'u is the periodic primitive of u with zero average, see (3.19). As proved in
Remark 3.2, the Hamiltonian nonlinearity f in (1.11) satisfies also the (Q)-condition
(1.7). As aconsequence, Theorem 1.1 implies the existence of quasi-periodic solutions
of (1.10). In addition, we also prove their linear stability.

Theorem 1.2 (Hamiltonian case) For all Hamiltonian quasi-linear equations (1.10)
the quasi-periodic solution u(e, A) found in Theorem 1.1 is LINEARLY STABLE (see
Theorem 1.5).

The stability of the quasi-periodic solutions also follows by the reversibility condi-
tion

f(_(p’ —X,20, —<1,22, _23) = _f((pa X, 20,21, 22, 23)‘ (1'13)

Actually (1.13) implies that the infinite-dimensional non-autonomous dynamical
system

uy =Vt u), V(t,u):=—uyy —f (0, X, U, Uy, Uyy, Uxxy)
is reversible with respect to the involution
S:ulx) > u(=x), S*=1,
namely
—SV(—t,u) =V, Su).
In this case it is natural to look for “reversible” solutions of (1.4), that is
u(p, x) = u(—@, —x). (1.14)

Theorem 1.3 (Reversible case) There exists := s(v) > 0, g := q(v) € N, such that:
For every nonlinearity f € CY that satisfies

(i) the reversibility condition (1.13),
and

(i1) either the (F)-condition (1.6) or the (Q)-condition (1.7),
for all ¢ € (0, gg), where g9 := eo(f, v) is small enough, there exists a Cantor
set Ce C A with Lebesgue measure satisfying (1.9), such that for all » € C; the
perturbed Airy equation (1.4) has a solution u(e, A) € H® that satisfies (1.14),
with |lu(e, M)||s — 0 as e — 0. In addition, u(e, A) is LINEARLY STABLE.

Let us make some comments on the results.
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1. The quasi-periodic solutions of Theorem 1.1 could be unstable because the nonlin-
earity f has no special structure and some eigenvalues of the linearized operator
at the solutions could have non zero real part (partially hyperbolic tori). In any
case, we reduce to constant coefficients the linearized operator (Theorem 1.4)
and we may compute its eigenvalues (i.e. Lyapunov exponents) with any order of
accuracy. With further conditions on the nonlinearity—Ilike reversibility or in the
Hamiltonian case—the eigenvalues are purely imaginary, and the torus is linearly
stable. The present situation is very different with respect to [9,10,12-15,17] and
also [2,24-26], where the lack of stability information is due to the fact that the
linearized equation has variable coefficients.

2. One cannot expect the existence of quasi-periodic solutions of (1.4) for any per-
turbation f. Actually, if f = m # 0 is a constant, then, integrating (1.4) in (¢, x)
we find the contradiction em = 0. This is a consequence of the fact that

Ker(w - 9y + 0xxx) =R (1.15)

is non trivial. Both the condition (1.8) (which is satisfied by the Hamiltonian nonlin-
earities) and the reversibility condition (1.13) allow to overcome this obstruction,
working in a space of functions with zero average. The degeneracy (1.15) also
reflects in the fact that the solutions of (1.4) appear as a 1-dimensional family
¢+ u.(e, 1) parametrized by the “average” ¢ € R. We could also avoid this degen-
eracy by adding a “mass” term +mu in (1.1), but it does not seem to have physical
meaning.

3. In Theorem 1.1 we have not considered the case in which f is fully nonlinear
and satisfies condition (F) in (1.6), because any nonlinearity of the form (1.8)
is automatically quasi-linear (and so the first condition in (1.7) holds) and (1.6)
trivially implies the second condition in (1.7) with «(¢) = 0.

4. The solutions u € H*® have the same regularity in both variables (¢, x). This
functional setting is convenient when using changes of variables that mix the time
and space variables, like the composition operators A, 7 in Sects. 3.1, 3.4.

5. Inthe Hamiltonian case (1.10), the nonlinearity f in (1.11) satisfies the reversibility
condition (1.13) if and only if F(—¢, —x, 20, —21) = F (¢, X, 20, 21)-

Theorems 1.1-1.3 are based on a Nash—Moser iterative scheme. An essential
ingredient in the proof—which also implies the linear stability of the quasi-periodic
solutions—is the reducibility of the linear operator

L:=Lu)=w-0y+ (1+a3(p,x)0xxx + a2(@, x)dxx + ai(p, x)ox + ao(e, x)
(1.16)

obtained by linearizing (1.4) at any approximate (or exact) solution u, where the
coefficients a; (¢, x) are defined in (3.2). Let H] := H*(T) denote the usual Sobolev
spaces of functions of x € T only.

Theorem 1.4 (Reducibility) There exist 6 > 0, g € N, depending on v, such that:
For every nonlinearity f € C9 that satisfies the hypotheses of Theorems 1.1 or
1.3, for all ¢ € (0, &y), where gg := &o(f,v) is small enough, for all u in the
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ball \|ullsy+6 =< 1, there exists a Cantor like set Aoo(u) C A such that, for all
A€ Axo(u):

i) foralls € (so,q—0), if |ulls+5 < 400 then there exist linear invertible bounded
operators Wi, Wy : HS(TV*T1) — H*(T*1) (see (4.72)) with bounded inverse,
that semi-conjugate the linear operator L(u) in (1.16) to the diagonal operator
Loo, namely

L) =WiLWy "', Loo:=w-d+ Do (1.17)
where

Do :=diagjezin;l, wnj:= i(—m3j3+m1j)+rj, m3,my € R,
sup|rj| < Ce. (1.18)
J

ii) For each ¢ € T" the operators W; are also bounded linear bijections of H; (see
notation (2.18))

Wip). W (¢) s Hy — H}, i=1,2.

A curve h(t) = h(t,-) € H} is a solution of the quasi-periodically forced linear
equation

orh + (1 + az(wt, x))0xxxh + ax(wt, x)0xxh + aj(wt, x)0ch + ag(wt, x)h =0

(1.19)
if and only if the transformed curve
u(r) i=(t, -) == Wy Nn)[h(1)] € HS
is a solution of the constant coefficients dynamical system
v+ Dov =0, Vj=—pjv;, VjeZ (1.20)

In the reversible or Hamiltonian case all the j1; € iR are purely imaginary.

The operator W; differs from W> (see (4.72)) only for the multiplication by the
function p in (3.26) which comes from the re-parametrization of time of Sect. 3.2.
As explained in Sect. 2.2 this does not affect the dynamical consequence of Theorem
1.4-ii).

The exponents 1 ; can be effectively computed. All the solutions of (1.20) are

(1) = D (e, v(t) = e 'v;(0).

=

If the w ; are purely imaginary—as in the reversible or the Hamiltonian cases—all the
solutions of (1.20) are almost periodic in time (in general) and the Sobolev norm
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1/2 1/2

Ollas={ D 1v;OP@H™ ) = D10 | =lvO)la  (1.21)

JEZ JEZL
is constant in time. As a consequence we have:

Theorem 1.5 (Linear stability) Assume the hypothesis of Theorem 1.4 and, in addi-
tion, that f is Hamiltonian (see (1.11)) or it satisfies the reversibility condition (1.13).
Then, Vs € (s0,q — 0 — 50), |Ulls+s9+5 < +00, there exists Ko > 0 such that for all
A€ Axo(u), € € (0, &9), all the solutions of (1.19) satisfy

Ay = Kollk(0) Il a2y (1.22)

and, for some a € (0, 1),
||h(0)||H§_SaKOHh(O)”H;H < [1h@®llas < 17 O) || a3 +8aKoI|h(O)IIHg+1~ (1.23)

Theorems 1.1-1.5 are proved in Sect. 5.1 collecting all the information of
Sects. 2-5.

1.2 Ideas of the proof

The proof of Theorems 1.1-1.3 is based on a Nash—-Moser iterative scheme in the
scale of Sobolev spaces H*. The main issue concerns the invertibility of the linearized
operator £ in (1.16), at each step of the iteration, and the proof of the tame estimates
(5.7) for its right inverse. This information is obtained in Theorem 4.3 by conjugating
L to constant coefficients. This is also the key which implies the stability results for
the Hamiltonian and reversible nonlinearities, see Theorems 1.4—1.5.

We now explain the main ideas of the reducibility scheme. The term of £ that
produces the strongest perturbative effects to the spectrum (and eigenfunctions) is
az (@, x)dxxx, and, then, as (¢, x)dx,. The usual KAM transformations are not able to
deal with these terms because they are “too close” to the identity. Our strategy is the
following. First, we conjugate the operator £ in (1.16) to a constant coefficients third
order differential operator plus a zero order remainder

Ls = w'a(p + m30yxx +m10x + Ro,

(1.24)
m3 =1+ 0(), m; = 0(¢), mj,m3 € R,

(see (3.55)), via changes of variables induced by diffeomorphisms of the torus, a
reparametrization of time, and pseudo-differential operators. This is the goal of Sect.
3. All these transformations could be composed into one map, but we find it more
convenient to split the regularization procedure into separate steps (Sects. 3.1-3.5),
both to highlight the basic ideas, and, especially, in order to derive estimates on the
coefficients in Sect. 3.6. Let us make some comments on this procedure.

1. Inorder to eliminate the space variable dependence of the highest order perturbation
az (@, x)dxxx (see (3.20)) we use, in Sect. 3.1, p-dependent changes of variables of
the form
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(Ah) (¢, x) := h(p, x + B(p, x)).

These transformations converge pointwise to the identity if 5 — 0 but not in
operatorial norm. If 8 is odd, A preserves the reversible structure, see Remark
3.4. On the other hand for the Hamiltonian equation (1.10) we use the modified
transformation

(Ah) (g, x) = (1 + Bx(p, x)) h(p, x + B(p, X))
d
= O W, x + Blp, 1))} (1.25)

for all h(p, ) € HO1 (T). This map is canonical, for each ¢ € T, with respect
to the KdV-symplectic form (1.12), see Remark 3.3. Thus (1.25) preserves the
Hamiltonian structure and also eliminates the term of order d,, see Remark 3.5.

2. In the second step of Sect. 3.2 we eliminate the time dependence of the coeffi-
cients of the highest order spatial derivative operator d,,, by a quasi-periodic time
re-parametrization. This procedure preserves the reversible and the Hamiltonian
structure, see Remark 3.6 and 3.7.

3. Assumptions (Q) (see (1.7)) or (F) (see (1.6)) allow to eliminate terms like
a(e, x)dyx along this reduction procedure, see (3.41). This is possible, by a con-
jugation with multiplication operators (see (3.34)), if (see (3.40))

/de = 0. (1.26)
1+ az(p, x)

If (F) holds, then the coefficient az (¢, x) = 0 and (1.26) is satisfied. If (Q) holds,
then an easy computation shows that as (¢, x) = a(¢) dra3z (@, x) (using the explicit
expression of the coefficients in (3.2)), and so

/ a(g, x) J /
————dx = | a(p) Iy (log[1 4+ az(p, x)]) dx = 0.
1 +az(e, x) g

In both cases (Q) and (F), condition (1.26) is satisfied.

In the Hamiltonian case there is no need of this step because the symplectic trans-
formation (1.25) also eliminates the term of order dy,, see Remark 3.7.

We note that without assumptions (Q) or (F) we may always reduce L to a time
dependent operator with a(¢)d,,. If a(¢) were a constant, then this term would
even simplify the analysis, killing the small divisors. The pathological situation
that we avoid by assuming (Q) or (F) is when a(¢) changes sign. In such a case,
this term acts as a friction when a(¢) < 0 and as an amplifier when a(¢) > 0.

4. In Sects. 3.4-3.5, we are finally able to conjugate the linear operator to another one
with a coefficient in front of 9, which is constant, i.e. obtaining (1.24). In this step
we use a transformation of the form 7 +w (¢, x)9; I see (3.49). In the Hamiltonian
case we use the symplectic map e™0% (®-¥)9 l, see Remark 3.13.

5. We can iterate the regularization procedure at any finite order k = 0, 1, . . ., conju-
gating L to an operator of the form ® + R, where
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D=w-0,+D, D=m3d +mdy+---+m_d;* m eR,

has constant coefficients, and the rest R is arbitrarily regularizing in space, namely

3% o R = bounded. (1.27)

However, one cannot iterate this regularization infinitely many times, because it is
not a quadratic scheme, and therefore, because of the small divisors, it does not
converge. This regularization procedure is sufficient to prove the invertibility of
L, giving tame estimates for the inverse, in the periodic case, but it does not work
for quasi-periodic solutions. The reason is the following. In order to use Neumann
series, one needs that DR = (33_18; k)(BfR) is bounded, namely, in view of
(1.27), that ©~'3% is bounded. In the region where the eigenvalues (iw - [ + D i)
of © are small, space and time derivatives are related, | - | ~ |j|, where [ is
the Fourier index of time, j is that of space, and D; = —im3j3 4+imyj 4 - -- are
the eigenvalues of D. Imposing the first order Melnikov conditions |iw -/ +D;| >
y|l|77, in that region, (@‘18;1‘) has eigenvalues

1 I Cl
< < .
(iw-1+Dpjk | yljlk o 1F3

In the periodic case, w € R, € Z, |w - l| = |wl|l], and this determines the order
of regularization that is required by the procedure: k > 37. In the quasi-periodic
case, instead, |/| is not controlled by |w - /|, and the argument fails.

Once (1.24) has been obtained, we implement a quadratic reducibility KAM scheme
to diagonalize L5, namely to conjugate L5 to the diagonal operator L, in (1.17). Since
we work with finite regularity, we perform a Nash—-Moser smoothing regularization
(time-Fourier truncation). We use standard KAM transformations, in order to decrease,
quadratically at each step, the size of the perturbation R, see Sect. 4.1.1. This itera-
tive scheme converges (Theorem 4.2) because the initial remainder R is a bounded
operator (of the space variable x), and this property is preserved along the iteration.
This is the reason for performing the regularization procedure of Sects. 3.1-3.5. The
second order Melnikov non-resonance conditions required by the reducibility scheme
(see (4.17)) are verified thanks to the good control of the eigenvalues

Wi = —ims(e, A)j> +imi(e, A)j +rj(e, 1), sup |rj(e, 1)| = O(e).
J

We underline that the goal of the Toplitz—Lipschitz [19,21,23] and quasi-Toplitz prop-
erty [6,7,38,39] is precisely to provide an asymptotic expansion of the perturbed
eigenvalues sharp enough to verify the second order Melnikov conditions.

