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On Decentralized Dynamic Pole
Placement and Feedback Stabilization

M. S. Ravi, Member, IEEE, Joachim Rosenthal, and Xiaochang A. Wang, Member, IEEE

Abstract—In this paper we study the feedback control prob-
lem using an r-channel decentralized dynamic feedback control
scheme. We will develop the theory in the behavioral framework.
Using this framework we introduce an algebraic parameterization
of the space of all possible feedback compensators having a
bounded McMillan degree, and we show that this parameter-
ization bas the structure of an algebraic variety. We define
the pole-placement map for this problem, and we give exact
conditions when this map is onto, and almest onto. Finally we
provide new necessary and sufficient conditions which guarantee
that the set of stabilizable plants is a generic set.

I. INTRODUCTION

OR many large scale systems like electric power systems,

transportation systems, and whole economic systems,
it is desirable to decentralize the control task. This is in
particular preferable if the measurements have been taken on
decentralized local channels and the controls can be applied
on local channels only. There are two major results about
decentralized stabilization and pole assignment. Wang and
Davison [16] proved that decentralized stabilization using local
dynamic compensators is possible if and only if the fixed
modes are stable. Corfmat and Morse [3] proved that a strongly
connected system can be made controllable and observable
through a single channel by local static feedback if and only
if the set of fixed modes is empty. Thus the poles of such a
system can be assigned freely. The control strategy of [3] is
to apply local static feedback to all but one channel to make
the resulting single channel system controllable. They identify
a property of systems, called completeness, that is a necessary
and sufficient condition for their control strategy to work. It is
not clear to us that this property of completeness is a necessary
condition for pole assignability, if one does not constrain all
but one channel to have static feedback.

The problem we are interested in is to find minimal or-
der decentralized dynamic compensators to stabilize or to
assign the poles of a given system. Recent developments on
centralized dynamic and decentralized static pole assignment
[18], [12] indicate that the current estimates on the order of
the dynamic compensators are too conservative. In [18], e.g.,
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Wang proved that if the dimension of the set of all local
compensators is greater than the McMillan degree, then almost
all r-channel systems having the same number of inputs or
outputs on the local channels are arbitrarily pole assignable
by decentralized static output feedback. For example, almost
all systems of McMillan degree 7 with two two-input two-
output local channels are arbitrarily pole assignable by two
static local controllers. This result compares very favorably to
the earlier results in the literature and indeed even the strong
results by Corfmat and Morse [3] require in this situation a
static compensator and a dynamic compensator of McMillan
degree at least three.

In this paper we will study the decentralized dynamic pole
placement and stabilization problem. Crucial for this study is
the associated pole-placement map (see Section III), which is
a map from a parameterization of the set of all compensators
to a parameterization of the set of closed-loop characteristic
polynomials. Using an algebraic geometric framework we
arrive at new general results describing exact conditions when
the associated pole-placement map is onto, and almost onto. In
addition we will report new necessary and sufficient conditions
which guarantee that the set of stabilizable plants is a generic
set. In special instances (e.g., if one only considers the
centralized problem or if one restricts to static compensators),
these results incorporate the ones reported in [1], [2], [10],
[12], and [18].

First let us say a word about our methods. We use some
ideas and results from algebraic geometry. Even though these
are classical in mathematics, they have not been used very
often in control theory. We have therefore made an attempt to
provide examples that illustrate these ideas. In these illustra-
tions we also show that for problems in low dimensions, one
needs to solve a few linear and polynomial equations only. For
readers who would like to learn more of algebraic geometry
we highly recommend the graduate text book by Harris [5]
which contains all the tools used in this paper.

The paper is organized as follows: In Section II we for-
mulate the problem as it can be found, e.g., in [3] and
[16]. We also establish the connection to the behavioral
framework [20], since we believe that a general theory should
incorporate singular systems and more general autoregressive
(AR) systems in the sense of [10] and [14]. In a concluding
paragraph we formulate our results in an intuitive, nontechnical
form and discuss the nature of our results.

In Section III we introduce a new parameterization of
the space of all possible feedback compensators which we
will denote by Kfﬁyﬁ. This parameterization might be of
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independent interest for the study of questions like robustness,
for instance. But we will use the set K% . in this paper for
our investigation on pole placement and stablhzatlon only. As
we will show in this section, K2, Fisa projective variety and

the pole-placement map from K w5 o the set of closed-loop
characteristic polynomials is a central projection. From the
properties of a central projection we deduce (Theorem 3.13
and Theorem 3.15) that the pole-placement map is onto over
C if dim K o is at least the degree of the desired closed-
loop polynomlal and if the center of this map intersects the
variety K. 7 properly. If the degree of the variety K PR
in addition odd we show that the pole-placement map is even
onto over the reals R. We work out an illustrative example
of a two-channel system of McMillan degree three and show
that it can be pole assigned by two decentralized feedback
compensators, one static and the other of McMillan degree
one. We conclude this section with a closed formula [formula
(3.12)] of the topological degree of the pole-placement map
in the critical dimension (dim K% 7, 5 equals the degree of the
closed-loop polynomial). By Theorem 3.13 this degree is equal
to the degree of the variety K g

In Section IV we study the 1mp0rtant technical concept of
g-nondegeneracy (Lemma 4.1). Using this concept, we deduce
(Corollary 4.2 and Corollary 4.5) that all the results derived
in Section IIT hold generically.

In Section V we consider the problem of generic stabiliza-
tion using decentralized controllers. The main result in this
section is Theorem 5.1 which states that when dlmK 5 is
strictly less than the degree of the closed-loop polynorrual
then the set of systems that can be stabilized by real (or even
complex) decentralized dynamic compensators is not a generic
set. This result establishes a generalization of a result reported
in [10] from the centralized (one-channel) to the decentralized
(multichannel) situation. We conclude this section with an
illustrative example which connects our framework with the
concept of decentralized fixed modes as originally introduced
by Wang and Davison [16].

Finally in the Appendix, the more technical proofs of this
paper can be found.

II. PROBLEM FORMULATION

Consider an r-channel linear system

o T =Ax + ZBﬂL,’, Y

i=1

=Cix, 1=1,2,---,1r 2.1)

where z, u;, y; are n, m;, p; vectors over R, respectively,
and u; and y; are the input and output of the ith channel. If
dynamic compensators of order ¢;
w1=F‘1w1+Ezyzw uz:Hiwi+Kiyis 1=1,2,---,7
2.2)
are applied to the local channels, respectively, the closed-loop
system becomes

2| _|A+BKC BH||=z
w| EC F w
y=Ca @3)
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where
wy Y1 U1 C1
w= |11, y=|i|, u=|:|, C= ,
W Yr Uy C:
B=[B, -+, B

and K, H, E, F are the block diagonal matrices with
{K.}, {H}, {E:}, {F;} on the diagonals, respectively. The
closed-loop characteristic polynomial is

_ [sI-A-BKC -BH
ps) =det\ " _po sI—F
=det(sI — A)det(I — G(s)T(s))det(sI — F)
where G(s) = C(sI — A)"'B and T(s) = K + H(sl —

F)~'E are the transfer functions of the system and com-
pensator, respectively. Let G(s) = D(s) ! N(s) and T'(s) =
T (s)Tn(s) be left coprime factorizations over the polyno-
mial ring. If representations (2.1) and (2.2) are minimal and
if the coprime factorizations have in addition the property
that det (s] — A) = det D(s) and det(sI — F) = detTy(s)
(note det (sI — A) = cdet D(s) for some nonzero number c
generally), then it is well known that

_ D(s) N(s)
¢(s)—det{Tn(S) Td(i)].

Remark 2.1: Since we are only interested in the zeros
of ¢(s), we can identify ¢(s) with c¢(s) for any nonzero
constant c. In this way, (2.4) will be determined uniquely by
the system and compensators and not depend on particular
coprime factorizations. Using a terminology from algebraic
geometry we say that

24)

P(s)=ag+as+---+ an+qs"+q (2.5)

is a point in the projective (n + gq)-space P™"*7 with homo-
geneous coordinates

(a07 ALyt a'n+q)~ (2.6)

Note that T'(s) is a block diagonal matrix. So we can take

T.(s) = block diag(T,1(s), -+, Thr(s)),
Ta(s) = block diag(Ty1(s), - -, Tar(s))
where T;.'(s)Ti(s) = K; + Hi(sI — F;)"E;. Let Qi(s) =

[Ti(s), T4i(s)]. Then by exchanging the columns of (2.4) we
get

P(s)
Qi(s) 0 - 0
P(s)=det| O  Qs) -~ O .7
: 0o .0
0 o0 Qi(s)

Such a formulation can be extended to include improper and
singular systems. For this let us use the behavioral framework
of Willems {20]. Let the plant P be described through a system
of autoregressive equations (compare with [20])

P(%)v(t) =0.

2.8)
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Here we assume that P(s) € RPX(m¥7)[s] describes an
autoregressive system as defined in [10] and [14] of size
p x (m + p) and McMillan degree n.

It is our goal to stabilize or pole assign the plant P(s) with
r decentralized dynamic compensators Q;(s), ¢ =1,---,r of
combined McMillan degree g:= ¢ + - - - + g,. To make this
precise, define vectors 7, P, § € IN" which have the property
that their components mq,- -+, M, P1,-**,Pr, g1, -, ¢r add
up to m, p, ¢, respectively.

Corresponding to this partitioning we assume we have r
local controllers @;(s) each of size m; x (m; + p;) and
of McMillan degree g¢;. The combined controllers and the
plant restrict the behavior through the combined system of
autoregressive equations

P ()
(e 0 0
0 Q%) 0 |u(t)= 2.9
: 0 0
0 0 QT(%)

Note that (21 (s) acts only on the first my + p; components of
v, Q2(s) acts on the components m1 +p1 + 1, --,ma + p2,
and so on. In addition, the total McMillan degree of the
compensator is q. The closed-loop characteristic polynomial
under this formulation is also (2.7).

We say a set of decentralized compensators {Q;(s)} is
admissible if the closed-loop characteristic polynomial ¢(s) is
nonzero. In this case (2.9) represents an autonomous system,
and the dynamics are uniquely determined through the initial
conditions. Moreover if the roots of ¢(s), i.e., the poles of
the closed-loop system (2.3), are all in the open left-half plane
then it is well known that the origin is globally asymptotically
stable for system (2.9).

In this way we say that a particular plant P(s) is stabilizable
in the class of m; x (m; + p;) decentralized controllers of
McMillan degree q; if there are admissible controllers {Q;(s)}
of the required size and McMillan degree such that all the
roots of the closed-loop characteristic polynomial ¢(s) are in
the open left-half plane. Similarly we say that P(s) is pole
assignable, if given any polynomial of degree n + ¢, there
exist admissible controllers such that the resulting closed-loop
characteristic polynomial is the specified polynomial.

Since the technical details of our methods are somewhat
involved, we present our results here in an intuitive form.

The first step is to construct a space, that we call, K
“Most” points of this space correspond to r-tuples of regular
systems. The rest of the points correspond to singular systems,
which are added to make the space compact. We also consider
the space of all nonzero polynomials of degree < n + ¢,
denoted by P"T9. Now, if the plant P(s) is fixed, we get
a map, called the pole-placement map pp, from the subset
of K 7 ,  consisting of the admissible plants, to the space of
polynomials. Clearly, system P(s) is pole assignable if, and
only if, the map pp is onto. Since this map is algebraic, it
is easy to see that a necessary condition for this map to be
onto is that the dimension of the target, which is n + g, be

greater than or equal to the dimension of K, 5 Which we
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compute to be Y7, g:(m; + p;) + m;p;. Our main result is
that this necessary condition is in fact sufficient to ensure that
a “generic” plant P(s) is pole assignable over C, and over R
if the degree of K Z.L 5 1s also an odd number. The degree of

K f':z’ 5 given by (3.12) is an integer that depends on the number
of inputs, outputs, and the order of dynamic compensator of
each local channel. For a precise statement of these results
see Theorem 3.13, Corollaries 4.2 and 4.3, and Theorem 4.6.
We also show that the necessary and sufficient condition given
above for a “generic” plant to be pole assignable is in fact also
a necessary and sufficient condition for a *“generic” plant to
be stabilizable. This result is formulated in Corollary 5.3.

Our methods raise various questions:

1) Given a plant P(s) is it possible to decide if it is
“generic” enough for our result to hold? The answer
to this question is yes, in theory. Given a plant P(s),
it is possible to write down a list of polynomials in a
large number of variables, such that the dimension of
the common zero set of these polynomials decides if P
is “generic.” The dimension computation can be done
by many computer algebra systems. While this can be
done in principle, we do not expect this to be feasible
in most practical situations.

2) Given a plant P(s) and a desired closed-loop polyno-
mial, is there an algorithm to find the compensators?
Again, the answer to this question is yes, in principle.
As in the preceding question, one can write down a
list of polynomials and find their common solutions. In
practice, we do not expect this method to be a useful
method of designing compensators.