Note that the above eigenvalues 1 ; could be not purely imaginary, i.e. r; could
have a non-zero real part which depends on the nonlinearity (unlike the reversible
or Hamiltonian case, where r; € iR). In such a case, the invariant torus could be
(partially) hyperbolic. Since we do not control the real part of r; (i.e. the hyperbolicity
may vanish), we perform the measure estimates proving the diophantine lower bounds
of the imaginary part of the small divisors.
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The final comment concerns the dynamical consequences of Theorem 1.4-ii). All
the above transformations (both the changes of variables of Sects. 3.1-3.5 as well as
the KAM matrices of the reducibility scheme) are time-dependent quasi-periodic maps
of the phase space (of functions of x only), see Sect. 2.2. It is thanks to this “Toplitz-in-
time” structure that the linear equation (1.19) is transformed into the dynamical system
(1.20) as explained in Sect. 2.2. Note that in [24] (and also [9,10, 15]) the analogous
transformations have not this Toplitz-in-time structure and stability informations are
not obtained.

2 Functional setting

For a function f : A, - E, A — f()), where (E, || ||g) is a Banach space and A,
is a subset of R, we define the sup-norm and the Lipschitz semi-norm

IAIE® == 1F I, == sup I FGIE,

LEA,
li li If (1) — fF2) e 2.1
IR = 112, = , @1
' AL A2€A, [A1 — A2l
AlFEA
and, for y > 0, the Lipschitz norm
Li Li S li
LAIEPY = AN = AP + v I 2.2)
It E = H* we simply denote || £ |52 := || £[1s°7.

As a notation, we write
a<sb<=a=<C(s)b

for some constant C(s). For s = 5o := (v+2)/2 we only write a < b. More in general
the notation a < b means a < Cb where the constant C may depend on the data of
the problem, namely the nonlinearity f, the number v of frequencies, the diophantine
vector @, the diophantine exponent T > 0 in the non-resonance conditions in (4.6).
Also the small constants § in the sequel depend on the data of the problem.

2.1 Matrices with off-diagonal decay
Let b € N and consider the exponential basis {e; : i € 7bY of L*(T?), so that L?(T?)

is the vector space {u = > u;e;, > |u;|> < oo}. Any linear operator A : L>(T?) —
L?(T") can be represented by the infinite dimensional matrix

(Ai )i,i/eZ}H Ai = (Aei’, ei)LZ(’]I‘b), Au = ZAi u;e;.

ii’

We now define the s-norm (introduced in [9]) of an infinite dimensional matrix.
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Definition 2.1 The s-decay norm of an infinite dimensional matrix A := (Ag )iy ireZb
is

2
AR = (i)z“( sup |A§f|) . (2.3)

. i1—ix=i
ieZb 1=

For parameter dependent matrices A := A(A), A € A, C R, the Definitions (2.1) and
(2.2) become

. : Al — AL
AR = sup JAQ)]s, AP = sup 1AGD T AC2s
P Y
reh, AR [A1 — 22|

Li li
ALY = AP 4y AP

’

Clearly, the matrix decay norm (2.3) is increasing with respect to the index s, namely
|Als < |Aly, Vs <

The s-norm is designed to estimate the polynomial off-diagonal decay of matrices,
actually it implies

~ |Al A b
A?| < ———, Vi, ip eZ’,
il = i —iy "
and, on the diagonal elements,
i i (lip lip
|A;l < [Alo, [A;ITF < [Aly" 24

We now list some properties of the matrix decay norm proved in [9].

Lemma 2.1 (Multiplication operator) Let p = »; pie; € H* (T?). The multiplica-
tion operator h +— ph is represented by the Toplitz matrix Tii, = pi_y and

ITls = lpls- (2.5)
Moreover, if p = p()\) is a Lipschitz family of functions,
Li Li
71 = | pls™Y. 2.6)

The s-norm satisfies classical algebra and interpolation inequalities.

Lemma 2.2 (Interpolation) For all s > so > b/2 there are C(s) > C(so) > 1 such
that

|AB|s = C(5)[Als|Bls + C(s0)|Als|Blsp- 2.7
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In particular, the algebra property holds
|AB|s < C(s)|Als|Bls. (2.8)

If A = A(A) and B = B(A) depend in a Lipschitz way on the parameter A € A, C R,
then

Li Li Li
IABISPY) < C(5)|AlSPY|BIPY), (2.9)

Li Li Li Li Li
IABISPY) < C()AIPT [BIEPY) + C(so) AP | BIFPY). (2.10)
For all n > 1, using (2.8) with s = 59, we get

|A"5, < [C(so)]""AIZ and |A"|; < n[C(s0)|Als]" ' C(5)|Als. Vs > so.

(2.11)
Moreover (2.10) implies that (2.11) also holds for Lipschitz norms | |sLiP(V).
The s-decay norm controls the Sobolev norm, also for Lipschitz families:
AR5 < C(s) (1Also I lls + 1ALslIRls, )
(2.12)

Li Li Li Li Li
IARIEPY) < c(s) (|A|S()1p(y)||h||slp(y)|A|slp(y)”h”s()lp()/)) '

Lemma 2.3 Let ® = I + WV with W := W()), depending in a Lipschitz way on the
parameter . € A, C R, such that C(s0)|\Il|L“(;p(y) < 1/2. Then ® is invertible and,
foralls > sog > b/2,

_ —1,Li — Li Li
o' — Il < CIV],, (&P <2, @' — 17PY) < C(o)|w]y PP,
(2.13)

Fo; =1+, i=1,2 satisfy C(so)|W;[s.?") < 1/2, then
D5 — @7y < CGs) (1W2 — Wils + (1Wils + [Waly) [W2 — Wily) . (2.14)

Proof Estimates (2.13) follow by Neumann series and (2.11). To prove (2.14), observe
that

o' — o = o7 (@) — 0@y = o7 (W — W)
and use (2.7), (2.13). m]
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2.1.1 Toplitz-in-time matrices

Letnow b :=v + 1 and
ei(p,x) =P HiV .= ez’ 1e7', jel.

An important sub-algebra of matrices is formed by the matrices Toplitz in time defined
by

I
AR = AR — 1), (2.15)
whose decay norm (2.3) is
AZ= > sup [AZMPW ) (2.16)

jeZ,leZVy J1—j2=j

These matrices are identified with the ¢-dependent family of operators

A= (450) . ARG =D AWM (2.17)

€z
. /A

which act on functions of the x-variable as

Ap) :h(x) = D hjel™ > A(@h(x) = > A”(gp)hne”“‘. (2.18)
JEZ J1,J2€Z

We still denote by |A(¢)|s the s-decay norm of the matrix in (2.17).

Lemma 2.4 Let A be a Toplitz matrix as in (2.15), and s := (v + 2)/2 (as defined
above). Then

lA(@)]s < C(s50)|Als+sp, VYo € T.
Proof For all ¢ € T" we have

A2 = D 0)* sup [AZ(@ < D (¥ sup D AR@)P 10

jez Ji=i=j jez Ji=i=J gy
< D osup DUIAROPU OV < DT sup AR O
jGZ]l —j2= ]lEZV jGZlGZ"jl —j2=J
2.16)
|A|s+50’
whence the lemma follows. O
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Given N € N, we define the smoothing operator Iy as

2
My A) g7 = (h.gn) (2.19)

b.j .
(a.j2) ._ AP il b <N
0 otherwise.

Lemma 2.5 The operator HJA', := I — Iy satisfies

_ Li — Li
M5 Al < NPlAlgp, ITHARPY < NPARY | p=0,  (220)

where in the second inequality A := A(A) is a Lipschitz family A € A.

2.2 Dynamical reducibility

All the transformations that we construct in Sects. 3 and 4 act on functions u (¢, x) (of
time and space). They can also be seen as:

(a) transformations of the phase space H; that depend quasi-periodically on time
(Sects. 3.1, 3.3-3.5 and 4);
(b) quasi-periodic reparametrizations of time (Sect. 3.2).

This observation allows to interpret the conjugacy procedure from a dynamical point
of view.
Consider a quasi-periodic linear dynamical system

ou = L(wt)u. (2.21)

We want to describe how (2.21) changes under the action of a transformation of type
(a) or (b).

Let A(wt) be of type (a), and let u = A(wt)v. Then (2.21) is transformed into the

linear system

3v = Ly(w)v where L (wt) = A(wt)”'L(wt)A(wt) — A(wt) " 8,[A(wr)].
(2.22)

The transformation A(wt) may be regarded to act on functions u (¢, x) as
(Au)(@. x) := (A(@u(p. ) (x) == A(p)u(p, x) (2.23)

and one can check that (A~_1u)(<p, x) = A~ (¢)u(g, x). The operator associated to
(2.21) (on quasi-periodic functions)

L:=w-0,— L(p) (2.24)
transforms under the action of A into
ATNLA=w- 8, — Ly(p),

which is exactly the linear system in (2.22), acting on quasi-periodic functions.
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Now consider a transformation of type (b), namely a change of the time variable

T =t+a(wt) & t =1+ a(wr);
(Bv)(1) := v(t + a(wt)), (B 'u)(x) = u(r + &(w1)), (2.25)

where ¢ = a(g), ¢ € TV, is a 2w -periodic function of v variables (in other words,
t > t + a(wt) is the diffeomorphism of R induced by the transformation B). If u(¢)
is a solution of (2.21), then v(t), defined by u = Bv, solves

L(wt) ) (2.26)
1+ (@ - dpa) (@) ) 1 _ 14 () ‘ .

0;v(t) = Ly (wt)v(r), Li(wr):= (

We may regard the associated transformation on quasi-periodic functions defined by
(Bh)(g, x) == h(p + wa(p),x), (B~'h)(g,x) = hip + 0d(p), x),
as in step 3.2, where we calculate
B7'LB=p@)Ls, plp):=B'0+w- i),

1
Li=w-0,—Li(@), Li(p):=——L(p+wia(p)). (2.27)
p(¢)

(2.27) is nothing but the linear system (2.26), acting on quasi-periodic functions.
2.3 Real, reversible and Hamiltonian operators
We consider the space of real functions
Z = {u(p,x) = u(p, x)}, (2.28)
and of even (in space-time), respectively odd, functions
X i={ulp,x) =u(—¢,—x)}, Y :={ulp,x) =—-u(—¢,—x)}. (2.29)

Definition 2.2 An operator R is

1. REALIfR:Z — Z
2. REVERSIBLEIfR: X — Y
3. REVERSIBILITY-PRESERVINGif R : X —- X, R:Y — Y.

The composition of a reversible and a reversibility-preserving operator is reversible.
The above properties may be characterized in terms of matrix elements.

Lemma 2.6 We have

R:X > Y« RI(-)=—R/(), R:X > X< R (-1)=R.),

R:Z— Z < R.()=RT] (-,
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For the Hamiltonian equation (1.10) the phase space is Hé ={u e H Ly
Jpu(x)dx = 0}.

Definition 2.3 A time dependent linear vector field X (r) : H] — H_ is HAMIL-
TONIAN if X () = 9,G(¢) for some real linear operator G (¢) which is self-adjoint
with respect to the L? scalar product.

If G(t) = G(wt) is quasi-periodic in time, we say that the associated operator
w - dy — 0xG(p) (see (2.24)) is Hamiltonian.

Definition 2.4 A map A : H} — H] is SYMPLECTIC if
Q(Au, Av) = Q(u,v), Yu,ve Hy, (2.30)
where the symplectic 2-form  is defined in (1.12). Equivalently A7 8- A = a L.

If A(p), Yo € TV, is a family of symplectic maps we say that the corresponding
operator in (2.23) is symplectic.

Under a time dependent family of symplectic transformations u = @ (¢)v the linear
Hamiltonian equation

u; = 0y G(t)u with Hamiltonian H(t,u) := % (GMu,u);2
transforms into the equation
v =0 E(Mv, E@) =00 GHor) —on) o @)
with Hamiltonian

Kt.v) =4 G000, 20wz =4 (07 ev. 000) . 23D

Note that E (¢) is self-adjoint with respect to the L scalar product because &7 a o+
oo~ 1o =0.

3 Regularization of the linearized operator

Our existence proof is based on a Nash—Moser iterative scheme. The main step con-
cerns the invertibility of the linearized operator (see (1.16))

Lh =LA, u,e)h :=w-0,h+ (1 +az)dxxxh + azdeyh +a1dyh +aph  (3.1)
obtained linearizing (1.4) at any approximate (or exact) solution u. The coefficients

ai = ai(p,x) = ai(u, ¢)(p, x) are periodic functions of (¢, x), depending on u, €.
They are explicitly obtained from the partial derivatives of ef (¢, x, z) as

ai(p, x) =€ [) (@, x, u(@, x), ux (¢, x), txx (@, X), Uxxx (@, X)), i=0,1,2,3.
(3.2)
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The operator £ depends on X because w = A@. Since ¢ is a (small) fixed parameter, we
simply write L(X, u) instead of L(X, u, €), and a; (u) instead of a; (u, ). We emphasize
that the coefficients a; do not depend explicitly on the parameter X (they depend on A
only through u(})).

In the Hamiltonian case (1.11) the linearized operator (3.1) has the form

Lh = w - dyh + 0y (Bx{Al(go, x)axh} — Ao(p, x)h)
where

Al(ﬁo,x) = 1 + S(aZIZIF)(wﬂx’ u, ux),
Ao(wv x) : _‘98)6{(8202] F)(wv X, U, ux)} + S(azozoF)((p’ X, U, ux)

and it is generated by the quadratic Hamiltonian

H . 1 2 2 1
Lo i= 3 [ (Aot + At 02) dv. he Hy.
T

Remark 3.1 In the reversible case, i.e. the nonlinearity f satisfies (1.13) and u € X
(see (2.29), (1.14)) the coefficients a; satisfy the parity

az,a1 € X, a,ap €Y, (3.3)

and £ maps X into Y, namely L is reversible, see Definition 2.2.

Remark 3.2 In the Hamiltonian case (1.11), assumption (Q)-(1.7) is automatically
satisfied (with a(¢) = 2) because

f(</), Xy Uy Uy, Uy, Uyxx) = al@, X, u, uy) + b((/), X, u, uyx)uyy + (@, x, u, ux)u)zcx

+d(@, x,u, uy)Uyxx
where

3 3 3 2
b=2(3, F)+22103. . F). c¢=08F d=0F,

2121X

and so

05, f = b+ 2z20¢ =2(dy + 21dyy + 22d7,)
=2(02,f + 2102 f + 203, f + 2307, F).