III. THE POLE PLACEMENT MAP AND A
PARAMETERIZATION OF THE COMPENSATOR SPACE

In this section we will develop a framework which will then
enable us to derive new conditions for stabilizability and pole
assignability. Crucial in our investigation will be the so-called
pole-placement map which is a map having as domain the set
of all compensators and having as range the set of closed-loop
characteristic polynomials. Once we have parameterized both
the domain and the range of this map in a suitable algebraic
way, it will turn out that the pole-placement map is a linear
map restricted to an algebraic variety.

We first give some definitions. Let K be either R or C.
Recall that the projective n-space P™ is the set of all lines
through the origin in K™*!. (Compare with [5, Lecture 1].) A
point in P™ (i.e., a line through the origin in K®*1) can be
represented by homogeneous coordinates

(20, 21, 2n)

with the properties that at least one of the z; # 0 where
(20, 215+, 2n) is not distinguished from (czg, c21,- -, c2y,)
for any nonzero number c. The Euclidean topology on K"”*1,
induces a topology on P, that we will refer to as the classical
topology. There is another topology on P", called the Zariski
topology, where the closed sets are zero sets of homogeneous
polynomials in 2g,- -, z,. In particular a Zariski open set is
the complement of a zero set of polynomials. A Zariski open



1606

set is also open in the classical topology, but the converse is
not in general true.

Definition 3.1: (Compare with [5, Lecture 6].) The Grass-
mannian Grass (m, m+p) is the set of all equivalence classes
of m x (m+p) full rank matrices over I under the equivalence
relation

=QZ

for any m x m invertible matrix Q.
For any m X (m+p) full rank matrix Z and any multi-index

Z:(il,“-,’im), 1<i1 <9< - <tmm<m+p

let z; be the m x m minor of Z consisting of the ¢;th through
imth columns. As homogeneous coordinate, the set of all z;

z = (2;)

depends only on the equivalence class of Z. The map Z + 2
induces an embedding

(")
Grass(m, m+p) c P\ ™

which is called the Pliicker embedding, and z is called the
Pliicker coordinate of Z. The Grass (m, m + p) in P, where
N = (™7} —1 is defined by a set of quadratic equations (see
[5, pp- 6566}, for example) and is a variety of dimension mp.

Remark 3.2: The Grass (m, m + p) can also be thought of
as the space of all m-dimensional subspaces of K™*?, where
the Pliicker embedding is induced by the map L — ejA---Aey,
for any basis {e;,---,em} of L.

Example 3.3: Let P be the projective space with homoge-
neous coordinates (z12, 213, 214, 223, 224, 234). Grass (2, 4)
is embedded in P° by the Pliicker embedding. For example,
the class of the matrix

10 2 1
A= (1 10 2)
is sent to the point (1, —2, 1, —2, —1, 4) in P5. Given any
2 x 4 matrix A, let z;; be the 2 X 2 minor of A formed by

the columns 7 and j. Then by performing cofactor expansion
along the first two rows one has

A
0 = det (A) = 2(212234 — 213224 + 214223)

ie.,
212234 — 213224 + 214223 = 0.

In fact, one can show that the image of Grass (2, 4) is exactly
the set of points (z;;) € P® that satisfy the above equation.
Definition 3.4 [12]: Let K7, be the set of all equivalence
classes of m x (m + p) full rank matrices over K[s] whose
maximum degree of m X m minors is at most ¢, under the

equivalence relation
P(s) = Q(s) & P(s) = H(s)Q(s) (3.1

for some m x m rational matrix H(s) whose determinant is
a nonzero constant.
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Kg, , is a projective variety in P@+D("")™" of dimension
g(m + p) + mp defined by a set of quadratic equations: For
any multi-index

i= (i1, yim), 156 Sig < <im<mtp

let

pi(s) = z@;0) + 2 1ys + o+ + 2559087

be the m x m minor of P(s) consisting of the i; through
im columns. Then {p;(so)} must satisfy the set of quadratic
equations defining Grass (m, m + p) for each sy € C. So one
gets a set of quadratic equations satisfied by {z(l-; 4} (see (3.6)

for details). The projective variety in F"(‘”'l)(mr:")_x defined
by this set of polynomial equations is the variety KZ, , (see
[12] for detail).

Example 3.5: Consider Ky ,. Every element P(s) € K{
is described through an equ1va1ence class of 1 x(p+1) nonzero
matrices of the form

P(s) = (fo(s), f1(s)s- -, fp())-

Here f;(s) are arbitrary polynomials of degree at most ¢ and
the equivalence relation (3.1) reduces to

P(s) = Q(s) & P(s) = cQ(s)

for some nonzero constant ¢ € K.

Note that in this situation there are no Pliicker relations
present and every equivalence class simply describes a line in
the vector space K7+! @ KP*! = Kratr+a+l je  a point in
the projective space PP4*P+4, The variety K{  is therefore

simply the whole projective space PPatr+e = pla+ (7 )-1,

Finally note that if fo(s) # 0 and if {f;(s)|z = 0,---,p}
are coprime then the equivalence class of P(s) defines in a
unique way the transfer function

cor (- 43)

Example 3.6: Consider K} ,. Let p;;(s) = z(j; 0)+2(ij; 1)
be the 2 X 2 minor consisting of the ith and jth columns. Then
{p:j(s)} has to satisfy one quadratic equation coming from the
defining equation of Grass (2, 4) (see Example 3.3)

Lp

— p13(8)p24(s) + p1a(s)pas(s)
= Z(12;0)%(34;0) ~ 2(13;0)2(24;0) T Z(14;0)%(23,0)
+ (212:0)2(34;1) — 2(13;0)2(24:1) F 2(14,0)2(23;1)

P12(8)p3a(s)

+ Z(12:1)2(34;0) — Z(13:1)2(24;0) + 2(14;1)%(23;0) )3
+ (za2;1)2(34;1) — 2(131) 22451) T 2(1451) 2(23,1)) 5
=0.
Equating coefficients we arrive at three quadratic equations
Z(12;0)2(34; 0) — 2(13;0)%(24; 0) + 2(14;0)2(23;0) = 0
2(12;0)2(34;1) — 2(13;0)%(24; 1) T 2(14;0)%(23; 1)
+2(12;1)2(34; 0) — 2(13;1)%(24; 0) + 2(14;1)%(23;0) = 0
Z(12;1)2(34;1) ~ #(13;1)%(24; 1) T 2(14;1)2(23;1) = 0

which define the variety K} , in P11
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We call an autoregressive system irreducible or controllable
(compare with [10] and [14]) if the full size minors of one and
therefore any polynomial representation P(s) are relatively
prime, i.e., P(s) has full rank for all s € €. As shown by
Rosenthal in [12], two irreducible polynomial matrices P(s)
and Q(s) are equivalent under the equivalence relation (3.1),
if and only if P(s) and Q(s) are unimodular row equivalent;
so each irreducible autoregressive system of McMillan degree
at most ¢ corresponds to one and only one point in KZ,
In particular K, , contains the set of m X p proper transfer
functions of McMillan degree at most g as a Zariski dense
subset.