The coefficients a;, together with their derivative d,a; (u)[h] with respect to u in
the direction £, satisfy tame estimates:

Lemma 3.1 Let f € C9, see (1.3). Forall so <s < q —2, |ullsg+3 < 1, we have,
foralli =0,1,2,3,
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lai @)lls = & C(s) (1 + flulls+3), G4
18ua; @)[A1lls < & C(s) (I1hlls+3 + llulls+317lls9+3)- (3.5

If, moreover, A — u(\) € H® is a Lipschitz family satisfying ||u||];(15_(§) < 1(see(2.2)),
then

y y
laills™7 < e Cs) (14 Il 7). (3.6)

Proof The tame estimate (3.4) follows by Lemma 6.2(i) applied to the function 9, f,
i =0,...,3, whichis valid for s + 1 < g. The tame bound (3.5) for

3
3.2 .
duar )] €3 02 ) (@ x, sy ) Eh, P =0,....3,
k=0

2
ZkZi

follows by (6.5) and applying Lemma 6.2(i) to the functions 97 .. f, which gives

1202, 1) (@ X, s s, ) lls < CN S ll e (14 llulls13),

for s + 2 < g. The Lipschitz bound (3.6) follows similarly. O

3.1 Step 1. Change of the space variable

We consider a ¢-dependent family of diffeomorphisms of the 1-dimensional torus T
of the form

y=x+ B(p, x), 3.7)

where f is a (small) real-valued function, 27 periodic in all its arguments. The change
of variables (3.7) induces on the space of functions the linear operator

(Ah) (@, x) == h(p, x + B(@, x)). (3-8)
The operator A is invertible, with inverse
(A0, ») = v(9. ¥ + Blo, 1), (3.9)
where y — y + B(g, y) is the inverse diffeomorphism of (3.7), namely
x=y+Bg,y) = y=x+Bg x). (3.10)
Remark 3.3 In the Hamiltonian case (1.11) we use, instead of (3.8), the modified

change of variable (1.25) which is symplectic, for each ¢ € T". Indeed, setting U :=
. 'u (and neglecting to write the ¢-dependence)
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Q(Au, Av) = / 0" (0 U + BGN}) (14 Be(x)v(x + B(x)) dx
T

= / U+ B(x)(A + Br(x)v(x + B(x))dx
T

- C/(l + Bx())v(x + B(x))dx
T

=/U(y)v(y)dy =Qu,v), veH],
T

where ¢ is the average of U(x + B(x)) in T. The inverse operator of (1.25) is
(A7) (@, y) = (1 + By(p, y)v(y + B(p, y)) which is also symplectic.

Now we calculate the conjugate .A~! LA of the linearized operator £ in (3.1) with
Ain (3.8).

The conjugate A~ 'a.A of any multiplication operatora : h(¢g, x) — a(, x)h(g, x)
is the multiplication operator (A~'a) that maps v(¢, y) — (A~ 'a)(g, y) v(g, y). By
conjugation, the differential operators become

Ao 3,A=w- 3, + {A (@ 3,8)} 9y,
AT A= (AT A+ Bo)) 0,
A0 A= (AT A+ B} dyy + (A7 (Ben)} By,
A0 A= {ATN1 + B yyy + BATA 4 Bo)Brx]} yy AT (Bexa)} By,

where all the coefficients {A~!(...)} are periodic functions of (¢, y). Thus (recall

(3.1)

El = A_IEA =w - a(p + bS((P, y)ayyy + b2((pv Y)ayy + b1(¢7 Y)ay + bO((p’ y)
(3.11)

where

by = A7 (1 + a3 + B3],
by = A w - 3,B + (1 + a3)Brxx + a2fex +ar(1+ )1,
bo = A Nap), by = AT +a3)3(1 + B)Bxx +ar(1 + Br)?].  (3.13)

(3.12)
We look for B(¢, x) such that the coefficient b3 (¢, y) of the highest order derivative

dyyy in (3.11) does not depend on y, namely

by(@.y) "L AT+ a3) (1 + B) 1. y) = b() (3.14)
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for some function b(¢) of ¢ only. Since A changes only the space variable, Ab = b
for every function b(¢) that is independent on y. Hence (3.14) is equivalent to

(14 a3(@, x)) (1 + B (¢, x))* = b(9), (3.15)

namely

B =po.  polg,x) :=b@)"* A +a3p,x) - 1. (3.16)

The equation (3.16) has a solution 8, periodic in x, if and only if fT po(p,x)dx =0.
This condition uniquely determines

-3

1
b(g) = E/(lJras(sv,X))’% x| . (3.17)
T

Then we fix the solution (with zero average) of (3.16),

Bly.x) = (7' po) (g, x), (3.18)
where 3! is defined by linearity as

ijx

VjeZ\{0}, 9 'l=0. (3.19)

X

—1 ijx .__
0, e/t =

In other words, 3, !/ is the primitive of & with zero average in x.
With this choice of B, we get (see (3.11), (3.14))

Li=AT"LA=w- 8y +b3(9)dyyy + ba(g, )3y + b1(p, 1)y + bo(@, ¥),
(3.20)

where b3 (@) := b(yp) is defined in (3.17).

Remark 3.4 In the reversible case, 8 € Y because a3 € X, see (3.3). Therefore the
operator A in (3.8), as well as A~! in (3.9), maps X — X and Y — Y, namely it is
reversibility-preserving, see Definition 2.2. By (3.3) the coefficients of £ (see (3.12),
(3.13)) have parity

b3, by € X, by, by €Y, (3.21)

and £; maps X — Y, namely it is reversible.

Remark 3.5 In the Hamiltonian case (1.11) the resulting operator £ in (3.20) is
Hamiltonian and by (¢, y) = 20,b3(¢) = 0. Actually, by (2.31), the corresponding
Hamiltonian has the form
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N =

K(p.v) =5 [ 300l + Bty yv? . (3.22)
T

for some function By(g, y).

3.2 Step 2. Time reparametrization

The goal of this section is to make constant the coefficient of the highest order spatial
derivative operator 9y, of £ in (3.20), by a quasi-periodic reparametrization of time.
We consider a diffeomorphism of the torus T" of the form

p—>9towalp), 9T’ alp) eR, (3.23)

where « is a (small) real valued function, 2 -periodic in all its arguments. The induced
linear operator on the space of functions is

(Bh) (¢, y) :=h (¢ + wa(p), y) (3.24)
whose inverse is
(B~')(@, y) = v (¥ + 0a(®), y) (3.25)

where ¢ = ¥ + wa (V) is the inverse diffeomorphism of ¥ = ¢ + wa(p). By conju-
gation, the differential operators become

B 'w-9,B=p@) w-3y, B'a,B=23y, p:=B '(I1+w- d,a). (3.26)
Thus, see (3.20),

B'LiB=pw-dy +{B b3} dyyy + (B b2} dyy + (B~ b1} 3y + (B bo).
(3.27)

We look for «(¢) such that the (variable) coefficients of the highest order derivatives
(w - 0y and dyy,) are proportional, namely

(B~ b3}(@) = m3p (@) = m3{B~' (1 + @ - dpa)} (D) (3.28)
for some constant m3 € R. Since B is invertible, this is equivalent to require that
b3(p) =m3 (1 +w - dya(p)). (3.29)

Integrating on T determines the value of the constant m3,

ms

= )y /bg((p)d(p. (3.30)

Tv

@ Springer



KAM for quasi-linear and fully nonlinear forced perturbations of Airy equation 495

Thus we choose the unique solution of (3.29) with zero average
1 -1
alp) = m (- 8y)" (b3 —m3) () (3.3D)

where (w - Bw)’] is defined by linearity

ell-ga
iw- 1’

(@-3,) e’ = 1#0, (@-3,)"'1=0.

With this choice of « we get (see (3.27), (3.28))

B'LiB=pLy Ly=w-dy+m; Oyyy + c2(D, ) dyy+c1 (B, y) 9y + co(D, y),
(3.32)
where
B_lb,'

ci = , 1=0,1,2. (3.33)
0

Remark 3.6 In the reversible case, « is odd because b3 is even (see (3.21)), and B is
reversibility preserving. Since p (defined in (3.26)) is even, the coefficients c3, ¢ € X,
c2,c0 € Yand £, : X — Y isreversible.

Remark 3.7 In the Hamiltonian case, the operator £; is still Hamiltonian (the new
Hamiltonian is the old one at the new time, divided by the factor p). The coefficient
c2(9, y) = 0 because b = 0, see Remark 3.5.

3.3 Step 3. Descent method: step zero

The aim of this section is to eliminate the term of order 9y, from £; in (3.32).
Consider the multiplication operator

Mh = v, y)h (3.34)
where the function v is periodic in all its arguments. Calculate the difference
LyM—M(w- 0y + m30yyy) = Tp0yy + 119y + Tp, (3.35)

where

Tp :=3m3vy + v, Ty := 3m3vyy + 2020y + 10,

(3.36)
Tp := w - 09V + Mm3Vyyy + C2Vyy + C1Vy + CoU.
To eliminate the factor 7>, we need
3m3vy + cov = 0. (3.37)
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Equation (3.37) has the periodic solution

1
v(?,y) = exp [—3— 0, e (@, y)] (3.38)
m3
provided that
/cz(z?, y)dy = 0. (3.39)
T

Let us prove (3.39). By (3.33), (3.26), for each ¥ = ¢ + wa(p) we get

1
{B~1(1 + @ - dya) }(P)

/ 29, y)dy =

/ (B~'b)(9. ) dy
T T

1
=————— [ b, y)dy.
1+w-a¢a(<p)/2(‘p y)dy
T

By the definition (3.13) of b, and changing variable y = x + S(¢, x) in the integral
(recall (3.8))

[ a0y O [ (4 @3+ g + a4 50%) (14 0 d
T T

(3.15) 5 [ Pux(@.X) dx+/ ax (¢, x)

=D —= 3.40
@) 1+ B, (@, x) J I1+a3(p, x) (3.40)

The first integral in (3.40) is zero because By /(1 + Bx) = 0y log(1 + By ). The second
one is zero because of assumptions (Q)-(1.7) or (F)-(1.6), see (1.26). As a consequence
(3.39) is proved, and (3.37) has the periodic solution v defined in (3.38). Note that
v is close to 1 for ¢ small. Hence the multiplication operator M defined in (3.34) is
invertible and M~ is the multiplication operator by 1/v. By (3.35) and since 7> = 0,
we deduce

L3 =M LoM = 3y +m3dyyy +dy (9, y)dy + do(D, y),
I .

di:=—, i=0,1. (3.41)

v

Remark 3.8 In the reversible case, since ¢; is odd (see Remark 3.6 ) the function v is

even, then M, M~! are reversibility preserving and by (3.36) and (3.41) d; € X and

do € Y, which implies that £3 : X — Y.

Remark 3.9 In the Hamiltonian case, there is no need to perform this step because
cr» = 0, see Remark 3.7.
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3.4 Step 4. Change of space variable (translation)
Consider the change of the space variable
z=y+p®)
which induces the operators
Th(®,y) :=h@,y+p®), T '@, z):=v,z— p®)). (3.42)
The differential operators become
T o 09T =w- 3 +{w-dpp®}o, T 9,7 =0,
Thus, by (3.41),
Ly:=T '"L3T = w3y +m3d,.. +e1(9,2) 8, + eo(D, 2)
where
e1(9,2) = -3y pW) + (T d)@,2). eo(®,2) = (T 'do)(¥,2). (3.43)

Now we look for p(¢) such that the average

1
— /el(ﬂ,z)dz:ml, Vo e TV, (3.44)
21

T

for some constant m| € R (independent of ¥). Equation (3.44) is equivalent to
w-dyp =m —/d1(19, yv)dy =: V(9). (3.45)
T

The equation (3.45) has a periodic solution p (1) if and only if f’]l‘v V@)dd = 0.
Hence we have to define

1
Tv+!1
and
p() = (w-09) ' V(®). (3.47)

With this choice of p, after renaming the space-time variables z = x and ¥ = ¢, we
have
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Ly = w0y +m30cxx +e1(p, x) 0x + eop(e, x),

1
— /el(go,x) dx =my, Yo € T". (3.48)
2
T

Remark 3.10 By (3.45), (3.47) and since d; € X (see Remark 3.8), the function p is
odd. Then 7 and 7 ! defined in (3.42) are reversibility preserving and the coefficients
e1, eg defined in (3.43) satisfy e; € X, eg € Y. Hence L4 : X — Y is reversible.

Remark 3.11 In the Hamiltonian case the operator £4 is Hamiltonian, because the
operator 7 in (3.42) is symplectic (it is a particular case of the change of variables
(1.25) with B(¢, x) = p(p)).

3.5 Step 5. Descent method: conjugation by pseudo-differential operators
The goal of this section is to conjugate L4 in (3.48) to an operator of the form w - 9, +
m30xxx + m10, + R where the constants m3, m are defined in (3.30), (3.46), and R

is a pseudo-differential operator of order 0.
Consider an operator of the form

S:=1+w(p x)d " (3.49)
where w : T'*!' — R and the operator 3! is defined in (3.19). Note that
a;lax = 0y 8;1 = 1o, where 7 is the Lz—projector on the subspace Hy := {u(p, x) €
LAY ¢ [pu(p, x)dx =0},

A direct computation shows that the difference

L48 — S(w - 8y +m3dyxx +m1dy) = r1dy +ro+r_19; " (3.50)

where (using 0,7y = mody = 0y, 8;13xxx = Oyx)

ry = 3m3wy + e1(p, x) —mq (3.51)
ro = eg + Bmawyy + eqw — mw) mo (3.52)
r_1 = 0pW + M3Wyxyx + €1Wy. (3.53)

We look for a periodic function w(¢, x) such that r; = 0. By (3.51) and (3.44) we
take

1
w= 30 Imy = ei]. (3.54)

For ¢ small enough the operator S is invertible and we obtain, by (3.50),

Ls:=8"L4S = w- 3y +m3dery +mide + R, Ri=8 '(ro+r_1d;h).
(3.55)
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Remark 3.12 In the reversible case, the function w € Y, because ¢; € X, see Remark
3.10. Then S, S~ ! are reversibility preserving. By (3.52) and (3.53),r9p € Yandr_; €
X. Then the operators R, L5 defined in (3.55) are reversible, namely R, L5 : X — Y.

Remark 3.13 In the Hamiltonian case, we consider, instead of (3.49), the modified
operator

S 1= @I 14 ()97 + - (3.56)

which, for each ¢ € TV, is symplectic. Actually S is the time one flow map of the
Hamiltonian vector field mow (¢, x)d; ! which is generated by the Hamiltonian

1 2
Hs(p,u) := —3 /w(go,x) (a;lu) dx, uc H(}.
T

The corresponding Ls in (3.55) is Hamiltonian. Note that the operators (3.56) and
(3.49) differ only for pseudo-differential smoothing operators of order O (9 %) and of
smaller size O(w?) = O (?).