Definition 3.7: (Compare with [5, p. 25].) Let P and P™
be two projective spaces. For any points x = (2g, -+, za) €
P and y = (yo, ", Ym) € P™, the map (z,y) — z'y
induces an embedding P™ x P™ C P™n+™+" where the
homogeneous coordinates of P™"T™+" are given by the
entries of (n+1) x (m+ 1) matrix W = z'y. This embedding
is called the Segre embedding and P x P™ C Pmnrtm+n jg
defined by rank W = 1; i.e., all the 2 x 2 minors are equal to
zero. Similarly for a set of points z; = (%;0, i1, ", Tin,) €
Pm,4=1,2,.--,r the Segre embedding P™ x --- x P ¢
PN, N = []i_, (n;+1)— 1 is defined through the assignment

r
g {Hmli(lil =O:"'7nl}~
=1

Finally we give a definition of central projections.

Definition 3.8: (Compare with [5, Lecture 3].) Let M be an
(n+1) x (N+1) full rank matrix, z = (20, 21,- -, 2n)t € PY
and

E={zeP¥|Mz=0}.

E is a linear subspace of dimension N — n — 1. Then the
projection with center E is the map p: PY — E — P™ defined
by

p(z) =

i.e., a central projection is a linear map restricted on an open
set of a projective variety.

A central projection can be geometrically interpreted as
follows: Take any projective n-subspace H C PV disjoint
from E. If one identifies H with P, then the map p is given
by the following geometric construction. Through any point
z € PY — E and E, there passes a unique projective (N —n)-
subspace L. L. intersects H in a unique point, namely p(z).
For example, let £ be a point. To find the image of any
other point z one can draw a line through E and z, then the
intersection of the line with P™ will be the image of .

Proposition 3.9: Let p: PN — E — P" be a central
projection with

dmE=N-n-1

and X C PY — E be a projective variety of dimension . Then
p: X — P™ is onto over C and there are deg X complex
solutions (counted with multiplicity) of p(z) = b in X for
each b € P™.

1607

Proof: (Compare also with [5, p. 235] and [9, Corollary
(2.29), Corollary (5.6)].) Let b € P™. Then z € p~1(b)N X
if and only if the (N — n) linear subspace L; of PV spanned
by E and b intersects X at 2. Note that X and L, intersect
properly, ie., dimX N Ly = 0, because otherwise X N F,
which is the intersection of X N L, and a hyperplane would
be nonempty by the projection dimension theorem (see, e.g.,
[6, p. 48]). Now, by Bézout’s theorem (see, e.g., |5, p. 227]),
every (N — n) dimensional linear subspace of PV intersects
X in deg X points counted with multiplicity. a

It is our first goal to parameterize all compensators ap-
pearing in (2.9) in a suitable way. To deal with the general
r-channel problem consider the variety

KL »=K2

m, mi, p1

x K9

Mr, Pr*

(3.2)

As it will turn out K, 7 _ serves as a natural parameterization
in the general decentralized situation. Since each set K%,

¢ = 1,---,r is a projective variety we conclude that K o
is a prOJectxve variety as well. Moreover using the Segre
embedding we can view it as variety in PV where

(m1+p1) .

Note also that the dimension is given through

N= H(qt+1

=1

3.3)

=Y q(mi+p)+mipi. 3.4)
i=1

dlqu.. 5= ZdlmK‘h

i, Pi

Next we will define the pole-placement map on the variety
K 7,5 and we will show that this map has the structure of
a central projection. For this we will expand the determinant
¢(s) introduced in (2.7) along the block defined through the
first p rows. Such an expansion is classical (see, e.g., [8,
Theorem 7.7]) and goes back to Laplace.!

To be precise we expand the characteristic polynomial ¢(s)
of the closed-system (2.9) through

P(s)
Qi(s) 0 0
P(s)=det| O  Qas) - 0
: 1 ()
0 0 Q)
= pi()ai(s) 3.5)
where for each multi-index i = (i1, -+, i) g;(s) isthe mxm
minor of
Ql(s) e 0
Qs):=| .. (3.6)
0 e Qr(s)

consisting of the i;th through i,,th columns, and p;(s) is
the cofactor of ¢;(s) in determinant (3.5). Due to the special

!Laplace: Mém. Acad. Sci. Paris 1772.
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structure of the compensator Q(s), many of its full size minors
qi(s) are zero. Note that ¢;(s) is nonzero only if it is a product
of full size minors of Q1(s), Q2(8), -+, Qx(s), with one
minor from each Q;(s). Note also that the coefficients of such
products are exactly the coordinates of the projective space
PN, where K} . 5 18 embedded through the Segre embedding.
Therefore if we let z = (20, -+, 2N ) be the coordinates of PN,
we can represent the characteristic polynomial through ¢(s) =
Zio fi(8)2;, where f;(s) are induced by the expansion (3.5),
ie.,

{fi(s)} = {s"pi(8)I0 < d < g, gqis) # O},
Remark 3.10: The greatest common divisor of

{pi(s)lai(s) # 0}

(and therefore the greatest common divisor of {f;}) is the
decentralized fixed polynomial of the system, and its zeros are
the fixed modes [15].

To define the pole-placement map let Bp be the linear
subspace of PV defined through Bp:= {z € PV | TN,
fi(8)z; = 0}. Identify a nonzero polynomial $(s) = ap +
415+ - -+ 445" with a point in the projective space P"*?
(compare with [12]). Then the decentralized pole-placement
map pp for a plant P(s) is defined through

N
2=y fils)n. B

=0

. q +
pi KL o= Bp — P,

Due to the fact that pp is induced by a linear map defined on
all PV, namely the map z — Zf;o fi(8)z;, we immediately
have the following result.

Theorem 3.11: The pole-placement map pp is a central
projection with center Bp.

We would like to remark that for ¢ = 0 (static situation)
this result reduces to the one obtained by Wang [18], if r =1
(centralized situation) the result was obtained by Rosenthal
[12], and if ¢ = 0 and r = 1 we reduce to a result of
Brockett and Bymes [1]. The following definition generalizes
the important technical concepts defined in [1], [12], and [18].

Definition 3.12: A particular plant P(s) is called ¢ nonde—
generate in the class of 713, g, ¢ controllers if K Pl Bp =

In other words P(s ) is q ¢ nondegenerate if every controller
Q(s) in the class m, P, ¢ is admissible (compare with [12],
{20]), i.e., the pole-placement map is well defined for all
compensators Q(s) € K% .. We need to define one other
concept from algebraic geometry If V C P is a projective
variety of dimension n, then a generic linear space in P of
codimension n, intersects V' in a finite number of points and
the number of points of intersection is independent of the linear
space and is called the degree of the variety V' ([5, 18.1]). We
are now ready to state one of the main results of this paper.