3.6 Estimates on Ls

Summarizing the steps performed in the previous Sects. 3.1-3.5, we have (semi)-
conjugated the operator £ defined in (3.1) to the operator L5 defined in (3.55), namely

L=®1L5P,", & :=ABpMTS, &;:= ABMTS (3.57)

(where p means the multiplication operator for the function p defined in (3.26)).
In the next lemma we give tame estimates for L5 and ®, ®,. We define the con-
stants

o:=21+2v+17, o =219+ v+14 (3.58)

where 7 is defined in (1.2) and v is the number of frequencies.

Lemma 3.2 Let f € C9, see (1.3), and so < s < q — o. There exists § > 0 such
that, ifsyo_l < 8 (the constant yy is defined in (1.2)), then, for all

lullsp+o <1, (3.59)

(i) the transformations ®1, ® defined in (3.57) are invertible operators of H* (T**1),
and satisfy

I1®inlls + 10; hlls < Cs) (Ilhlls + lullsto 12 ]s) - (3.60)
fori = 1,2. Moreover, if u()), h()) are Lipschitz families with

2P0 <1, (3.61)

S0+o
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then

Li - Li Li Li Li .
127 + 1@ hIPY < Co) (IR + Il IS ) . i =12

543 5043
(3.62)
(ii) The constant coefficients m3, m of Ls defined in (3.55) satisfy
|m3 — 1| + |my| < eC, (3.63)
[0um3)[h]] + |0um1@)[h]] < eClhls. (3.64)
Moreover, if u()) is a Lipschitz family satisfying (3.61), then
Ims — 1|MP0) 4 |HPO) < . (3.65)
(iii) The operator R defined in (3.55) satisfies:
IRls = eC(s)( + llulls+o), (3.66)
10, R@)[A] |5 < £C(s) (Ihllstor + Nttllsto 1 2llso407) » (3.67)

where o > o’ are defined in (3.58). Moreover; if u()) is a Lipschitz family satisfying
(3.61), then

IRISPY) < eC(s) (1 + ulF20). (3.68)

Finally, in the reversible case, the maps ®;, CDl._l, i = 1, 2 are reversibility preserving
and R,Ls : X — Y are reversible. In the Hamiltonian case the operator Ls is
Hamiltonian.

Proof The proof is elementary. It is based only on a repeated use of the tame estimates
of the Lemmata in the Appendix. O

In the same way we get the following lemma.
Lemma 3.3 In the same hypotheses of Lemma 3.2, for all ¢ € T, the operators

A(p), M(p), T (¢), S(p) are invertible operators of the phase space H; := H*(T),
with

145 @)hllg < €@ (Il + lullspsgraliblgy) . (3.69)
1A= @) =Dl <eC@) (I8l e +lullsrsoslinlz2) . (370)
IMOT @SN hls = ) (Wl + lullsro 10l 1) (3.71)

IM@T@S@) ! = Dhilg < evg ' €6 (Il et + Nullso ) . (3.72)
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4 Reduction of the linearized operator to constant coefficients

The goal of this section is to diagonalize the linear operator L5 obtained in (3.55), and
therefore to complete the reduction of £ in (3.1) into constant coefficients. For t > 1
(see (1.2)) we define the constant

B =Tt +6. 4.1

Theorem 4.1 Let f € CY, see (1.3). Let y € (0,1) andso < s < g — o — B where
o is defined in (3.58), and B in (4.1). Let u(A) be a family of functions depending on
the parameter A € A, C A :=[1/2,3/2] in a Lipschitz way, with

§
Il g P2 5 5, < 1. 4.2)

Then there exist 8o, C (depending on the data of the problem) such that, if
ey <, 43)
then:
(i) (Eigenvalues) VA € A there exists a sequence
HE0) = p P w) = 3500 + 0,

“4.4)
00 =i (=G0 P+ G))) . J € 2,

where m3, m| coincide with the coefficients of Ls in (3.55) for all . € A,, and
the corrections r;?o satisfy

iy — 1{HPD) iy [HPD) 40000 < e, v e 2. (4.5)

Moreover, in the reversible case (i.e. (1.13) holds) or Hamiltonian case (i.e. (1.11)
holds), all the eigenvalues u,j?o are purely imaginary.
(ii) (Conjugacy). For all A in

2 2 [
A = A ) = {x € Aot liA® 1+ puF () — uP()|

> 2y =K, Ve, j,keZ} (4.6)

there is a bounded, invertible linear operator ®(A) : H® — H?, with bounded
inverse @gol (X), that conjugates Ls in (3.55) to constant coefficients, namely

Loo() 1= O L) 0 L5(A) 0 Poo(X) = 1 - 8y + Deo (L),

_ . 4.7
Doo(1) = diag; 71T ().

The transformations @, CI>(;0l are close to the identity in matrix decay norm, with
estimates
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Li — Li — Li
[@oclt) = 11700 190200 = 11179) < ey 7€) (14 1l By 4,) -

(4.8)

For all ¢ € T, the operator ®oo(¢) : HY — H} is invertible (where H} =
H*(T)) with inverse (Poo ()" = ®21(9), and

1@ @) = Dhllag < ey~ C) (Il + lllssotprso bl ). 49)

In the reversible case P, <I>go1 : X — X, Y — Y are reversibility preserv-
ing, and Loo : X — Y is reversible. In the Hamiltonian case the final Lo is
Hamiltonian.

An important point of Theorem 4.1 is to require only the bound (4.2) for the low
norm of u, but it provides the estimate for CIJC{EOl — I in (4.8) also for the higher norms
| - |5, depending also on the high norms of u. From Theorem 4.1 we shall deduce tame
estimates for the inverse linearized operators in Theorem 4.3.

Note also that the set Agg in (4.6) depend only on the final eigenvalues, and it is
not defined inductively as in usual KAM theorems. This characterization of the set of
parameters which fulfill all the required Melnikov non-resonance conditions (at any
step of the iteration) was first observed in [5,8] in an analytic setting. Theorem 4.1
extends this property also in a differentiable setting. A main advantage of this formu-
lation is that it allows to discuss the measure estimates only once and not inductively:
the Cantor set Agé/ in (4.6) could be empty (actually its measure |A§Z |=1—-0(y)as
y — 0) but the functions p,?o (1) are anyway well defined for all A € A, see (4.4). In
particular we shall perform the measure estimates only along the nonlinear iteration,
see Sect. 5.

Theorem 4.1 is deduced from the following iterative Nash—Moser reducibility the-
orem for a linear operator of the form

Lo =w -3y + Doy + Ro, (4.10)
where w = Ao,
Dy :=m3(A, u(A))dxxx +mi(d, u()dy, Ro(k,u@)) =R, u(r)), (4.11)

the m3(A, u(X)), mi(A, u(A)) € R and u(2) is defined for A € A, C A. Clearly L5
in (3.55) has the form (4.10). Define

Noy:=1, Ny:=Nl Yw>0, x:=3/2 (4.12)
(then N,y 1 = NJ, Vv > 0) and
a:=Tt+4, op:=0+8 4.13)

where o is defined in (3.58) and S is defined in (4.1).

@ Springer



KAM for quasi-linear and fully nonlinear forced perturbations of Airy equation 503

Theorem 4.2 (KAM reducibility) Let g > o + sg + B. There exist Co > 0, No € N
large, such that, if

L —
N§ [ RolgP By " < 1, 4.14)

then, for all v > 0:

(S1),, There exists an operator

Ly:=w-3,+Dy+R, where D, =diag;cz{u’ (M) (4.15)
) = 100+ G0, 196 = =i (3G uG) 7 = mi G uG) )
jez, (4.16)

defined for all A € AY (), where Ag (u) := A, (is the domain of u), and, for
v>1,

A = A () = [A e A, ‘ia) At - M;—l(x)‘
j° — K
(nr

v

V| < Ny_1, j,keZ}. 4.17)

Forv >0, r =r" equzvalently ,u] =u’ It and
|r}_)|Lip(y) |,, |Llp(y) <eC. (4.18)

The remainder R, is real (Definition 2.2) and, ¥s € [s9,q — o — B,

Rl < [RolgE N2 IRRS < [Rol P Nooi. (419)
Moreover, forv > 1,
Ly=0, " Loo1®yot, Pyoy =1+, y, (4.20)
where the map V,_1 is real, Toplitz in time W, _1 := W,_1(p) (see (2.17)),
and satisfies
|, |L1p(y) < |Ro |L1p(y) —1N2r+1N— 4.21)

In the reversible case, R, : X — Y, ¥,_1, d,_1, CIDLI1 are reversibility
preserving. Moreover, all the u; (A) are purely imaginary and pfj’- = —;L‘ij,

VjeZ.
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(S2), Forall j € Z, there exist Lipschitz extensions ﬁ‘;(‘) A — Rofu;() CAY >
R satisfying, forv > 1,

25— 5 P < Ry [P, 4.22)
(S3), Letuy(r), uz(X), be Lipschitz families of Sobolev functions, defined for . € A,
and such that conditions (4.2), (4.14) hold with Ro := Ro(u;), i = 1, 2, see
(4.11).
Then, for v > 0, VA € A} (u1) N AL (ua), with y1, 2 € [y/2,2y],

IRy (u2) — Rv(”l)'so < SNv_,al leeg — u2||50+027

(4.23)
|Ry(u2) = Roi)lsyrp < eNv—1llur — uzllsyto,-

Moreover, forv > 1, Vs € [so, 50 + B], VJj € Z,

(w2 =ry @) = (77 @)=y ) | = Rumt ()= Rom 1 ),

(4.24)
Irj2)—rj | <eCllur—uzllsgta-  (4.25)

(S4), Letuy,uy like in (S3), and 0 < p < y /2. For all v > 0 such that
eCN{_llur — uzllgho, < p = Al (u1) € A} (u2). (4.26)

Remark 4.1 In the Hamiltonian case W, _; is Hamiltonian and, instead of (4.20) we
consider the symplectic map

D, :=exp(W,_1). 4.27)

The corresponding operators L, R, are Hamiltonian. Note that the operators (4.27)
and (4.20) differ for an operator of order w2

v—1°"

The proof of Theorem 4.2 is postponed in Subsection 4.1. We first give some
consequences.

Corollary 4.1 (KAM transformation) VA € ﬂvzoAg the sequence

o, =PgoPjo---0, (4.28)
: Lip(y)
converges in | - | to an operator O, and
Lip(y) 1 M) Lip(y) | —1
[P — I + P, =1 ) < C(s) |R0|S+,3 Yy (4.29)

In the reversible case ® o and cI)gol are reversibility preserving.
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Proof To simplify notations we write | - |s for | - |Ep(y). For all v > 0 we have
P, =0,00,11 =, +D,¥, 4 (see (4.20)) and so

~ 29 ~ ~ 4.21) ~
[Potilsy < [Pulsy + ClPolsy [Wotils, = [Polg(l +&v) (4.30)

where ¢, := C'|Ry |];;I-)s-(;) _le_ﬁ'lN “ Tterating (4.30) we get, for all v,

_ _ Lip(y) . —1
1Bys1lsg < |BolsgMyzo(l +£,) < [Bolgge’ o <2 (431)

using (4.21) (with v = 1, s = s0) to estimate |®q|s, and (4.14). The high norm of
Dby = b, + d,¥,4 is estimated by (2.10), (4.31) (for @,), as

1Popily < [ Puls(1+ C(5) [Wogilsy) + C() [Pyl

(421)(413) ~ _ _
< D1+ M) + 69, 60 = Rolsgrpy TN, L,

e = [Rols+py ' Ny '
Iterating the above inequality and using IT;>o(1 + 8;0)) <2, we get
o
Busils = D&l + 1Bols = € (1+ Rolsrpr™) (4.32)
j=0

using [®ply < 1+ C(s)|Rols4pY~ !. Finally, d> is a Cauchy sequence in norm | - |¢
because

v+m—1
[Dyim — Duls = z |q)j+l_cbj|s
Jj=v
(2.10) vim-l B
= > (181511 lsy + 181511l
j=v
(4.32),(4.21),(4.31),(4.14) _ _ 3 B
Ss Z IRols+p ¥ le '< IRols+p v N
j=v
(4.33)

Hence ®, ui ® . The bound for ®, — I in (4.29) follows by (4.33) with m = oo
v =0and |<T>o — Iy = |Wols <y ! |Rols+p- Then the estimate for CIDgO] — I follows
by (2.13).

In the reversible case all the ®,, are reversibility preserving and so D, Do are
reversibility preserving. O

Remark 4.2 In the Hamiltonian case, the transformation &)U in (4.28) is symplectic,
because @, is symplectic for all v (see Remark 4.1). Therefore @ is also symplectic.
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Let us define for all j € Z

©0) = lim 7R = i+ r® ®(;) = lim 7’
pEO) = dim @) = A+ rF0). K0y = lim Fl() VieA.

It could happen that A}v/() = () (see (4.17)) for some vg. In such a case the iterative
process of Theorem 4.2 stops after finitely many steps. However, we can always set
ﬁ‘j‘ = ﬁ;", Yv > v, and the functions u;?o : A — R are always well defined.

Corollary 4.2 (Final eigenvalues) Forallv € N, j € Z

~yLi Li Li -
WP = AT =15 = TR < C IR0l Ny

Li Li Li
ip(y) _ |er>O|A1p()/) < C |R0| ip(y)

0 (4.34)
o~
|Mj —Mj|A = s0+B

Proof The bound (4.34) follows by (4.22) and (4.19) by summing the telescopic series.
m}

Lemma 4.1 (Cantor set)
A3 CNyzoAY. (4.35)

Proof Let A € A?,.Z. By definition Agg - Ag := A,. Then forall v > 0, |I[| < N,,
j#k

> ‘iw-l+uj?°—u§§°‘ - ‘M?—u?"‘ — | = e
(4.6),(4.34)
>

w1+ — py
2 |1 = )" = 2CIRolsg s N7

S

because y |j* — k3|(1)7T > yN;* (4§4) 2C|Rolsy+pN, - o
Lemma 4.2 Forall » € A2 (1),
RO =10, rPm) =rS5m), (4.36)
and in the reversible case
uE0) =~ (). 0 = —rS0). (437)
Actually in the reversible case /L?o()») are purely imaginary for all A € A.

Proof Formula (4.36) and (4.37) f%)w because, for all A € AEZ C ﬂvZoA,’f (see
(4.35)), we have u" = u” ., r? = r” ., and, in the reversible case, the u" are purely
3 3 % J v J {) J\) J 3

imaginary and ' = —u"” ., r? = —r" .. The final statement follows because, in the
reversible case, the u‘; (A) € iR as well as its extension ﬁ; ). O
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Remark 4.3 In the reversible case, (4.37) imply that ug® = ri® = 0.