Theorem 3.13: For a ¢ nondegenerate system of McMillan
degree n = dim K f.,.l' Pk the pole-placement map pp is onto
over € and there are deg K\, ‘Z 5 (counted with multiplicity)

complex decentralized dynamlc compensators in K .5 Which
solve the pole-placement problem. In particular, 1f the coef-
ficients of the desired closed-loop polynomial are real and
deg K. fﬁ 7 is odd, then a real solution always exists.
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Remark 3.14: In the above theorem, the number of com-
pensators refers to the number of equivalence classes, in the
space K - as defined in 3.4. Also:

a) n+¢q< < dlmK ~ is a necessary condition for pp to be
onto (or almost onto) over either € or R by a dimension
argument.

by n+4q > dlmK - is a necessary condition for the
existence of a q nondegenerate system, since otherwise
K L N Bp # O by the projective dimension theorem
[9, Corollary Q3. 30)]

¢) Ifn+q=dimK], 7 7 and the system is ¢ nondegenerate,
then codim Bp = n + ¢ + 1 (see the proof of Theorem
3.13 in the Appendix).

When n < dim K% .

m, >

Theorem 3.15: If for some given system, n < dim K, P
and dimK‘Z 70 Bp = diqu: 57— 4—n—1, then the pole-
placement map pp is onto over (D If in addition deg K 7,7 18
odd, then pp is also onto over R.

The following example illustrates the concepts introduced
and the results derived in this section.

Example 3.16: Consider the two-channel system of McMil-
lan degree 3

— g, we have the following result.

.’i}l 0 1 0 Z1 1 0
o | =10 0 1} |zg| + [1|ur+ |1]|ue,
I3 1 0 0] |z3 1 0
=T,
Y2 = Ta.

The transfer function of the system is

1 [s2+s+1 s| _[s -1 T oo
$S—1|s24+s+1 2| |-1 52 s+1 s
It is our goal to tune the natural frequencies of this system

using two decentralized output feedback controllers, one static
and one of McMillan degree 1

u1 = 1y1,

w=-fw+ayz, uz=>bw+ laya.

We will show that all assumptions of Theorem 3.13 are
satisfied, and we therefore will conclude that the associated
pole-placement map is onto. The closed-loop characteristic
polynomial becomes

8 -1 1 0
-1 52 s+ 1 s
¢(s) = det 0 1 0
0 P25+ 08 0 s+05
s 1 -1 0
_ -1 s+1 82 8
= et 1 0 0
0 0 fPos+B3 s+

where 33 = ab + (31 0-.
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By including all possible AR compensators of McMillan
degree zero, respectively one, of the form

QU = a1y
Botz + Bruz = oz + Baye

the closed-loop system in AR representation is given through

(£) 1 -1 0 ]
2
-1 (@+r o (F) ()
oy e 0 0
0 0 Bo(L)+Bs Bo()+ 5l
?/1(?)'
—H.lt _
i) | =0 69
—U2(t)_

One readily computes the closed-loop characteristic polyno-
mial as

$(s) = apfos’ + (aof1 — agfe — 1 f)s°
+ (@12 — a1 1 — @1 o — o) 8’
+ (@103 — 161 — @100 — aofo)s
— a1 — apfy-

Next we parameterize the space of all compensators. For
this we will identify every static autoregressive system of the
form (a1, o) with a point on the projective line P! and every
dynamic compensator of the form (825 + 3, fos + (1) with
a point in P3. The total compensator space is then the product
variety

K{ x K{ =P x P

Thus the dimension of K{ ; x K{ ; is equal to four, which
is n + ¢ in this case.
Under the Segre embedding P! x P3 can be identified with

a subset of P’

20 21 22 23| _ Qo

|:Z4 25 %6 Z7:| - |ia1:|[ﬁ0-, ﬁls ﬂ?s ﬁ3]
and the Segre coordinates z = (zq,---,27) € P! x P3 C P7
must satisfy

2025 = Z1%4, R0R6 = Z2%4, Z2QX7 = 23%4,

Z1Z6 = 2225, 21X7 = 2385, 2227 = Z3%6-

In terms of those Segre coordinates the pole-placement map
for the system becomes

pp(2) = 208 + (21 — 22 — 24)33 + (26 — 25 — 24 — 23)82

H(z7 — 25 — 24 — 20)s — 25 — 21

which is a linear map from P to P4, i.e., a central projection

with center Bp defined through
Z():O, zZ 222+Z4,

z7 = 25 + 24 + 20,

26 = 25 + 24 + 23,
3.9

Z5 = —2Z21.

Next we verify that the system is (0, 1)-nondegenerate in the
class of m = (1, 1), p = (L, 1), § = (0, 1) controllers (see
Definition 3.12), i.e.,

BpNP!' x P =@.
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For this note that if ag = 0 it follows from (3.9) that z4 = 0,
z5 = 0, z6 = 0 and z7 = 0 which is only possible if a; = 0
or fop = B = P2 = Pa = 0.

If ap # O it follows that

(24, 25, 26, 27] = ar10g [0, 21, 22, 23]

and because of (3.9) this is only possible if z; = 0, ¢ =
0,---,7. But this just means that the system is nondegenerate.
The pole-placement map

pp: Pl xP3 - p*

is therefore well defined for all two-channel compensators hav-
ing McMillan degree zero on the first channel and McMillan
degree one on the second channel. Moreover pp is onto over
C by Theorem 3.13 and for each closed-loop characteristic
polynomial there are 4 = degP! x P? dynamic compensators
which solve the pole-placement problem.

We would like to conclude this example with the remark
that the compensators which achieve a particular closed-
loop characteristic polynomial of degree four can even be
represented by a proper transfer function, because z; # 0
which implies that both g and 3y are nonzero. This is true
for any regular strictly proper system.

We conclude this section with a closed formula of the degree
of the variety K% . By Theorem 3.13 this number is also
equal to the number of complex compensators which assigns
a given closed-loop characteristic polynomial, i.e., this number
is equal to the topological degree of the pole-placement map
in the critical dimension (n + ¢ = dim K, ).

The formula can be readily established by combining [18,
Proposition 2.1]

e 1
(n1 + + 1)t Hmi

nyl--on,!

deg (X1 x---x X,) =
i=1

where deg X; = m;, dim X; =n; (3.10)

and [17, Theorem 5]
degK?, , = (¢(m + p) + mp)!

Z [lickcicm((ne = ni)(m +p) +1 - k)
IIji(p +j +n(m +p) ~ 1)!

nyt++nm=q
@3.11)
By doing so we have the following.
Proposition 3.17: The degree of K7, . is
deg kYL .= (aimkI NI 3
=1 nite A nim =q
ni — na)(mi +pi) + 11—k
_H15k<15m1(( 1 k) pi) )I' 3.12)

172 (pi + 5 + nij(m; + pi) — 1)!

deg Kgl)ﬁ is odd if and only if the degrees of all {K%, ..}
are odd, and the sets of exponents appearing in the binary

representations of {dim K% _ |é =1,2,.--,r} are disjoint.
(Given a positive integer A, one has A = 2% + 2% 4+ ... 4
2%, 0<a; <ay <--- < a and the set {a1,---,ap} is the
set of exponents of A in its binary representation.)
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Example 3.18: deg K} 3 x K , is odd because deg KJ ;
and degK 4 are both odd (see [11] for the method to deter—
mine odd or even of deg K3, , without actually computing
the degree), and dimKj ; = 11 = 20 4+ 2! 4+ 2% and
dmK} , =4 = 22 have disjoint exponents in their binary
representations. One could also directly compute the degree
using formula 3.12 to get

deg K} 5 x K , = 75075.
IV. GENERIC POLE-PLACEMENT RESULTS

Our main goal in this section is to show that “almost
all” plants of McMillan degree n = dim K, . ~ ¢ satisfy
the hypothesis of Theorem 3.13 and “almost all” plants of
McMillan degree n < dlmK — g satisfy the hypothesis of
Theorem 3.15. To make thlS statement rigorous we will use
the concept of genericity.

Firstly, note that each plant P(s) is an element of the
parameterizing variety K’ ,,,. We call a set of systems generic
if it contains a nonempty Zariski open set of K} ,,,. We say
a property holds for the generic system if the set of systems
satisfying the property is a generic set.

The following lemma as well as most other results which
follow are proved in the Appendix.

Lemma 4.1: The generic system is ¢ nondegenerate if

n+q= dime;l’ﬁ

Combining this lemma with Theorem 3.13 we then have
the following.
Corollary 4.2: 1If

n+gq=dimKS @.1)

then the pole-placement map pp is onto over € (over R if
deg K2, 7 7 is also odd) for the generic system.

The followmg corollary considers the case when only proper
transfer functions of form (2.2) are allowed in the feedback
loop.

Corollary 4.3: Let & = Ax + Bu, y = Cz + Du be
a generic r-channel system as introduced in Section IL If
n+q = dimeﬁ’ﬁ and if ¢(s) is a generic polynomial of
degree n+q then there exist r proper complex compensators of
form (2.2) such that the closed-loop characteristic polynomial
is ¢(s). If, in addition, the degree of the variety K7, 5 is
odd one can choose a set of r real compensators of the form
(2.2). In particular under these assumptions a generic r-channel
system can be stabilized by a proper compensator.

Proof: The set of r-channel proper transfer functions is
a Zariski dense subset of the variety K% 1, 7 BY a dimension
argument it therefore follows that the pole- -placement map pp
restricted to the set of proper transfer functions is almost onto,
i.e., the generic closed-loop characteristic polynomial ¢(s) is
in the image of pp. O

Remark 4.4: If ¢ = Az + Bu, y = Cz is a generic strictly
proper system, then for every polynomial ¢(s) of degree n +
g =dimK2 1,5 there exist r proper complex compensators of
form (2.2) such that the closed-loop characteristic polynomial

sI—A~BKC -BH
det [ ~EC sI — F} = #(s).
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Indeed in (2.7) the det D(s) is the only minor of P(s) which
has degree n. Therefore if Q;(s),--,Q,(s) are solutions for
&(s), det Ty; must have degree ¢;, = 1,---,7, which means
that there are K;, H;, F;, and E; such that 7 (s)Tni(s) =
K; + Hi(SI - Fi)_lEi.

The following corollary is proved in the Appendix.

Corollary 4.5: The pole-placement map pp is onto over C
for the generic system if and only if

n<dimK% . -q. 4.2)

Moreover condition (4.2) is also sufficient over R when
degK 7 1s odd.

A little stronger result can also be proved. Recall [18] that
deg K 7 5 is odd if and only if {degK ».} are all odd and
the sets of exponents appearing in the bmary representations
of {dim K% 1} are disjoint.

Theorem 4.6: The pole-placement map pp is onto over
R for the generic system of degree n < dlmK np—qif
deg K% . is odd for i = 1,---,r and if there are posmve
integers ki < dim K?,;i, pi» &= 1,--+,7, such that the sets of
exponents appearing in the binary representations of {k;} are

disjoint and
Zki >n+gq.

The following example illustrates what type of results are
included in the statements of this section.

Example 4.7: Let P(s) be a generic 7 x 10 autoregressive
system of McMillan degree at most 14. Since n < 14 =
dim (K3 3 x K ;) — 1 and since deg (K} 5 x KY ,) is odd
(see Example 3. 18), P(s) can be arbitrarily pole assngned with
a real 2 X 5 compensator (1(s) of order 1 which acts only
on the first five components of the behavior v(t) and a real
static 1 X 5 compensator (J2(s) which acts only on the last
five components of v(¢).

Example 4.8: Let P(s) be a generic 5 x 10 autoregressive
system of McMillan degree at most 15. Although deg (K3 5%
K3 ;) is even, but because 8 < dmK} ; = 11, 7 <
dim K3 , = 11, 8 and 7 have disjoint exponents in their binary
representations and n < 84+ 7 = 15, P(s) can be arbitrarily
pole assigned with a real 2 x 5 compensator Q1 (s) of order 1
which acts only on the first five components of the behavior
v(t) and a real 3 x 5 compensator (J5(s) of order 1 which acts
only on the last five components of v(t).

“4.3)

V. GENERIC STABILIZATION OF SYSTEMS
WITH FIXED MCMILLAN DEGREE

From the dimension argument one knows that the condition
; q
dim K g >n+gq
is a necessary condition for arbitrary pole-placement by decen-
tralized dynamic compensators. The question is: Can generic
systems be stabilized by decentralized dynamic compensators
if
T
dimKj, s<n+q?
As we will show in this section, the answer is no. For the
one-channel problem such a result has been proven in [10].
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Theorem 5.1: If n+¢q > dim K e there exists a nonempty
classical open neighborhood U of K 7 m(R) whose elements
cannot be stabilized by any real (or even complex) decentral-
ized dynamic compensator in K%

Let S ,.(R) be the real mamfold of all p x m proper
transfer functions of McMillan degree n. Since S, (R) is
Zariski dense in K, (R) we immediately have the following
corollary.