Proof of Theorem 4.1 We apply Theorem 4.2 to the linear operator L := L5 in (3.55),
where R¢g = R defined in (4.11) satisfies

L Li (4.2)
Ro |5;P+(g) 2 a0+ B) (1+||u||5;1’+(§)+ﬁ) < 2eC(so+ ). (438)

Then the smallness condition (4.14) is implied by (4.3) taking §y := 8o(v) small
enough.
Forall » € A2 ¢ Nu=0A} (see (4.35)), the operators

@l IIL"’(” : — di %
L, = @9 +Dy+Ry — @ +De = Log, Doo:=diag;czus
(4.39)
because
L Lip(y) (4.34) L
Dy~ Dl = S.“z\m i TS R N
JE

L @1 L _
|R | ip(y) |R |Y-IE‘/;V)N o

Applying (4.20) iteratively we get £, = 5;_1160515”_1 where ®,_; is defined by
(4.28) and ®,_; — P in | |s (Corollary 4.1). Passing to the limit we deduce (4.7).
Moreover (4.34) and (4.38) imply (4.5). Then (4.29), (3.68) (applied to Rg = R)
imply (4.8).

Estimate (4.9) follows from (2.12) (in H;(T)), Lemma 2.4, and the bound (4.8).

In the reversible case, since P, @gol are reversibility preserving (see Corollary
4.1), and Ly is reversible (see Remark 3.12 and Lemma 3.2), we get that L is
reversible too. The eigenvalues uj’o are purely imaginary by Lemma 4.2.

In the Hamiltonian case, £y = L5 is Hamiltonian, ®, is symplectic, and therefore
Loo = <I>go1 L5P (see (4.7)) is Hamiltonian, namely Dy, has the structure Dy, =
0y B, where B = diag;({b;} is self-adjoint. This means that b; € R, and therefore
/L?" =1jb; are all purely imaginary.

4.1 Proof of Theorem 4.2

Proof of (Si)g, i = 1, ..., 4. Properties (4.15)—(4.19) in (S1), hold by (4.10)—(4.11)
with M? defined in (4.16) and r?(k) = 0 (for (4.19) recall that N_; := 1, see (4.12)).

Moreover, since m1, m3 are real functions, uo are purely imaginary, u? = [LO nd

u? = —,u_ In the reversible case, Remark 3.12 implies that Ry := R, Lo := L5
are rever51ble operators. Then there is nothing else to verify.

(S2)( holds extending from Ag 1= A, to A the eigenvalues ,u(]). (1), namely extend-
ing the functions m (i), m3(X) to my(X), m3(A), preserving the sup norm and the
Lipschitz semi-norm, by Kirszbraun theorem, see e.g. [37]-Lemma A.2, or [32].
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(S3) follows by (3.67), for s = sq, 50 + B, and (4.2), (4.13).
(S4), is trivial because, by definition, Ag (u1)) = Ay, = Agip (u2).

4.1.1 The reducibility step
We now describe the generic inductive step, showing how to define £,4; (and &,,

W, etc). To simplify notations, in this section we drop the index v and we write + for
v + 1. We have

LOh = - 3,(D(h)) + DPh + RDh
= - 9ph+ V- d,h + (@ - 9y©)h + Dh +DVh + Rh + RWh

= @ (@ 8,h +Dh) + (@ 0,V + [D, W]+ TIyR) h + (MR + RV h
(4.40)
where [D, V] := DWW — WD and I[1yR is defined in (2.19).
Remark 4.4 The application of the smoothing operator [Ty is necessary since we are
performing a differentiable Nash—Moser scheme. Note also that [Ty regularizes only

in time (see (2.19)) because the loss of derivatives of the inverse operator is only in ¢
(see (4.44) and the bound on the small divisors (4.17)).

We look for a solution of the homological equation

@+ 8,V +[D, W]+ TIyR = [R] where [R]:=diag;c;R}(0).  (441)

Lemma 4.3 (Homological equation) For all A € Al)f 41 (see (4.17)) there exists a

unique solution V := W (@) of the homological equation (4.41). The map V satisfies
|w|£‘ip(y) < CN2T+1'}/_1 |R|£‘1P(V) ) (442)

Moreover if y/2 < y1,y> < 2y and if u1(A), ua(A) are Lipschitz functions, then
Vs € [s0.50 + B1. A € AV (un) N AT (u2)

|A1¥|s < CN*"Hy ™ ([RW2)lsllur — uallsgtor + 1A12RI5) (4.43)

where we define AV := W (uy) — ¥ (uz).
In the reversible case, \V is reversibility-preserving.

Proof Since D := diag;cyz (1) we have [D, 11/]’; = (uj — uk)wf(go) and (4.41)
amounts to

w9, W5 () + () — ) Vi) + Rh(p) = [RYS, V) ke,
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whose solutions are \IJ;‘ (p) = ZZEZV \Iff (1)el'? with coefficients

R ()

if (j —k,0) #(0,0) and |I| = N,

kopy . ) 01k (A)
\yj (0 = where 8k (M) :=iw -1 4+ pj — pux, (4.44)

0 otherwise.

Note that, for all A € Af:_H, by (4.17) and (1.2), if j # k or [ # O the divisors

8jk(A) # 0. Recalling the definition of the s-norm in (2.3) we deduce by (4.44),
(4.17), (1.2), that

W), <y 'NTIRl;, VaeAl . (4.45)

For i, Ay € A},
IRED () = RED (1)
187k (A1)
181jx (A1) — 81k (A2)]
RE(D(h2)| —2 d
RO oG

WD) — WD) <

(4.46)

and, since w = Aw,

181k 1) — 816 O] Y2V 1 = 2@ - 1+ () — ) 1) — () — ) ()|
4.47)

(4.16) B 3 3
< (A = 2ll@ - 1] + [m3(Ar) —m3(A)||j7 — k7]

+mi(A) —mi(A2)|j — k|
+rj(A1) — )| + [re(Ap) — re(A2)]
< =l (I +ey ™12 =R ey~ — ki + ey

(4.48)
because
yIm3|"® = ylms — 1" < |m3 — 1]“P0) < eC,
Im[MP) < eC, | |MPY) <eC V)€ Z

Hence, for j # k, sy’l <1,

181k (M1) — 81k ()| (4.48),(4.17) . >

' ! <=l (1 =R
1817k A D181k (A2)] y2 i3 — k3|
< Al — A NZTF1, 2 (4.49)

for |/| < N. Finally, recalling (2.3), the bounds (4.46), (4.49) and (4.45) imply (4.42).
Now we prove (4.43). By (4.44), forany A€ A} | (u)NA)Z  (u2). 1 €ZY, j #k, we get
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AR A1281k
ApWil) = ——— = RE D () ————F—— (4.50)
8k (ur) O1jk (u1)d1jk (u2)
where
Andjel = 1A — o)l < [Apms| 2 — K
+Apmy||j — k| + |Aprj| + [Aprgl
(3.64),(4.25) .
< el = Elllur — uallsyton - 4.51)

Then (4.50), (4.51), ey ! < Ly, 'y, ' <y~ ! imply

|ApWi()] < Ny (|A12R’;<Z>| + IR D) )| [lur — uznsm)

and so (4.43) (in fact, (4.43) holds with 27 instead of 27 + 1).
In the reversible case iw - [ + pu; — pp € iR, t—; = pj and p_; = —p ;. Hence
Lemma 2.6 and (4.44) imply

S R (=1) RE (1)
(D) = — L = : =W
J —w- (=) +p=j - oI+ pj—

and so W is real, again by Lemma 2.6. Moreover, since R : X — Y,

. R7* (=D —RE()
W=D = - / = - ! = wh()
/ iw- (=D +p_j—pk dw- (=) —puj+ /

which implies W : X — X by Lemma 2.6. Similarly we get W : ¥ — Y. O

Remark 4.5 In the Hamiltonian case R is Hamiltonian and the solution ¥ in (4.44)
of the homological equation is Hamiltonian, because §;,j x = 6_; k,; and, in terms of

matrix elements, an operator G (¢) is self-adjoint if and only if G’; ) = G,{ (=D).
Let W be the solution of the homological equation (4.41) which has been constructed
in Lemma 4.3. By Lemma 2.3, if C(s0)|W|s, < 1/2 then ® := I + W is invertible
and by (4.40) (and (4.41)) we deduce that
Ly =0 "Ld=w- 8, +Di+ Ry, (4.52)
where

Dy =D+[R], Ryi=d"" (l‘[ﬁR FRY - \y[m) . (4.53)

Note that £ has the same form of £, but the remainder R is the sum of a quadratic
function of ¥, R and a remainder supported on high modes.
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Lemma 4.4 (New diagonal part) The eigenvalues of

Dy =diag;cz{u (M), where pf = pj +R1O0) = uf +rj +R10)
= 1S +rt, rf =+ R0,
satisfy ,u;r = /LJ_rj and
. . < . i '
It —uil™® =1rf —rjI® = IRIO™ < Rl , VieZ — (454
Moreover if ui (L), uz (L) are Lipschitz functions, then for all & € A} (u1) N AV (uz)

|A1r] = Aprjl < ARl (4.55)

In the reversible case, all the ,uj are purely imaginary and satisfy u;r =—u* j for
all j € Z.

Proof The estimates (4.54)~(4.55) follow using (2.4) because | R (0)'P = |R§§j§ |lip
< [RI§® < IRIS and
. L
IAlzi’;r — Apprjl = |A12R§(0)| = |A12REZ,%I <|A1Rlp = |A12R]s-

Since R is real, by Lemma 2.6,

RE() = RZE(—1) = R} (0) = RZ](0)

and so ,ujr = ij. If R is also reversible, by Lemma 2.6,

k _ =k, k o=k, N _ Pk
REW) = ~RZE D). RE) =RTE (1) = —REQ).
We deduce that R (0) = —R_%(0), R/(0) € iR and therefore, 7 = —u7; and
u;r € iR. O
Remark 4.6 In the Hamiltonian case, D,, is Hamiltonian, namely D, = 9,8 where
B = diag;o{b;} is self-adjoint. This means that b; € R, and therefore all ,u; =1ijb;
are purely imaginary.

4.1.2 The iteration

Let v > 0, and suppose that the statements (Si), are true. We prove (Si),+1, i =
1, ..., 4. To simplify notations we write | - | instead of | - |£7lp(y).
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Proof of (S1),+1. By (S1),, the eigenvalues ,u; are defined on A} . Therefore the

set Al’f 41 1s well-defined. By Lemma 4.3, for all A € A’; 1 there exists a real solution
W, of the homological equation (4.41) which satisfies, Vs € [sg,q — o — B],

(4.42) L (419 B _
Wuly < N Ry < [Rolgyp vy TINTTINGS (456
which is (4.21) at the step v 4 1. In particular, for s = s,

(4-56) Z1a2t4] - 1D
C(s0) [Wulsy = C(s0) [Rolsyrpy Ny N, o) = 1/2 (4.57)

for Ny large enough. Then the map ®, := I + W, is invertible and, by (2.13),

<2, ‘GD‘I

v

=14+ CE[Wyls. (4.58)

s

Hence (4.52)—(4.53) imply L4 := CD‘levCD,) =w -9y + Dy11 + Ry41 where (see
Lemma 4.4)

Dyst =Dy + [Ry] = diagjep (™), Wi = ) + (R))O0).  (459)

with M;H = ,u‘f;l and
Rop1 ==& Hy,  Hy =TIy Ry + Ry Wy — W,[R,]. (4.60)

In the reversible case, R, : X — Y, therefore, by Lemma 4.3, ¥,, ®,, & I are
reversibility preserving, and then, by formula (4.60), also R,+1 : X — Y.
Let us prove the estimates (4.19) for R, . For all s € [sg, ¢ — o — B] we have

(4.60),(2.10) 1 1
|Rv+l |s Ss |<Du |50 (|H ,,Rv|s + |RV|X|\IJU|50 + |RV|50|\IJU|3)

1 (17, Rulsy + [Rulsgl Wil )

(4.58) n
= 21T R+ Rl WLy + 1Ry lsg | Wl )

U+ 1) (T, Rulsy + 1Ryl Wl )

(4.57)

<o Ty Rl + [Ruls W lsy + [Rolsg | Wl
(4.42) _
<5 N Ruls + N7y TR IRy s (4.61)

Hence (4.61) and (2.20) imply

Rosils <s Ny PIRsp + Ny TR IR s (4.62)
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which shows that the iterative scheme is quadratic plus a super-exponentially small
term. In particular

(4.62),(4.19) B _ -
Rutils =5 Ny PIRolssNoot + Moy 7 Rolsas | Rolsyrs Ny 2f
(4.1),(4.13),(4.14) o
< ols+sN,
(x = 3/2) which is the first inequality of (4.19) at the step v + 1. The next key step is

to control the divergence of the high norm |R,1]s4. By (4.61) (with s + f instead
of 5) we get

IRutils4p <s+8 I Rulsp + NIy TR 5481 Ru s (4.63)

(the difference with respect to (4.62) is that we do not apply to |Hﬁv7?,v|s+/3 any
smoothing). Then (4.63), (4.19), (4.14), (4.13) imply the inequality

[Rut1ls+8 < Cs + BIRyIs+5,
whence, iterating,

|Rv+1 |s+/3 = Nv|R0|s+/3

for Ny := No(s, B) large enough, which is the second inequality of (4.19) with index
v+ 1.