Corollary 5.2: T n +q > Y.\, (¢:(mi + pi) + mip:))
there exists a nonempty classical open neighborhood U of
Sy {R) whose elements cannot be stabilized by any real (or

even complex) decentralized dynamic compensator in K

Combining Theorem 5.1 with Corollary 4.5 we have the
following.

Corollary 5.3: The set of m-input, p-output linear systems
of McMillan degree n is generically pole assignable (over C)
using r-channel decentralized controllers of type m, g, ¢ if,
and only if this set is generically stabilizable.

We conclude this section with an illustrative example ex-
plaining the ingredients of Theorem 5.1 and Corollaries 5.2
and 5.3.

Example 5.4: Consider the two-channel system of McMil-
lan degree 3

-1 0 0 1 0
z=10 1 0O0{x+ |0 1}u
0 0 -2 01

[t 1
This observable and controllable system was provided by
Davison and Chang [4] to illustrate the concept of decentral-
ized fixed mode (DFM).

Note that it is impossible to stabilize this system with two
decentralized static controllers of the form

up = a1y, U2 = Biye
since the closed-loop system
-14+a1 o 0 °
0 0 244

has always an eigenvalue (DFM) at one independent of the
applied feedback. It is our goal to show that even after a small
perturbation in the system parameters, the resulting system can
still not be stabilized even with general decentralized static
AR compensators.

For this we rewrite the dynamics in autoregressive form

2
(&) +1 (F-1 0o () +1
0 0 £)+2 1
(631 xp 0 0
0 0 Ion Bo
1/1(?
—U1 t)
. =0. (5.2
y2(t) 5-2)
—uz(?)

One readily verifies that for any compensators ({(a, ag), (51,
Bo)) € P! x P! system (5.2) is autonomous, i.e., every
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static decentralized compensator is admissible or equivalently
Bp NP x P! = @. The pole-placement map

pp: Pl x P! - P3?

is therefore well defined. The fact that (5.1) has a fixed mode
at one is expressed through the fact that every polynomial
in the image of pp contains a root at one. From the proof of
Theorem 5.1 it therefore follows that (5.1) cannot be stabilized
even after a small perturbation. In other words

e1—1 € €3 entl  en
= €4 €5+ 1 €6 z+ €12 €3+ 1u
€7 €8 €g— 2 €14 €15+ 1
ciet+1 e7+1 €
€19 €30 €1 +1

cannot be stabilized, as long as the numbers ¢; are sufficiently
small. (J¢;| < 0.1 seems sufficient, based on numerical calcula-
tions). Notice that the perturbed systems do not have in general
a fixed mode. Also, these systems cannot be stabilized even
with high gain feedback since there are no static decentralized
AR compensators available.

It is a matter of future research to determine exact pertur-
bation bounds, and we believe that the variety K’ fﬁ’ 5 will be
of importance in this task.

VI. CONCLUSION

In this paper we studied the pole-placement problem and the
stabilizability problem for a generic linear system of McMillan
degree n using a decentralized dynamic control scheme acting
on r decentralized channels. We establish new necessary and
sufficient conditions which guarantee arbitrary pole placement
with dynamic compensators of a bounded McMillan degree.

We develop the theory for general autoregressive systems
since we believe that a complete theory should incorporate
improper transfer functions as well as more general descriptor
systems.

In the last section we prove that if a generic system P
cannot be arbitrarily pole assigned by compensators of fixed
degrees §, then the set of systems which can be stabilized
by these compensators is not a generic set. Further, there is
a small € neighborhood of P inside the manifold of proper
transfer functions with the property that any element in this
neighborhood cannot be stabilized by compensators of degree

q.
APPENDIX

Proof of Theorem 3.13: The linear subspace Bp defined
by a nondegenerate plant P has dimension at least N-n—qg—1
since it is defined by n + ¢ + 1 equations arising out of setting
the n 4+ q + 1 coefficients of the characteristic polynomial
of the closed-loop system (3.5) to be zero. On the other
hand, since P is nondegenerate Bp N K Pp = . By
the projective dimension theorem (see, e.g., 16, p. 48]) if
dim Bp > N —n — g —1 then Bp must intersect Ka 5 Thus
dimBp = N —n — g— 1, and we can apply Propos1t10n 3.9.

The only thing remaining to prove is the last sentence in
the statement of the theorem. For this, we first observe that
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the variety K 4, 7 and Bp are defined over the real numbers.
Also under the assumptions on the closed-loop polynomial,
the point b € P™*9 in the image has real coordinates. Thus
the linear subspace L; spanned by b and Bp is also defined
over the reals. Now, as in the proof of Proposition 3.9, the
compensators that give the closed-loop polynomial b are found
by intersecting Ly and K2 5 Since both these varieties are
defined over the reals, all intersections occur in complex
conjugate pairs. Thus if the number of solutions, which is
deg K1 5 is odd, at least one of the solutions is real. a
Proof of Theorem 3.15: Under the given condition, there
exists a plane L C PV having codimension equal to
dim K% q 5~ ¢ — n and having the property that KL 50N
Bpn L = & [9, Corollary (2.29)].
Let m be the central projection with center Bp N L.

Then =1 : K . - PYmEL 5 is onto over € and over R
if degKfﬁ‘ﬁ. is odd. So

pp =Ty © TL: Kq ——>P"+q

is onto over C and over R if degK‘Z,

Pd'mK .5 — P™*4 is the central projection with center

(BP)- a
Proof of Lemma 4.1: Since the set of ¢ nondegenerate
systems is Zariski open, we only need to prove that this set is
nonempty. For this consider an r-tuple of systems P;(s) which
are g; nondegenerate and have size p; x (m;+p;) and McMillan
degree n; = g;(m; + p; — 1) + m;p;. By [12, Corollary 5.6]
such systems exist. One readily verifies that

5 is odd, where

Pl (8) 0 0
0 Po(s) - 0
P(s):= 2 (A1)
: 0 . 0
0 e 0 P.(s)
is a ¢ nondegenerate system. O

Proof of Corollary 4.5: The only case that remains to
be considered is when n < dim K}, .5 — ¢ The proof of
this case turns out to be quite technical. To structure the
proof we first show a lemma (Lemma A.1) and a proposition
(Proposition A.2). The proof of Corollary 4.5 will then be a
direct consequence of Theorem 3.15 and Proposition A.2.