By Lemma 4.4 the eigenvalues /,LU-+ /L + r”+1 defined on A’ by s satisfy
uj” = u‘”jrl, and, in the reversible case, the ,u"+1 are purely imaginary and u”“
v+1
—nZ
It remains only to prove (4.18) for v + 1, which is proved below.
Proof of (S2),,. By (4.54),
v+1 v Lip(y) _ ,.v+1 _ v Lip(y) Lip(y) ( Lip(y) ar—
T = ) e Lieg) <, L) 2 g L) o g 64
By Kirszbraun theorem, we extend the function M‘j’ —ulh = r}’“ r} to the whole

A, still satisfying (4.64). In this way we define ﬁ;“. Finally (4.18) follows summing
all the terms in (4.64) and using (3.68).
Proof of (S3),, 1. Set, for brevity,

R = Ro(ui), W' :=W, ), @ =&, i(u),
H) | :=Hy1(w), i:=12,

which are al] operators deﬁped for A € Al (ur) N AV (u2). By Lemma 4.3 one can
construct W = W, (u;), Y}, := &, (u;),i = 1,2, forall A Any(ul) N Au+1(”2)
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(4.43) _
AnWls, < NIy V(IR 2)ls luz — uillsgror + 1A12R |so)

@419).(4.23)
< NSNSy T H(IRolso+ + €) luz — ullsgton

(68,42
< er-',- NU_OGSV luz — uillsgtor < lluz — tt1llsy+o,- (4.65)

for sy‘l small (and (4.13)). By (2.14), applied to ® := ®,, and (4.65), we get
1207 s <o (10015 + 1215) i = w2llsgton +1A12Wls (4:66)
which implies for s = s¢, and using (4.21), (4.14), (4.65)
181297 sy < llut — u2llsg-0r- (4.67)

Let us prove the estimates (4.23) for A12R+1, which is defined on A € AfﬂH (up) N

Aﬁ (u2). For all s € [s0, 50 + B], using the interpolation (2.7) and (4.60),

|A1RRu11ls <5 |A1R®, s H) sy + 1A120, s H s
H1( @) T slA R Hylg + (@2 7 gy |A12Hy 5. (4.68)

We estimate the above terms separately. Set for brevity AY := [R, (u1)]s + Ry (u2)ls-
By (4.60) and (2.7),

AHl = [T ARR,

S+ |A1Y[5IR 6 + 1AW |5 RS

W2 1A R s + W2 [s | ARy

(4.42),(4.43)
<s ’ I1 J]\_IV A IZRV

2t+1,,—1
ANy TR AT = ol o

+NST+IV71A;}|A12RU|5O +N§T+1y71A;O|A12RU|S. (469)

Estimating the four terms in the right hand side of (4.68) in the same way, using (4.66),
(4.60), (4.42), (4.43), (4.21), (4.67), (4.58), (4.69), (4.19), we deduce

|ARutils <5 1Ty, ARl + Ny T AV ALl — uallsgvo,
ANy T AN AR + N Y T AL IA R 5. (470)
Specializing (4.70) for s = s¢ and using (3.68), (2.20), (4.19), (4.23), we deduce
|A1Ry11lsy < CeNu— 1Ny P+ NFTFIN2 2y ™ Jur — wallsg o

< SNV_O[”’/H - M2||50+z72
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for Ny large and ay_l small. Next by (4.70) with s = s9 + 8

(4.19),(4.23),(4.14)

|A12RU|50+ﬂ 550+/3 A20+ﬁ”u1 - u2||5()+02 + |A12RU|50+/3
(4.19)(4.23)
=< C(so+ B)eNy_1lluy — “2||50+<72
< eNyllur — uzllsg+o,

for Ny large enough. Finally note that (4.24) is nothing but (4.55).
Proof of (S4), ;. We have to prove that, if Ce N[ [|u1 — u2||sy+0, < p, then

e AL ) =1 e AL (u).

Let A € AZH (u1). Definition (4.17) and (S4),, (see (4.26)) imply that Al’jJrl (uy) <

Al (u1) € AL P (u2). Hence A € AL " (u2) € AY/*(uz). Then, by (S1),, the eigen-
values pLj (A, ua(1r)) are well defined. Now (4.16) and the estimates (3.64), (4.25)

(which holds because A € AL (u1) N AL/*(uz)) imply that

I — m) G ua () — (1 — ) ey ur (1))

< 1Y = u) O w2 () = (1Y = u) (. uy ()]

+25up|r (v uz (1) =7} Y, ur ()|
JEZ

< eClj* = Illuz — uillggho, - @.71)

Then we conclude that for all |I[| < N,, j # k, using the definition of A}V' L)
(which is (4.17) with v + 1 instead of v) and (4.71),

liw - 1+ ph(u2) — 11 u2)] = liw - 1+ 8 uy) — )] — [} — ) (u2)
—(u = ) )]
> ylj? =) = Celj? — k| llur — uzllsg+o,
> (y —plji* —EH)T

provided Ce N[ lu1 — uzllsy+0, < p. Hence A € AZ_HP(uz). This proves (4.26) at the
stepv + 1.

4.2 Inversion of L(u)
In (3.57) we have conjugated the linearized operator £ to L5 defined in (3.55), namely
L=oLs5D; ! In Theorem 4.1 we have conjugated the operator L5 to the diagonal

operator L in (4.7), namely L5 = Cbooﬁoocbgol. As a consequence

L=W LWy, Wii=®®n, & :=ABoMTS, &;:=ABMTS.
(4.72)
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We first prove that Wi, W, and their inverses are linear bijections of H*. We take
Yy <w/2, =1 (4.73)

Lemma 4.5 Letsy <s < g — o — B — 3 where B is defined in (4.1) and o in (3.58).

Let u := u (X)) satisfy ||u||1;(i)3_(glﬂ+3 <1, and sy_l < 8 be small enough. Then W;,

i = 1,2, satisfy, YA € A (),

IWihlly + [ Wk | € (Ul + Ml o ) (474

1wl 4+ w7 < ) (Il 105ES) . @75)

Inthe reversible case (i.e. (1.13) holds), Wi, W;~ 1, i = 1, 2arereversibility-preserving.

Proof The bound (4.74), resp. (4.75), follows by (4.8), (3.60), resp. (3.62), (2.12) and
Lemma 6.5. In the reversible case Wl.dEl are reversibility preserving because CD?EI, CI%O1
are reversibility preserving. O

By (4.72) we are reduced to show that, VA € Ai’o/ (u), the operator

Loo i=dingjez i -1+ nFO)), nFG) = =i (ma) ) = miG))) + ()

is invertible, assuming (1.8) or the reversibility condition (1.13).
We introduce the following notation:

IMcu / u(p, x)dodx, Pu:=u—TIlcu,

o (4.76)
HYy = {u € H (T"*Y) : Mcu = 0}.

= (27T)v+1

If (1.8) holds, then the linearized operator £ in (3.1) satisfies
L:HT - H, (4.77)
(forsop <s < g — 1). In the reversible case (1.13)
L:XNHY > YNH CH,. (4.78)

Lemma 4.6 Assume either (1.8) or the reversibility condition (1.13). Then the eigen-
value

u0) =r0) =0, Vie AL ). (4.79)

Proof Assume (1.8). If rgo # 0 then there exists a solution of Loow = 1, which is
w = 1/r§°. Therefore, by (4.72),
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ﬁWz[l/rgo] =LWow = W1 Lw = W([1]

which is a contradiction because I1¢c W([1] # 0, for 8)/’] small enough, but the
average ITc LW2[1/r§°] = 0 by (4.77). In the reversible case r;® = 0 was proved in

Remark 4.3. ]

As a consequence of (4.79), the definition of Agg in (4.6) (just specializing (4.6)
with £ = 0), and (1.2) (with y and t as in (4.73)), we deduce also the first order
Melnikov non-resonance conditions

()
(0"

Vie A, [id -1+ pPO)] =2y 2 VAL ) # (0,00, (4.80)

Lemma 4.7 (Invertibility of L) For all A € Agg(u), for all g € Hy, the equation
Loow = g has the unique solution with zero average

_ . 8lj i(l-p+jx)
Ll g0 i= D =it (4.81)
0.0 2O L HTO)

For all Lipschitz family g := g(1) € H, we have

_ Li
<Ccy gty (4.82)

s+2t+1 -

Lip(y)
e

In the reversible case, if g € Y then /Jgolg € X.

Proof Forall A € Acz,).f (u), by (4.80), formula (4.81) is well defined and
letosm] <v g0l (4.83)

Now we prove the Lipschitz estimate. For A1, A, € Agg (u)

L3080 — L5 (2)g02) = L3 08 (A1) — 8(12)]
+(ed0n - £202) 802, (@8

By (4.83)

YL )lg() — gODIls < lg(h) — 8O lssr < ¥~ 1l PY 0y — 2.
(4.85)

Now we estimate the second term of (4.84). We simplify notations writing g := g(X2)
and §;; :=1iAw - + MS’O

4.86
81,081 0) (4.86)

(o -cdan)e= 3
(1./)#(0,0)
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The bound (4.5) imply |M;?°|“P < ey jI? < |j|? and, using also (4.80),

817 (A2) — 815 (A I+ 113

187 (AD11617 (A2)] y{(j)®
Then (4.86) and (4.87) imply y [[(£5! (2) — L3} Ge)glls <y~ gl 57 142 — A1
that, finally, with (4.83), (4.85), prove (4.82). The last statement follows by the property
4.37). O

In order to solve the equation Lh = f we first prove the following lemma.

Lemma4.8 Letso+7+3 <s <g— o0 — B — 3. Under the assumption (1.8) we
have

Wi(HS) = Hye W' (Hgy) = H.- (4.88)

Proof 1t is sufficient to prove that Wi (Hy,) = Hg, because the second equality of
(4.88) follows applying the isomorphism W~ ! Letus give the proof of the inclusion

Wi (Hg) < H, (4.89)

(which is essentially algebraic). For any g € Hjj), let w(p, x) = [,gol g € Hy, ’
defined in (4.81). Then h := Wow € HS™T satisfies

Lh "L WL W5 h = W Loow = Wig.

By (4.77) we deduce that Wi g = Lh € H(‘;O_t_3. Since Wig € H® by Lemma 4.5,
we conclude Wig € H® N Hyy 3= H,. The proof of (4.89) is complete.

It remains to prove that Hj)\W(Hy,) = ¢. By contradiction, let f € Hj,\
Wi(HJ). Let g :== W' f € H® by Lemma 4.5. Since Wig = f ¢ Wi(Hg), it
follows that g ¢ Hg, (otherwise it contradicts (4.89)), namely ¢ := Ilcg # 0. Decom-
posing g = ¢ + Pg (recall (4.76)) and applying W1, we get W1g = cWi[1] + W Pg.
Hence

Wil]l = ¢~ ' (W1g — WiPg) € Hy,

because Wig = f € Hj, and W Pg € Wi(Hy,) S Hy, by (4.89). However,
ITc Wq[1] # 0, a contradiction. O

Remark 4.7 In the Hamiltonian case (which always satisfies (1.8)), the W;(¢) are
maps of (a subspace of) H(} so that Lemma 4.8 is automatic, and there is no need of

Lemma 4.6.

We may now prove the main result of Sects. 3 and 4.
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Theorem 4.3 (Right inverse of £) Let
T1:=2t+7, p:=4t+o0+ B+ 14, (4.90)

where o, B are defined in (3.58), (4.1) respectively. Let u(r), » € A, € A, be a
Lipschitz family with

y
gm0 < 1. 4.91)

Then there exists § (depending on the data of the problem) such that if

ey <6,
and condition (1.8), resp. the reversibility condition (1.13), holds, then for all ) €
Agg(u) defined in (4.6), the linearized operator L := L(A, u(X)) (see (3.1)) admits
a right inverse on Hy, resp. Y N H*. More precisely, for so < s < q — u, for all
Lipschitz family f (1) € Hy,, resp. Y N H®, the function

ho=L7'fi=waLwitf (4.92)

is a solution of Lh = f. In the reversible case, L~' f € X. Moreover
_ Li — Li Li Li
1L 15 < ceoy ™ (AR + i E1AEY) . @93)

Proof Given f € Hgo, resp. f € Y N H¥, with s like in Lemma 4.8, the equation
Lh = f can be solved for & because I1¢c f = 0. Indeed, by (4.72), the equation
Lh = f is equivalent to LooW, 'h = W ! f where W~ ! f € Hj, by Lemma
4.8, resp. W~ ! f € YN H being W~ ! reversibility-preserving (Lemma 4.5). As a
consequence, by Lemma 4.7, all the solutions of Lh = f are

h=cWalll+WoLd W f, ceR. (4.94)

The solution (4.92) is the one with ¢ = 0. In the reversible case, the fact that L1 feXx
follows by (4.92) and the fact that W;, Wi_l are reversibility-preserving and Eo_ol :
Y — X, see Lemma 4.7.

Finally (4.75), (4.82), (4.91) imply

—1 ¢ Lip(») -1 Lip(y) Lip(y) Lip(y)
17 AP < €y~ (LI + Il a1 Nt de )

and (4.93) follows using (6.2) with by = sp,ap :=so+2t1+o+B+7,q =2t +7,
p =95 —50. (]

In the next section we apply Theorem 4.3 to deduce tame estimates for the inverse
linearized operators at any step of the Nash—-Moser scheme. The approximate solutions
along the iteration will satisfy (4.91).
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5 The Nash-Moser iteration
We define the finite-dimensional subspaces of trigonometric polynomials
Hy = dueL>(T"Y) 1 u(p,x) = Z uyjeloTix)
[, ))I<Nn
where N, := Ng ’ (see (4.12)) and the corresponding orthogonal projectors
M, := My, : LXT"*"Y > H,, OF:=1-T1,.

The following smoothing properties hold: for all &, s > 0,

Li Li
T2 < N Juls®Y, Vu() e HY;

Li _ Li
TR < N[220 vun) e B,

5.1

where the function u#(X) depends on the parameter A in a Lipschitz way. The bounds
(5.1) are the classical smoothing estimates for truncated Fourier series, which also

hold with the norm | - |5P"” defined in (2.2).
Let

F(u) := F\,u) := Ao - 0pu + txxx + f (@, X, U, Uy, Uy, Uxxx)- (5.2)
We define the constants
Kk =284 6u, B1:=50+ 11w, (5.3)

where p is the loss of regularity in (4.90).

Theorem 5.1 (Nash—-Moser) Assume that f € C1, g > so + n + B1, satisfies the
assumptions of Theorem 1.1 or Theorem 1.3. Let 0 < y < min{yy, 1/48}, T > v+ 1.
Then there exist § > 0, C, > 0, Ny € N (that may depend also on t) such that, if
ey ™\ < &, then, for alln > 0:

(P1),, there exists a function u, : G, € A — H,, » — u, (L), with ||u,,||15‘(§gr(;:) <

1, ug := 0, where G,, are Cantor like subsets of A = [1/2,3/2] defined
inductively by: Gy := A,

Ony1 = [k €Gn ¢ liw -1+ pufun) — pg” (un)|

3 1.3
o 2Zwli” =K

> 0 ,VjkeZ, leZ’ 5.4

where y, = y(1 4+ 27"). In the reversible case, namely (1.13) holds, then
u,(A) € X.
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The difference hy, := u, — u,—_1, where, for convenience, hqy := 0, satisfies

Li _ _
Il 5P < Coey™'N;, oy 1= 18+ 20 (5.5)

Li _
(P2 IF )5 < CreN; .

. Li _ Li
(P3), (High norms). [lu, 555 < Cuey™ N and | F(un) |55 ) < CueN.
(P4),, (Measure). The measure of the Cantor like sets satisfies

1G\G1| < Cuv, |Gu\Gns1| < yCuNt m > 1. (5.6)

All the Lip norms are defined on G,,.

Proof The proof of Theorem 5.1 is split into several steps. For simplicity, we denote
I 1M by .

STEP 1: prove (P1,2,3)o. (P1)o and the first inequality of (P3)¢ are trivial
because ug = hog = 0. (P2)¢ and the second inequality of (P3)¢ follow with C, >
max{[|.f )|y N§. £ O)llsy-5 Ng ™).

STEP 2: assume that (P1,2,3), hold for some n > 0, and prove (P1,2,3),+1.
By (P1),, we know that ||u, ||sy+, < 1, namely condition (4.91) is satisfied. Hence,
for 8)/_1 small enough, Theorem 4.3 applies. Then, for all A € G, defined in (5.4),
the linearized operator

»Cn A) = ﬁ()\, up(A)) = F/()\a un (1))
(see (3.1)) admits a right inverse for all 4 € HSO, if condition (1.8) holds, respectively

for h € Y N H* if the reversibility condition (1.13) holds. Moreover (4.93) gives the
estimates

1L 2l <5 v ™" (1llssry + Nt s Bllsg) - VRGOV, (5.7)
1L, Rllsy < v~ Ny llRllsy. VR € Hyyo, (5.8)

(use (5.1) and ||uy || 59+, < 1), for all Lipschitz map i (A). Then, for all A € G, 11, we
define

Upyl i= Uy +hpy1 € Hyyr, hpgr = _Hn+1£;1Hn+1F(un)s (5.9)
which is well defined because, if condition (1.8) holds, then IT, | F(u,) € Hg,,
and, respectively, if (1.13) holds, then IT,,+{ F(u,) € Y N H® (hence in both cases

L, 1l'I,H]F (uy,) exists). Note also that in the reversible case h,+; € X and so
Up+1 € X.

Recalling (5.2) and that £, := F'(u,), we write

Fupy1) = F(uy) + thn+1 +eQ(up, hn+1) (5.10)
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where

Oup, hyy1) = N(u, + hpt1) - N(uy) — N/(“n)hn+la
N(“) = f(@, X, U, Uy, Uxy, Uyxy).

With this definition,
F(u) = Lou+eNu), F'(u)h=Lyh+eN (wh, Ly:=w-0,+ dxxx.
By (5.10) and (5.9) we have

Flups1) = F(un) — LaTlpg1 £ Ty F () + 0 Gtn, hpy)
= My F(un) + Lol £ Tl F(un) + € Qtn, hygr)
=I5 F(uy) + nn+1£ L 01 F(uy)
Lo, T 1L, T F () + €O, hugt)
= My F(un) 4 el (un), T 125 Tt F(un) + £Q (i, hgr)
(5.11)

where we have gained an extra ¢ from the commutator

(Lo, g1 = (Lo + eN' (), Ty g1 = elN (), Ty 1.

Lemma 5.1 Set

Up = llunllsgspr + 7~ IF@)llsgrprs wa =y IFa)lls.  (5.12)

There exists Co := C(t1, 4, v, B1) > 0 such that

642,
Wit < CoN P U, (1 4 wy) + CoNETH w2,

(5.13)
Un+l = C0N9+2M(1 + LUn) Uy.

Proof The operators N (u,) and Q(uy, -) satisfy the following tame estimates:

1Q@n, Ml <5 I1llsg+3 (I1lls+3 + lunlls13llhlls+3) VAR, (5.14)
1Qun, Mgy < No i lIBNG,  VYh() € Hyp, (5.15)
IN"@n)hlls <5 Ills+3 + lunlls+3lhllsg43 VR, (5.16)

where h(A) depends on the parameter A in a Lipschitz way. The bounds (5.14) and
(5.16) follow by Lemma 6.2(i) and Lemma 6.3. (5.15) is simply (5.14) at s = s¢,
using that ||u, ||sy4+3 < 1, un, hyy1 € Hyy1 and the smoothing (5.1).

By (5.7) and (5.16), the term (in (5.11)) R, := [N (u,), I'I,Jl‘H]E;lH,,HF(un)
satisfies, using also that u, € H, and (5.1),
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IRnlls  =<s V_IN,',ﬂrl (IF @n)lls + lunllsIF @a)llsg) s 0 =3+ pm, (5.17)
Rnllsy <so+p1 ¥ IN,,_ffW (IF @) llso+y 4 Ntnllsg+py I1F @n)llsg) (5.18)

because © > 11 + 3. In proving (5.17) and (5.18), we have simply estimated
N ’(un)l'ln " and I'In fl 1/\/ "(uy) separately, without using the commutator structure.
From the definition (5.9) of A1, using (5.7), (5.8) and (5.1), we get

lnstllsoss Ssorpr ¥ N (IF @) lsorpy + et llsgpy | Fa)llsg) . (5.19)
nsillsy <so ¥~ Ny ITF @)l (5.20)

because i > 7. Then

(5.9)
””n-‘rl ||50+ﬁ1 =< l|ues ||50+ﬁ1 + ”hn—i-l ||50+/31
(5.19) 1
= et leallogy (177 NI IF )l
TN F @) llsg g - (5.21)

Formula (5.11) for F (u,41), and (5.18), (5.15), (5.20), ey ~! < 1, (5.1), imply
I F(unt1)llsg <so+p: N,;ffw (1 F @) llsgpy + ltnllso-py 11 F (1en) llsg)
ey NS IF )1, (5.22)

Similarly, using the “high norm” estimates (5.17), (5.14), (5.19), (5.20), sy_l <1
and (5.1),

I GuneDllsorr Ssorss (1F G lsg gy + Nt llsoresy I F (uen)llsg)
942 _
x (1 N+ Ny T I ) lsg) - (5.23)

By (5.21), (5.22) and (5.23) we deduce (5.13). O

1

By (P2),, we deduce, for ey~ small, that (recall the definition on wj, in (5.12))

wp < ey 'C.N7C < 1. (5.24)

Then, by the second inequality in (5.13), (5.24), (P3), (recall the definition on U, in
(5.12)) and the choice of « in (5.3), we deduce U, < Cyey "N ., for Ny large
enough. This proves (P3),+1.

Next, by the first inequality in (5.13), (5.24), (P2), (recall the definition on w,, in
(5.12)) and (5.3), we deduce wy 41 < Cyey ™ IN%, ., for Ny large, sy_l small. This
proves (P2),+1.

nt1>

1’
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The bound (5.5) at the step n + 1 follows by (5.20) and (P2), (and (5.3)). Then

n+1 00
—1 —0
||un+l||5o+u = ||M0||50+p. + E ||hk||50+u =< E Cyey Nk <1
k=1 k=1

for ey ~! small enough. As a consequence (P1, 2, 3),,41 hold.

STEP 3: prove (P4),,n > 0. For alln > 0,

G\Gnr1 = |J  Rik(un) (5.25)

€7V, kel
where
Rijilun) 1= {3 € Go £ 136 1+ 15 Gy (1)) = 1 Grs tn (1)

<2l =K1 } : (5.26)

Notice that, by the definition (5.26), R;jx (u,) = @ for j = k. Then we can suppose in
the sequel that j # k. We divide the estimate into some lemmata.

1

Lemma 5.2 For ey ™' small enough, for alln > 0, || < N,

Riji(un) € Riji(un—1). (5.27)
Proof We claim that, for all j, k € Z,
(1 = 1) ) = (1 = u)un—1)| < Celj* =P IN;*, VaeG,, (528

where ,u‘;.o (uy) = /,L?O (X, u, (1)) and « is defined in (4.13). Before proving (5.28) we
show how it implies (5.27). For all j # k, |I| < N,, » € G,, by (5.28)
iAo - 1+ w3 un) — pg” ()l = 2@ - 1+ 5 n—1) — p1g° Un—1|
=115 = 1) Wn) — (157 = w2 Up—1)|
= 21’ = KT = CeljP = IN, @
= 2l = 1D 7T

for Cey_anf_“ 27+l < 1 (recall that y, := y (1 4+ 27")), which implies (5.27).

Proof of (5.28) By (4.4),

(1 = 1) Wn) — (157 = 1) (Un—1)
= —i[m3(un) — m3(uu—D](G? — &) + i[m1un) — my -] (G = )
+ 752 ) = 50 un—1) = (73 (un) = 7% (n—1)) (5.29)
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where m3(u,) := m3(;, u, (1)) and similarly for m, rj‘?o. We first apply Theorem
4.2-(S4), withv=n+ 1,y = y,—1, ¥ — p = ¥, and uy, uy, replaced, respectively,
by u,,—1, Uy, in order to conclude that

Al 1) S ALY (). (5.30)

The smallness condition in (4.26) is satisfied because 0y < u (see definitions (4.13),
(4.90)) and so

G5 5 4 _
8CN;||un_un—l||5o+02 €CN,I||un_Mn—l”50+u < &y CC*N; a

<
SVt —Yn=1p=y27"

for ey~ small enough, because o1 > 7 (see (5.5), (4.90)). Then, by the definitions
(5.4) and (4.6), we have
2 n— (435) n— n— (530) n
G =Gp1 N Aog 1(Mn—l) - ﬂ A)v/ 1('fln—l) - AZ_HI (un—1) < AZ+1(”n)-
v>0

Next, for all » € G, €AY (un—1) N AL, (uy) both r;.lH(un_l) and r;’“(u,,) are

well defined, and we deduce by Theorem 4.2-(S3), with v = n + 1, that

(4.25)
P ) = i o))< el = il sgton- (5.31)
Moreover (4.34) (with v = n + 1) and (3.66) imply that

1 1
1P £° n—1) = P} D] 4 1752 ) = 7 ()|

<e(l + llup—1llsg+p+o + lunllsg+p+o) Ny * <N, @ (5.32)

because o +B < pand [[u,—1llsg+p+ lunllsg+ < 2by (S1),,_; and (S1),,. Therefore,
forallA € G,,Vj € Z,

ro ) = -] < [ ) = A 0| 4 15 ) = )

5 1) = 71 )|

(5.31),(5.32) —a (5.5) —a
< ellun — un—l||50+c72+8Nn < 8Nn (5.33)

because o1 > o (see (4.13), (5.5)). Finally (5.29), (5.33), (3.64), llun |l so+p < 1,imply
(5.28). O

By definition, R;jx(u,) C Gy (see (5.26)) and, by (5.27), for all |I| < N,, we have
Rijx(uy) S Ryjx(un—1). On the other hand Ryjx(u,—1) NG, = @, see (5.4). As a
consequence, Y|l| < Ny, Rjjx(u,) = @, and

(5.25)

G\G1 S |J R, Vn=L (5.34)
|l[|>Ny,j,keZ
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Lemma 5.3 Letn > 0. If Rji(un) # 9, then | j* — k3| < 8@ - 1.

Proof If Ryjx(u,) # 9 then there exists A € A such that [iAo - | + M‘;o(k, u, (1)) —
B (hy un W) < 2y,17° — k31(1) 77 and, therefore,

13 s un () = 1 un O] < 29,1 =IO + 20011 (5.35)

Moreover, by (4.4), (3.63), (4.5), for £ small enough,

o0

1% — w®l = Imsll 2 = K] = |mallj — k| = %] — |

1 1
> 1) =K = Celj—kl = Ce = 2P = K| (536)
if j # k. Since y,, <2y foralln > 0, y < 1/48, by (5.35) and (5.36) we get

- 1 4y .3 3 13 3
2 Al > = — —k > — —k
@ 1] = (3 (ly) =K = 1 =k

proving the Lemma. O

Lemma 5.4 Foralln > 0,
|Rijk(un)l < Cy ()T (5.37)
Proof Consider the function ¢ : A — C defined by

¢ = Ao -1+ uFT ) — ug ()

a1 — iz = &) + i WG — k) + rP0) — )

where m3(A), mq (L), r;?O()L), u?o (1), are defined for all A € A and satisfy (4.5) by

lunllgh 5 <1 (see (P1),). Recalling | - [ < =] - |42 and using (4.5)

li ~ lipy 3 3 ~ lipy li li
1% — a1 < a1 — k3] i [P — k] 150 4 o

<Cey N3 =K. (5.38)
Moreover Lemma 5.3 implies that, VA;, A2 € A,
900 = @0 = (1611 = 11T = u¥I") =l

538 (1 N\ . 1j3 — K3
> (g—cfsy 1)|J3—k3||)»1—)n2|2TIM—MI

1

for ey~ small enough. Hence

Al Pk 9 T2y
T 1P =T

[Riji (un)| <
which is (5.37). O
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Now we prove (P4)g. We observe that, for each fixed [, all the indices j, k such
that Ryjx(0) # ¥ are confined in the ball j2 + k? < 16|@||/|, because

1j2 = K3 = 1j — kIIj* + jk + K2

1
> j2+ k= |jkl > 5<j2+k2>, VjkeZ, j#k,

and | j3 — k3| < 8|@||I| by Lemma 5.3. As a consequence

. (5.37)
160G 2 [ R @ < > > Rp@) < >y =y

1,j.k 1€ZY j2+k2<16||ll| lezy

if T > v + 1. Thus the first estimate in (5.6) is proved, taking a larger Cy if necessary.
Finally, (P4), for n > 1, follows by

(5.34) (5.37)
1Gu\Gus1] < > | Riji(un)| < > y{) "

1> Naljl kI=ClII'2 1> Nyl jlkI=Cli112

< Z V(l)7t+l <yN};T+U S CJ/N;I
[1]>Np

and (5.6) is proved. The proof of Theorem 5.1 is complete. O

5.1 Proof of Theorems 1.1, 1.2, 1.3, 1.4 and 1.5

Proof of Theorems 1.1, 1.2, 1.3 Assume that f € C49 satisfies the assumptions in
Theorem 1.1 or in Theorem 1.3 with a smoothness exponent g := g (v) > s+ u+ B
which depends only on v once we have fixed t := v + 2 (recall that 59 := (v + 2)/2,
B is defined in (5.3) and w in (4.90)).

For y = &%, a € (0, 1) the smallness condition ey’l = ¢!=% < § of Theorem

5.1 is satisfied. Hence on the Cantor set Goo := N,>0G,, the sequence u, (1) is well
Lip(y)

defined and converges in norm || - || ot

oo (see (5.5)) to a solution us (A) of
F(luso() =0 with  sup [toe(W)|lsgp < Cey~' = Ce' ™4,
reUno

namely u, (1) is a solution of the perturbed equation (1.4) with w = Aw. Moreover,
by (5.6), the measure of the complementary set satisfies

|A\Gool < D 16 \Gus1| < Cy + D yCN, ' < Cy = Ce*,

n=0 n>1

proving (1.9). The proof of Theorem 1.1 is complete. In order to finish the proof of
Theorems 1.2 or 1.3, it remains to prove the linear stability of the solution, namely
Theorem 1.5.
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Proof of Theorem 1.4 Part (i) follows by (4.72), Lemma 4.5, Theorem 4.1 (applied
to the solution us.(A)) with the exponents ¢ := o + B + 3, Aso(u) := Agg (u), see
(4.6). Part (ii) follows by the dynamical interpretation of the conjugation procedure,
as explained in Sect. 2.2. Explicitly, in Sects. 3 and 4, we have proved that

L=ABpWL W !B AT, W= MTSD.