We first recall the foliowing.
Let Ep be the center of the centralized pole-placement map
defined by formula (5.4) of [12]. Then Ep is a plane in

(q+1)(m +p) -1
P m ) S5KS (A2)
and it follows from [12, Theorem 5.5] that

dmEpNKL ,=qm+p)+mp-—n-qg-1 (A3)

for the generic system P of McMillan degree n < g(m+p —
1) + mp.
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Lemma A.1: For any positive integer [, there exist [

distinct hyperplanes Hp,---,H; in the projective space
m

P@D("2")=1 such that for any integer ¥ < [ and any

choice of k distinct integers {é1,---,4x} C {1,---,{}

dimKY NH;,N---NH; =g(m+p)+mp—k (Ad)
and
dimEpﬁKq pﬂHi‘ﬂ---ﬂH,-b

=qg(m+p)+mp—-n—-—qg—k—-1 (A5)

for the generic system P € K .. with the convention that
the empty set has negative dimension.

Proof: We first consider the case when n > g(m + p —
1)+mp. In this case, for a generic system P, EpNK} = &,
so the second condition (A.5) is vacuously true for any choice
of hyperplanes. So we only need to choose ! hyperplanes,
that satisfy the first condition (A.5). For this, it suffices to
choose [ hyperplanes H, - - -, H; such that for any k <, the
codimension of the intersection of any k of these hyperplanes
is k. Now, a hyperplane in a projective space is given by a
homogeneous linear equation. So, to choose our hyperplanes
we need a system of ! homogeneous linear equations, such
that the row rank of any submatrix of &£ rows is maximal.
This is clearly satisfied by a generic system of [ homogeneous
equations.

Now, we consider the case when n < g(m +p — 1) +
mp. We first choose a generic plant P such that dim Ep N
K§ , = qgm +p)+ mp —n — g — 1. We choose the
hyperplanes inductively. Now, let us assume that we have
chosen { hyperplanes that satisfy the hypothesis. We will use
the fact that given any projective variety V' € P, the set
of hyperplanes that intersect with V to give a variety of
dimension one less that of V, form a Zariski open set in
the variety of hyperplanes in P. To choose H;.i, consider
all possible subsets I of {1,---,l}. For each subset the
intersection of Hyy; with Vi = Ep N KY , N (N Hi)
and with Wy = K¢, , N ((;¢; H:) must have dimension one
less than that of V; and W;. So for each I, the hyperplanes
H, ., that satisfy this condition form a nonempty open set.
Thus we can choose H;;; to be any hyperplane that is in the
intersection of these 2! Zariski open sets. Having chosen the
! hyperplanes, the set of plants P for which Fp satisfies A4
is again a Zariski open subset of K . O

Proposition A.2: If n < dim K:’;l P then
dimKZ% N Bp=dimKL .—q¢-n-1 (A.6)

for the generic system P € K ,,

Proof: Letl =dim K gl, 5 —n—¢. Choose { hyperplanes
Hf, . Hj as in Lemma A.1 for each of the r factors K,,;J,,,]
in KX : . Assume that H? is defined by f/ = 0 for some
linear homogeneous polynomial f/. The product f; of f7,
j=1,---,r,is a linear equation in the coordinates of PN and
thus defines a hyperplane H; in PV . Now, K‘f. -n(ﬂl 1 Hi)
is a union of algebraic sets of the form Zj, &, XX Z I kr
where 3" k; = I, I; is a subset of k; distinct integers
between one and /, and Zj, , = Kf,{j,pj n (ﬂielj Hf) By
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Lemma A.l, Ep, N Zy, &, is empty for the generic system
Pj of degree nj = qj(mj + pj) + mjip; — q; — kj in
Kp! m,;. Then P:= block diag(Pi,---, P,) has McMillan
degree dim Kf;, Pl > k; = n and has the property
that Bp N (Zy, &, X --- X Z, ) = . Hence there is a
nonempty Zariski open set U; € K7, such that for all
PGU[,BPH(thl 'XZ] k)_QEachofthe
finite components of K 750 (ﬂ1 1 H, ;) gives rise to such a
nonempty Zariski open sct Let U be the intersection of all
these open sets. Then for P € U

!
q =
BpnKEL .0 (ﬂH) =@
i=1
So by the projective dimension theorem [9, Corollary (3.30)]
dimBpN K% <l-1=dmKL ;—n—q-1.

On the other hand, the equations defining Bp impose at
most n + ¢q + 1 algebraic conditions on K2 e because the
characteristic polynomial has degree at most n+q. So

dim Bp ﬂKfn’ﬁ. > disz.l‘ﬁ.
for any P € K

-n—-q-1
m- Therefore
d]menK_ _.:d]mK_ __n_q_l

for all systems P in the nonempty Zariski open set U of

Ky O
Combining Theorem 3.15 and Proposition A.2 results in the
proof of Corollary 4.5. O

Proof of Theorem 4.6: Let I; = dimKX% , — k; and
Hi,--- H} be the hyperplanes defined in Lemma A.l for
K Smce deg KL is odd, by Bézout’s Theorem

my, pi s Pi
(see, e.g., [5, p. 227]), Z =K% .. ﬂ(ﬂ] , H}) contains
at least one irreducible component X; of odd degree. So

deg Xy x -+ x X, is odd and
dimX; x - x X, =Y ki >n+q.
Replacing Kg’ 5 by X1 X+ -x X, and using the same a:gur?lent

one shows that

pp: X1 x---x X, - Prte

is onto over R. ]
Proof of Theorem 5.1: We first construct a ¢ nondegen-
erate system Py(s) in K} ,,(R) which cannot be stabilized by

any compensator in K ga, 7 Take a real ¢ nondegenerate system
Py (s) of degree dim Kfﬁ' 7 — 4. Such a system exists because
when £ = dim K z_h P the set of ¢’ degenerate systems is
a proper algebraic subset of K¥ , (C), and K}, (R), which
has a Zariski open subset isomorphic to R2("+P)+mP  cannot

be contained in any proper algebraic subset of K "j, (). Let
s—1 0 -+ 0

Po(s) = Pi(s) S A7)
0 0 1

Then Po(s) € K2 ,.(R), Po(s) is q’ nondegenerate and is not
stabilizable by any compensator K 5 Let O C K, be the
open set of all § nondegenerate systems and deﬁne

$: KL ;xO= P, (2, P) = pp(z).  (A8)

Then ¢ is continuous-in both the classical and Zariski topolo-
gies. Let S C P"*¢ be the classical open set of all the
polynomials which have at least one root whose real part is
greater than one-half. Since ¢(z, Py) € S there exists for any

K &, Classical open neighborhoods U, C O of P, and

C K q: of z such that
¢(W, xU,) CS.

By construction {W,|z € Kf;w?} is an open cover and by

compactness of K fﬁ P there exists a finite subcover

En i =1, a"'7l}~
Let ’
!
U=U..
i=1
Then ¢(K 3;», 7% U) C S which implies that all the systems in
U are not stabilizable by Kf;;, 5 ]
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