By the arguments in Sect. 2.2 we deduce that a curve A () in the phase space H} is a
solution of the dynamical system (1.19) if and only if the transformed curve

v(t) = W (wt) B~ AN wt)h (1) (5.39)

(see notation (2.18), Lemma 3.3, (4.9)) is a solution of the constant coefficients dynam-
ical system (1.20).

Proof of Theorem 1.5 1f all u ; are purely imaginary, the Sobolev norm of the solution
v(t) of (1.20) is constant in time, see (1.21). We now show that also the Sobolev norm
of the solution 4 () in (5.39) does not grow in time. For each 7 € R, A(wt) and W (wt)
are transformations of the phase space H. that depend quasi-periodically on time, and
satisfy, by (3.69), (3.71), (4.9),

IAE (@) gl s + IWE (@) gllns < C)lgllus, Yt €R, Vg =g(x) € HS,
(5.40)

where the constant C(s) depends on ||u ||y 4 g+5, < +00. Moreover, the transforma-
tion B is a quasi-periodic reparametrization of the time variable (see (2.25)), namely

Bf(t) = f(¥ (1)) = f(x), B f(x)=fW (x)=f(t) Yf:R— HS,
(5.41)

where T = (1) '=t + a(wt), t = ¥y~ (1) = v + @(wt) and «, & are defined in
Sect. 3.2. Thus

(5.39) (5.40)
IhOllay =" [Alw) BW(@)v®)llgy = CIBW(@)v@®)|la;

. (5.40) .
C2) coIW@ovm Il <= COIv@la "2 vl

C2) ()W (wr0) B~ A (@T0)h (20 | 11

(5.40) _
< C B A @t)h(To) s P2 Co) AT ORO) ] s
(5.40)
< C) IO s

having chosen 7y := ¥ (0) = «(0) (in the reversible case, « is an odd function, and so
«(0) = 0). Hence (1.22) is proved. To prove (1.23), we collect the estimates (3.70),
(3.72), (4.9) into
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1A (1) = Dgllas + IWE (1) — Dgllug
< Ey_IC(s)IlgllH;H, Vi €R, Vg € H?, (5.42)

where the constant C(s) depends on ||u |5 4o+ g+s,- Thus

Ol 2 A BW @)@l g
< IBW(@vlus + (A — DBW (@) s

(5.41)(5.42) .
=< W (wt)v()llms + ey C(S)llBW(wl)v(t)llHXm

(5.41) _

=7 W @O@ g + ey T COIW @DV o1

(5.40) 1

< @l + IW @) = Du@ g + ey~ COIU@) ] oo
(5.42) 1

< @l + ey COI@ oo

(1.21) _

=0 @)l + ey~ C@ o)l

(5.39)

W™ (@) B~ A™ (@m0)h (0) | 13
+ey T COIW ™ (@) B~ AT (@10)h(T0) | 541

Applying the same chain of inequalities at T = 1, = 0, we get that the last term is
< kOl + ey~ CEOIRO) o1,

proving the second inequality in (1.23) with a := 1 —a. The first one follows similarly.
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Appendix: Tame and Lipschitz estimates

In this Appendix we present standard tame and Lipschitz estimates for composition
of functions and changes of variables which are used in the paper.
Let H® := H*(T¢, C) (with norm || ||) and W5 := W*(T¢, C), d > 1.

Lemma 6.1 Let sg > d/2. Then

(1) Embedding. ||u||;~ < C(so)llulls, for all u € H*.
(ii) Algebra. |[uvlls, < C(so)llulls,lIvlls, for all u, v € H*.
(iii) Interpolation. For 0 < s; <s < s3, s = As; + (1 — A)s2,

lulls < Null}, lulls, ™, Yu e H®. (6.1)
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Letag, by > 0and p,q > 0. Forallu € H1P+4 y ¢ Hbotr+a,

ltllag+plIvllbogt+g < Nttllag+ptgllvlleg + Nellag 1Vl 6o+ ptg- (6.2)

Similarly, for the |uls o = zlﬂlsv |DPu|po norm,

lu|l=2 Yu e W, (6.3)

A
|u|s,oo < C(s1,52)|ul §2,00°

= 51,00

and Yu € Waotp+q.00 4y,  ybotptq.00

|ttlag+p,001Vlbg+g,00
< C(ao, bo, P> ) (|tlag+p+g.00|V1by.00 + 1ttlag.colVIbg+ pg.0) - (6:4)
(iv) Asymmetric tame product. For s > s,
luvlls < Clso)llullslivlis, + Clullsllvlls, Yu,ve H'. (6.5)
(v) Asymmetric tame product in W, Fors >0, s € N,
|uv]s,00 < 3 ]z [V]5,00 + CO)|uls,00lvlLe, Yu,v e WH®.  (6.6)
(vi) Mixed norms asymmetric tame product. For s > 0, s € N,
luvlls < 3 lulrollvlly + C®)ulsoollvllo, Yu e W™, ve H. (6.7

If u == u(A) and v := v(A) depend in a Lipschitz way on A € A C R, all the
previous statements hold if we replace the norms || - |ls, | - |s,0c0 With the norms
I R,

Proof The interpolation estimate (6.1) for the Sobolev norm (1.5) follows by Holder
inequality, see also [36], page 269. Let us prove (6.2). Let a = apA + a;(1 — 1),
b =bo(1 — X)) + b1, A € [0, 1]. Then (6.1) implies
) 1-2
leellallvlls < (llllaollvlloy)” (eellay vl )
< Alullag lvllp, + (1 = M llulla; l[v]lp, (6.8)

by Young inequality. Applying (6.8) witha = ag+ p,b =bo+q,a1 =ap+ p +q,
by = bo+p+gq,then L = q/(p+¢q) and we get (6.2). Also the interpolation estimates
(6.3) are classical (see [11]) and (6.3) implies (6.4) as above.

(iv): see the Appendix of [11]. (v): we write, in the standard multi-index notation,

D*uv) = > Cp,(DPu)(DYv)=uD*v+ D Cp,(DPu)y(D"v).

pty=a Brty=a.p#0
(6.9)
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Using |(DPu)(DYv)| o < |DPu|p~|DY v~ < [14]18],00 |V |,00, and the interpola-
tion inequality (6.3) for every 8 # O with A := |B]|/|«| € (0, 1] (where |¢| < ), we
get, for any K > 0,

1-1

A
Cpy|DPul L | DV vl < Cp oy C(s) (Iv]Looluls.00)” (10]s.00lul L)

IA

C(s) 1 -
= — (K Cpy)» ol zoouls.00]* (10]s c0lulze) ™
C(s) ol
= {(KCp )l v| oo luls 00 + [V]s,00lutlLo ). (6.10)

Then (6.6) follows by (6.9), (6.10) taking K := K (s) large enough. (vi): same proof
as (v), using the elementary inequality ||(D?u)(DY v)|lo < |DPu|p|| DY v|o. m|

We now recall classical tame estimates for composition of functions, see [36],
section 2, pages 272-275, and [40,41]-1, Lemma 7 in the Appendix, pages 202—-203.

A function f : T¢ x By — C, where By := {y € R™ : |y| < 1}, induces the
composition operator

f(u)(x) = f(x,u(x), Du(x), ..., Du(x)) (6.11)

where DFu(x) denotes the partial derivatives 9% u(x) of order |«| = k (the number m
of y-variables depends on p, d).

Lemma 6.2 (Composition of functions) Assume f € C" (T4 x By). Then

(i) Forallu € H™*P such that [t p,0o < 1, the composition operator (6.11) is well
defined and

If @l < Cllflierullrsp + 1)

where the constant C depends on r,d, p. If f € C'2, then, for all |1t] p, 005
|hlp,oo < 1/2,

[fw+h) = fal, < Cliflicr Uhllrgp + hlpoollullrip).
| Fu+h) = F@) = F@ihl], < Cllifllersa 1l .ol p+Ihlpoollielp)-
(i1) The previous statement also holds replacing || ||, with the norms | | oc.

Lemma 6.3 (Lipschitz estimate on parameters) Lerd € N, d/2 < 5o < s, p >0,
y > 0. Let F be a C'-map satisfying the tame estimates: Viullsg+p < 1, h € HTP,

IF@lls = CE)A + llulls+p), (6.12)
13 F ) [2]lls = CUhlls+p + lulls+plhllsop)- (6.13)

For A C R, let u(X) be a Lipschitz family of functions with ||u ||£§3_(Z) < 1(see (2.2)).
Then
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Li L
IF @157 < C(s) (1 + ||u||sfz(,y)) ‘

The same statement also holds when all the norms || ||s are replaced by | |5, oo

Proof By (6.12) we get sup; |[Fu())lly < C(s)(1 + JulyF). Then, denoting

up :=u(ry) and h := u(r2) — u(ry), we have
| F(u2) — Fu)ls
1
< / 10, F(uy + t(ua — ur)[h] ||s dt
0

1

(6.13)
<s Mhlls+p + ||h||so+p/ (A =D NuADls+p + tlui) s4p) dt

0
whence
y | F(u(r1) — Fu2)ls
AL A2EA A1 — 22|
AFEA2
Li Li
< Nully D 4 ullsB7 sup (TuGa)lstp + NuGia)llsep)
Al,A2
Li Li Li Li
<5 NullsPY 4 ull 520 520 < € (s) ull P,
because ||u||£‘£(;) < 1, and the lemma follows. m|

The next lemma is also classical, see for example [24], Appendix G. The present
version is proved in [2], except for the part on the Lipschitz dependence on a parameter,
which is proved here below.

Lemma 6.4 (Change of variable) Let p : RY — R? be a 2m-periodic function in
W, s > 1, with |pl1.co < 1/2. Let f(x) = x + p(x). Then:

() f is invertible, its inverse is f~1(y) = g(y) = y 4+ q(y) where q is 27 -periodic,
g € WS(T4,RY), and |qls,00 < C|pls,00- More precisely,
lglree =|plree, [Dglre <2|Dplre, |Dgls—1,00 < CIDpls—1,00. (6.14)
where the constant C depends on d, s.
Moreover, suppose that p = p,. depends in a Lipschitz way by a parameter

L € A CR, and suppose, as above, that | Dy p; L < 1/2 forall ». Then g = g
is also Lipschitz in A, and

Li Li Li Li
gl <c (|p|‘v,‘é’é”+{ sup [ pals+1,00} |p|L‘£(”) <ClpliP7L. (615
reA
The constant C depends on d, s (and is independent of y ).
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(i) Ifu € H(T%, C), thenuo f(x) = u(x+ p(x)) is also in H®, and, with the same
Casin (i),

lwo £l < Cllully + 1Dpls-1.colluln), (6.16)

lwo £ —ulls = € (Iple=lullssr + Ipls.oclellz) 6.17)
Li Li Li Li

o IEP7 < € (el + PR ™). 618)

(6.16), (6.17) (6.18) also hold foru o g.
Lip(y)

(iii) Part (ii) also holds with || - ||k replaced by | - k.0, and || - |I5 replaced by

i
B S"gg”), namely

|u o fls,oo =< C(|u|s,oo + |Dp|s—1,oo|u|l,oo)» (6.19)
Li Li Li Li
o ISR < Culy P + 1Dpl P luly 20). (6.20)

Proof The bounds (6.14), (6.16) and (6.19) are proved in [2], Appendix B. Let us prove
(6.15). Denote p;(x) := p(A, x), and similarly for g, g,, fi. Since y = fo(x) =
x + p)(x) ifand only if x = g, (y) = ¥y + ¢, (y), one has

() + pa(6.()) =0, VAeA, yeT’ (6.21)
Let A1, A2 € A, and denote, in short, g1 = ¢, g2 = g»,, and so on. By (6.21),

g1 —q2=prog —p1og = (progr—prog)+(piog— pirogi)
2

= Ga(p2 — p1) + / G:(Dyxp1)dt (g2 — q1) (6.22)
1

where Goh :=ho gy, Gih:=ho (g1 + (t — [g2 — g11), t € [1,2]. By (6.22), the
L norm of (g — g1) satisfies

2
92— qili= < 1Ga(p2 — 1)l +/ |G (D pi)l di 1g2 — a1 10
1

< Ip2 = pilee + |Dxpilre lg2 — qilL>

whence, using the assumption | Dy pi|p~ < 1/2, we get |g2 — g1l < 2|p2 — p1lree.
By (6.22), using (6.6), the W**° norm of (g2 — q1), for s > 0, satisfies

2
3
91 — g215,00 < 1G2(p2 — P1)ls,00 + 7 / |G (Dyxp)lredt g2 — q1ls,00
1

2
+C(S)/ |G (Dxp1)ls,codt g2 — qilLe>.
1
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Since |G¢(Dx p1)|L> = |Dxpilre < 1/2,
; 2
(1 — 4) |92 — qils,00 < 1G2(p2 — PDls,0 + C(S)/ |G (Dxp1)ls,codt |qa — q1lpee.
1

Using |q2 — g1l < 2|p2 — pilLee, (6.19), (6.4) and (6.14),

lg2 — q1ls,00 < C(s) (|P2 — Pils,00 + I sup |Px|s+1,oo}|172 - pi |L°°)
rEA

and (6.15) follows. The proof of (6.17), (6.18), (6.20) may be obtained similarly. O

Lemma 6.5 (Composition) Suppose that for all |ullsy4,; < 1 the operator Q;(u)
satisfies

1Qihlls < C(s) (Ihllstn + lullsrp 1 hllsgrs) . i =1,2. (6.23)
Let T := max{t, 12}, u := max{uy, ua}. Then, for all
lullsor+n <1, (6.24)
the composition operator Q := Q1 o Qy satisfies the tame estimate

1QAIIs < C(s) (1nlls+ri+ro + Ntllstetpulllsotri+2) - (6.25)

Moreover, if Q1, Qa, u and h depend in a Lipschitz way on a parameter A, then (6.25)

also holds with || - || replaced by || - ||£“ip(7/)_

Proof Apply the estimates for (6.23) to Q; first, then to Q», using condition (6.24).
O
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